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Temperatures and densities in plasmas produced by strong magnetically driven shock waves in a “‘T tube 
were measured spectroscopically. Local thermal equilibrium exists within the experimental accuracy for 
the conditions of this experiment. In both gases, the measured temperatures and densities are in disagreement 
with the values expected from the Rankine-Hugoniot relations, unless it is assumed that the conditions in 


the ambient gas are drastically affected by the initial discharge 


Consistency between experiment and 


shock theory is achieved by considering magnetic pressure and dissociation and excitation of the ambient 


gas by uv radiation from the discharge 


INTRODUCTION 


HE production of high-temperature dense plasmas 
which are in local thermal equilibrium (LTE) is 
of considerable interest for atomic physics and astro- 
physics. Plasmas in the temperature range from 10 000- 
100 000°K can conveniently be produced by magneti- 
cally driven shock waves in the recently developed 
“T tube.’”' These shock waves have a stronger attenua- 
tion than those produced in diaphragm-type tubes, and 
the slab of plasma behind the front is rather thin with 
the density decaying very fast, whereas the temperature 
changes much slower if ionization is not complete (heat 
reservoir of heat of ionization). 

One approach to determine the equilibrium conditions 
behind the shock front would be to measure the ambient 
pressure and the shock velocity and to calculate the 

‘ensity and temperature by using the Rankine-Hugoniot 
rela,ions as in work with conventional shock tubes.’ 
A spectroscopic study with a “T tube” in helium’ 
showed, however, that this method can easily lead to 
serious errors and is of only limited value for the shock 
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diagnostics. It was proposed there that this is due to a 
significant energy transfer to the cold gas during the 
initial discharge by intense uv radiation, which must 
be considered when the conditions ahead of the shock 
front are formulated. As detailed calculations of this 
effect are very difficult, only estimates could be given, 
which showed that mainly the resonance lines of ionized 
helium would be effective, i.e., transport enough energy 
into a given volume ahead of the front before this was 
reached by the shock. Essential herein was that the 
mean free path of this radiation is comparable to the 
length of the shock tube. 

The diagnostics of the helium shock wave*® was based 
mostly on photoelectric measurements of absolute in- 
tensities. In the experiments described here several other 
spectroscopic methods were used to check the consist- 
ency and applicability of the various methods and the 
reproducibility of the shock tube. In addition to helium, 
hydrogen was studied in order to eliminate any effects 
associated witha particular gas. If hydrogen behaved like 
helium the proposed mechanism for the energy transfer 
in helium would become more likely, because similarly 
to the ionized helium resonance lines the radiation of 
the effective Lyman-lines has a mean free path of the 
required order in the ambient gas. The experiments 
described here will also serve to give a better picture 
of the capabilities and limitations of the “T tube” as 
a thermal light source. 
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APPARATUS 
Shock Tube 


All experiments were performed with a 7-shaped 
quartz tube, 2 cm in diameter and 15 cm long, which 
was filled to an initial pressure of 2 mm Hg with helium 
or to 1 mm Hg with hydrogen. Two low inductance 
capacitors (0.1 uf capacity, 40-kv maximum voltage) 
stored the electrical energy. In order to produce high 
Mach number shock waves a fast discharge was re- 
quired. With a circuit designed for minimum inductance 
a ring-frequency of 750 kc/sec could be obtained; and 
a discharge voltage of 35 kv provided enough energy 
for the shock to ionize helium almost completely and 
also dissociate and ionize hydrogen at the above pres 
sures. The discharge circuit diagram is sketched in Fig. 1 
A hydrogen-filled thyratron serves as a switch. As 
thyratrons can be used conveniently only up to voltages 
around 25 kv, a spark gap is put in series with it, which 
also damps the circuit 


Spectrograph 


The shock wave spectra were observed either photo- 
graphically or photoelectrically with a 3-prism Steinheil 
glass spectrograph. The photographic method required 
a shutter for extremely short exposure times to obtain 
space- and time-resolved pictures of the fast moving 
shock. To meet the particular requirements of this ex 


periment transmission 


especially high optical a 
special mechanical shutter of the focal-plane type was 
designed.‘ Two high-quality lenses L; and L2 image the 


shock tube onto the slit of the spectrograph. 





VACUUM AND 


FILLING SYSTEM 
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EXPERIMENTS 
Photoelectric Intensity Measurements 


Photomultipliers of the type 931A in a circuit es- 
pecially designed for work with extremely short pulses 
were used and signals photographically recorded using 
fast (Tektronix 517) oscilloscopes. Extensive shielding 
of multipliers and cables was necessary to eliminate the, 
noise of the discharge. The electronics and the optical 
system could resolve times dow 


n to 0.05 usec, which was 
sufficient for measurements of the state behind the front, 
because the recorded light pulses show a stationary 
state for several tenths of a microsecond 

The absolute intensity was measured by comparison 
with a carbon arc as radiation standard.® The arc (Fig. 1 
was imaged by a third lens L; into the shock tube and 
from there the optical path is the same as for the shock 
wave radiation. Losses by absorption and reflection on 
lens and shock tube walls were taken into account. The 
shock veloc ity was measured by imaging the shox k 
tube on an array of slits and photoelectrically recording 
the arrival times of the li 


ight pulses from the shock 
front at these slits 


Photographic Measurements 


The time-resolved photographi observation is su- 
perior to the photoelectric method insofar as the whole 
spectrum in spatial resolution is simultaneously shown, 
and the information contained in the line shapes can 
be utilized. Unfortunately this method is limited in its 
application by the insufficient sensitivity of the photo- 
graphic emulsion. By using the fastest available emul- 


sions (Kodak Royal-X and Kodak 103F) and force- 


developing them, satisfactory exposures of the strongest 
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TEMPERATURES AND 
spectral lines in helium and hydrogen could be obtained 
in 0.5 usec. From time-resolved photoelectric recordings 
zones of constant intensity (+10%) behind the front 
were measured to 0.6 usec for Het 5876, 0.4 usec for 
He 11 4686, and 0.5 usec for H,. Therefore only the line 
profiles of He 1 5876 and of H, can safely be used for 
the diagnostics of the stationary state behind the shock. 

The films and plates were calibrated in relative in- 
tensities by means of a rhodium seven step-filter, using 
the carbon arc. As the exposure time for the arc had 
to be a factor 10* larger to obtain equal densities, the 
question arose whether the gradients of the density 
curves varied with exposure time. The results of several 
test series®’ for the emulsions used show that changes 
in the y value are negligible. 


SPECTROSCOPIC THEORY 


he intensity of a spectral line of frequency vemitted 
. . . . + > 
by an optically thin layer of length / (in ergs/cm® sec 
steradian) is 
ee 
2Thve” £2» 
SmnN mel, (1) 


as fe 


where .\,,. is the density of atoms (z=1) or ions 
(c=2, 3, ---) in the upper state (labelled by m), fn, 
the absorption oscillator strength, gm/g, the ratio of 
the statistical weights of upper and lower states of the 
line, and where the other symbols have the usual mean- 
ing. In case of LTE,* \,,, is given in terms of total 
number density .V, of species z and partition function 
U’, and excitation energy F,,, by 


Win hoes exp(— E,,,/kT). 
v; 


rhe various V, are connected with the electron density 
N. by Saha’s equation 


241 24mkT\! 
‘( ) exp(—J,/kT), 3) 
V, U, h? 


Nei’, 


where /, is the ionization energy of species 2. 
In the partition functions 


Us=L gm exp(- 


the sum is only extended to a principle quantum number 
Nmax Corresponding to an excitation energy 


Emex=1,—AE 


Eue/ kT), 4 


I,—7X10°7N,3 
with energies in ev), because for higher principle quan 


* J. Castle and J. H. Webb, Communication No. 1581, Kodak 
Research Laboratories (unpublished ). 

7 J. Castle, W. Woodbury, and W. A. Shelton, Communication 
No. 1780, Kodak Research Laboratories (unpublished). 

* This assumption is consistent with an optically thin layer 
if excitation and de-excitation and also ionization and recombina 
tion processes are dominated by collisions, i.e., at the high densities 
and intermediate temperatures of this experiment. 
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Fic. 2. Intensity of the Hg line as function of temperature in a 
hydrogen plasma for densities corresponding to the indicated 
pressures of the cold gas 


tum numbers the interaction energies due to the electric 
micro-fields in the plasma are larger than the distance 
of the energy levels from the ionization limit.’ Likewise 
the excitation energy Ena. was used in the Saha equa- 
tion instead of the ionization energy for isolated atoms 
or ions. 

Figure 2 shows the variation of the total intensity 
of the Hg line emitted from a pure hydrogen plasma 
as function of temperature for various densities 
\V=N,+.N:2 of heavy particles, using the above equa- 
tions and the condition of quasi-neutrality and the ideal 
gas laws. A measurement of the intensity in terms of 
the maximum intensity for a known density can there- 
fore serve to determine the temperature of the emitting 
plasma (Fowler-Milne method). 

In Fig. 3 the intensity ratio of the lines He 11 4686 A 
and He 1 5876 A in a pure helium plasma is plotted as 
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Fic. 3. Intensity ratio of the lines He 1 4686 A and He1 5876 A 
as function of temperature in a helium plasma for densities 
corresponding to the indicated pressures of the cold gas. 


* A. Unséld, Z. Astrophys. 24, 355 (1958) 
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a function of temperature, again using the above equa- 
tions and assuming various values for the total density 
of particles, which is here V= V,+N2+N3. A measure- 
ment of the relative intensities of these lines readily 
leads to a value for the temperature if again the density 
or pressure is known. (The f value for He 1 5876 A was 
taken from Hartree-Fock calculations.) It 
should be noted that the shape and maximum of the 
intensity curve for Hg and also the intensity ratio of 


recent 


the helium lines depend only slightly on the density, 
so that any reasonable assumption for the density (with 
in a factor 2 or 3) leads to a fairly good determination 
of the temperature. 

It is now also necessary to measure the density behind 
the shock front in order to make the determination of 
the variables complete and to test the validity of the 
conventional shock theory. The experimental conditions 
were chosen so that both gases are almost completely 
ionized, because then a measurement of the electron 
density is practically equivalent to a measurement of 
of helium V; was still very 
small whereas .V,; was already negligible. 

One method for the determination of the electron 
density is the appli ation of the theory of Stark br vad- 
ening to measured line profiles. This method is prac- 


the total density. In case 


tically independent of the temperature in the range of 
interest and so directly yields electron densities without 
assuming LTE. Here the profiles of H, and He 1 5876 A 
were used. 

Another possibility is the measurement of the absolute 
continuum intensity, which is for hydrogen (with 


AE=Iy— Emas representing the advance of the 


continuum limit and A-L,=/»—£,) given by# 
32770" Ve —hy 
. exp( ) 
3v308 (24m)! (kT)! kT 


2In_ 1 
| exp ~ exp 


AE, 
yx . ) xi. 6 
kT * «? kT 


AE 
i) 
where the sum has to be taken over all continua with 
lower state /,,< F-mex Which contribute at the frequency 
v, and where the s index was omitted. It turns out that 
for the highly ionized plasmas encountered in these ex- 
periments the temperature dependence of gy is quite 
weak, i.e., a measurement of the continuum intensity 
a relatively accurate number for the electron 
density even if the temperature is only approximately 
known. Gaunt to 1 in this range,” 
and the H~ continuum is completely negligible. 

The theoretical accuracy of the formulas discussed 


gives 


factors are close 


© E. Trefftz, A. Schltiter, K. H. Dettmar, and K. Jérgens, Z. 
Astrophys. 44, 1 (1957) 


uW. Finkelnburg and H. Maecker, Handbuch der Physik, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1956), Vol. 22, 
Part II 





4” W. J. Karzas and R. Latter, Atomic Energy Commission 
Report AECU-3703, rev., 1958 (unpublished) and The Rand 
Corporation Report RM-2091-AEC, 1958 (unpublished). 
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in this section is of the order of 10° for the densities 
and better than 2% for the temperature for the con- 
ditions of the experiment 
difficulty of achieving a similar accuracy for the meas- 
urements. The formulas 
valid if the emission is from optically thin layers, which 


ient in view of the 


This is suffi 


the intensities are only 


for 
can easily be checked by comparing the maximum in- 
tensities with those of a blackbody at the measured 
temperature. All spectroscopic methods with the excep 
tion of the Stark broadening and tl 
sity method can be used only if deviations from LTE 


are small, which needs to be shown experimentaliy or 


e continuum inten- 


from theoretical estimates." 


SHOCK EQUATIONS 
The conservation equations for mass, momentum, and 


energy fora plane shock propagating with veloc ity V 


into a gas initially at rest are 
V(V-—4 VoV, 7 
NM(V—u P=N,.MV?+P 8 
1M (V—ul?+H=4MV?+Ap, 9 
where V=>__N, is the total number density of the 


he number of atoms, 
Vs the mass 
of the atoms, u the flow velocity, P the pressure, and 
H the enthalpy per heavy particle behind the shock, 
and No, Po, Ho are the corresponding quantities ahead 
of the shock. Making use of the qu 


heavy particles, i.e., the sum of 
ions, and twice the number of molecules, 


isi-neutrality con 


dition and Dalton’s law one 
P=kT >|, 2h (10 
and assuming complete dissociation (D= dissociation 
energy ) 
1 
H=— YD, (§kTN.+1,Nex1)+4D, (4 
\ 
where the excitation energy was neglected. The ratio 


of excitation and ionization energy can be 
by using Eqs. (2), (3), and (5 
Sn NaeEne (En feEne exp(—Enu/RT)]A 


Nosils Denil. 


with £,,=1,, 12—FEnxKh 


ires in these 


behind the shock 


densities an emperati 


For the electron 
experiments the excitation energy 
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front.turns out to be less than 1% of the ionization 
energy, and the approximation for the enthalpy is thus 
well justified. 

If the enthalpy Ho and the pressure P» are calculated 
for the ambient conditions, both quantities would be 
entirely negligible compared with H and P, respectively. 
But as already indicated, the enthalpy Ho may be quite 
large due to trapped energy,* and the magnetic field 
-riginating from the initial discharge may cause a mag 
In contrast to the case of a shock 
8 of high con 


netic pressure P» 
wave propagating into an ionized gas® 
ductivity there is no simple conservation law for the 
magnetic field here. However, it is to be expected that 
the magnetic pressure will be only important in front 
of the shock because of the diamagnetic properties of 
the plasma.'® With the approximation P» 
write, leaving P,, and Hy as free parameters and using 
(7) through (11) [in case of hydrogen half the 
dissociation energy D must be added on the left side 


O one can 


Eqs. 


Eq. (9a), again assuming complete dissociation | : 
V(V =NoV, (7a 
VM(V tkT 5° 22N,.=NoMV?+P., (8a 
}M(V—u)?+300.(§RT2NA1 N41) | 
IM V?+Hot2(Pm/ No 9a 


The first two equations can be used to determine the 
flew velocity « and the magnetic pressure P,, from the 
measured shock velocities V and _ spectroscopically 
measured temperatures and densities. The last equation 
then allows the calculation of the enthalpy H» ahead 
of the shock front. If the values of H» and P,, obtained 
in this way are consistent with more direct determina- 
the proof would be completed that the apparent 
discrepancy between shock wave theory and 
spectroscopic measurements can indeed by resolved by 
including H» and P,, in the analysis. 


tions, 
usual 


‘Cc. 5 of the Second United Nations 


Atomic Energy, 


Gardner et al., Proceedings 


International Conference on Peaceful U ses of Geneva 


1958 (United Nations, Geneva, 1958) Vol. 31, p. 230 
‘S. A. Colgate, Phys. Fluids 2, 485 (1959) 
\. Kantrowitz, R. M. Patrick, and H. E. Petschek, Proceed 


ines of the Fourth International Conference on Ionization Phenomena 


in Gases, | ppsala, Sweden, 1959 (North Holland Publishing 
Company, Amsterdam, 1960 
16 If a magnetic field exists ahead of a shock in a region of zero 


behind the shock the gas is at high 
conducting, the hot gas is 
diamagnetic in the usual sense. Flux is still trapped in the shock 
front over a distance determined by the depth of the current layer 
separating the ambient field from the zero field region, i.e., over a 
distance of the order mc*y/(2xNeV)=0.1 cm for an electron 
lensity V ~210" cm~*,a collision frequency » ~ 10" sec! and a 
shock velocity V ~3X10* cm/sec. Since the fluid compressior 
occurs over a distance that is smaller most of this compressed 


electrical conductivity and if 
t 


emperature and _ electrically not 


flux can “‘Jeak’’ out ahead of the shock. In this sense the shocked 
fluid is diamagnetic. But if a major fraction of the flux were 
trapped, the leakage would ocx eng ext field B= BoN/N 


N/ No —-1)B2/8x A B 
die repancy of this experi: 
fields alone provided the “~ ock 


and the enthalpy be increased by 
were about 800 gauss the enthales 
ould be explained due to ambier 


ompression took place over a dimension comparable to the 
magnetic field er _ t length. [See W. Marshall, Proc. Ro 
Soc. (London) A233, 367 (1955); and Marian H. Rose, Atomic 


Energy Commission Report NYO 7693 (unpublished) } 
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lic. 4. Relative intensity of the Hg line as function 
of discharge voltage 
RESULTS 
Hydrogen 


The temperature was determined by applying the 
modified Fowler-Milne The relative intensity 
of Hg is plotted as a function of discharge voltage in 
Fig. 4. After estimating the density roughly, the temp- 
erature at the maximum is found by comparison with 
the calculated intensity function in Fig. 2, and by nor 
both temperature versus discharge 
voltage can be determined. This value for the temp- 
erature is then used in the density determination, and 


method: 


malizing curves 


in an iteration process the newly found density serves 
to derive a better value of the temperature. Consistency 
is reached in a few steps 

The electron density was determined in 
The absolute intensity of the continuum was measured 
photoelectrically at 5450 A after having checked that 
this lines, and 
the profile of the H, line was measured photographically 
and compared with Stark broadening theory.'? With 
the density and temperature so obtained a calculation 
of the optical yielded 
r=0.1 at the the emission was indeed 
from an optically 


two ways: 


wavelength region is free of impurity 


thickness + was made which 


4S 
line center, i.e 


thin layer 


Helium 


The temperature was determined by measuring the 
intensity ratio of the lines He 1 5876 A and He 11 4686 A 


H.R 
4 (1959) 


Griem, A. C. Kolb, and K. Y. Shen, 


Phys. Rev. 116, 
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Pasre I. Resul 
i Temp 
l al 0 : bb at 
' Lime ( i 
(Gas Hg a 9 rofile t i V/A 7 

Hydroger 1.00 40.0) l 0.4 540 0+04 3.5 +0.7 2.4+0.4 
Heliu 00 40.03 0 +04 26405 3640.3 
photographically (see Fig. 3). A discharge voltage was 


selected at which these strongest lines of the spectrum 
were of approximately equal intensity. 

The density was derived from measurements of the 
half-width of the Her 5876 A line using a recently 
developed theory of Stark broadening for isolated lines.'8 
The optical thickness for both lines was found to be 


smaller than 0.2, i.e., again 


the corrections for self- 
absorption are smal] 

In Table I the m« 
velocities, initial pressures, electron densities, and temp 


Phe 
| 


experimental and theoretical 


values of the measured shock 
estimated from the 
accuracy. About 10 runs 


were used for the photoelectri: 


eratures are listed errors are 
measurements and § 
runs for the photographic measurements. Shot to shot 
variations are smaller than the estimated errors ex ept 
for the temperature in helium 


DISCUSSION 


lable II shows the calculated density ratios and tem 
shock 
initial 
pressures. The discrepancy between spectroscopically 


peratures as obtained from the conventional 


theory,”’ using the measured velocities and 


measured temperatures and densities and those calcu- 
the 


ations with 


hanged 


Hugoniot rel 
imbient 


he experimental errors 


lated using the Rankine 


assumption that the conditions are um 
is much larger than 


be suspected that deviations from LTE are responsible 


It might 


for this. However, it was shown under similar conditions 
for helium’ that LTE 
mental 


was achieved within the experi 


accuracy Photoelectric observations showed 


furthermore that the decay behind the shock front is 
and that 
spatial gradients are very small over a mean free path 
in the hot plasma 


much slower than the rise in the front all 


\lso theoretical considerations in- 
dicate that LTE may be approached within a few per 
cent for the various temperatures 

It is therefore necessary to invoke some additional 
pressure and enthalpy terms in the conservation equa 


tions to remove the discrepancy. The required field 


strengths of a few kilogauss to build up a considerable 
nagnetic pressure are quite plausible, because the fields 
produced by the primary discharge at the point of 


observation (3 cm from the arc in case of helium, and 


SH. R. Griem, M. Baranger, A. C. Kolb, and G. Oecrtel 
to be published 
* E. B. Turner, Space Technology Laboratories Report TR-59 


0000-007 44 
=C. E 


1959 (unpublished 


Faneuff, A. D. Anderson, and A. C. Kolb, Naval 


Research Laboratory Report NRL-5200, 1958 (unpublished ) 
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TaBLe II. Density ratios and temperat ) nventional 
shock theory and enthalpies and magnetic field strengths required 
to achieve consistency between theor ur experiment The 
the errors in the 


errors indicated for N/N» and 7 correspond to 
measurements of velocities and ]| 


Magneti 
Densit | erat I al ; heid 

ratio ev in the ambient gas 

Gas V/N ij f kgauss 
Hydrogen 12.7+1.5 1.4+0.1 15+8 2+2 
Helium 90+1.0 1.9+0.2 25+8 S+2 


are indeed of this order. 
That such fields actually occur close to the shock front 


4.5 cm in case of hydrogen 


has also been verified experimentally. They diminish 
rapidly with increasing distance from the arc, and are 
entirely negligible at a distance of 6 cm from the arc.* 

The additional enthalpies in the gas ahead of the 
shock front (Table II 
most complete dissociation and excitation and for 


correspond for hydrogen to al- 


helium to practically complete excitation. How this 


might be accomplished in helium by radiative energy 


transfer from the arc to the ambient gas has already 


been discussed,’ and it will now be necessary to show 


that a similar mechanism can be effective in hydrogen, 


too, in order to remove the discrepancy between spectro 


scopic measurement and shock theory 


ne possible source of the additional energy is the 


Lyman line and continuum radiation from the initial 
discharge. As in the case of hel 


: +} 
ium ne 


temperature in 
the initial discharge will be approximately twice that 





in the shock-heated plasma and also the density is 
expected to be much hij Witt temperature of 
5 ev and an electron density of 10'S cm~ the emerging 


uv-photon flux follows from the spe juations 
as F 10% photons/cm? s¢ 
depth of 2 cm. (Self 


Lyman-a 
iller by a 
-= 


troscopi er 
assuming a geometri al 
absorption is negligible except for 
The tlux reachir gy the region of observation 
(4.5 cm from the arc will be sm y a solid angle 
factor of about 0.1, so that the available flux 
to be F- 

The density of hydrogen mole 
gas is about 3 10'® cm~*, and <¢ 
of o~10 


is estimated 
1073 photons cm? sec 
iles in the ambient 


ning a cross section 


cm? for the of the uv photons 


it would take (= (o/ lusec to impart an energy of 
about 10 ev to the molecules without too much at 


tenuation of the photon flux. Many of the excited states 
are unstable, so that hydrogen atoms in the groun 
state result wit! t2 
which will subsequently be ex > energy 
Che result r distribution over the 


transfer in the lines 


excited states will closely correspond to an equilibrium 


distribution at the source tempt if the cores of 
the lines approach the blackbody limit in the discharge 
This is only the case for the Lyman-a line and to a 


\. Veklenko, J. Exptl. Theoret 


1L. M. Biberman and | j | 
) Soviet Phys.-JETP 


Phys. (U.S.S.R.) 37, 164 (1 
37(10), 117 (1960) ) 





TEMPERATURES AND 
much lesser extent for Lyman-8. For higher lines the 
broadening in the discharge will be very large because 
of the Stark effect. Accordingly only the first or the 
first two excited states are expected to be appreciably 
populated, which would correspond to exciting about 
40 or 70% of the atoms in the ambient gas before the 
shock reaches the point of observation. This also ex- 
plains why, e.g., no appreciable precursor radiation 
at Hg could be observed photoelectrically. 


CONCLUSIONS 


The experiments have shown that magnetically driven 
shock waves propagating into hydrogen or helium of 
about 1 mm Hg pressure encounter an ambient gas 
which is drastically influenced by the arc producing the 
shock wave. Consistency between spectroscopically 
measured temperatures and densities and those calcu 
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lated from shock theory can be achieved if radiative 
energy transfer from the arc to the cold gas and mag- 
netic fields produced by the arc in the cold gas are 
taken into account. 

Certainly not only the conservation equations will 
be affected but also any relaxation phenonoma, which 
will be much less critical now than expected for a shock 
going into a gas at room temperature. While the in- 
fluence of the radiative energy transfer on temperatures 
and densities will be less important for much faster 
shocks leading to temperatures in the million degree 
range it may still be of great value to overcome relaxa- 
tion effects also in such experiments, and make possible 
the production of plasmas in LTE in magnetic shock 
tubes, expecially in the 1-10 mm Hg pressure and 1-10 
ev temperature range, which is very important for the 
measurement of transition probabilities and damping 
constants of astrophysical interest. 
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Formal relations between the free energy, the “dielectric constant” which expresses the response of the 
system to an external perturbation, and the two-particle Green’s function in temperature space are derived 
Connection with perturbation expansion for free energy and for general admittance tensors are established. 
These results are applied to a general discussion of the random-phase approximation at finite temperature 
and it is shown that the sum on ring diagrams corresponds to the calculation of the dielectric constant in 
the approximation of the neglect of local fieid corrections 


I. INTRODUCTION 


HE purpose of this article is twofold. In the first 

sections we set forth some interesting general 
relations connecting the dielectric constant with the 
two-particle Green’s function in temperature space and 
with the thermodynamic functions derived from 
quantum statistical mechanics. The reason for setting 
them out here is not only to make a convenient tabu- 
lation, but also to show how they may be put to use 
in approximate many-body theory, which brings us to 
the second purpose of this paper. 

There are now several studies which exist on the 
generalization of the random-phase approximation 
(RPA) of the electron correlation problem to finite 
temperature. Since this theory gives the cerrect high- 
density limit at zero temperature and both correct 
high- and low-density behavior in the classical or 
high-temperature limit, such studies are very much in 
order. These theories have taken two forms: 

* This work has been supported in part by the Office of Naval 
Research. 

+ On leave of absence from Université Libre de Bruxelles, 
Brussels, Belgium 


(a) an approximate evaluation of the partition function 
obtained by a selection of a special class of diagrams 
(called ring diagrams) in analogy to Gell-Mann and 
Brueckner' and Mayer’; (b) a dynamical model for the 
equation of motion of the one-particle density matrix 
in analogy to the theory of Sawada e al.* In this paper, 
we show directly the connection between these ap- 
proaches through the abovementioned formal relations. 

Section 2 recalls the 
functions and summarizes their formal properties, in 


definition of the dielectric 


particular the fluctuation-dissipation theorem. In Sec. 
3, we express the free energy in terms of the dielectric 
constant. We show how to formulate RPA for the 
dielectric constant at finite temperature, in analogy to 
Noziéres and Pines.‘ When this is substituted into the 


1M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
1957) 

2 J. E. Mayer, J. Chem. Phys. 18, 1426 (1950) 

*K. Sawada, Phys. Rev. 106, 372 (1957); K. Sawada, K. A. 
}rueckner, W. Fukuda, and R. Brout, Phys. Rev. 108, 507 


1957); R. Brout, Phys. Rev. 108, 515 (1957) 
‘ P. Noziéres and D. Pines, Nuovo cimento 9, 470 (1958) 
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formal relation for the free energy, one recovers the 
result obtained®:* by summation over ring diagrams. 
In Sec. 4, we 


function in temperature space and show how its Fourier 


introduce the two-particle Green's 


decomposition gives rise to coefficients which are in 
fact the dielectric constant evaluated at various imagi 
nary frequencies. The connection with pe rturbation 
theory is also established 


Section 5 is devoted to a 


complete discussion of RPA 


Il. THE DIELECTRIC FUNCTION 


The Hamiltonian, which describes the system of A 
interacting particles enclosed in a box of volume V, is 
written in the form 


1 


A 


Ho contains the kinetic energy of the particles and 
eventually their potential energy in an external field; 
v(qg) and p(q) are the Fourier transforms of the inter- 
action potential v(r) and of the density of particles 
iz Y O(r r, 


Law ial 


where r, is the vector coordinate 
' 
It will be 


invariant 


p\r 
of the ith particl assumed that the system 
considered } under translations and 


reflection 


space 
The dynamical dielectric function is defined by 


I], (w;7 


times the 


Aq(w; T)=14[20(q)/1 


where II, 4 1 1S 1.\ h one sided fourier 
transform in q and w of the Van Hove’s pair correlation 
function.” We 


W rite 


[],(w:7 fi q fa ¢ xp| t q 


whe re 


1 . 
G(r; 7 ( [> r—r’:O)p(r’: i’) 
\ P 


pir ,f) is the density plr at time / in the Heisenbe rg 
means that the 
operator Is to be taken 
at temperature 7°. 


The classical dielectric function, which is equal to 


representation and symbol 


average vaiue ol the with 


respect to the canonical ensemble 


the inverse dielectri onstant and describes the re 


*D. J. Thouless, 1959 (to be published); H. deWitt, University 
of California Radiation Laboratory, 1959 (to be published) 

* E. W. Montroll and J. C. Ward, Phys. Fluids 1, 55 (1958 

7k. Englert, J. Phys. Chem. Solids 11, 78 (1959 
L. Van Hove, Phys. Rev. 95, 249 (1954) 


8 


AND R 


BROUT 


Sponse of the medium to an exter! field, is given by’ ‘ 


2.6) 


where the ymbo 


part of the funct 
explicit form of A, 


Ag w, 


where p,,(7°) is the stat 
for the normalized 
(E,—E,)/h and the 
eigenstates of H. In all ex 
tions, as those 
be understood tha 
summation into ar 
and then only let « 
Equations (2.8 
functions are analyti 


axis, whe 


on the real 
limit V — « become 

for possible bound states 
the Kramer-Kronig 


addition, we have the 


satisfy 


D 


and the thermodynami 


ImD,(w; 7)=ImA,(w; 7 


which is obtained by r 
the right-hand side of (2 

tion of reflection invarian 
and thus D,(w; T)=D_, 
that the real part of Dy(w; 7 
whereas the imaginary part 


The asymptotic behavior of 
for large w Is obtained by expandir 


powers of 1 Ww, one Cal 


and 


D 
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The double commutator in (2.13) can be evaluated in 


the usual way for obtaining sum rules” 
with hw, =h*q?/ 2m 


2v(g) N we 
D,(w; T)=1+4 +0f ) 
h Vo w 


This expression is independent of the temperature and 


and one obtains 


2.14 


is thus identical with Noziéres’ and Pines’ asymptotic 
expression’ for the dielectric constant at T=0; in 
particular for Coulomb interaction one has v(q¢) 


Wp 2 1 
D,(w; T i+( ) +0( ) 
Ww w* 


where w,’=4re®N/m\ is the plasma frequency 
We shall now relate 1/€,(w; T) to (| p(q) |); according 
to (2.8), we may write 


4re?/¢’ 
and 


ye B. 


2m ; 
ImA,(w; T)=—2(q)>. pu(T) 
hv n 


XY 5(w—wam) | (mn! p(q)|m)*, (2.16) 


so that 
h _ v(q) 
f ImA,(w; T)dw=——{|p(q) |”). (2.17 
4ri J_, 2V 
From (2.11) and from the fact that ImD,(w;7 


Im[€,(w; T)] ' is an odd function of w, it follows 
from (2.17 
h ” hw 1 v(q) 
- f coth Im du p(q 2.18 
4ri 2kRT =—_ egw; T) 2V 


£ < 


This expression generalizes Noziéres-Pines’ formula‘ to 
finite temperature; their result is obtained by taking 
the limit 7 — 0 in (2.18). Equation (2.18) is a particular 
case of the general fluctuation-dissipation theorem." 

We shall now transform (2.18) to a form which will 
be useful for further investigation. Due to the non- 
singular nature of the integrand at w=0, we may replace 
the integral by its principal value. Further, the asymp- 
totic behavior (2.19) allows us to perform the integral 
on the contour in the complex plane indicated in 
Fig. 1, after a convenient subtraction for purposes of 
convergence. 


D\ 
t 


h hw 1 q 
J cott - - - ~1 }to=— 
Sri J. 2kTLe,(w; T) 2V 


Now, the analyticity of [1/¢,(w; 7) ] implies that the 


p(q)}”). (2.19 


only singularities of the integrand in (2.19) within the 
domain limited by C are the poles on the imaginary 


D. Pines and P. Noziéres, Phys. Rev. 109, 741 (1958). 
iL. D. Landau and E. M. Lifshitz, Statistical Physics (Per 
gamon Press, Ltd., New York, 1958), p. 401. 
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af 
poles 
e- hw 
- 2kuT 
@ 
Cc 
e o 
@ 
lic. 1. Contour of integration for the evaluation of Eq. (2.19) 
axis of coth(hAw/2kT); these occur at values w,=iA, 
such as 


An= (QekT/h)n, (2.20) 


where m is an integer, positive, negative or zero. Taking 
the residues at these pole s, we find 





kT +# 1 v(q) 
7 oe p(q) (2.21) 

2 n= €q(iAn; T) 2V 
In the classical limit (4-0), only the term n=0 
contributes to (2.21) and the mean square fluctuation 


of the density is thus simply expressed in terms of the 


static dielectric constant, 


k7 v(g 
{1—[1/e,(0; T) }) p(q) ~). (2.22) 

2 2) 
The asymptotic formula (2.14) shows that the 


contribution from A, such that \,2>>20(q)w,(N/V) is 
small; in the case of Coulomb interaction this cutoff 


occurs when A,>>w, or 


nD hw, 2rkT, (2.23) 


where Wp is the plasma freque ncy. The classical limit 
is therefore valid only if 

2rkT >hw (2.24) 
The formula (2.22) shows also, that in the classical 
limit the |p(q)|* behave approximately like independent 
classical oscillators when ¢€,(0;7)>>1, i.e., when the 
static polarizability is large at wave vector q, a result 
to be expected on physical grounds. 


Ill. FREE ENERGY 


The free energy is given by the usual expression 
Ff = — (1/8) InZ, where 8=1/kT and Z is the partition 
function Z=),, «7 *"". Introducing the coupling pa- 
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rameter &, one 


H(t) 
Z(&) 


may 


Hot &(H int) = Hot Hint (€), 


Tr exp{ —6[ Hot EH iat }}. 


We then obtain 


dZ(t) Yim CPEM ODE, (E)/de 


pz e BEm(t 


where 


as a of the 


expectation value of H(£ 


consequence 


‘integrating (3.3) we find 


»! | 
F(1) FO)+ | 
a 


the average taken 
coupling £." For (Hint(&))e, 


H int (&))s, (3.4) 


where at temperature 7° and 


one has 


v(q) 

E \ 

2V 
3.4), (3.5), (2.18), and (2 
ssed in terms of 


21) 
the 


CO ipling é in the two equival nt 


h _ ha 
{ coth dw 
firi + 2kT 


£ 


It then follows from 
| 


that the free energy may be expre 


dielectric constant at a 
forms 


F(1) 


>» = [ 
SZ an 


De €q(tAn, 7 )¢ 


«VW 


If the classical approximation is valid (see discussion 
in Sec. I 


in (3.7). 


only the term n=0 contributes to the sum 


Equation (3.6) or its equivalent (3.7) generalizes the 


Noziéres-Pines formula relating the ground-state corre 
lation energy to the imaginary part of the zero temper- 
ature dielectric constant. It may be looked upon as an 
alternative way of expressing the free energy in terms 
of the time-ind pe ndent 


We now give an approximate evaluation of 
g 


pair correlation function. 

1 €) by 

ue by neglecting the interaction 

between particles This 
P 


first calculating its va ' 
is equivalent to a first-order 
2.9) }. For 


approximation in £ Las may be seen from 


yclic invari 


Adams, J 


y using the « 
rger and E. N 


2 This formula may also be derived 
of the trace. See M. | Goldb« 


Phys. 20, 240 (1952 


ance 


Chem 


tationary property of the 


\ND_ R BROU I 


+} ¢ 


assume a 


H 


only the kinetic energy of the particles so that in a 


simplicity of notation we contains 


second quantization scheme p(q) is the operator 


> 


Pa > & Fe4q' dx, (3.3 


where the summation includes spin states and the crea- 
tion and annihilation operators a,', a, refer toa particle 
of wave vector k and energy E,y=h®k®?/2m. As the sum 
over n in (2.9) contains only one nonvanishing term 
for a given m, one may use the completeness relation 
> aln)n 


aon 1 to obtain the first-order approximation 


il, 


where mn, is the number operator a,'a,y. Rearrangement 


of the second term in (3.9) by writing k’=k—q gives 


-1 


(3.10 
€4(w; T) 


The right-hand side of 
generalized temperature- 
we write then 


tra, ud) / 


Comparing (3.10) and 


sum rule 


L 
eh tira, AN» 


x 


brat, 0: T 


which may be checked directly 


possible to use the approximation 


3.10 


first-order exchange 


(3.7). This leads of course to 
energy. However, it is well known that 
field 
constant is equivalent to writing 


ne gle ( ting lo« al 


corrections in the calculation of the dielectric 
1+ 42a: so that 


we put 


(3.14 


where 49a,(w;7) is g by (3 yrmula 
I and Cohen" 


is the same as that derived 


3 For a detailed dis 
note 4 
“4H. Ehrenreich a M.H 
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shown the equivalence between this approach and the 
neglect of local field effects. 

Using (3.14) we direct 
(3.7) and integration over the coupling constant 


obtain by substitution in 


v\qg) 
F(1I)=F(O)-> \ 
qa 2V 
1 £ 
}» 3 In 14 frag(id,; 7 3.15 
28 4 f 


rhis may be written in a slightly different way by using 


3.12 


} 


he sum rule 





In 1 t drag (Xn; 7 






a 5 Oe 
—4ra,(ik,; T)-> DL (nterg 3.16 
a 2V 
This result is similar (except for the first order 


exchange term) to that obtained by Thouless® and 
Montroll and Ward® by perturbation theory, summing 
over ring diagrams. 

We notice, however, that (3.16) has been established 
in the petit canonical ensemble and that these authors 
have evaluated the ring diagrams in the grand ensemble. 
his leads to the conclusion that in RPA the perturbed 
Fermi level should not be taken different from the 
unperturbed one in the evaluation of each term of the 


perturbation series. Indeed, one has the general 
ermodynamic relation 
F=E-TS, Q=E-—-TS—pN, 3.18 


where ¢€ ®"* "7 is the grand partition function; by 


differentiation of (3.18), one has the well-known relation 


d2(u,V,T) OF (N,V,T) 
(EP) (REED), 8 am 
. OT s.7 or N,V 


\s comparison of (3.16) with previous work implies by 
3.19) that S(u,V,7)=S(uo,V,T) in RPA, we are 
forced to put w=yo in this approximation. In another 
publication, it will be shown that this results directly 
from comparison between perturbation expansion of / 
and Q, the essential feature being that in RPA the 
cluster expansion is the same in both grand and petit 
canonical ensembles. 


The classical limit of (3.10) is immediately obtained 
with the help of (3.13 
Ss. N V 
F(1)=F(0)+— & In 1+80(g)—| —B0(q) (3.17 
28 4 V J 


} 


which is the Debye-Hi kel theory. 
On the other hand, in the limit 7 — 0 the sum over 
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indice S : 
—~ 


ate - to be replaced by 


x 


Ma ¥ 
af dx, 
2m « 


x 


and it is immediately verified by comparing with refer- 
ence 3 that (3.16) goes into the Gell-Mann Brueckner 
formula for the ground state, including first-order 
exchange corrections. 


IV. GREEN’S FUNCTION FORMALISM 
‘We define a Green’s Function very similar to that 
used by several authors!®: 
B>B,>0 
B>p.>0. 


Ga( Bos ) (rpq(B2 pg’ (B: 


(4.1) 


8=1/kT defines the temperature at which the average 
is take n, 
operators in a sequence suc h that operators labeled by 
(8;>6,) always appear at the left of operators labeled 
by Dp; The 


r is the ordering operator which orders 


Pq Be and p,' (A; are 


Bo Bet 

Pq\ Ps or piGgje "=, 
(4.2) 
pq’ (Bi e p\— qe bil 


The function G,(82; 8;) has the following properties: 


\ Gq(B2; 81) =G4(B2—B1; 0) =G,(0; B;—B2). (4.3) 


This is an immediate consequence of the cyclic 


invariance of the trace. We shall thus write the function 
Ga(Be; 8; (q4(B2—8,)=G,(8") where +f > Bp’ > —B£. 
(B G,(B’)=G,*(p" (4.4) 
lor B’>0 we have 
G,*(8' (1/Z)[Tre## 6 4p(q)e~*’4#p(—q) ]}* 


(1/Z Tri p(q e8 H | q eh He 6H) 


G,(0; —f’)=G,(f"). 


The demonstration is the same for 8’ <0 


3 G,(f) G,! pb G,(0 


Pq(B)pq* (0 
1/Z) T r| e PN eH 5( qe F4p(q) | 
1/Z) TrLe**p(—q)p(q) ] 
(1/Z) T rle PH o(q p(—q) J= G,(0). 
The same for G,(—f 


D G,(p’ —8)=G,(p’ 8>p'>0, 
— (4.6) 
G,(8'+8)=G,(p’ B<p' <0. 

* T. Matsubara, Progr. Theoret. Phys. (Kyoto) 14, 351 (1955); 
S. Fujita, Phys. Rev. 115, 1335 (1959); P. C. Martin and J 
Schwinger, Phys. Rev. 115, 1342 (1959). Many other references 
on this subject and related i in this article 


topics ma be founc 
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first identity follows fror 


The 
G,(p’ 


‘ , 
Pq (O)pq(S 


1/Z) Trfe 
(1/Z) Tri 


Gq(p" 


The second identity Same manner 


ind of the 


asa 


consequence of cycli occurrence 
of the ordering symbol 7 


It b 


expressed on a Fourier 
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cru 
3: th 


3 ne development l 


We 


follows from 
+} 
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With real 


the periodicity interval ; 


+3 ; thus writ 


the interval 
and it ub 
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expansion ol 
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expansion whl 


18 nicis** expan 
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at, if 


expression ol 
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now th ex 


a pe rturbation 
imaginary fre 
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Suppo ed 
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determinat 
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$.13) 
the dielectri 


] 
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may rearrang¢ lation vali 


We 


turbed Green’ 


re 


conciue 
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3.10 
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u 


G, 


i 


V. THE RANDOM-PHASE 


It has been 
the free 
(3.14 
diagrams 


Ward.® We 


diagrams 


t 


is ¢ u 


putting ~’ we Immediately obtai: 
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We can now expres 
of the 
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{ 
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¢ 


Fic. 2. Sample ring diagrams in RPA 


yielding a result identical to (3.14). This then completes 
the analysis of RPA in its various forms and inter- 
connections which may be set forth schematically in a 


logical triangle. 
summation over 
ring diagrams 
* 

4 
self-consistent field 
approach or neglect « 
local field corrections 


* 


a ‘ 
RPA in form (5.1) 
rt 


The free energy 2 (or F) may be put in the following 
form easily accessible to perturbation expansion 


8 
Tre~®40'; exp -f d3'F ia1(B’) 


Tre 


S 


8 
In exp -{f 48’ fT ;..(8’) ). (S. 
0 ( 


Ho’ =Ho—wN (or Ho). 


2) 


where 


Among the diagrams that appear in this expansion, are 
the ring diagrams.'* We use the notation of Goldstone’; 
a line going up is a “particle” line and carries with it a 
factor (1—m,)o and a line going down is a “hole,” 
carrying with it a factor of (m,)o. In Fig. 2, we give the 
first few cycle graphs. These cycles appear in all orders, 
i.e., in mth order the cy les involving the partic le lines 
Pi, Po''’Pn are arranged in their (m—1)! differen 
orders in time. Further, it is evident from their structure 

xz 1 

» > _ 1 )” 

n= ’ 


1! 


hat ¢ 
We thus may write, in analogy 


X dBopa' (Bn+1)** “Pa 0) p 
0;L 


where we recall t is the average in the petit 


canonical ensemble. 


with field theory, 


1 
(—1)" 


these 


diagrams see 
Brout, Phys. 


importance ol! 


nce 1), ar 


® For a discussion of the 
Gell-Mann and Brueckner 
Rev. 118, 1009 (1960 
ej Goldstone, Prox 


refere 


Roy. Soc. (London) A239, 267 (1957) 
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that if a given ring in mth order starts with an inter- 
action that the same value of q characterizes each and 
every interaction, by conservation of momentum. In 
this way it is seen that all ring diagrams of mth order 


are contained in the expression 


vig " 8 A 
=| f af dB, 
V U0 0 


X dBi rh q' (Bn) de Bra) Bq’ (81) p_ (B81) » od) 
since the various contractions (mean value of the p, 
with pq!) give all the possible orderings of the graphs 
Finally, resummation over n and final summation over 


q gives instead of (5.2) 


P v(q) 
2. In + exp -{ , pa! (8) pq(8) !) i (5.4) 
q if @ 


where the first-order exchange energy is also included. 
The appearance of the factor 4 comes about because 
in the restriction to ring diagrams g and —g must be 
taken together. The result is a sum on g>0 which 
restriction is then removed by summing on all g with 
a factor of 4. Finally, we remark that since Hin=>d, 

> 4 2(g)/2V[| p(q) |? —N ], the same result could have 
been obtained directly from (5.2) under the simple 
assumption of commutation (5.1) since in this case the 
It thus the 
essential nature of the ring diagram approximation to 


exponential factorizes automatically. is 


select only those terms which are correctly evaluated 
under (5.1). 


Dielectric Constant 


We divide both numerator and denominator of (4.14) 
by Trle-## 
by using (5.1 


] and we simplify the resulting expression 
to obtain 


fe] 


dB ns1° . ‘ dB2p,' Bn+1)°° ‘P4(1)4!(0) ) 
a 


ff ain -dpg pq! B, Da )) 
¢ 0 


where the symbol L means restriction to linked graphs, 
or, equivalently, to contraction between f(A’) taken at 
different 8’. Now the contraction between the ordered 


operators and 82) which we denote by 


p,' 
taking into account the time order 


Pa py 


(5.7) 


where the interval of definition of the unperturbed 


G,°(3:—8:2) coincides with the integration interval in 


(5.6). We may then write, taking a particular set of 
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We may ! 
ipplied dire 
function, (5.4 
Finally, it 
may be facilita 
integrations throug 
point is €, is given by (5 
Note added in proo} | 
D. S. DuBois that he |} 


those in this paper for 


D.S. DuB \ 


an externa 
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which ts formally 


( omparison olf 
itin RPA 


from which formula 


} immediately obtained by 


analytic continuation, « ng the proof of equivalence 
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The theory of resonance absorption of nuclear y rays is generalized for an arbitrary system of interacting 


particles by expressing the relevant transition probability in terms of a space-time self-correlation function; 
and thus relating the resonance line shape to the incoherent differential scattering cross section for slow neu 
trons. Two limiting cases: (i) a gas and (ii) a solid have been considered. Discussion regarding the justifica- 


tion of the use of a classical self-diffusion function for 


a liquid is given and expressions for the broadening of 


the resonance line due to diffusive motions of the atoms of the interacting system are derived. It is suggested 
how Mossbauer-type experiment could be used to give information regarding the diffusive motions of atoms 


in a solid and also, under more favorable circumstan 


INTRODUCTION 
S dene observation by Méssbauer’ that nuclear y 


rays can be resonantly absorbed or scattered by 
nuclei bound in a crystal lattice has recently led to some 
very interesting applications? and holds promise for 
more applications particularly in the field of solid-state 
physics. Méssbauer’s observation rests on the fact that 
in the case of a nucleus bound in a crystal, a y ray can 
be emitted or absorbed without any energy transfer to 
and from the lattice. The probability of such a recoilless 
transition is, in most cases, small and is governed by the 
usual Debye-Waller factor, familiar in the theory of 
x ray and neutron scattering. Méssbauer explained his 
experimental results on the basis of a theory due to 
Lamb’ for the Doppler broadening of neutron absorp- 
tion resonance. Both in the theory of neutron and y- 
ray resonance absorption the relevant matrix clement 
corresponding to a transition of the crystal lattice from 
one state to the other is the same. 

The purpose of this paper is two-fold: one is to gen- 
eralize the theory for an arbitrary system of interacting 
particles by expressing the transition probability in 
terms of a space-time self-correlation function, which as 
is well known, determines the incoherent scattering for 
slow neutrons; and the second is to show how Méss- 
bauer technique can be used to gain information con- 
cerning the nature of diffusive motions of atoms ina 
solid and also, under more favorable circumstances, in 
a liquid. The cross section for y-ray resonance absorp- 
Bethe 


and in the case of a solid, in the limit 


tion In the case of a gas Placzek formula in the 


ase of neutrons 
of both weak and strong binding (two limiting cases 


of Lamb’s theory in the case of neutrons), follows very 


simply from one general formula. Furthermore, the 


* Based on work performed under the auspices of the U. S 
Atomic Energy Commission 
‘R. L. Méssbauer, Z. Physik 151, 124 (1958); Naturwissen 
schaften 45, 538 (1958); Z. Naturforsch 14a, 211 (1959) 
? During the last year and this year a number of communica 
tions concerning the Méssbauer effect and its various applications 
have appeared in the Physical Review Letters to which the reader 
s referred 
W. I Phys. Rev. 55, 190 


Lamb 1939 


*s, in a liquid 


generalized formula can be of great help in more 
complicated systems as for instance liquids, where it is 
difficult to treat the 


detail. 


dynamics of atomic motions in 


MATHEMATICAL FORMULATION 


We are interested in calculating the probability of 
absorption or emission ot a y ray of momentum p by a 
single nucleus of an interacting system (say solid or 
liquid) such that the nucleus makes a transition from a 
state A toa state B and at the same time the interacting 
system makes a transition from a state, say |n0) to a 

|m). Since the interaction within a nucleus is much 
stronger than that between two nuclei, the total wave 
function can be written as a product of wave functions 
one of which depends only on the coordinates of the 
centers of masses of different nuclei and the other de- 
pends on the coordinates of the nucleons relative to the 
centers of masses of their respective nuclei. The transi- 
tion matrix element, corresponding to the absorption of 
a photon, can be written as (Bn|H’|nOAp), where H’ 
represents the interaction between the radiation field 
and the nucleus and has the following form: 


state 


H’ >i Cay Cxp(ip:r, h) 


exp(ip: R./h) 3°; ca, explip: (r,—R,)/h]. 
c is a constant depending on p, a, is the annihilation 
operator for a photon with momentum p, r, is the co- 
ordinate of a nucleon of the nucleus a, and R, is the 
coordinate of the center of mass of the nucleus. The 
interaction operator H’ is thus a product of two terms, 
one of which depends only on the coordinates of the 

cleons relative to their center of mass and the other 
de pe nds only on the coordinates of the center of mass. 
hus the matrix element of the transition is a product 
of two matrix elements, one of which corresponds to the 


+} 


change in the internal state of the nucleus and the 


other iS 


n exp(ip: R,/h) nO), 


change in the state 


corresponding to 4 
of the collective motions of the 


enters of masses. The first matrix element is just a 


constant for our purpose, and it is the second one with 


all be 


which we sh; 


inly concerned here. It then follow 
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cross section per nucleus for a y ray of energy EZ is’ width of the excite 


given by 


from the usual dispersion theory‘ that the absorption and /mn0) of the 

statistical weig! 
n\exp(ip: R/h)| n0)\? tie nuclear wid 

of the state 

The constant 

chosen tl it o 
where Ey is the energy difference between the final and Wigner formula for 
the initial nuclear sta of the absorbing nucleus, ¢, nance absorption cro 
and €,0 are, respec Live ly, the energies of the states |n Now Eq. (1) can be 


rol . " il p— (e, 
> geno (n\exp(ip- K/h)! n0 “f 
nit .(E-E 


ee 


i 
| dt{ >) gno|(n!exp(ip- R/h)| nO 
) r 


L 
exp(— itp 


Ii —hp ie lr? 


ul k-k h-(r 2h t dl 


r 


{ expl —1t(E— Eo)/h—T'/2h| t| \(exp[—ip- R(0)/h 


r 


thi « 
where R(/) is the Hei enberg operator defined by For t 0, G,(r.0 é(r 
between the position of 
R(t) =exp(itH/h)R exp(—itH /h re ~oeecee 
different times. It give ¢ proba- 
: : r | , 7 a -¢ t tims t tinr if ’ 
H being the Hamiltonian of the interacting system, and bility of finding a par position Fr, if the 
“Ne . ‘cle wa 7 
r means both the quantum mechanical and the ‘S#me particle was a 
statistical average at temperature 7. We shall here interpretation of 
restrict ourselves to a system for which Boltzmann 9¥antum mec! 
tatisti 1 applicable In the above derivation the Appendix Van 
«a , : :  -_ 
Fourier representation of the 6 function and the identity “0” in detail a 
: ; wi (DN os 
ys mon 1 have been used We now define a tune From (2 and 


ul 


tion G,(r,/) through the following equation r 
P . otk 
exp[ —ip: R(O)/h) explip- R(t) /h : 


tiona 
theory,’ the probal 
neutrons of energy 
constant factor and 
; integral il 5 
t |)rd (p/h) tion for all tl 


of neutron an 


( farotr+R O)—r' Lr’ — R(t !) ’ 4) (with P=0 
‘ We sh 


all Set 


‘W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 'L. Van Hove, Phys. Rev 
versity Press, New York, 1944), 2nd ed., p. 110 Glauber, Phys. Rev. 98, 1092 
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resonance absorption of y rays by nuclei whether in a 
a solid or a liquid will follow from (5 
depending on the explicit form of G,(r,f). It is possible 
to calculate the function G,(r,f) rigorously in the case 
of a Maxwellian gas and in the case of a solid in the 
harmonic approximation but it is not possible to do so 
in the case of a liquid. Neve rtheless, in the latter case 


1 use in an approximate way the classical form 


gas or bound in 


one coul 
of G, (r,t); e.g., the solution of the usual diffusion equa- 
tion or better the solution of Langevin’s equation for 
Brownian motion. The G,(r,t) for very 
small and very large times is known and for inter- 
mediate values of the time one could try different forms 
of G,(r,/) so as to fit the experimental data. Thus, a 
general formulation of the absorption probability (the 
same holds for emission) in terms of the self-correlation 
function G,(r,/) as expressed by Eq. (5), has a definite 
advantage. 

It has Van Hove® that the self 
correlation function in the case of a gas or a solid (cubi: 
symmetric crystals) has the general form 


behavior of 


been shown by 


[amy (t 


G, (r,t) lexp[—r’ 2y(t 

There is no obvious reason to believe that in the case 
of a liquid G,(r,f 
seems, 


has also the above general form. It 


reasonable to assume that (6) is a 
good approximation for a liquid too. We know that it is 
correct for small as well as large times. 

The probability w,(£) for the emission of a y ray is 
also given by Eq. (1) except that the signs of €, and €, 
are interchanged and the constant is different.‘ Pro- 


however, 


ceeding as before, it is easy to show that w,(£) is given 


1 
f ext x-r—wt)— (P/2h) | t 
2rh 


XG, (4, 


by 
= l drdl 


Sorw(E)\dE= 1. 


The quantity of experimental interest is the self- 


It is normalized such that 


absorption cross section ¢ which for a thin absorbe ri 
defined by 


x 


g [-. E)w.(E ae { w(E)dE 
f oa(E)w.(E)dE & 


absorption experiment if the 


In a 


emitter is made to move wit}! 


y-Tay resonance 
velocity v relative to the 
absorber, the emitted 7 


v/c)Eo, 


that case the argument of o,(£) should be replaced by 


ray gets an energy Doppler 


shift s c being the velocity of light, and in 


s+. If we do this and make use of (5 


), (6), and (7) in 
(8), it follows that the self-absorption cross section is 


given by, noticing that the integration over E can be 


oO} NUCLI 
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extended to — « without any appreciable error, 


ool 


| 
\+ya(t) |] j#. (9) 


And if the emitter and the absorber are identical (9) 


be comes 
(10) 


hoa(s 


where o,(s) is given by 


y(t) replaced by 2y(¢ 


(5) with [ replaced by 21 and 
Before we proceed to calculate 
we shall evaluate the 
absorption cross section o4(Z) for a nucleus in a perfect 


a(s) for a nucleus bound in a solid, 


gas 
va 


ABSORPTION OF A y RAY BY AN ATOM 
IN A PERFECT GAS 
It has been shown by Van Hove® that for a perfect 
gas the quantum mechanical form of G,(r,t) 
with 


is the one 
given by 6 
ht keTl 
1—- . (11) 
M VM 


where M is the mass of the atom and &z, is the Boltz- 
mann’s constant, and T is the temperature of the gas. 
The term linear in ¢ is purely of quantum mechanical 
origin and the term quadratic in ¢ survives in the classi- 
cal limit. Vineyard® has shown that for very small times 
for an arbitrary interacting system described by a time 


independent Hamiltonian y(¢) is given by 


(12) 


where p is the momentum operator of an atom. This 
result easily follows from (3) if we expand the operator 


R(t) in powers of ¢ and define y(¢) by the relation 


1 
f: G, | r,i dr, 
4 


and assume that the system is isotropic 


Substituting (11) in (6) and using the resulting G,(r,1) 


5) and after performing integration over r we have 


A’r 


4h? 
where we have put 
2M = E?/2Mc’, 
A=2(RkgT)! 
Phys. Rev 


(the recoil energy) = hx 


(14) 


Vineyard 110, 999 (1958 
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Putting y=i1'/2h and making use of the convolution 
formula for the Fourier transform of a product, we have 


[ coth/ ; 
Ml, 2k 


where f(z) is the 


phonons and uch tl 


f(z) is ZeTo beyond z 
Equation (5) with 


integration over r 


ven by Bethe and Placzek 
ipture of neutrons by atom 
forming 


y]—1}dt}, 
RESONANCE ABSORPTION OF vy RAYS BY 
ATOMS IN A CRYSTAL ; 
where y( ) Is the \ ] { | 
ere restrict our ves ibic Bravais — tial within the squat 


\vain \ i! H ve 


1e ¢ xponel - 


be expanded 
at lor a mono ina power sé ries 


in solids 
} irl 
snarp at 


2ui 


2W is the usual Debye-Waller factor 


lation is the same as 


© being 


Che above formu- 
? ] 
1 . T 
ised by Sjélander® in con- n (21 
nection with neutron scattering by solids. It is instru: 
H. Bethe and G 
* A. Sjélander, Arkiv 





@ ev—1 


The function ¢(z) been tabulated by Zener.’ Now 


2kp®) for TKO) 
(kp) for TOO. 


24b 


x 


J gn(E)dE=1. 


x 


Experimentally we are interested in the self-absorption 
cross section; i.e., in o(s) given by (9). Here the emitter 
and the absorber are assumed to be of the same ma- 
terial but at different temperatures, say T, and T,, 
respec tive ly. Let v be the relative veloc ity of the emitter 
and absorber. s=(t/c)E 
towards each other and negative if they move away 
from each other. Proceeding as before, it follows from 
9) that 


is positive if the two move 


rool 


2W.+2W,) 


n! 


(h7x?/2M)F(T.), 
(h?x?/2M)F(T,), 
| 
(T,)+F(T. 


(26) 


X[F(Te)ei(s,T)+F (Ta)gi(5,T 0) |, 


Gn(s) f 9:1(s—s’) Qn_i(s’)ds’. 


r 


It should be borne in mind that the energy distribution 
of the phonons changes with temperature and hence the 
Debye temperature also changes. There will be a very 
slight shift of the resonance absorption peak due to the 
fact that when a ¥ ray is emitted or absorbed the mass 
of the emitting or the absorbing nucleus changes. This 
second order Doppler effect 
he re. 

If the absorber are both identical 
and are at the same temperature, Eq. (25) simplifies to 


has not been considered 


emitter and the 


rol 
o-iW 


» (4W)* 
, re -gn(s,T) 


2 rs? 


°C. Zener, Phys. Rev. 49, 122 (1936 
’B. D. Josephson, Phys. Rev. Letters 4, 341 (1960 
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The first term in 
having a full width 


gives a sharp resonance peak 
2. For s=0, the first term is 


hove *™ (28) 


The 


diminished by a factor ¢ 


self-absorption cross section is thus 
‘W where 2W, in the Debye 
approximation, is given by Eqs. (22) and (24). From 
the expression for 2W, it is clear that to have a large 
Mossbauer effect the recoil energy R of the nucleus 
must be small; i.e., the y ray should have a low energy 
and the Debye temperature © of the solid should be 
large and the temperature as low as possible. Recently 
Lipkin" has derived the expression for 2W in a simple 
manner and has to the same conclusions. In 
the original Méssbauer experiment in which Ir™ 129- 
kev gamma rays were used (R=0,046 ev, kp 9=0.025 
ev, T7=88°K), 2W was nearly equal to 3; and hence the 
resonance effect was very small. For a large resonance 
effect o’(0) has to be than the non-nuclear 
cross section such as the cross section for the photo- 
electric 


resonance 


also come 


greater 


effect. Unfortunately for isotopes so far in- 
vestigated, the Méssbauer effect is very small except in 
the case of Fe®’, where because of the low y-ray energy 
(Eo= 14.4 kev), 2W is nearly 0.1 at T=O0°K, and this 
is the reason why it is possible to observe the Méss- 
bauer effect even at very high temperatures. Because 
of this comparatively large effect and the extreme sharp- 
ness of the resonance line (T~5X10~* ev), the Méss 
bauer effect in Fe*’ nucleus has found recently so many 
interesting applications. 

The second term in (27), corresponding te phonon 
exchange, gives the shape of the wings of the sharp 
resonance absorption line; the wings extending at least 
up to an energy of the order kg@. If 2W<1, all terms 
except the first in the sum are negligible. In that case 
the shape of the wings is related in a very simple way 
through Eq. (19) to the energy spectrum /(E) of the 
crystal vibrations. It is thus at least in principle possible 
to measure the energy distribution function of the 
phonons as has been pointed out earlier by Visscher.” 
In this connection it is important to realize that if the 
nucleus emitting the y rays constitutes a foreign atom 
in a host lattice, what one measures is not the vibra- 
tional spectrum of the host lattice but a spectrum 
which is characteristic of the local surroundings of the 
emitting nucleus. In addition to this, the one-phonon 
cross section is very smal] and this limits the possibility 
of using the Méssbauer effect to investigate the vibra- 
tional spectra of solids. A better way to study the real 
vibrational spectra is through the use of slow neutron 
scattering 

If 2W>>1, 
binding case. For example in the original Méssbauer 


then we have what is called the weak- 


experiment 2W—~3 and it falls under this category. 


H. Lipkin, Ann. Phys. 9, 332 (1960 


2W. M. Visscher, Ann. Phys. 9, 194 (1960 
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From (17) it follows 


(29b 


where 


(30) 
xin iS the mean kinetic energy per atom and is given by 


2 x 


5 
[ z coth 
} 


For T>©, Exin skal 
Now Eq. (9) can be 


Erin 
2keT 


kp 


In 31 tne e€x 


where Tt h 
1 ; 


ponent }x[4 tya(t) | in the first 


integral can be replaced by (29a), and in the second and 


third integrals by 


29b), without introducing appreci 


able error It iS the n ¢ 


Ihe integral in (32 


is the same as the one which occurs 


Hene e 


} 


in (13) and can be evaluated as before 


a I exp 2W.4-2i 


than the 


AND 


SJOLAN 


Doppler width 


Equation (35 
\déssbauer.' 


DIFFUSION BROADENING OF THE 
RESONANCE LINE 


In this section we sl \léssbauer tech 
nature of dif 

under 
a solid the 
slow jumping moveme! f an atom from one lattice 


nique could be usec nvestigate the 


fusive motions in probably more 


favorable circumstances in a liquid too. In 


site to another vives ris oa roade ing of the reso- 


nance line. At ordinary ires the broadening 


due to such a diffusive motior compared to the 


natural linewidth but at vated temperatures the 


former can become of the same order of m 
the latter and ey 

broadening Is, 

greater than the 


| 
TOSS Sé¢ most cases small 


resonance abso pt ion « 


compared to non-nuclear absorption cross section. This 


makes it difficult to distingu > from 
the background 

The self-correlation fun defined by 
Eq. (3 is a compiex tf erefore, 
easily be inte rprete d as 


in the case that it mag ry part negligible 


tion except 
The 
imaginary part, as we k Lj 
origin. It is, however, possil 
define a real function 
over to the classical self 
related to the absorpti I I tion In a simil 


as is Van Hove's G, 


ir way 
The transformation 
suggested by Schofield nad 1 1u t n of using the 
real part of the Vai 


cussed in detail in the 


tion are dis- 

| iper. Such a 

discussion besides being rele. f 

paper is of importance 

scattering by liquids 
‘ollowing the suggest 

by (+ (ih/2keT), G 

given by (SA goes over 

1OA) of the 


Appendix in the case of a gas and a solid, respectively 


p(t), where p(t 
In the Appendix we have derived the expression aie i 
resonance absorption re . * } sat tae al 
emission probability ' 

11A 


given by Eqs 


R. L. M6 


‘P. Schofic 
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ool’ hw h?x? 
exp - 


th 2keT 


D - 
xf exp] i(x-r—wl)—-—|t| 
2h 


x 


a,(E) 
SMkpT 


XF,*(r,Odrdt, 
1 hu 


ex] 
2rh 


hx? 
2keT SMkeT 


en r 
xf exp] 1(x-r—wt)——| f| 
4 2h 


nv 


i — 


XF,°(r,t)drdt, 
where F,°(r,t) is the classical self-diffusion function 
and htw= E— Ep. 

We shall consider two simple cases: (i) in which the 
diffusive motion of an atom in the absorber is governed 
by the simple diffusion equation, and (ii) in which the 
atom jumps from one lattice site to another. Diffusion 
in normal liquids probably comes under case (i) whereas 
in solids it comes under case (ii). These two cases are 
considered here more as illustrations rather than to give 
a precise relationship between the resonance line shape 
and diffusive motions. 


Case (i 
In this case F,°(r,¢) is given by 


F,°(r,t)= (49D \t|)~4 exp(—r’/4D) 1) ), 38 
where D is the diffusion coefficient. This function has 
the right limiting form for large ¢ but not for t— 0 
One should rather use for F,‘(r,t) the solution of 
Langevin’s equation for the Brownian motion with p(t 
as given by (13A). p(t) varies as f for 1—+ 0. We shall 
not use the latter form of p(t) since the change in the 
linewidth as a result of this refinement is negligible (see 
Singwi and Sjélander' connection 
scattering). 

Let us suppose that the absorber is in the liquid state. 
The cross section for the absorption of a y ray of energy 
FE, is obtained by substituting (38) in (36 
performing the integrations we have 


in with neutron 


and after 
ok (ool /4) exp(— 2W,,) (+ 2hx?D) 

E— Eo? +4(1+2heD)*), (39 
where in deducing (39) we have replaced 

expl - 


E—E»)/2kpT] 


by unity, since E—E¢K2kgT in the resonance peak 
and where we have put h’x?/8MkgT=2W,. 2W, is 


‘8K. S. Singwi and A. Sjélander, Phys. Rev. 119, 863 (1960 


) 
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analogous to the Debye-Waller factor in the case of a 
solid. 

From (39) it is evident that the broadening Ae of the 


resonance line due to diffusion is given by 


Ae 2h? D 


(40) 
2EeD he, 


where Fy is the energy of the y ray and c is the velocity 
of light. As an example let us take iron for which 
D~10~-* cm?/sec in the molten state, and Eo=14 kev 
for Fe”? 40) gives Ae~6X 10-* ev which is 
several orders of magnitude greater than the natural 
width I. 
Experimentally 


. Ex juat ion 


what one measures is the self- 


absorption cross section 


ais i) Ww, E)a,(k + SdE 


is the emission probability in the case of a 


Here w,(/ 
solid, since the emitter is in the form of a solid. If we 


neglect the phonon part, the expression for w,(/) is 


(41) 


11) in the expression for a(s), we get 
P+hx?D 
—2W,) . (42) 

f+ (P+heD)? 
Recently a cold-neutron scattering method has been 
used to measure the diffusive broadening of the ‘‘quasi 


~ 


elastic” scattering in liquids This method, un- 


fortunately, suffers from the disadvantage of having a 
poor energy resolution. But if we were to study the 
diffusive broadening by Méssbauer technique, such a 
disadvantage does not exist since the natural width of 
the line is negligible compared to the diffusive broaden- 
ing. However, this method seems at present to be hardly 
practicable because of the smallness of o(s) compared 
to the other non-nuclear cross section such as the photo 
electric effect. But under very favorable circumstances 
such that I'/Ae is not toc small this method could be 
used to investigate the shape of the resonance line and 
determine the diffusion coefficient from the measure- 
ment of line broadening 


Case (ii 


Let ro be the mean time for which an atom stays on 
a given lattice site before jumping to a new lattice 
position. If we now assume that there is no correlation 


in motion between one jump and the next, it is possible 


‘6B. N. Brockhouse, Phys. Rev. Letters 2, 287 (1959). 

‘7 T). J. Hughes, H. Palevsky, W. Kley, and E. Tunkelo, Phys. 
Rev. Letters 3, 91 (1959). 

“7. Pelah, W. L. Whittemore 
Rev. 113, 767 (1959) 


and A. W. McReynolds, Phys. 
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to calculate /,°(r,/) or rather its Fourier transform as 
in con- 
cold- 
neutron scattering. The problem under consideration 
of the 


has been done earier by Singwi and Sjélander 


nection with diffusive motions in water and 


is in fact a special case more general formula of 
in 
>Q, where 7; is the mean time for which the 


Singwi and Sjélande r ihe present case consists 


taking 7; 
partic le diffuses between its two os¢ illatory states and 
in taking the function h(r,t) to be independent of time. 
that 


It is then easy to show by the use of formula (36 


h(r) gives the probability of finding the particle at the 
position r after a single jump, if the particle was at the 


) $1 


section 


origin before the jump Using and we have for 


the se If absorption cTOSS 


defined by 


| 
dD [: h(rjdr 
OTe 


13 


of the resonance peak di 


The diffusion coeth 


16 


From formula is clear that the broadening Ae 


1e to diffusive motions is 


Ae=2h/1 exp(ix-r) A(r)dr 47 


We thus sec that the 
bro 


Llue ol the broadening 


cImum vi 


is 2h/ro and the dening depends on the angle be- 


tween the direction of motion of the diffusing atom and 


the direction of the y-ray quantum. Consider a Fe? 


bet wee n 


nucleus sandwiched two layers of a graphite 
lattice (it is possible to introduce iron atoms between 
the layer planes of 


graphite single crystal). The Fe*? 


nucleus finds it hard to move in the direction of the 


c-axis but can diffuse with ease in the basal plane. If 
the y ray from the emitter falls on the absorber parallel 
to the ¢ axis and the counter is also pointing along the 
axis, the diffusive broadening Ae in this case will be 
negligible and the resonance line will have its natural 
width. If we 


direction of the incident y Tay the diffusive broadening 


now rotate the absorber relative to the 


1) 


should increase. At 
resonance absorption would 

sotropy ol the Debye \\ ( ] Ou! an 
easily be extended for 

Let us consider s¢ 

at low temperature ibsorption is 
studied as a functior velocity of the emitter for 
various temperatures « 
peratures, 


line broadening due 


ordinary tem 


i r ' ' ry ; + 
1iusion I iS St i tna ne 


the self 
Ss neg igible 
compared to the 
at 760°C, the 

cm?/sec, which would sec for ro: 
~P, 6D, l being the int tomic spacing. This 
would correspond to a bro ~2X 10-" ey 
$6 10~° ev owever, at hig! 
tures, say 1000°( above, 
detect the diffusive broadening by 
experiment. At such high 
Waller factor e?"+ (since 2W, 


decrease but it is still not 


imple even 
1.510 


since fT 
whereas I" er tempera 
and it s| ould be possible to 
a Mossbauer-type 
temperatures the Debye- 
2u , would no doubt 
too small ~¢ as to pre 


clude the possibility of observing resonance effect 


It has been reported” that self-diffusion 
in iron at 757°C 


under plastic deformatior 
by as much as a factor of thousand nd 


increases 
if it is true, 
would 
nearly 2X 10~-* ev which is greater than the natural 


the line broadening due now be 
| line 
width and it might, ref e | ible to detect it 
by a Méssbauer-ty] uld be valuable 
to perform such 

there exists a cont 

mental workers regar 

diffusion and the rar 

Besides 


the 


significant. 
different 
tracers and should, 
check. One could 

iron in other metal 


from 
an independent 


ty diffusion of 


experiment would give 
time ro and its temperat 
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Ihe function G,(r 
in the classical limit be 
function. For small t 
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RESONANCE ABSORPTION 


N OW 


1 L 
J exp (—iwt)(exp[ —ix- R(O)] exp[ix- R(t) ])rdé 
2rd _, 
vofno | (| exp (ix R) | m 
Xb[w— (€n—€no)/h l, (1A) 
the definition of T and £ nn 
kpT)/>., exp(—E,/keT). Further 


which follows from 


exp' I: n 


ix: R(t) | exp[ix- R(O) })rdt 


exp (— tut exp | 


n| exp(ix- R) | m0) |*6[w+ (€,— €n0)/ A 


(nO exp (ix: R)|m) *6[w— (€n- €n0)/h 


n| exp(ix- R)| 0)? 


XbLw— (€n—€no)/h | 


£ 


f exp | 
lr 


x 


X(exp[—ix-R(O) | exp[ix- R(t) ])rdt. (2A) 
The last step in (2A) follows from (1A). The relation 
gn,=exp[ —8(€n—€no) |gno has been used in the second 
step in (2A); B=1/kaT. 

Introducing the real part of G,(r,t), which is defined 
by 


Rel G, (r,t) |= (24) } exp(—ix-r) 


« 


x }{(expl—ixn- R(O) | explix- R(d) | 
texp[ —ix- R(t) ] expLix- R(O) })r}dn, (3A) 


1A) and (2A) in Eq. (5) of the text we get 
the following expression for the absorption cross section 


and using 


ool’ exp(Bhw/2) 
o,(E)=- 
4h cosh (Bhw 2 


xf exp[i(« -r— 


considering that <kgT. 

Recently Schofield" has also suggested in connection 
with neutron scattering that G,(r,(+ih/2kg7T) rather 
than G,(r,t) should be considered as a self-diffusion 
function. He points out that if, for instance, G,(r,t) is 
replaced by its classical equivalent obtained from the 
simple diffusion equation, as suggested by Vineyard,® 
the scattering cross section will not satisfy the condition 
of detailed balance. If, however, G,(r,/+ih/2kpT) is 
replaced by the classical self-diffusion function the 


} 


w)— (T 2h) l 


* Re[G,(r,t) \drdt, (4A) 


principle of detailed balance will be satisfied. The same 


s also true if we replace Re[G,(r,/)] in (4A) by its 


classical equivalent. 
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Schofield’s result is easily obtained by noting that 


1 x 
exp(—twl 
are 


x 


ix- R(O) | explix- R(d) ])rdi 


exp 


Dn, nogno|(m| exp(ix- R)| 20) |*5[w— (en— eno) /h | 


exp (Bhw/2) > exp (tx: R)| 0) |? 


ou * 


- (€,—€no)/h |, 


(SA) 


(gn2n0)'(nO| expl —ix- R(O) ]| nm) 


x(n} explix- R(t) ]/n0)}dx. (6A) 


> then have for the absorption CTOSS S@( tion 


ool 


oak: exp (Bhw »f exp[.i(x-r—wl)— (T'/2h)|t| ] 


(7A) 


ti 
FP, (rt)drdt, 


F (r,t) is real and is an even function of ¢ and thus the 
integral in (7A) is an even function of w. It is easily 
shown by using the definition (3) of G,(r,/) that F,(r,t) 

G,(r,t+ih/2kpT). If uses the classical self- 
diffusion function instead of F,(r,t) in (7A) or for 
Re[G,(r,f) ] in (4A), the two expressions are identical 
to the first order in tw/kpT. 

If we make the 
Schofield, we have 


one 


transformation as suggested by 


'] 


F,(4,t)=(2xp(t) | expl—r*/2p(h) | (8A) 


p(l)=h?/AMkpT + (kpT/M)P, (9A) 


for a free gas, and 


tanh(z/4kpT )dz 


* {(z) 1—cos(2t/h) 
+ (h? mf dz, 
z sinh(z/2kpT) 


(10A) 


for a solid. Equations (9A) and (10A) follow from Eqs. 
11) and (17) of the text, respectively. 

We notice from (9A) that even at /=0, the particle 
is distributed over a finite region. The finite extension 
is given by the first term in (9A) and is consistent with 
Heisenberg’s uncertainty principle for a particle with 
mean velocity (kg7/M)‘. The real part of G,(r,) on the 
other hand, goes over to a 6 function around the origin 
at ‘=0. It, therefore, appears that F,(r,t) as given by 

8A) is more directly connected with self-diffusion 

Schofield’s suggestion, in the case of a liquid, is to 
replace F,(r,/) in the first approximation by a classical 
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from 

go to zero 
for large 


self-diffusion function obtained, for instance, 


In that case pil will 
approach 2D 


I 
how ever, add a 


Langevin’s equation 


for small times and will 


‘ / 
as il 


times. If we, constant to p(t) corre- 


sponding to a finite extension of the probability cloud 


at /=0, the resulting formula for the cross section will 


be valid to <tent also for large momentum 


some 
transfers 
For a liquid it seems reasonable to take the same con 


stant as that for a gas, since we know 


that for large 
momentum transfers corresponding to small times the 
scattering 


cross section approximately goes over to a 


free gas formula. Adding of this constant to pil Vil 
side of 


neutron 


simply amount to multiplying the right-hand 
7A) by exp(—h &SMkpl In 


scattering by liquids this factor is often nearly equal to 


the case of 


unity except for large incident neutron energy, whereas 
in the case of y-ray resonance absorption it could be 


quite small 


depending on the recoil energy of the 
nue leus 
As a result of the foregoing discussion it seems plau 


sible to write (7A) in the form 


ool 
exp (hu 


oa(F) Qkal —h'n?/SMkeT 


h?x?/SMkpl 


l'/ 2h 


where for F,°( r,t expression (8A 


p(t) as given from ngevin’s equation, and is 

pu 2D 8 
Phe characteristic time 1/8’ is given by 
kpl DM, 


ar, I 
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D being the diffusion ficient irse, this is 
possible only if the diffusion can really be described by 
Langevin’s equation 
Vote added in pro 
specific heat of indium by 
Rev. Letters 4, 460 
ef al. [ PI ys Re 


supe r¢ onduc ting 
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Debve temr tu 243 . whicl 
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I Op 
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normal! to the superconduct Che experiment 
\Mdéssbauer line 
Phe 


severely limited to 


consists in studying the intensity of the 
both in the normal and superconducting phases. 
choice for such an experiment is very 
only a few isotopes. The intensity of the Méssbauer line 
is determined by the Debye-Waller factor e~*”, and in 
the limit 7<@p, 4u R/kpp, where R is the 


recoil energy. In order to have an appreciable change 


is equal 
ion for a very small 
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ind a small Op. 


in the intensity of resonance absorpt 
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The electron or ion distribution function, expar 
equivalent t 


) a tensor scalar product expansion 


equation to gi 
of the expansior 
transport tensor 


coethcients 


I. TENSOR SCALAR PRODUCT EXPANSION OF 
THE DISTRIBUTION FUNCTION 


Introduction 


I HE statement has been made that the expansion 
of the distribution function in Legendre poly- 

nomials is equivalent to an expansion in a vector form as 
E f,-V 

f,P:(cosé f + ae 1) 


‘ ¢ 


{=> 


— 


This equation is limited to one dimension by the use of 
Legendre polynomials only on the left hand side. The 
more general and true statement is that the expansion 
of the distribution function in spherical harmonics Y 
is equivalent to 


a Cartesian tensor scalar product 


( xpansion 


x fb iatvy 


(A.p) 


Here 


V ims (9,0) sinéP,” cost bo, Cosmed+ O15 sinme@ 9 


with the orthogonality re ationship 


[rn mv PQ VimeY me SinOdOdd 


2x (l+m 


1+ do, 
2/+1 (l—m 
Also {f;| is a symmetric /th order Cartesian tensor, and 


(v=v' 


the /th order Cartesian 


v?---y / terms 


tensor formed by the Cartesian 
components v' of v along the 3 or z (polar), 1 or x(@), 
and 2 or y axes, and 


{fr} =f v"} = 


.-74 COS CosO?:- -, 


mpany, Lid., Researc/ 


Received Jur 


ve transport equations integrated over ang! 
This has been done for t 


Laboratorie 


e 13 


V ontreal, Canada 


1960 


is shown to be 


readily substituted into the Boltzmann 


necessary equations for determination 


er three, the order of the pressure 


where t. 7%, k, etc., may eac h refer to the x, ¥, OF Z axes, 


Later other letters will be used in the same way. 
The f; tensors are, 
but the 


because while v7, v”, 1 


’ 


of course, compl t¢ ly symmetric , 
additional restrictions, 
are independent, the cos6"s (the 
velocity direction cosines) 


compon¢e nts also have 


are not, since the sum of 
their squares is one. 
spherical 


Because of the orthogonality of the 
form the unique angle 
expansion for the distribution function, and in order to 
justify and discuss the tensor scalar (or dot) product 
expansion, it must be determined whether the tensor 


harmonics, they 


dot product expression can be converted to the spherical 
harmonic expansion, or vice versa 
The 


( xpansion 


reverse prove omewhat easier. Consider the 


If we 
direction 


convert each Y;,,, into a sum or products of / 
take 
a result of a tensor dot produc Se 
, the (all the 
tensor with p x-subscripts, g y 


prgtrr then, if 


V tp ae cos"e 


cosines, then we can these product 
terms and write them as 
same) of the 


If we denote by value 


elements in the 


subscripts, r z-subscripts, (/ 


Cosh" ¢ os’6*, 


(4) 


(5) 


isor whose elements are 


Phe 


dire tion 


expansion of lw in /th order products of 


c- 


cosines [1.¢ |] is a very easy matter. 


Expansion of Spherical Harmonics in 
Direction Cosine Products 


The direction cosines themselves are given by: 


cos#*=sin8 cosd, cos#¥=sin@ sing, cos#*=cos6, (6) 
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so that 


-m)(lL—m—1) 
cos'~™*9@+---+ | sin™@(do, cosmad- 


where Moivre’s theorem has been used to expand the m@ terms. In direction ¢ 


(lL—m)(l—m—1 
m~-292(cos°A 


where the terms in cos'~"-°%, etc., have been, so to 
speak, filled out by multiplying by (cos*#*+ cos’6¥ 
+ cos*9*)?= 1, to give / terms in each product 

Our expansion of (4) has been carried out, and so we 
can write the f; tensors in terms of fim, coefficients. 
(It can be readily seen that for all Yin, of given /, we 
will use all /th-order cosine products. ) As a result of 
the filling-out operation, the /th-order tensor contains 
fime terms of order / only, which makes for considerable 
simplicity. (It is evident that there is a certain degree 
of arbitrariness in how the tensors are constructed from 
the fin, terms since one can go on multiplying by 
(cos*é7+- cos*#¥+- cos’*4 1. The choice here seems to 
be the simplest and leads to quite elegant results.) 

With this choice of the Vim, expressions in cos@"’s the 


reverse process of converting the direction cosine 


products to spherical harmonic sums is very easy if The introduction of tl ower order harmonics 


approached in the right fashion carried out by filling out | 
monics (expressed in direction « y repeated 
Expansion of Direction Cosine Products multiplications with the sum of the squares of the 
in Spherical Harmonics cosines, to reach order 1. 
When this has been done 
linear equations expressing all Vy.,.’s of the same parity 
that there is a gap between the number of different as] and of order] or lower, in t sof the (]+1)(/+2)/2 


Initially the outlook seems unpromising, for it seems 


cos#' products of order / and the number of spherical independent directior ; products, all. products 
harmonics of order /. The number of products is the of order 1. To find f equations we 
same as the number of independent elements in the invert the matrix of the set o juations and thus 
completely symmetric / tensor in three-dimensional express all cos? products of order Fin te rms ol spherical 
space, namely (/+1)(/4 2 ((l4+n—1)!/l!'(n—1)! in harmonics of the same arity in / and of order l or less 
An example to make this pro clear is the followi 


n-dimensional space) whil ie number of Ith-order_ 
for /=2. We write: 


spherical harmonics nly 2/+1. The difficulty 
vanishes when it is realized that one needs to use all y,,,, 
the lower order spherical harmonics of the same parity 
as i (i.e., even or odd as / is even or odd), as well as the 


¥ 200>= 1( 3 cos‘? — 1 
° *y ‘fo 2 2 \* 
Ith-order harmonics. It is readily verified that the 
7 P , . 1: ¢ "so9= 3 Sin’@ cos2 
addition of these harmonics supplies the number of ¥220=4 sin*# cos2o 


terms one needs, since Yoi19= 3 sin8 cos? cosd 





EXPANSIONS OF 


Vo1;=3 siné cos@ sing = 3 cos? cosé", 


Y; 1=3 sin’@ sin2¢= 6 cos@* cos#”. 

\ set of equations with six even Y’s of order 2 and 0 
and six distinct cos#* products (three squares, three 
cross products). If we solve this set of equations for 
the cos# products or invert the matrix, we obtain: 


cos’? = cos*? = $V c00+ 3 ¥ 200, 
cos" = cos*#7 = 4Y c00— kV x00+-4 Y 220, 
{ oF ( os*6¥ 4¥ o00— 4V 200 _ } ¥ 220, 


cos?! cos# 
cos cos? = 
( of! ( ok 


cos#* cos#?# = 4V 210, 
ae 
cosh” cos6* = 4V on, 


cos6* cosé¥ 1V 501, 


i.e., cos”6* cos %" cos’é? : ope se Pa where /' 

l—2n (n integral) and p+qg+r=l. This operation 
has been carried out for /=0, 1, 2, 3, 4, and the matrices 
have been determined.! The /=0 matrices are 1 and 
the /=1 matrices are three by three unit diagonal 
matrices. The /=2 matrices can be written down by 
inspection from the examples, and the /=3 and l=4 
available in reference 1 or from the 
(American Documentation Institute.? The considerable 
simplicity of the zero and first order equations as 
developed by various authors is really a result of the 
simplicity of the matrices for /=0, 1. 


matrices are 


Tensor Elements Expressed in Spherical 
Harmonic Coefficients 


Having shown the equivalence of the expressions, 
the next step is to unite them. Since it is not proposed 
to carry any fourth order terms in the actual expansion, 
only the tensors up to rank three are given from the a 
matrices and (5a). 


fi i 000, (9a) 
f fy fijolat fistly + firoole, (9b) 
'_ 12¢ 2 
{f.} 12( —3 foo0t3 foo Ife 3 foro 
ly 3 fo —4 fx00o— 3 foro $ foul, (9c) 
. + “gp 
1, 3/210 2 four Sooo) 





{f;} Here the independent elements will be listed only, 
because of the difficulty of representing the array on 
the flat page. 


oy. . 4ne f 3¢ <¢ —_ 
—$fsiot 15 fs30, fyyy —$fsiu—15fsai, fees J 200, 
{ 1 Sf i S$ ° 
z — 3/31 +15 fai, lay —43fsro— 15 faa0, Sas 2 fsi0, 
'T. W. Johnston, Research Report (7-801,6) RCA Victor 


Research Laboratory, Montreal, Canada (unpublished 

? The matrices have also been deposited as Document No. 6415 
with the ADI Auxiliary Publications project, Photoduplication 
Service, Library of Congress, Washington 25, D. C. A copy 
nay be secured by citing the Document number and by remitting 
$1.25 for photoprints or $1.25 for 35-mm microfilm. Advance 
paymen | |. Make checks payable to: Chief, Photo 
juplication Service, Library of Congress. 


t is requiré 


BOLTZMANN'S 


EQUATION 


Velocity Averages Expressed in Tensors 


The next step is to ask how average quantities may 
be represented in this system. The results are very 
simple and can be readily seen to be: 


For a scalar, 


4a 
(o)=- [osorae, (10a) 
n 
where 
n tx f fata 
For a ve tor, 
(Q)=O(v)v 
lr ¢ 
Q | f,Ov'd (10b) 
30 


For a dyad, 
(QQ) =0"(0){ vv} /0°, 


4dr 
f vot yOPv dt 
3n 


For a triad, 


(QQQ} =0* (0) { vvv}/e’, 

4dr 

7" fu f,)-f:{1,} ]O¥v"dt 
Sn 


4n 2X3 
+ - a {f,}O%v'de, 
n 3X5X7 


({00}) iines f agra (10c) 
35 


((QQQ} 


where [ |], means permute ijk for each element in all 
ways (/! ways), add the result and divide by I! (to 
produce a completely symmetric /th-order tensor), and 
{I,} is the unit diagonal /th-order tensor, ( ) denotes 
velocity average. 

These averages can be derived either by expressing 
the direction cosines of the polyadic tensors in spherical 
harmonics and using the orthogonality relation, or by 
using the tensor expression and the integration formula 


f cos”6? cos*@” cos’64a) 
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W hic h is 


., a nonzero result only for p, g, r all even 


4n1X1XK3X5---(p 
[ cosva cos?9” cos’64#d?Q 


Soth, of course, give the the 
pherical harmonic expansion is slightly easier to apply. 

Because of the id ntity of a and £8 for /=0, 1, the 
first (10a (10b) are the same 
those 10c) has been given by 


Delcroix.4 The application of these averages 


same answer. In this case 


two averages and as 
given by Alli 
to pre ure 


tensors, pressure transport tensors, etc., is obvious 
Applying the Tensor Form to 


Boltzmann’s Equation 
Th polyadi dot 


ice 


product formulation allows a 


tep around the problem of solving Boltzmann’s 


the distribution function in 


sing 
Cone 


equation, attempted to juggle the 


equation by expre 


spheric il harmoni substituted the expansion 


i] les 
Bo ZI 


result until the only angl 


into nann’ 
terms (including the collision 
| 


were all linear combinations of spherical har- 


term) 
g the orthogonality relationship 
to obtain tof (/+1 
for th [+] 


collision coefficient 


monics, and then, u 
one was independent equations 
‘ ] j 


lo SOLVE 


unknown fim,’S in terms of 
The difficulty that 
beyond the first order (ie., f; 


Su¢ h as 


the Ke 
hindered thi 
ha a way 

Cos AP im (COsO 
relations exist. We can sidestep this difficulty by using 
the ¢ 


progran 
terms 


been the pre nee ot 


00 for which no simple recursion 


sian poly idic tet 
Previous consideration of 
ol sphe rical expan ion for first order have 
been treated by \ 
Yale®§ under Margenau 
treated’ the general case of 


to the first order. It 


arte sor distribution function. 


more or less limited cases 
harmonk 
and various investigators at 
The author has previously 
Boltzmann’s equation up 
s believed that the 


itment of second and third order 


present paper 
is the first explicit tre 
the Boltzmann 
Delcroix* implicitly introduced {f,} in the 
utting it into the 


terms in equation using spherical 


harmonics, 
distribution function ot Vv. without 


ed 
i 


uation. 
Phe 


the particul ir expal sion which uses 


treatment given here is not to be confused with 
Sonine or Laguerre 
which 


polynomial harmonics, and 
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1x35 


like-particl 


put direct] 


is employed for 
Boltzmann 
Bu 


collected 


expansion can be 
, 


and with recursior 


equation, given by 
nett, the 
quite neatly as Kelly" has dor 
if the distribution function is f 


| " 
rather SiIowly 


spheric i| harmoni { : an be 

lrawback is that 
ir from Maxwellian the 
expansion converges The sphe ric il h ar- 
lated 


monics of order / are assox 
with » and Sonine polynomia 
rather than arbitrary function of ity 
For the markedly non-Maxwe 

to be free to choose the city magnitude terms in 
other ways than those dict: 1 

to obtain more rapid convergence 

The point of the 


an exponential 
of order 1+} 
magnitude. 
would like 


one 


Sonine expansion 


can choose the _ veloci 
wishes, and that the 
separation of f 

is st 
tensors. The Sonin 
other expansions 


circumstances; the significance of the fim, 


terms own 
] 

articular 

ted to other 


term 


case, 


s is the 
same no matter how t] 

An 
averages in (10), the 
n-dimensional Hermite 
nature of Hermite polyt 
a Maxwell weighting 
indicates some 
will not be discussed further 


resemDlal l hown between the 
he terms in Grad’s 
2s = 


expansion,'> whi 


interesting 


| 


by tne 


ae ; ; - 1 

: +f = , th 

omials, | peciiicaily with 
? 


Chis presumably 


ian function. 
degree kins} p, but the resemblance 


here. 


Il. USE OF TENSOR FORM IN THE 
BOLTZMANN EQUATION 


Substitution of Tensor Form into 
Boltzmann’s Equation 


he Boltzmann 


} 


Assume thi he rig 
equation cal irmonics 
manner [ 


can express this 


the same 


expression from 5a 
deriving {C,}*:{v'} 


Let us substitut 


equation, whi 


Nonuniform Ga 
1958), 2nd ed., 3r 


uR } 


Landshoff, tev. 76, 907 
“TD. C. Kelly v. 119, 27 
1H. Grad, Commu: ure and A 
1949 


1949 
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EXPANSIONS OF BOLTZMANN’S -EQlt 


with a= (q/m)E, w= (¢/m)B, or in Cartesian form with 


the summation of repeated indices, 


the sign unchanged 


o(f Resscot 0 
af af of rE tt 
+1 +- (qi +e, ., 04a") —C=0, (12a) ot Ox 
at an Ov' 
l+1)a'f 
where e,,, is the unit alternating tensor in the Cartesian y 
system (=0 unless i+ j#k, = +1 for even/odd permu- 


tation of 17k from the normal 1, 2, 3 order). Substitute 


f= >", v! v" 
kaw ! t “> 
C=) ',¢ wo": + -y’/y! 
where fcpw...¢(x',0'v?,t) is a function of time, position 
and velocity magnitude only. There results wt (fy 
Cyw--e= (C,} 
a Fs : aU a fej deca t 0/ Ax ( fo 1)s t VY, 
- ( )s ( ) 
At 1 Ox, v! ‘ 
. A") (41) iw =a {fi} 
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a] fo l) p-+-¢ 
ler d 
an pt 
+Le vn" | t 
Cy ‘ 0. (13) 


If we write as a compact form of notation 


for the f tensor, 

for the € tensor, 

for the space gradient of 
a symmetric tensor, 

for the scalar product of 
a vector with a tensor, 


{fia} 


+ (git, * . ( sti ) Con o* fityir---e= ooX {f,) for the vector product of 
On 2 a vector with a _ tensor 
(unambiguous with a com- 
Cine pletely symmetric tensor), F 
. 0 
1 we write 
where the velbcity derivatives can be split up to yield att.) a {f, 1} 
z( +oV(f } a ( ; ) 
0 0d ‘ “p71 l al an vy 
> f ; i B 
at Ox a-(fins}] (vy 
t lew {f,} {C,} + (1+ ‘Y ) 0. (14) 
av 0 Ss fine. Bf ctyie.-+e , v 
eo ee 
v oH v t “ The first few terms in this set are 
v"t : Ofo a-f, Of, af 
+e; sy" f nol t + ~Co+( +vV,fota + on Xf, 
dl al or 
where for the velocity derivative of a,;(@v‘- --v"/dv') y otf.) O(f,/v) 
> a'v®---%+n'a'v"---v¥+---, the symmetry of +2a-{f.} C:) ' ( +0 f,+va— 
f ct) w.--¢, Has been used to ade 1 dl on 


1 the terms up. The velocity 
gradient of the magnitude-of-velocity functions is in the 
direction of » and so gives zero when scalar-multiplied 
with vX wp». 

Now let us group the terms by 0°: - -v”/v', to obtain 


+ en {f.} +3a- (fs) 


a({ fe) y 
a 
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I al Ox an 7 
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atts) 
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at 


{vv} 
-{C )): _- +( 
_{vvv} 


»X {fr} +4a- (fay - (C) ); 
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a(t) 


T tu) K(f.) 





1108 ae es 


where the terms to be retained in a third order expansion 
have been kept (/4, /s will be omitted). Note that one 
must consider the fourth order equation to include all 
the third order term 


Derivation of Angle-Integrated 
Transport Equations 


The step of interest is to multiply this equation 
through successively by {v'}/v'={(cos@')'} of various 
orders and to integrate over angle to obtain partially 
integrated transport equation. This can be done by 
expressing (15) and {v‘}/v' as Vin, terms from (9 
using the spherical! harmonic orthogonality condition 
and collecting terms, with simplifications from the 
interdependence of the f; from The 
other method is to use (11) for integrating the direction 
cosine products and using the tensor element expressions 


elements (5a). 


in fims terms to eliminate some of the resulting terms. 
As a matter of hindsight, it develops that >>, f,, and 
>  fiu=dXi frr= Xi fui are zero for {f,} and {f,}.' 

or expressions without using 
the spherical expansion beyond the establishing of the 


One can obtain the ten 


symmetry condition 


Scalar Equation Density and Energy 


rhe resultant equations, integrated over angle, are 


as follows 


aft a f, lr O{ fe} O(f, 1 
in( t iy ) + ( +-oV fi+va 
at 1 ) ot on 


a {f,) 


w " (f i 


iC) {I.}=0. (16a) 


As a result of s 


a-f, 


or, using 


his equation is Allis’ zero-order equation; it is 


noteworthy that higher order (J1>1) terms do not 


appear in the final 


16 Tt seems most pr that this set of relationships applies 
for all fi, s he " be reduced usit 


sum of the sq 


g powers ot the 
vhich is one), and 
both lati r ( ist 2/4 independent tensor 


rT 


since 


elements 
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Vector Equation (Momentum, Energy Flow 


tor Of, J (I } :{f } 
psec race ~cetal 
3L Al 


atts}: (1) 


al 


l 


7 £ 
> 


3a, X {f3} : {12} — {C3} 
which reduces to 
Of; Of 


+vV,fota 
at i 


17b 


The terms on the first line |} 
cated by Allis, while the se 


ave already been indi 
ond line shows the non- 
isotropic pressure effect (V,fo is the isotropic pressur 
effect of the electric field 
If, from a@ priori considerations 
then the {f,} 


equal to zero. 


term) and the momentun 
and anisotropic pressure 


1 


one knows that the pressure is isotropi 


tensor can be immediately put 
Momentum Transport or Pressure 
Tensor Equation 
The final form is, after substituting from (16), 
Sr a{f,} 


15 at 


+ 2ws X {f.} — (C,} 


sean )| 0. (18 


Note the use 10). ] 


L4 of the | symbol defined after 


Pressure Transport or Heat Tensor Equation 


Saf Ot fs} 
V-{f.} —2V,-(f 


~~ } 


35 at 
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The scalar and vector equations are exactly equiva- 
lent to equations for the terms with Yoo, Visio (x 
component) Vy, (y component) and Vio (2 compo- 
nent), but the tensor equations are in a sense degenerate 
because the tensor elements are not independent, 
reflecting the interdependence of the cos@"’s. To obtain 
the equations needed to determine f/f, we need 


l 
¥ (21-+1) = (+1) +21(1+1)/2= (+1)? 


equations, in this case sixteen. These equations are 
obtained by going back to (11) or (12) and expressing 
fime terms and the v'/r=cosé* 
terms as spherical harmonics, and then using the 


the fi; components as 


orthogonality conditions for each harmonic to obtain 
sixteen equations for the sixteen fim, terms. The first 
four equations are exactly equivalent to the fo and f, 


component equations 


III. SPHERICAL HARMONIC EQUATIONS FOR 
OBTAINING COEFFICIENTS 
The complete set is as follows. Notice that the fourth 
order cosine product expansion is needed, as can be 
seen from (13), and that the spherical harmonic which 
is the source of each equation is indicated by the 
dt and Cime. 


Of; u ) 


subscripts of 0 fims 


O foo vfo fit O fin 
4 4 
{ 3 ax Vy 
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ws” fiso}— C 100 


foiota’y fort a* feoo) | 0. 
[ These four equations are just (16b) and (17b) because 
of the simplicity the relations for /=0, 1 } 


Osi Ofin 20fio 


av ac 
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(5 fae) O(2 faro) 
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yn of 
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more awkward, a set 
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ization 
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hence virtual ac 
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can see that it appli 


but that, suitably ge 


now 
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al harmon 
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and then to 
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EXPANSIONS OF BOI 
terms indeed to yield Eqs. (10), (14), (16), (17), (18), 
(19), and (20) which probably go as far as one would 
like to take the expansion. 

This approach has also demonstrated the corre- 
sponde nce between the order of the spheric al harmonic 
or the tensor expansion and the order of tensor transport 
quantities. Usually these quantities are in terms of the 
particular or peculiar velocity, the velocity referred to 
an average velocity frame of reference (v—(v) rather 
than v). Since this frame of reference changes with 
time and place it is not suited to the spherical harmonic 
expansion unless the average velocity has at least a 
large constant part. Usually the peculiar velocity terms 
will have to be calculated from the rest frame velocity 
expansion, clumsy though it may seem. 


VOLUME! 


I 


ZMANN’S EQlt rloNn 1111 


Ihe assumption of a scalar pressure requires only 
spherical harmonic terms, while 
will necessitate second order 


the zero and first order 
an anisotropic pressure 
terms and a pressure transport tensor must imply third 
order terms. 

Even if this clarification of the spherical harmonic 
expansion does not produce a rewarding attack on 
plasma problems it should lead to a clearer under- 
standing of basic expansions of the distribution function 
and the relation of this approac h to others. 
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Nuclear Spin Relaxation in Liquid Helium 3+ 
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The longitudinal relaxation time of liquid He* has been measured as a function of temperature above 1°K 
and of magnetic field below 13 kgauss in a number of sample containers. At a temperature of 2.0°K and ina 
magnetic field of 10 kgauss the longitudinal relaxation time, 7;, varied with the sample container from 60 


seconds to 400 seconds. The transverse relaxation time, 72, w 
mately 30 seconds at a field of 10 kgauss in all sample containers. 7; was determined 


as measured by a new method and was approxi- 


| as a function of 


magnetic field at 2.0°K in a single sample container; the values increased from less than 50 seconds in 
ipproximately zero field to 400 seconds at 13 kgauss. An impurity relaxation model is proposed to explain 


the 7, results. By assuming both wall relaxation and a bulk relaxation given 
ind Pound theory, the dependence of 7; on pressure and 
The low values of 72 are inconsistent with the Bloembergen 
to the presence of paramagnetic impurities in suspension ir 


INTRODUCTION 


O oten adiabatic fast passage techniques, we have 
measured the longitudinal and transverse nuclear 
relaxation times, 7; and 7», in liquid He’ 
contained in sample chambers of different sizes and 
materials. The 7, measurements supplement recently 
reported values obtained at three different labora 

T, versus magnetic field do 
not agree some recent measurements of Romer 
which gave a 7, independent of field. The 7, measure- 
ments, the first reported for liquid He’, were obtained 


magnetic 


tories Our values of 


with 


by a new method which makes possible the measure- 

ment of long transverse relaxation times. The measured 

values of T, are an order of magnitude less than 7; 
Nuclear relaxation in liquid He* has been analyzed 
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1959) 


by the Bloembergen, Purcell, 
temperature can lt 
1P 


the bulk liquid 


juantyatively understood. 


Purcell, an id theory and may be due 


by various workers'~* in terms of the Bloembergen, 
Purcell, and Pound theory for classical liquids.’ It 
would be surprising if the intrinsic relaxation in liquid 
He*® were completely described by this theory since it 
take of quantum statistical 
Nevertheless can that most of the 
1°K are compatible with this theory if 
impurity effects are considered. To explain the various 
T, and 7, an impurity relaxation 
model based on a wall relaxation in parallel with the 
bulk relaxation. A reason for the inequality of 7, and 


does not account any 


effects. we show 


data above 


results we propose 


T, will be suggested 


described in 


be 


ail and the method of measuring 7» will be discussed. 


he experimental technique will 
det 
During the course of these measurements nuclear maser 


effects were observed 
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Schematic o genic apparatus. A-outer wall of 
ton line; B-He* capillary and inner conductor of trans- 
line; C-kovar seal; D-brass shield; E-brass plug which 

sample chamber; G-cylindrical He? 

H-rf solenoid; tuning capacitor; J-coil tap; K-glass 

lium Dewar; L-bra trogen Dewar; M-12-in. Varian magnet 
1} in. gap 


s seal to nylon; | 


EXPERIMENTAL DETAILS 


The measurements were carried out on He?’ with less 
than 1% He! 
chambers. At the run, 
handling apparatus and sample chamber were evacuated 
10-* mm Hg. The He? 
a liquid Het trap ind admitted to 
the sample chamber through a 0.011 inch i.d. stainless 
steel capillary. Att h 
was returned to it 


contained in various nylon sample 


beginning of each the gas- 


to a pressure Of approximately 


was passed throug! 


. ‘ 
conciusion OF ea 


t] 


run the sample 
lask by mean of a glass 


rage 
Toepler pump. T! 


h could also be 


pump was a mercury-in-glass 


manometer whi used to measure the 


pressure in the system. The nylon sample chambers 


employ a unique metal-dielectric seal shown sche- 


plug screws into the top 


matically in Fig. 1. The brass 


of the nylon sample chamber. The plug is tapered at the 
tight fit with 


bottom to form an identical taper in 


nylon. The differential thermal contraction gives a 

temperature seal that is tight to superfluid helium. 

ne sample chambers can be ope ned and res aled. The 

length of the cylindrical He 
3, 


space was 12 mm while the 


5, and 8 mm in the various chambers. 


; of the He 


er run they were lined with waxed 


diameter was 
On two runs, the wa space were lined with 
Pyrex, and on anot! 
paper. 

A glass helium Dewar and a metal nitrogen Dewar 
were working space in the 14 
inch magnet gap. The lowest temperature obtained with 
a KS 200 Consolidated 
pump was 0.92°K. 

Figure 1 shows the 
at the 


used to obtain a one in h 
Electrodynamics diffusion 


umber and tuned circuit 
bottom of the transmission line. The outer 


sample ( } 


thin wall monel 
32 inch 
in diameter served | ver conductor and as 
tube | chamber. To 
ropl onics, nt rductor held 


T he signal- 


conductor of the tran 


tubing. Copper-plate ipillary 1 
the filling 
reduce mi was 
rigidiy in place by mean als. 
noise ratio was also in pre 
helium from the interior of the 


ved by excluding the liquid 
The 
hanged by less than 
4% when cooled from room temperature to 4°K and was 


transmission line. 


silver mica tank circuit capacitor 


constant over the liquid helium range. The rf solenoid 
was wound with 


No. 26 enameled copper wire and ce- 
“—" 
a 


mented in place aroun 
typic al tank cir 
constant to within a nt over the 


amber. The O ofa 
ult W it low temperatures and was 
helium range. 
of the order of 100 
observed in this 


were le cl t i balanced d 


The O at room tem] 

The 
experiment 
patterned after that o om nd Huntoon® 
2). This detector is 


nuclear re 


mpedance changes al 
the top of the 
transforms the impedance of the tank circuit, Z,, to an 
impedance Zr at tl t ine. If Z7 

resistive, then the detector Vill | ensitive 


resistive changes T is complex 


transml n ill ne transm! ion ine 


is purely 
only to 
then 
and 
observed at the top 
of the tank 


mission line. 


impedance, 
the detector will | nsitive bot to resistive 
reactive changes 
of the line 
cir uit, Zt. and the 
If line 
the top of a transmissio1 


will dey tne impedance 
properties of 1 e tral 


t 


} 
iosses are negic observed i 


where Z 
If L=X/8, then 
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NUCLEAR SPIN REI 
If the tank circuit is tapped to match the characteristic 
impedance of the line (Z,= Zo). then Zr= Zp. When the 
tank circuit impedance changes by dZ,, then the 
impedance at the top changes by 


dZ1 (1 —j)dZ 1, = —jdZ, 


Zot+jZ1 


Thus, when the line is terminated with its characteristic 
impedance, the impedance observed at the top of the 
line is real, regardless of length, but as a result of the 
} wave line an incremental change in the impedance at 
the bottom is observed at the top as an equal but 
orthogonal change. Under these conditions, the detector 
will be sensitive to dispersion in the tank circuit, but 
not to absorption. If the line is one-quarter wave long, 
the impedance e at the top is still Zo, but dZr= —dZ_. 
The detector will now be sensitive to absorption in the 
tank circuit, but not to dispersion. Some of our early 
measurements were made with a one-quarter wave line. 
rhe operating frequency was moved from the resonance 
peak of the tank circuit, so that the detector was 
ensitive to both absorption and dispersion. Most of 

I been made with 


our measurements have 
that the detector was sensitive 


a length of 
} wave, so only to 


dispersion. 
MEASURING METHOD 
A. Longitudinal Relaxation Time, 7, 


The longitudinal relaxation time, 7), has been 
determined as a function of temperature and magnetic 
field by observing the change of the magnetization of 
the He’ time. For a given temperature and 
polarizing field, H, the magnetization of the He’ 
approaches its equilibrium value exponentially. The 
exponential growth or decay of the magnetization 
toward its equilibrium value at the field H was verified 
experimentally for three different initial states: (1) the 
sample was demagnetized by maintaining it in zero 
field for several T,’s; (2) the sample was demagnetized 
at the field Ho by rf saturation at the Larmor frequency ; 
(3) the sample was negatively magnetized by an 


with 


adiabatic fast passage. 
The value of the magnetic field H during the relaxa- 
tion process could be chosen between zero and 13.5 


kilogauss. At precisely measured times during the 
relaxation process the magnetization was measured by 
means of a single adiabatic fast passage at the resonance 
field, Ho, of 10 kgauss. The time necessary to change 
the field from H to H» was always less than 6 seconds 
rhe peak amplitude of the resulting dispersion signal 
to be proportional to the 
instant the 
through resonance is started. For fields near zero, the 


magnetization was allowed to decay from a high-field 


has been shown by Bloch’ 


nuclear magnetization at the passage 


value. 


*F. Bloch, Phys. Rev. 70, 460 (1946). 
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Fic. 3. Plot derived from the growth curve: M(t) vs M (t+ 300) 
The intersection point with the curve M(t)=M(t+4300) gives 
Wo. T; can be determined from the slope 


If the sample is initially unmagnetized, then the 
growth curve is of the form M (t)= M,[1—exp(—t/T)) ], 
and both Mo, the equilibrium value of the magnetiza- 
tion, and 7; must be found from the experimental 
points. Values of My and 7, cannot be accurately 
obtained directly from a smooth curve drawn through 
the experimental points on an M versus ¢ plot. Never- 
and 7, can be obtained 
from this smooth curve in a way suggested by Mangels- 
dorf.* If we plot M(t) versus M(t+1r) where r is a 
constant of the order of 7), then we obtain the points 
shown in Fig. 3. Values of My and 7; can be determined 
from the best straight line through these points. 

The error expected in a single measurement of a 
signal amplitude was only a few percent, resulting in 
t 5% deviations in the calculated values of 7;. Larger 
variations in 7, were attributed to periodic instrument 
instability. ‘ 


theless, accurate values of M 


B. Transverse Relaxation Time, 7, 


The transverse relaxation time, 7», has been measured 
in a way which is not affected by magnetic field inhomo- 
geneities or by atomic diffusion. In solids, the spin 
de-phasing interactions which determine the value of 
T, are strong, so that it is often possible to obtain 7; 
from an observation of the linewidth of the absorption 
signal.® It is considerably more difficult to resolve the 
absorption signal in liquids. The interactions leading to 
transverse relaxation are usually so small that spin 
de-phasing occurs because of the inhomogeneities in 
the large external z field, Ho. The determination of T; 
in an inhomogeneous external field can be accomplished 
by Hahn's which allows an 
extension of the range of measurable T,’s by several 
orders of magnitude. However, the values of 7, that 
can be measured by the spin-echo method are limited by 


method of spin-e choes," 


*P. C. Mangelsdorf, Jr., J. Appl. Phys. 30, 443 (1959) 
E. L. Hahn, Phys. Rev. 80, 580 (1950) 
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diffusion of the atoms in the inhomogeneous magneti 


field. Other pulse techniques" have been developed to 
overcome the effect of field inhomogeneity and 


diffusion, and transverse relaxation times of several 


econds have been observed 


Our method makes use of the int 


egral solutions of the 
irge values of the rf field, #/,. The 
rf field must be large enough to satisfy two conditions 
tl at of Bloch 


Bloch equation * jor 


1é notation ts tl 


1. The rf 


inhomogeneitic in 


held must be very much larger th: 
the //, field over the 

require s that H,>1 
The integral solutions given by 


valid. This requires that H,>1/yT 


In most case . this 


gvau 


sloch mi 


| ndet t} ec e condit Ol two differen 


used to measure 7 
I. Direct Observation of the Tran 


ver Se De 


Phe 


value 


Hy is 
yi 


to it 


external field held 
that 


magnetization grow 


T,’s at a 
The 
The 


for several 
w)/yHl, T/T 
equilibrium value M 
value of 6 is then reduced to zero in a time much shorter 
than 7, or 7» by varying the external field H». The 
magnetization is thus 


such 


rotated into the a y plane and 


begins to prec at the Larmor frequency 7, is still 


applied so that the prece sion is driven by the rf field. If 
1 »)) for t<O 


0 for #>0 


then the solutions to the Bloch equations 


MeO 
VU Vf 


7 


for 
sin (« / i>0, 


where sinw/ Is 


Phe 


a time 


repla obtain 


transverse magnetization therefore with 


t Ts. The 


precess 


decays 
constan induced voltage 


detected 


produc ( d by 


this driven ion can be ind then ob 


a de oscillos 
That the 


served on ‘Ope 


decay is unaffected by the inhomogeneities 
in Hy can be seen by considering a simple model. Let us 
suppose that the sample is made up of a great many 
in each of which the field is homogeneous. Let the 
rhe integral solutions to the 


Bloch equations will hold for Cal h cell, and the 


cells, 


| to cell 


field vary from ce 
driven 


magnetization vector in each cell will decay with the 


true spin-spin relaxation time. The value of 6 will vary 


slightly from cell to cell, but if yH, is sufficiently large, 
6 will always be much smaller than one. The magnetiza- 
tion vectors of a e cells are forced to precess 
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time required for through a 
distance ove 
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iffected 


rw 
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ompar- 
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If the oscillation condition'® is satisfied, then 
vector can proceed toward its 
equilibrium condition through radiating states. This 
would cause an increase in the rate of decay of the 
transverse component, and therefore a decrease in the 
apparent T,. We do not believe that our values of T> 
are shortened by this mechanism. It is true that the 
reaction field produced by the precessing magnetization 
can change the magnitude and direction of the resultant 
H, field, since the reaction field is in quadrature with 
M (see Fig. 4). However, if adiabatic fast passage 
conditions are satisfied, the transverse magnetization 
will remain parallel to the resultant H,, Hy7, as long as 
the reaction field, Hr, is smaller than the applied 
value of 11,, Hy. The magnetization will still be given 
by the above solutions to the Bloch equations, except 
that the magnetization will lag the applied field, Hypo, 
by a small angle @. An absorption signal will be observed. 
The width of this signal would be due to radiation 
damping effects, as described by Bruce, Norberg, and 
Pake,'’ but the transverse decay would not be affected 


the magnetization 


Maser action, due to the presence of the rea tion field, 





Fic. 4. Schematic diagrar 
fields acting or 
agnetization during an ad 
iabatic fast passage when the 
magnetization is in the trans 
verse plane. M is the helium 3 
magnetization; Hy is 
applied rf field; Hip is 
reaction field induced by 
processing magnetization; H,7 
is the total rf field acting on the 
agnetization 


the ri 











when the reaction field 


rger than the applied H, field. 
Another 


n therefore Only occur 


argument against a shortening of 7, by 


maser action is as follows. If this mechanism were 
effective in shortening 7., then an “exact signal” 
should be observed when the Ho field is swept away from 


since VU 


been unable to 


resonance, 
We have 


under these conditions. In some cases, we have observed 


would not be reduced to zero 


observe any residual signal 


radiation effects and maser action following an adiabati 
fast passage. A residual signal was observed in these 
cases, and the phenome na seem to be consistent with 
the theory proposed by Kemp. ® These effects will be 
described in the section on experimental results 

Figure 5 shows a transverse decay curve obtained is 


liquid He’ at 1.2°K. T 


as long as 31. see 


Values of 
by tn 


has the value of 17 se¢ 
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Signal amplitude, in arbitrary units, as a function of 


rhis amplitude is proportional to the magnetization follow 
ing the reduction of 6 to zero, since the magnetization is precessing 
in the x-y plane 


IT. Observation of the Steady-State Value 
of the Magnetization 


In this modification, the steady state magnitude of 
the magnetization is determined as a function of 6. The 
field H» is held at some known value for several 7}’s. 
If the strength of the rf field H,; is known (this can be 
calculated from the width of a fast passage signal), then 
6 will have a known value, A. After establishing equi- 
librium with some particular 4, Ho is swept quickly 
through the resonance condition. Thus, if 

A for 1<0 
6 for O<i 


T, or T; 


then to the Bloch equations are: 


for O<k<KT, or T:. 


rhe signal displayed on an oscilloscope as Ho is swept 


through resonance looks very much like an ordinary 


adiabatic fast passage signal. The maximum amplitude, 


1, occurs when 6=0 and has the value 


[his amplitude A is equal to the magnitude of the 
equilibrium magnetization for 6= A. Figure 6 shows the 
above function plotted for positive values of A and 
T,/T2= 21.6. The circled points are the results obtained 
in liquid He*® at 1.2°K. If 7, and the rf field HW, are 
known, T; For this case, 7,;=320 


] ] 
2 Can be calculated 
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lic. 6 
6=A, In units of 
given in 
observations 


The magnitude 
Mo, as a 
the text 


of the equilibrium magnetization for 
function of A. The solid line is the 


equation rhe points are the experimental 


sec, i, and rT; 
give results that agree within the expected error. 

Inhomogeneities in 
of T. obtained in this way. The prece ssion in 
the steady state at 6=A is again driven by the large 
rf field, and small variations in 6 from one part of the 


3 gauss, 15 sec. The two tec hniques 
and diffusion do not affect the 
vaiue 


sample to another do not affect the amplitude given 
This 


thod when 
compared 


To 
accurately with the transverse decay, the 
Ho, field must be 0. 
Chis condition must be satisfied during the time of the 
In the 

for several 7,’s, but tl 


the first 


above. me has some advantages 


with the transverse decay method. 


me r 


asure 


swept quickly and accurately to 6 


decay. second method, 6 must be held constant 


e constancy is not as stringent as 


in method. Further, in the first method, the 


drift in the electronic equipment must be kept to a very 
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EXPERIMENTAL RESULTS 


The equilibrium value of tl 
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NUCLEAR SPIN RELAXATION IN 


of 7, with time following the condensation of the He’. 
In these runs, the sampie chamber filling the tube 
had a }-in. i.d., and it is possible that oxygen was 
diffusing into the liquid He’. 

Figure 9 shows our results on the field dependence of 
T,; at 2°K measured in a 3-mm nylon chamber. The 
minimum field about 1 gauss. A qualitatively 
similar behavior was found in other chambers at other 
temperatures with different 7, values, but the field 
dependence was not thoroughly investigated in these 
chambers. The dips at 10.5 kgauss and 5.3 kgauss 
were reproducible within the experimental error. Some 
of the scatter in our results is due to the time effects 
previously mentioned. In a single run, 7; values with 
a scatter of approximately +5% are obtained. The 
data of Garwin and Reich at 1.7 kgauss fall close to 
our curve. Romer’s measurements of 7; at 6 different 
fields are also shown in Fig. 9. 

Our measured values of T, are given in Table I. 
Most of the values were obtained by direct observation 


was 
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H, KILOGAUSS 
Fic. 9. The longitudinal relaxation time 7; as a function of 
applied magnetic field 7 in a 3-mm nylon sample chamber at 
2.0°K. The results of other workers are also shown 


of the transverse decay. Some of the values were checked 
by observation of the steady-state value of the magneti- 
zation. The two methods always agreed within the 
experimental error. At temperatures near 1.9°K, 7; 
appears to be close to 30 sec, independent of sample 
chamber size. At temperatures near 1.2°K, it is possible 
that 7, There is some variation in 
T, from one sample chamber to another at 1.2°K. 
Some of our measurements at the lowest temperatures 
exhibited radiation bursts following the adiabatic fast 
signal (Fig. 10). A preliminary report of these 
measurements been published.’* We 
attribute these bursts to nuclear maser operation in 
He*. Somewhat different radiation 
damping and nuclear maser operation in benzene have 
been recently reported by Széke and Meiboom.” Our 
measurements show several radiation bursts similar to 


is somewhat less. 


passage 
has already 


observations of 


® H. E. Rorschach, Jr., and F. J. Low, Quantum Electronic 
Columbia University Press, New York, 1960), p. 177. 
» A. Széke and S. Meiboom, Phys. Rev. 113, 585 (1959). 
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Tair I. Values of 7; and 7; as a function of temperature 


in various sample chambers 


Chamber Temp (°K) T) | 


T: (45 sec) 


mm nylon No. 1 


> uN 
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1 giass No. 1 


nylon 


1 nylon No 2 
nylon No. 3 
1) Wax paper 

glass No. 2 


— et ee et ot ee 
me wh 


those observed in electron resonance by Feher ef al.” 
and Chester ef al.” We believe these radiation bursts 
are due to energy exchange between the nuclear system 
and the tuned circuit as described by Bloembergen and 
Pound,'® and more recently by Kemp.'® These observa- 
tions were made with a one-quarter wavelength trans- 
mission line and with the operating frequency adjusted 
so that the detector was sensitive both to absorption 
and dispersion. 

The three bursts of radiation shown in Fig. 10 were 
observed at the lowest temperatures when the magneti- 
zation exceeded a critical For this sample 
chamber, T,= 320 sec and T,= 30 sec. The temperature 
1.3°K, Ho=10 kgauss and #/ The 
bursts have a repetition frequency of about 50 cps, 
and the envelope of the decay has a time constant of 
about 20 milliseconds. The signal amplitude is 20 mv. 
For a given value of H,; and dH,/dt, there is a critical 
magnetization below which the radiation does not occur. 
Smaller values of 1, and dH>/dt favor a smaller critical 
magnetization. An adiabatic fast passage immediately 
following the radiation bursts shows that M, is dimin- 
ished but still inverted. 

Most of the above observations can be explained in 
results of Kemp.'* The 
oscillation condition for spontaneous emission can be 
written as rr< 72%, 1/yM 0 and T,*=1/ 
vyAH. Mz is the magnetization per unit volume of the 
sample at temperature 7°, Q is the coil quality factor, y 
the gyromagnetic ratio, and AH the resonance line 
width. For the above observations rr~1/600 sec and 
T.*=1/400 sec for T=1°K, Hy=10 kgauss and 


value. 


was 3 gauss. 


a qualitative way with the 


where re 


Fic. 10. Radiation burst 
following an adiabatic fast 
passage (see text) 


™G. Feher, J. P. Gordon, E. Buehler, E. A. Gere, and C. D 
Thurmond, Phys. Rev. 109, 221 (1958 

=P. F. Chester, P. E. Wagner, and J. G. Castle, Jr., Phys. Rev 
110, 281 (1958) 
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that 


observed critical value 


It is 


oscillation 


0.02 gauss. therefore reasonable to suppose 
for the 


magnetization, and that 


the condition is responsible 
of thie 
the magnetization during 
he 


magnetization 
left 


ing reduce 


cumulative depha 
the radiation proce o that the oscillation condition 
Phe 
return to equilibrium, but could be 


described by Kemp. Ws 


tatively for the 


is no longer satistied would not 


inverted, as 
are unable to account quanti 


repetition rate of the bursts, or for the 


the critical magnetization on H, 
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cle pende nce ol 


dH / dt 


or 


CONCLUSIONS 
A. Longitudinal Relaxation Time 
Phe for 
relaxation in ordinary fluids 
He*. by other worker 
D, of liquid He* has 
lime Tf 


Bloembergen, Purcell, and Pound theory 
has been applied to liquid 
' Since the diffusion coefficient, 
the correlation 
12D= 10 
interatomic distance. 
field, the 


s given approximately by 


been measured, 
sec, 


can be estimated T r 


where r is the 


Since 7 1/a 


mean-square 


for any reasonable magnetic 


ime I 


longitudinal relaxation t 


dr ¥Y ‘hy \ 
1) 
aD 


whe re \ 


distance of close 


ntration of He a is the 


h and y is the gyromagneti« 
ratio. This function is plotted in Fig. 10, with a=2.5A 
Further, the transverse relaxation time TJ, should bi 
equal to 7, and both should be independent of magneti: 
field. The te mperature and pressure dependence of 7, 
is due to the de pe ndence of Vo and D on these quantitic s 


atoms, 


approac 


ré 


The results prese nted in the previous section clearly 
indicate that impurity relaxation is present. Two kinds 
of impurity relaxation may play a role. 


1. Wall relaxation 


chamber may be paramagnetic, 


Che wall surfaces of the sampl 
or contaminated with 
adsorbed paramagnetic impurities (such as oxygen 

If all nuclei relax immediately when they strike a wall, 
the 


diffusion 


then relaxation time will depend only on the 

D and the d of the 
sample chamber. A dimensional analysis sug- 
gests that (1/7)) wae D/d@=1/100sec", for d2=1 mm 
and D=10* cm rhe apparent relaxation time is 
thus inversely proportional to D 


2. Bulk impurity 


coethcient diameter 


cylindrical 
SCL. 


Che liquid He 


contain paramagnetic impurities in suspension 


relaxation. may 
\ bulk 
impurity relaxation similar to that caused by para 
magnetic ions in solution in ordinary liquids may then 
occur. This case has been treated by Bloembergen, 
Purcell, and Pound, and we 


valid for impurities in He 


will assume their expression 


| 1 
T; 


Torrey, 


T; 


Pi. Cc Nu 


where .\ mpurities witl 
e bulk impurity 
He’® should be 


nt 


magnetic moment 
and the 
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bu 


intrinsic re 


, ipplicable 


tloembergen, Purcell, ar 
Since the magnetic moment « 


1000 tim 
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He 


part 


Is approximate \ moment of! a 


nucleus, an impurity concer f about one 
10° is all 


relaxation comparable with that expect in t 


that is requil impurity 


he bulk 


is valid if 


in 


liquid. The above expre $si 
tne diffusion coefficient for the impurity is equal to that 
of the He’*. If the 
considerably smaller t 
impurities could lead to 


Da 


coefficient is 
bulk 


1e having the 


impurit 
He 
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same dependence o1 
The data of Fig 
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ope rative, Or 


reguiar 
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assumption can be tested by plotting 1/DT, vs p/D 
the diffusion coefficient D and 7, vary with pressure 
and temperature). Our assumption predicts a 
relation. Figure 11 shows this plot for the data reported 
been taken from 
their curves at temperatures between 1.5 and 3.0°K 


linear 


by Garwin and Reich. Points have 


and at pressures from 2.38 to 67.0 atm. The density 
values are those reported by Sherman and Edeskuty - 
Che bulk relaxation is determined by the slope and the 
wall relaxation by the intercept. Extrapolating to the 
2.0°K. we find (7T;). 200. sec 
This bulk value is in 
Romer’s results. If we plot Romer’s 
same way, we find (7). 2000. sec 
400 sec at 2.0°K. The good agreement of 
suggests that these 
represent the true values for the pure liquid. If any 
bulk impurities are present, their diffusion coefficient 
must be small enough to produce relaxation having the 


Vapour pressure at 
and ( T; bulk 400° sec. 
with 


good 
agreement 
results in the 
and (7))butk 


the values for (7))bur values 


the wall relaxation. 
rhe tield dependence shown in Fig. 9 indicates the 


same de penden eon Da 


presence of impurities, since a field-dependent 7, does 
not seem to be a property of the pure bulk liquid.’ 
The dependence of 7; on field is probably due to a 
strongly field-dependent wall relaxation. If, however, 
paramagnetic impurities were present in the bulk 
liquid, the observed dependence of 7, on field could be 
due to the interaction of the impurity spin with the 
excitations in the liquid. 

Che Bloembergen, Purcell, and Pound theory seems 
adequate to explain the 7, data above 1°K, if a contri- 
bution from impurity relaxation of the form 1/7,« D 
is assumed. Romer’s results thus seem to represent true 
bulk relaxation times, except at the highest tempera 
The results of Romer and of Garwin and Reich 
are both consistent with (1 


tures. 
if a, the distance of closest 
approach, is taken as 1.6A. It thus appears that wall 
effects can be compe! sated and true bulk relaxation 
times determined if 7, 
pressure or temperature 


is measured as a function of 


B. Transverse Relaxation Time 


We have obtained field of 10 
kgauss of the order of 30 seconds independent of the 
If wall 
interactions were entirely responsible for the transverse 


uc of T> 


values for JT, at a 
size of the sample chamber or the value of 7 
ambers 


relaxation, then the va in the various ct} 


*R.H. Sherman and F. J. Edeskuty, Ann. Phys. 9, 522 (1960 
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would be governed by diffusion to the walls and by the 
strength of the wall interaction. T 
value when the wall 
relaxation at 


will have its smallest 
interaction is strong (immediate 
the wall); the value of ‘7, will then be 
determined by the diffusion coefficient and the size of 
the sample chamber. The diffusion 
equation for cylindrical symmetry” leads to a relaxation 
time 7,~r°/6D, where r is the radius of the chamber. 
For the 3-mm chamber, r? 6D 35 


solution of the 


seconds, which is 
values of 7). For the 
245 seconds, and it is 


with the observed 


&-mm chamber, however, r°/6D 


consistent 


impossible to explain the values of 7, by wall relaxation 
We therefore conclude that wall effects are not impor- 
tant in determining the value of 7». 

If the value of 7, is determined by the dipolar 
interaction in the pure liquid, then the Bloembergen, 
Purcell, and Pound theory can be used to estimate the 
size of 7). This theory predicts that 7,= 7, for a pure 
liquid if r-<<1/w». Since r.*10~" sec for liquid helium 
3, the equality of 7, and 7, in the pure liquid should 
hold for all magnetic fields less than //~1/yr,.~ 10% 
gauss. Thus our values of T, are too short to agree with 
the Bloembergen, Purcell, and Pound theory. Redfield’s 
His 
modified Bloch equations predict that the presence of 
the large rf field 47, can only lengthen 7%, 
true T» 

The low value of T 
some bulk paramagnetic impurity 


arguments do not remove this inconsistency. 
so that the 
must be even shorter than 30 seconds 

may be due to the presence of 
If the spin-lattice 
relaxation time of the impurity spin were sufficiently 
long, so that the correlation time becomes comparable 
to the Larmor period, then 7, would be appreciably 
maller than T 


sloembergen”® has also suggested an 
mpurity spin-exc! interaction with a correlation 


time sufficiently long to produce 7;<7,. This mech 
anism is operative in some aqueous solutions and may 


inge 


be operative in liquid helium 3, leading to the small 
Values of zi and the he ld dep ndence of T}. 
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rhe change of electrical conductivity under uniaxial tension and compression has been 
range 4°K to 7°K for single-crystal specimens of germanium doped with antimony 


from 1X10? to 5108 dynes/cm? 


of high order in the strair 
between the onefold 


in the conduction band 


is an even function of stress and can, therefore, be determined from a linear ¢ 


sistance measured under tension and 


experimentally obtained change in electron concentration yields for antimony in germat 


splitting of 0.57+0.03 milli-electron volt. 


I. INTRODUCTION 
IN OHN and Luttinger’s analysis! of the energy level 


structure of group V donors in silicon and ger- 
manium shows that all except the ground state can quite 
accurately be calculated from the hydrogenic model using 
the effective mass approximation. In this approximation 
‘1s’? donor level? is g-fold degenerate (excluding 
4 for germanium’ and g=6 
for silicon, since the donor states are constructed from 


the 


spin degeneracy), where g 


the Bloch functions of the neighborhood of the g equiva- 
| Corrections to the effec- 
tive mass approximation and to the simple Coulomb 


ent conduction band minima 


potential of the donor ion become largest in the im- 
mediate vicinity of the donor. The completely sym- 
metrical ‘‘1s’’ state (be longing to the representation A, 
the tetrahedral group Tq) will be most strongly 
affected by these corrections because its wave function 
is the only one with a nonzero amplitude at the donor 


‘ 
ol 


ion. Because of the attractive potential of the donor ion 
one expects this state to be lowered in energy with 
he 
main relatively unaffected by the central cell correction. 
This “1s” splitting energy is the valley-orbit 
splitting and will be denoted by 4A,. 

According to Kohn and Luttinger, the valley-orbit 


splitting 


respect to 1 remaining ‘‘1s’’ donor states, which re- 


calle d 


should be roughly the energy difference be- 
tween the observed activation energy of a particular 


donor and the ionization energy which is calculated from 
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be 
pointed out to 
anium with 4 equiva 
1 at the zone face in the [111 ] 
ce of 3 and possibly 4 
phonons participati: i i I undamental optical ab 
sorption. Moving the minin O an interior point in the [111] 
direction would remove this discrepancy. If the minima are indeed 
inside the zone, ther i | the analysis nted ir this pay 
has to be We plar ompare our data with the 8 
model and hope to be able ‘ alternatives. 


me 


lent con 


directions is not 


modified 


t is shown that for a finite valley-orbit splitting, i.e., 


compression. A comparison of the theoreticai expressi 


over the 


measured 


The stress was v uried 


On the basis of Price’s calculation of the effect of shear on the Kohn 
Luttinger donor level structure, an expression for the piezoresistance has been derived, which inclu 


les terms 


a hnite energy separation 


and the threefold 1s-like donor states, shear increases the total electron concentr 
For uniaxial stresses along the [110] direction this increase in electron concentration 


ymbination of the piezore 


with the 
yrbit 


valley 


lum a 


the hydrogenic model in the effective mass approxima- 
tion. In several cases, this prediction has been tested by 
experiment. In germanium the splitting energy was 
determined for donors from piezoresistance 
measurements,‘ for arsenic and phosphorus donors from 
the strain-induced shifts of the absorption lines of the 
Lyman series,® and for the same elements from the effect 
of strain on the electron spin resonance.* The results are 
in agreement with one another and with the theoretical 
predictions. In addition, the valley-orbit splitting was 


arsenk 


measured for phosphorus in silicon by comparing carrier 
curves derived from the 
Kohn-Luttinger energy level s ne with experimental 
curves obtained from Hall 
was again obtained. 

This paper reports the measurement of the valley- 
orbit splitting of antimony donors in germanium by 
From the differ- 
ence between the observed activation energy and the 
effective mass value on 
of about 0.4 milli-ele: 
magnitude of the splitting energy, tl 


concentration vs temperature 
wi 


data.’ 1ent with theory 


means of piezoresistance measurements. 
ts for antimony a splitting 


volt. of the small 
is case requires a 


Ape 


tron Bex L1uSE 


somewhat different analysis of the 
resistance effect than that 


donors in germanium. 


large 


train piezo- 
used previously for arsenic 
The analysis is based on the following. The presence 
he donor activation 
energy to decrease under the influence of strain. The 
resultant of the total el concentration is 
an even function of the 


of the valley-orbit splitting causes t 


ncreas¢ lectron 


ir produced by uniaxial 
transfer effect is an 
stress direction, the 


two processes can be se parate a Dd) cing tne appropri- 
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VALLEY-ORBIT SPLI 
the value calculated from the shear-induced shifts of the 
“1s” donor levels yields the valley-orbit splitting. 

In the first part of this paper the theory* of the piezo- 
resistance effect in n-type germanium is extended to 
include arbitrary values of the valley-orbit splitting. In 
the second part, we report measurements of the piezo- 
resistance of antimony-doped germanium as a function 
of uniaxial stress in the temperature range between 4 
and 7°K. In this section the comparison is also made 
between the experimental results and the theory and the 
valley-orbit splitting of antimony donors in germanium 
is computed. 


Il. THE EFFECT OF VALLEY-ORBIT SPLITTING 
ON THE PIEZORESISTANCE 

We are concerned with strain-induced changes of the 
electrical conductivity of n-type germanium to higher 
orders in the strain. Such higher-order terms in the 
piezoresistance have been examined earlier‘ only for two 
4$A.=0 and 4A4.>kT. In this section the expres- 
sions are extended to arbitrary values of 4A.. 

The discussion is restricted again to n—type ger- 
manium and to the effect of shear produced by uniaxial 
stress XY in the [110] direction. This treatment is based 
on basically the same assumptions as the calculations 
of Herring* and Adams.® 

Choosing for tensile stress positive X and for com- 
pressional stress negative X and labeling the conduction 
band valleys from 1 to 4 according to their axes in the 
directions [111], [111], [111], [111] in momentum 
obtain’ for the shear-induced shifts of the 


Cases, 


space, we 
four valleys 


cs" S =< — = ES uX/6, (1) 


where E,~19 ev per unit strain is the deformation 
potential for pure shear, and the elastic shear constant 
1.47X 10-" cm? dyne 

u./mi, for the ratio of the electron 


n € 
=4 cosh( = 
No kT 


The valley shift €, as defined by Eq. (1), changes sign 


is changed 


is Sas 
We again use A 


cosh (e/kT)+e 


from positive to negative when the stress 
from tension to compression. Since n/mo [Eq. (6) ] is an 
even function of ¢, whereas the electron transfer effect 
| Eq. (4 


combination of the conductivity changes measured wi 


] is odd, one can obtain n/mo directly from a 
t} 


il 


compressional stress. Using the sub- 


tensile and with 


scripts X and —X to indicate tension and compression, 


one obtains with Eqs 1 
n 1 
—=1+ ( +- 


No 2\oolx oo “J 


*C. Herring, Bell System Tech. J. 34, 237 (1955 
* E. N. Adams, Chicago Midway Laboratories Technical Rey 
CML-TN-P3 (unpublished 

” M. E. Fine, J. Appl. Phys. 24, 388 


ctively, and (2 


respe 


Ao Ao 


1953) 
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mobilities perpendicular and parallel to the axis of 
revolution of a valley and denote the shear-induced shift 
of the Fermi energy by er. One can then write the con- 
ductivity change for current and stress along [110] 


(arrangement C of Smith") as 


Ao K-1 
tanh 


kT) 


2K+1 kT 
where 
kl 


N/No= CXP es cosh (¢€ 


] 


is the ratio of the total electron concentration in the 
conduction band in the presence of stress to that with 
out stress. 

It was shown previously* that for zero valley-orbit 
splitting the total carrier concentration remains inde- 
pendent of the strain, i.e., m/mo=1. In that case the 


conductiv ity ( hange is sol Vv due to the electron transfer 


effect and was found to be 
e 
tanh( ) 
kT 


Ao K-1 
In calculating n/no for finite A, we restrict ourselves 
to temperatures Vu-N, and 
n<N,, where Ng and N, are the donor and acceptor 
concentrations respectively. Under these conditions the 


(4) 
2A+1 


low enough so that n< 


strain-induced shift of the Fermi energy is equal to the 
shift of the effective donor state energy Fa ert, which 


is given by 


Fa at= —kT Indo g, expl— (Ea /kT) }}, (5) 


where g; denotes the degeneracy of the donor state of 
energy Eq. The sum in Eq. (5) will be extended over the 
four “1s” states only because the contribution of the 
higher lying excited states is negligible in the tempera 
ture range chosen above. Using the result of Price" for 
shifts of “1s” 


stress along [110], one obtains with Eqs. 


donor states as a function of uniaxial 
(3) and (5 


the 


3+exp(4A./kT) 


xp(2A./kT) cosh[ (442+ ¢)4/kT] 


Inserting the experimentally observed n/no in Eq. (6 
one can evaluate 4A, without having to determine the 
mobility anisotropy factor K, which depends in a com 
plicated way on temperature and the scattering pro 
e>kT and €>2A., n/no 
Hence at large stresses, 


esses. Furthermore, when 

changes very slowly with «. 
uncertainties in the value of E, have a relatively small 
effect on the determination of the valley-orbit splitting. 
a function of 4,./kT as calcu- 


s of &/ RT. 


Figure 1 shows n/npo as 


ited from Eq. (6) for various valu 


Ill. EXPERIMENTAL DETAILS 
Two 


investigated in order to ascertain whether the 


amples with different antimony concentrations 


wer©re 


S. Smith, Phy 
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dislocation density wv 


¥Y was less 
cases. The sizes, surface tre 

samples | } m dec } I hoof iT} a 
< pies nave been aescribed betore. € apparatus wa 
only slightly modified to permit the measurement of the 
piezoresistance under 


I on as Well a 


under tension. Stresses 1* 10’ and 


5X 10° dynes/cm? were used 


IV. RESULTS AND DISCUSSION 


Figure 2 shows for 
magnitudes of the r 


as a function of 


stresses along [ 110 Tl \ ent direction 1s parailel to 
1 " ° 1 
that of the stre rar of Smit! For ti 
orientation Ag/o for tel n, and Ag 


G 


J U lor com 
a ire lOW enough SO 
A. /kT sii that the conditions nx.) and « are satisfied. 
c The temperature however, to 
stressed assure that the conductivity was not affected by 
jum as a function of the valley-orbit : . : ¢ 
soddine to Bia. (6) of text impurity conduction. In t a 1 


ae ee = pression. The temper 
0.25 3 : 


( 
ee) 


hic. 1. The ratio of the tota 


electron concentration of 
to that of unstressed germa ‘ > 
slitting parameter A./kT ac impurily 
conduction could not | to the lowest 
temperatures investigat 


gated r its low impurity 
results are independer ; 


nt ot impurity concentration. Sb—1 
contained 8.610" and Sb-2 contained 510" anti 
mony atoms per cc, : 


The compensation ratio was about 
N,/Na=0.05. Both 


oriented by X rays t 


concentration. Sb-2 

duction near 5°K, whicl 

peratures used for thi 
In the following 

the piezoresistance ured under 

tension and compression, i the ; n Ao 


impurity con 


amples were single crystals, 
o better than one degree, and cut 
pe rpendi ular to the growth axis t 


) minimize the im 
purity concentration gt idic nt alor 


oo Whic!I 


i their lengths. The 
are an even function 
the total electron c 
This assumes, however 
minor effects 
In order to sec 
we investigated the 
explained minor effect 
finite pi zoresistance coeffici 


-O, . ae $$ 
| x foo) 


J 


005+ 





Compression 


Ae /a<9 


| 


! 1 I —_ : , Fic. 3. Relative i 

‘ ‘i ' compressional stress para 
yield the small piezoresista: 
absolute temperatur« 


Stress/Absolute Temperature X/T ” dyne/cm? °K 


Fic. 2. Relative conductivity changes Ao/oo for current and 
stress parallel to [110] as a function of uniaxial tensile or con 


pressional stress divided by the absolute temperature 
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coefficients can be measured with the stress Y and the 
current J oriented as X¥[100] /[100] (arrangement A 
of Smith) and X[100] /[010] (arrangement B), re 
spectively. A linear relationship was found between 
Aa /a, and X for both cases,"* which justifies the assump- 
tion made above. Figure 3 shows as an example the 
results for arrangement A using uniaxial compression. 

lable I lists for the experimental data obtained with 
Sb-1 and Sb-2 the result of an analysis based on Eqs 
6) and (7). The values « kT were calculated fron 
Eq. (1) using a deformation potential E,=19 ev pet 
unit shear strain. At each temperature, values of 
(Ag/ao x+Ae/oo —~x) were obtained from the experi 
mental curves for several values of «/kT to test the 
functional form of Eq. (6). Equation (7) yields the 
concentration ratios n/p. From these A./ kT was de 
termined for each case using the curves of Fig. 1 
Averaging the A. values listed in the last column of 
Table I, one obtains for the valley-orbit splitting of 
antimony donors in germanium 44,=0.57+0.03 milli 
electron volt. 

The scattering of the A, values which were determined 
at different temperatures and stresses is remarkably 
small. This seems to indicate again that the even-order 
terms of minor effects, which were not considered in the 
above analysis, are indeed negligible. A further con 
firmation of the ‘correctness of our analysis is the fa 


that, despite the difference in antimony concentratior 


0.10 


0.098 
0.087 


1.049 
1.043 


0.095 1.048 


disagrees with measurements on arsenic-doped ger 
where a small second 
ents A and B (see reference 4 

n for this discrepar 


order effect was observed for ar 


No explanatior 


is presently 


»mMpression 


Ae/e,, « 0 


| aan 
4 6 ” 


al 
Stress /Absolute Temperature X/T [10° dyne fem? *«] 


4. Comparison of the experimental data with the theoretical 
s according to Eqs. (2) and (6) of text using E,=19 ev/strain 
44 «0.87 milli-electron vo experimental points have 

j + T1,.N from the original 


of magnitude, the same A, value 
vas obtained for Sb-1 and for Sb-2. An independent 
check of these results would be the measurement of the 
Hall coefficient as 
not yet been done 
Only the difference 
of Aad/a 
needed to evaluate A 
experimental data with the 
Eqs. (2 to assume a value for 
the mobility anisotropy A and correct for the minor 
effects,‘ II;; and IIy.. The result of 
uch a comparison is shown for the data obtained with 
Sb-1 and at 4.42°K and 7.22°K in Fig. 4. The experi- 
1 were corrected by sub 


ilmost two order 


unction of uniaxial stress. This has 
between the absolute magnitudes 
measured under tension and compression were 
If one wants to compare the 
complete expressions of 
and (6) however, one has 


which give rise to 


mental points plotted in ig 
tracting 4(1I,;+11,.)X from the original measurements 
hown in Fig. 2. The best fit of 
Fig. 4 with the corrected data was obtained by choosing 
for the mobility anisotropy the value K = 7.8. This value 
is in good agreement with previous piezoresistance* and 


the theoretical curves in 


magnetoresistance measurements.'® 
In the above treatment of the donor states, particu- 
larly in connection with Eq. (5), it was assumed that 


the donor levels have a well-defined, sharp energy. Lax 
( idberg, Phys. Rev. 109, 331 (1958): C. Goldberg and 


(sy } 
W. E. Howard, Phys. Rev. 110, 1035 (1958): R. A. Laffand H. Y. 
Fan, Phys. Rev. 112, 317 (1958 





1124 H. FRI 


ase IL. Valley-orbit splitting energies o 
group Vi npurities in germanium, 
Impurity £4(obs Ea (eff mass )* 4A. 
element milli-electron volts milli-electron volts 
P 28 30 +0.3 


2.9 +0.2: 
As 35 4.1 +-0).15¢ 
9 +0.6> 


3 
4.2 +0.2 


Sh, O4 0.57+0.03 


=} ) 4 ‘ = PI 1 20, 84 4 
Kea(eft mass) , t ‘ el 
See reference 
“ee retere ec 
ee relere e4 


} 


and Burstein,'® however, explained the width of the 


infrared absorption lines in silicon at low temperatures 
as a finite broadening of the impurity levels from the 
Insert- 


ing the constants appropriate to germanium into their 


thermal and zero point vibrations of the lattice. 


formulas, one finds for the ‘‘1s’’ donor levels a zero point 
broade ning of about 0.3 milli-electron volt, which corre- 
sponds to a temperature of 4°K. Between 4°K and 7°K, 
the temperature range of our measurements, the broad 
ening would be increased by thermal vibrations to about 
0.8 milli-electron volt according to the calculations of 
With such 


present analysis of the data would lose all its validity 


Lax and Burstein a large broadening our 


argument!’ which shows that the 


Howeve r, there is an I 
observed broadening of the infrared absorption line 


does not imply that the impurity levels themselves ar 


broadened. 
In the adiabatic approximation the levels of an iso 
lated impurity atom are sharp because they are thi 


energy eigenstates of the Hamiltonian of the system 


which includes the adiabatic interactions of the electron 
with the lattice vibrations in addition to the attractive 
and the pe riodic 


potential of the impurity ion lattice 


potential. At high impurity concentrations the levels 


are broadened by the interaction of the randomly dis 


tributed ectron-lattice interaction 


IMpurille The « 


changes the energy eigenstates of the system with re- 


spect to their value \ perfectly pe riodic lattice. The 


phonon pectrum ttsell ilso modified by an amount 


which is propor tio! al to the impurity col centration and 


hence negligible in our case. However, if the adiabatic 


approximation is not valid, the nonadiabatic terms will 


mix the adiabatic states and hence give rise to a lifetime 
broadening. 
The adiabatic approximation 


tified in 


16 M 
7 


Lax and E. Burst | 
I am very grateful to M. H. Cohen for pointing this out to me. 
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the case of arsenic impurities for which the valley-orbit 


splitting is large compare: y of the most 


effective phonon, that with wavelength equal to the 
radius of the ground state orbit. This phonon energy, 
however, is of the same order of magnitude as the valley- 


How the break- 


down of the adiabatic approximation affects the energy 


orbit splitting ol antimony 


states of antimony npuritie presently being 


investigated 


Secause of the elects phonon raction, in each 
of the sharp energy eigs ites ol e system the elec 
tron and phonon coordi é r ed. Thus in an 
interaction between an ele tron and a ectromagnetl 
field phonon emission and e te eratures, pho 
non absorption are pos ble | \ be one so irce ol 


broadening of the infrared absorption lines. 
Table I] summarizes the valley-orbit splitting energies 


of various group V impurities in germanium. The values 


estimated from the differences between the observed 
activation energies and the activation energy whi 
is obtained from the effectivi approximation art 


listed in the second colun he results of direct mea 
urements of the valley-orl plittings shown in the 
third column are consistently | 


from the activation energie TI is to be expected Inc 


the presence ol the three-fold ls’? state causes the 
effective donor activation ene 7 rht] smaller 
than the energy separa ym ie veen ft ] ground 


tate and the conductior 


V. SUMMARY 


With the a sumptllo I \ pop ition 
changes of the different conduct I 1d \ eys and the 
effective donor activatio energ\ e only effects of 
the shearing strain, Eqs. (2 1 (( ve be derived 
which give the effect of uniax 110 re on the 
electrical conductivity ful ) t stress and the 
valley-orbit splitting energy. These expressions ar 
based on the four-valley ac I ger inium and are 
valid at low temperatures where 7 \ V,and *x.\ 
The valley-orbit splitting can be obtained from a linear 
combinatiot of the Aag/ ao \ les mea ired under tension 
ind compression along 1 110] direction. The ad- 


vantage of this method 


mobility anisotropy ( eys. The valley-orbit 
splitting ol antimony germal I was found to be 
tA 0.57+0.03 milli-electron volt good agreement 


Koh 


18 Note added in proof. W.D. 1] : ! ator alculate 


with the 


the lifetime broadening of the three 1 nor state at 
temperatures near 7°K. He fou 1 broadening of 3X 10~* ev for 
arsenic and 210~° ev for a g " Hi 
calculation is in essence the sa is that E. O. Ka Phys 
Rev. 119, 40 (1960 It appea t é ZO 
resistance Is justifie ecause the idening is ich smaller thar 
the valley-orbit splitting for both kinds of impurities 
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The effect of relaxing the restrictions associated with the Hartree-Fock method are discussed with par 
ticular emphasis on that constraint which requires common radial behavior for wave functions with all 
quantum numbers except m, (spin direction) in common. Results of such a “spin polarized” Hartree-Fock 
self-consistent field calculation are reported for the Ni** ion and related to earlier calculations of Wood and 
Pratt, and Heine. Emphasis is placed on a consideration of the effects on the electron density and on x-ray 
and magnetic form factors. As is discussed, spin polarization of the 3d shell and the core results in an interest 


ing effect on the magnetic form factor for this case 
netic form factor which is measurably expanded 
with that appropriate for any single 3d electron 


hence, a contracted charge 


rhe calculation suggests that one would obtain a mag 


distribution) in comparison 


\lso presented are results of calculations of several hyper 


fine parameters which are in rough agreement with experiment 


I. INTRODUCTION 


HE Hartree-Fock formalism, as conventionally 

applied to multielectron systems, has a number of 
restrictions associated with it which play an important 
role in the shell description of atoms. The effect of re 
laxing these restrictions has recently been of some 
interest. Emphasis has been placed on studying the 
constraint requiring common radial behavior for wave 
functions with all quantum numbers except m, (spin 
common.'~* Estimates of seme of the 
effects of relaxing this restriction for iron series atoms”® 
have been made, but of necessity these calculations have 
had to be crude. 


direction) in 


In this paper we are reporting a self-consistent field 
“spin polarized” Hartree-Fock calculation for the free 
Ni*? ion. We have several purposes in mind with this 
calculation. First, it is interesting to observe what is 
predicted by this model of an atom and to see how these 
predictions compare with those of the conventional 
“restricted”? Hartree-Fock formalism and with experi- 
ment. Secondly, the calculation serves to calibrate a 


* The research done this author was supported jointly by 
the U. S. Army, Navy, and Air Force under contract with the 
Massachusetts Institute of Technology. 

t Now at Avco, RAD, Wilmington, Massachusetts 

! References 2 through 9 represent only a very incomplete list 
ng of discussions of this topic 
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forthcoming “spin polarized” Hartree-Fock calculation 
for a Ni** ion in a crude cubic field similar to that used 
in an earlier calculation” for Mn**. The Ni*? ion was 
chosen for the two calculations because of its almost 
filled 3d shell which contains both paired electrons and 
a net spin. Discussions of results will emphasize effects 
on the charge density and on x-ray and magnetic form 
factors. As the results the 
polarized” formalism leads to an interesting effect on 


will be seen from “spin 
the magnetic form factor for this case. Some results of 
calculations of the hyperfine structure parameters are 
also presented. 

In the next section we briefly review the Hartree- 
Fock formalism and then go on to discuss these matters 
at some length, for while most readers are aware of the 
restrictions, we believe that there is, in practice, a 
strong tendency to overlook the implications of either 
the retention or the relaxation of these restraints. Sec- 
tion III contains a brief review of the Wood and Pratt” 
and the Heine" calculations which are predecessors to 
our calculation. This is followed by a description of the 
calculation, Sec. 


Sec. V. 


IV, and a discussion of the results, 


Il. THE HARTREE-FOCK FORMALISM 


\s is well known, the Hartree-Fock formalism con- 
sists of approximating a true many-electron wave func- 
tion by a single (or on occasion a linear combination 
of) Slater determinant(s). A Slater determinant for an 


* For Mn*? in a cubic field see R. E. Watson, Phys. Rev. 117, 
742 (1960) (there is an error in this calculation, details are avail 
ible from the author); for Ni*? in a cubic field see R. E. Watson 

A. J. Freeman, Ph Rev. 120, 1134 (199) 
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V electron system takes the form: 


( Wt (xr 
Sa) WnlXy 


the r,’s denote electro space and spin coordinate sand 
{ \ ! ’ Is 


y,’s are orthonormal! 


the normalization constant if the one-electron 
Since such a determinant is un- 


affected by replacement of yy by y.+Cy,, for any con 
stant C, it is no restriction to assume the y,’s orthogonal. 
lor 


electrostatic 


a Hamiltonian consisting only of kinetic and 


interaction te rms, the total energy for a 


single determinant function is: 


M 


W; (x2) |*dridre 


N ] 
+>, > five a 

wl <i se ie 

\ l 
> f Wi (x1) *Y;(22)* 

im) j<i ry r 


XWilxe)bj(x,)dridre, (2) 


Mm 


Ww here AK 


ope rator. 


is the one-electron kinetic+nuclear pote ntial 
energy The integrations are over space Co- 
ordinates (the integration over spin having been carried 
out). The final terms, called exchange terms, only 
appear for yi, ¥; pairs of parallel spin.’ Application of 
the variational principle to E by varying an individual 
y; leads to a Hartree-Fock equation which in its inte- 
grated form would be 


é Vv; Y) 2dr fe 
v . 1 
ff Wi(x) |? 
i= Fam Be 


x |W (x2) | A2dridr 


N 1 
. = J feceorvtes 
=1 ra F 


v)*KopwWi(x)dr 


Again the second sum is limited to one-electron states 
of parallel spin. ¢; is the one-electron energy and is, in 


3 See P.-O. Léwdin, Technical Note No. 27, Quantum Chemis- 
try Group, Uppsala University, Uppsala, Sweden, June 1, 1959 
(unpublished) for a discussion of the H.-F. scheme in which spin- 
orbit terms are explicitly included 

4 For details and a fuller discussion see D. R 
Calculations of Atomic Structure (John Wiley 
1957 
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fact, a Lagrange multiplier present for the purpose of 


obtaining a normalized y,. The term ire included, 
for the integral in one sum cancels that in the other, 
since there are advantages in including such terms in the 


calculations 
In practice, the Hartree 
sketched above, is 


restrictions whic] 


brie fly 


addition of 
ave the advantage of simplifying 
the job of solving the equations but which also have 


profound effects on the fir ive functions 


| form of the 
and therefore on matrix elements involving them). We 


will here discuss the 


const 


atomic since this will interest to us 


extension of the restrictions to molecular 


system 
and cry stalline 
rhree restrictions are 
normally incorporated into Hartree-Fock calculations 
and a fourth often appears in a1 


systems should then be apparent 


ilysis of experimental 
data based on assuming Hartres Fock de criptions of 
electronic We will first consider the three 


associated with conventional Hartree-Fock calculations 


systems. 


(i) The Spac ial part of a Vy; is assumed to be separable 
into a radial and an angular part, i. 


a 
¥i(riOioic) = LU s(r)/r JS; (06)8, (0 " 


where S;(o) is a spin function with a 


of = } In 


spin quantum 


number, m,, practice S;(6,@ 


chosen to be a spherical harmonic, ).™ 


normally 


6.),° or in 


other words, y; is assumed to be an eigenfunction for a 


In nich a 


spherical environment which a 
separable 
spherical, this represents a real restraint on t! 
Fock formalism. The assumptio1 
ever, often used for cases in 


spacial function is 
Since only atomic SS states are exactly 
e Hartree 
of separability is, how- 
} 


als ot 


volving | ier than 
those which are spherical or nearly spherical [in this 
case the S;(0,6)’s becom: 


something other than spherical 


harmonics |. This assumption 1s otter ess 


otentl 


justifiable 
ind an example will be discussed briefly nm 
paper. . 
assigned before the applicat on of the variati« 


to Eq. (2) and that only the U’;(r)’s ar 


anothe r 


lhis restriction implies that the S,(6.6)’s be 


Mm principle 


oO he obt iined 


variationally. In this way the Hartree-Fock equations 
change from three-dimensional to one-dimensional 


equations, thus greatly simplifying their solution. Of 


greater importance is the fact that this restriction leads 
to the use of the one-electron uantum numbers nl 


It must 
for non 
spherical atoms (which is necessary for the shell 


and my; for other than exactly spheri 


ai atoms 
be emphasized that the use of » and m 
struc 
ture description of an atom) requires the introductior 
the Hartree-Fock formalism. (ii) As 
(r) is 


of a restriction to 


suming (i), U’ onstrained to be independent of the 
m, value associated with y¥ l Ss not a restriction for 

>» See E. U. Condon and G. H. Shortle The Theor, {lomic 
Spectra (Cambridge University Press, Cambridge, 1953). for 
definitions and phase conventions 

*R. E. Watson and A. J. I 
Koster, Quarterly 
Theory Group 
15, 1960 (uny 


J eeman, reference 12; also see G. | 
Progress Report, Solid-State and Molecular 
Massachusetts Institute 


g Jar 
yublished), and to be publishe j 











UNRESTRICTED HAR 
the case of a spherical atom, (iii) U fr) is likewise con- 
strained to be independent of m,. This is not a con- 
straint for ions where the total ion spin quantum number 
S is a good quantum number and equals zero. 

These last two restrictions imply a single l’,(r) for 
any shell (i.e., 2 and / value) and in turn a separate 
Hartree-Fock equation per shell rather than a separate 
equation per electron. The reduction in the number of 
equations is of course important when solving them. In 
practice, the “restricted” Hartree-Fock equation for a 
shell is an average of the Hartree-Fock equations de- 
rived for the separate occupied y,’s of that shell." 
Further, the introduction of (ii) and (iil) is not always 
compatible with the requirement of orthogonal y,’s. 
Keeping orthogonal y,’s then requires the introduction 
of “off-diagonal Lagrange multipliers’”!” which repre- 
sent real constraints for certain types of atomic systems. 

Of greater importance than the reduction in the mag- 
nitude of a computation, is the fact that the relaxation 
of any of the above restraints leads to the collapse of 
the conventional shell structure formalism. In other 
words, the relaxation of constraints leads to the partial 
abandonment of a very successful description of atomic 
systems. Atomic lithium is a simple example of what 
occurs. The Li ground state is a 2S, (1s)*2s configura- 
tion single determinant in conventional notation, with 
the closed 1s shell making a ‘S contribution to the 
atom’s symmetry. Due to the fact that one 1sy, has an 
exchange interaction with the 2s and the other does not, 
the relaxation of (iii) leads to differing U;,’s and toa 
single determinant of the form, [1sfis’J2st], (here 
arrows denote spin and the prime differing U’;,’s). The 
1s shell is no longer “‘closed,”’ i.e., it no longer makes a 
‘§ contribution, and the determinant no longer has 
total spin (S$) as a good quantum number."* Two addi- 
tional determinantal functions can be constructed from 
namely [1sjis’¢2s¢] and [1stis’2s4}.” 
One *S and two *S states can be constructed by linear 
combination™ of three determinants. The expression 
for the total energy and the Hartree-Fock equations for 
the multideterminant states are much more complicated 
than those for the single determinant restricted Hartree- 
Fock case.”! 

While the Hartree-Fock equations for the three 


'7R. E. Watson, Ph.D. thesis, Massachusetts Institute of 
rechnology, Cambridge, Massachusetts, 1959 (unpublished 
* This statement breaks down if U;, can be expressed as a 
linear combination of L’,, and U'»., i.e., if the U,’s are not linearly 
independent 
*If Uy, and U,, are constrained to be the same, the first of 
these is identical except for sign, with the earlier determinant and 
the last is zero valued (since a determinant with two identical] 
columns is zero valued). This is an example of the Pauli exclusion 
principle which is built into wave functions of the determinantal] 
form 
» Projection operators are conveniently used for constructing 
such properly symmetrized states, see R. Fieschi and P.-O 
Léwdin, Technical Note No. 4, Quantum Chemistry Group, 
Uppsala University, Uppsala, Sweden, September, 1957 (un 
published 
2! For a fuller discussion of Li sec 
yn, Ann. Phys. 9, 260 (1960 


the l i\? ’s, 


R. K. Nesbet and R. E. Wat 
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electron unrestricted symmetrized case can be solved, 
the number of determinants and the corresponding 
complexity of the resultant integro-differential equations 
increases rapidly with systems involving increasing 
numbers of electrons. Therefore, for systems involving 
more than a few electrons, these complications have 
been avoided by relaxing constraints on the one- 
electron functions of the restricted Hartree-Fock deter- 
minantal function and applying the variation principle 
to the single determinant For lithium, the 
variational principle is applied to the determinant 
[istis’}2s¢], yielding a many-electron function which 
is predominantly *§ but with a small amount of 4S 
character mixed in; this “unrestricted” function would 
have a lower energy® than the original restricted Hartree- 
Fock function since a constraint has been removed. 
The Wood and Pratt'® calculations for atomic Fe and 
Heine’s" for Mn are examples of this approach where 
only restriction (iii) has been relaxed. 

Going from the traditional restricted Hartree-Fock 
formalism to a less restricted but still unsymmetrized 
form leads to a very small change (~0.001%) in the 
total energy.” Despite this small energy change the 
accompanying changes in the one-electron functions 
are of importance. Examples of areas where the effect is 
appreciable are: fine structure, quadrupole polarization 
of electronic charge” the interaction of ions with a 


alone. 


9 


crystalline environment,'? and the prediction of neutron 
magnetic form factors.’ 

A fourth restriction is often added when the Hartree- 
Fock formalism is used to parameterize experimental 
results. It is best described by the use of examples. 
(iv) In the case of a many-electron state which is to 
be ionized by the removal of an electron associated 
with a particular y; it is assumed that the other y,’s are 
unperturbed by the removal of electron 7. This assump- 
tion leads to Koopman’s theorem” which states that 
the ionization energy is simply the one-electron energy 
of the jth electron (¢;) as given by Eq. (3). In the 
slightly different case where the jth electron is not 
actually removed from the system but yj; is replaced 
by y it is assumed, or rather the restriction is made, 
that the other y,’s are unperturbed. Using Koopmans’ 
theorem we discover that the difference in energy be- 
tween the two many-electron states is simply e—€;. 
This type of restriction underlies the normal energy 
band description of a solid.”* 

\ version of restriction (iv) is also used for the set of 
states belonging to a single configuration (assignment 
of n and | values to the y,’s). Here it is assumed that the 

2 For the example of lithium, see reference 21 

* As in the work of R. Sternheimer and others. For a review 
article see M. H. Cohen and F. Reif, Solid Stale Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, New York, 1957), 
Vol. 5, p. 322 

™ A | Freeman and R. E. Watson, Phys. Rev. 118, 1168 (1960). 

* T. Koopman, Physica 1, 104 (1933 

* For example, see J. Callaway, Solid State Physics, edited by 


F. Seitz and D. Turnbull (Academic Press, New York, 1958), 
Vol 7 p 99 
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U(r) for any shell is the same for all states of the 

configuration. This assumes that the other restrictions 

(i to iii) are already in force and leads to the Racah 

parameterization”’ of atomic multiplet spectra in terms 

of a limited number of Slater F* and G* integrals of 

the form; 


k 


r x r. 
F* (7,7) U(r) \2| U;(r’) |? 
vr," 
an 


| 
v r r A 
G* (i,7) f [ U (r)*U;(r')* Ur’) U(r) drdr’, (6) 
Jo» 5" 


the 


drdr’, (5) 


r of lesser magnitude. For the 
of a 3d” iron ion (with just the 3d shell 
unfilled) the multiplet spectrum is parameterized in 
terms of a F?(3d,3d) and a F*(3d,3d). This formalism 
has been extended to the case of an ion in a crystalline 
the F*’s 
crystalline field splitting parameter Dg. For an iron 
series ion Dq takes the form: 


where r- denotes 


case serie 5 


environment”* where are augmented by a 


Dy~ f Usalr)|\*V.(r)dr, 


where V(r) is the field due to the cry stalline environ- 
ment. The case of an ion in a crystalline environment 
9 


will be discussed at length elsewhere.” 

Restriction (iv) has been frequently applied with 
great success due to a remarkable cancellation of the 
its use the Hartree-Fock 
formalism and not because of some basic validity of 
the restriction. The remainder of this section will be 


used to present two examples which illustrate this 


errors associated with in 


point 

Restricted Hartree 
ried out for a number of iron series atoms and ions”; 
are calculations for the neutral iron 3d°, °F 
and singly ionized iron 3d’, 4F states. The one-electron 
nuclear potential+kinetic energy integrals [the K 
integrals of Eq. (2) ] differ for the two states, the dif- 
ferences being 0.051 ry for the 3d, 0.125 for the 3p, and 
0.275 for the 3d. This leads to a 2.77-ry variation in the 
K integrals associated with the occupied U’;,, U3,, and 


Fock calculations have been car- 


among these 


Usa which, if we assume (iv), do not vary at all. The 
measured ionization energy is 0.2994 ry or one-ninth of 


the energy variation associated with the above K in- 


While a number of the multiplet spectra equations had been 
obtained previously (e.g., see Condon and Shortley"*) the classic 
papers are those of G. Racah, Phys. Rev. 61, 186 (1942); 62, 438 


1942) ; 63, 367 (1943 
* For example, see W. Moffitt and C. J. Ballhausen, Ann. Rev. 
Phys. Chem. 7, 107 (1956); W. Low, Solid State Physics, edited 


by F. Seitz and D. Turnbull (Academic Press, New York, 1960), 


Suppl. 2. 

*®A. J. Freeman and R. E. Watson, Phys. Rev. 120, 1254 
1960) 

*® R. E. Watson, Technical Report No. 12, Solid-State and 


Molecular Theory Group, Massachusetts Institute of Technology, 
Cambridge, Massachusetts, June 15, 1959 (unpublished), and 
Phys. Rev. 118, 1036 (1960 
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tegrals, yet the calculated one-electron energy (esa, 
0) of the electron being removed is 0.3359 ry, in 
Further ex- 


amples of the good agreement between observed ioniza- 


m| 
reasonable agreement with experiment. 


tion energies and one-electron energies will be found 
elsewhere.” 

The fitting of experimental free ion multiplet spectra 
with F*’s treated as parameters, has been fairly suc- 
cessful while fits for ions in crystalline environments 
have been very successful. The greater success of the 
latter may be due to a parametrization scheme which 
for this case fits fewer i more pa- 
rameters. In the case of the free ions of the iron series 
there are appreciable and systematic differences be- 
the F*’ 
obtained from Hartre 
of those cases where the Racal 


spectral lines with 


tween s obtained from experiment and those 


Fo k cal ulations. " Inspec tion 
equations and experi- 
ment disagree as to the order of multiplet states, sug- 
gests that the F* discrepancies are due to the experi- 
mental F*’s not being strict F* integrals. This suggests 
that effects of the restricted Hartree-Fock 
formalism appreciably affect the multiplet spectra. 


outside 


Ill. EARLIER IRON SERIES SPIN POLARIZED 


CALCULATIONS 
Wood and Pratt" did a self-consistent field Hartree- 
Fock calculation for the neutral Fe, 4s°3d* free atom 


where U’,(r)’s for electrons of different spin in a shell 
to differ, i.e restrictions of the 
leading to an “unsym- 


were allowed (iii) 


re laxed, 


previous section was 
metrized” determinantal function. We would describe 
pin polarized’ calculation and 
and (ii) 
ons these authors did 
the 
the one-third power) ex- 
indicated, this 


large de nsity, i r 


their calculation as a ‘ 
it should be noted that restrictions (i were still 
in force. For computational rea 
not handle 
Slater p' (charge density to 
change potential.™ As they 
errors in regions of low cl 
nucleus and for large radii. Since 
stricted Hartree-Fock 
done for the 4s?3d* ground state of 
comparison of results seems desirable 


exchange exactly but instead used 
introduced 
near the 
a conventional re- 
calculation has recently been 
> a brief 
The one-electron 
sted in Table I. 

In making comparisons it st! be that the 
restricted Hartree-Fock one-electron energies are estab- 


neutral Fe 


energies for the two calculations are 


ould noted 


lished to about 0.01 ry. The table indicates that the 

"J.C. Slater, Quantum Theor f Atomic Structure (McGraw 
Hill Book Company, New York, 1960), \ 1. and reference 30 

2 See Fig. 2 of reference 30 

% There is some question of terminology with reference to such 
calculations. Originally these have been referred to as “unre- 
stricted Hartree-Fock calculations’ by Slater and his group. We 
are inclined to call such a calculation a spin polarized calculation, 
reserving the term unrestricted Hartree-Fock for the case where 
the restrictions (ii), (iii), and perhaps (i) are relaxed. Léwdin and 


lution properly symmetrized prior to 
the variational calculation as an extended Hartree-Fock scheme 
* J.C. Slater, Phys. Rev. 81, 385 (1951). 
% R. E. Watson, Quarterly Progress Report, Solid-State and Mo 
lecular Theory Group, Massachusetts Institute of Technology 
April 15, 1960 (unpublished); and Phys. Rev. 119, 1934 (1960 


collaborators refer to a s 
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inaccuracy of the potential (used by Wood and Pratt) 
near the nucleus had a large effect on L’;,(r) and its one- 
lectron energy with resulting repercussions on the other 
l',(r)’s. The Wood and Pratt wave functions are in 
fact better than their energies would indicate, e.g., 
they yield x-ray scattering factors which are in fair 
agreement with those computed for the restricted 
Hartree-Fock function.” 

Heine" did a calculation for Mn** and Mn in which 
used the results of an existing Cu calculation to 


he 
supply a Coulomb potential and added a p! exchange 
potential due to the unfilled 3d shell. He solved for 
functions of the 2s, 3s, and 4s shells (no 1s) in this 
potential, i.e., it was not a self-consistent field calcula- 


tion. His purpose was to obtain an estimate of the 
Fermi*’ contact hyperfine interaction parameter 
x= (4r Z >. bre )my, S,=5 (8 


where S is the ion’s total spin, the index & ranges over 
S indicates that the 
term is to be evaluated for anion in the state where 
Ms=8S. The bracket 
function density weighted by m, values) at the nucleus. 


electron coordinates, and the S,= 


is the net spin density (wave 
For the iron series doubly ionized ion ground states the 
of 
~ —3 in atomic units.*’ Heine obtained a value for x 
of —3.3 for Mn*? (and a similarly good value for Mn 
and Wood and Pratt obtained —2.4 for Fe’ 


experimental x is roughly a constant with a value 


IV. DESCRIPTION OF THE CALCULATION 
Phe 


field analytic 


calculation has been done using self-consistent 


techniques.** Normalized analytic one- 


electron radial functions [U’;(r)’s] are obtained as 
solutions of the Hartree-Fock radial equations. The 
’,(r)’s have the form 
U(r) =X CuR(0) (9 

“A J. Freeman and R. E. Watson, Acta. Cryst. (to be pub 
lished 

37 See A. Abragram, J. Horowitz, and M. H. L. Pryce, Pro« 
Roy. Soc. (London) A230, 169 (1955 


** The analytic approach to solving Hartree-Fock equations has 
een developed by many workers. C. A. Coulson | Proc. Cambridge 
Phil. Soc. 34, 204 (1938) ] appears to have been the first to have 
ised an expansion technique in a molecular problem, while C. C. J 
Roothaan [Revs. Modern Phys. 23, 69 (1951) ] presented the 
approach in a particularly desirable form for closed-shell mole 
cules. Nesbet, with his symmetry and equivalence restrictions, ex 
tended the method to nonclosed shells and emphasized 
for atomic cases [see reference 4 and also Quarterly Progress 
Reports No. 15, January, 1955, p. 10; No. 16, April, 1955, p. 38 
and p. 41; No. 18, October, 1955, p. 4, Solid-State and Molecular 
Theory Group, Massachusetts Institute of Technology, Cam 
bridge, Massachusetts (unpublished) ]. Nesbet’s approach was 
modified in the course of calculations by Allen, R. E. Watson, 
and R. K. Nesbet (e.g., the modified restricted Hartree-Fock 
calculations of reference 21). Recently C. C. J. Roothaan [Revs 
Modern Phys. 32, 179 (1960) ] has extended his formalism to cover 
the nonclosed shell case for the conventional restricted Hartree 
Fock method where nonzero off-diagonal Lagrange multipliers 
occur. The iron series ions with just a nonclosed 3d shell do not 
require his formalism 


its use 
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ras_e 1. Comparison of the one-electron energies (¢'s) of the 
Wood and Pratt* spin polarized Hartree-Fock calculations for 


neutral [(3df)*(3d})*(4s)*] Fe with the restricted Hartree-Fock 
values of Watson.' 


Wood and Pratt 
one-electron energies 


Restricted Hartree 
Fock one-electron 


Spinft Spin} energies 
1s 584.5 ry 584.2 ry $22.7 ry 
2s 61.08 60.40 63.8 
ss 7.463 6.930 8.308 
45 0.532 0.428 0.510 
2p 53.16 52.65 54.79 
3p 5.061 4.540 5.455 
3d 1.122 0.664 1.271 

Sor te « 10 
See ence 35 


f U(r) \*dr=1 (10) 
and the basis functions are of the form, 
Rj(r) = Ng't4 ite 40 (11) 


The / is the one-electron angular momentum appro- 
priate for the one-electron function of which U(r) is 
the radial part. The , is a normalization constant and 
is expressible in terms of the other parameters, i.e. ; 

) \2142Aj;+3 ; 


(44.3 
| | (12) 
| (214+2A,+2)!) 
It should be noted that the eigenvectors (Cys) are de- 
fined in terms of normalized R,’s. A set of R,’s is sup- 
plied for each / value for which Hartree-Fock solutions 
are to be obtained. L’,(r)’s of a common / value are con- 
structed from a common set of R,’s. 

The strength of the analytic procedure lies in the 
fact that the necessary integrals are obtained analyti- 
cally and the Hartree-Fock self-consistent procedure 
becomes a process of matrix manipulation and diagonal- 
ization. This process can be more rapidly and accurately 
carried out on a computer than can the conventional 
numerical methods of solving Hartree-Fock equations. 
The limitation of the analytic approach lies in the fact 
that we must use less than complete sets of basis func- 
tions. Thus we cannot obtain exact solutions. Associ- 
ated with the approach is the problem of choosing sets 
of basis functions (R,’s). We have used the set employed 
in an earlier restricted Hartree-Fock calculation™ for 
Ni*?. The set of R,’s (or rather their Z,’s, N,’s and A,’s) 
appear in Table II. The size of this set represents an 
uneasy compromise between the choice of a large set 
which would allow accurate wave-function construction 
and a small one which would retain the advantages of 
of analytic form. Inspection of the 
re suggests that it would not allow for 
subtle wave-function behavior either very close to the 


wave functions 


basis set used. he 
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rapre II. Parameters (A,, Z,;, and N,) which define of U;(r)’s for a given 1 and m ilue are different 
the basis R,’s). S 


(strictly speaking linearly independent) from those of 
Z \ -m,. The wave function to be ribed in the follow 
ir. ing section is thus predominantly but not identically a 
R,’s used for the 29.2991 317.18411 fF 
constructior ! 25.9035 3943.3516 
functior 13.3851 756.87370 V. RESULTS 
l=() y 12.4174 2844.7630 
5 7.4187 468 90632 
1.4208 76.593477 


State. 


A. Eigenvectors and Eigenvalues 


18.2297 1638.3933 The eigenvectors ( ie a in | ible II] Table 
11.0602 469.76085 IV contains the one-electron nuclear potential +kineti 
10.1407 1400.1563 ’ 

6.1124 238 .05644 a aie ‘ P 
3.7142 11 635831 Slater F*( 4d 3d integrais” and the total energy The 


energies (K,’s), the one-electron energies (¢,’s), the 


same quantities obtained for the earlier I 
Hartree-Fock calculation™ for Ni ar luded for com 
} 


7.9639743 
&? ORARRS : ; 
755.70446 parison. Phese quantities are accurately evaluated for 


3521.2606 the functions defined in Table III (for spin polarized 


calculation) and elsewhere” (for the 

The first fact to observe is the very 
nucleus or in t] part of the ion, i.e., the “tails” improvement of 0.003 ry, an effect which is one ty 
of the L’s,, U's,, and (to a slight extent) / We esti- hundredth the size of som f tl energy differences 
mate that a maximum error on the order of 0.01 ry is between ¢,’s and K,’s ot, ditt ng sp { \ ilso be 
produced in the one-electron energies due to the limited noted that the average | 
basis set the numbers of electrons o 

Phe unsymmetrized spin polarized Hartree-Fock equa- spin polarized e¢,’s and K,’s are 

tions were derived by taking the single determinant re- the restricted Hartree-l 
stricted Hartree-Fock desi ription of Nit?(3d Sak and their differing / 
(Ms= +1, M_= +3) and applying the variational prin- to the Ni*?(3d)* multiplet 
ciple as described by Hartree,"‘ to functions of one spinin — First, one should consid 
a shell separately from those of the other. This yielded two — tion (ii) as well as (i 
Hartree-lo« k equation per electron shell or one per ‘“‘sub- F*(3d,3d differences. In « | 
shell.”’ Due to our initial Ms choice, we filled the 3d sub this is a minor considerati 
hell of plus spin leaving three electrons (mm; 2 1, and0 Hartree-Fock calculation 
in the subshell of negative spin. As noted in Sec. 2, the of the same configuratior 
function ceases to be a pure F state as soon as the set other integrals whic} 


Paste III. The eigenvectors (C,,’s) defining the spin polarized Hartree-Fock radial funct 

Che arrows denote the spin values (m,=-=+4) associated with the / 

1 2 3 } 

0.91714999 0.10098404 0.00162370 0.00128502 0.00023301 0.00000 102 
0.91715289 0.10098632 0.00162971 0.00127521 Q.00023253 0.00000 193 
0.28036141 0.16394354 0.68524057 0.45154710 0.036497 25 0.00117615 
0.28070223 0.16432674 0.6867 2005 0.45224966 0.03397 80¢ 0.00125708 
0.10582698 0.05066751 0.22364005 0.41109321 0.397727 


0.10526667 0.05113588 0.22496994 0.40579286 0.39306664 0.82902639 


»? 0.82649480 


j & 9 10 11 


0.14685634 0.84377484 0.02080950 0.02110774 0.00275806 
0.14663382 0.84676890 0.01871883 0.01919158 0.00296159 


0.04762232 0.33693859 0.05352594 0.57699250 0.57721481 


0.04538758 0.33927573 0.04406725 0.56238492 0.58690628 


12 13 14 15 


sat 0.41980857 0.55308983 0.17064442 0.00464008 
3dJ 0.44168992 0.53276300 0.17258038 0.00387780 


® Considerations 
interested persons 
See p. 228 of the 





DD HAT 


as the FF 4d 3d diffe rences of 
Table I\ . Lastly, there are systemati discrepancies that 
3d 3d 


same order of magnitude 


occur between theoretical and “experimental” F 
We believe t! 


to many-electron (correlation) 


values lat these discrepancies are due 
effects which are outside 
of the scope of the Hartree-Fock, F type of description 


ot an atom 


B. Charge Densities and Form Factors 


lable IV also gives information concerning the radia! 


behavior of the U’,(r)’s since K,’s of larger magnitude 


ndicate relatively contracted l’,(r)’s. We see that the 
U'x(r)’s of the majority (plus 


spin have converged 
lative to the minority spin U’,;(r)’s ] upon each other. 
SpPes 

t, and L's, are relatively expanded and the U'gs1, 
Usp+, and U'sat are contracted. This is illustrated by 


onvergence is not in toward the nucleus. The 


Fig. 1 which represents the net radial spin density of 


the argon like core, 1.e. 


pa > 2(m,)(U 





The net radial 
; the argon-like 
1.€ p coret a corel j 
and the argon core radial charge 
| p(coref Tp core} 


polarize d Ni‘? 


density 
for spi 





E IV. The 
the one-elec 
tal energies tor 


ilculations for N 


783.7034 
192.2294 
74.4584 
1YO.RY? | 
70.6687 
59 OR D6 


612.64 
77.2961 
11.3540 
67.3493 
& 2001 


2.8984 


98160 
91619 


WYAH 
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ntial + kinetic energie 


F* 


3d.3d)'s and the 


restricted Hartree. Fock 


7R3.70346 

192 2906 
74.3875 

190.9840 
70.4770 
99 4111 


612.6482 
77.1474 
10.9642 
67.2063 

7.7245 


2.7046 


195021 
0) RO72 . 


0 14, 


4012.0449 


p(cone t)—p(cone | 


Restricted 
calculation 


783.7034 ry 
192.2601 
74.4227 
190.9385 
70.5733 


59.7662 


612.6486 
77.2227 
11.1595 
67.2787 

7.9627 

2.8251 


1.96965 


0.90896 
0.56501 


$012.0422 


°o 
+ p\ core 


p\core 
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Fic. 2. Spin polarized 3d charge density, p3d(x ray) ; spin density, 


p3d(neutron); and a hydrogenic 3d charge density, p3d(hydrogenic) 


for Ni‘? 


Negative values indicate regions where a negative spin 

charge distribution. The electron 
“closed” argon-like core is small; 
this is best indicated by the argon core radial charge 
density [insert a plus sign in the right-hand side of 
Eq. (13) ] which also appears in Fig. 1. 


is associated with the 


spin density of the 


Instead of discussing the behavior of the two U3a(r)’s, 
we will discuss the electron densities that yield the 
one-electron spherical scattering factors appropriate 
for x-ray and neutron diffraction, i.e., the p’s that appear 
in 

sinkr 
dr, (14) 


where & is the familiar 47 sin@/A. The one-electron 3d 
charge density 


[ U sa(r) 


“seen” by x rays is the average of the 
’s or: 
+[Usas(r) P}, (15) 


P3d(x ray) 


while that ‘‘seen’”’ by neutrons is the ion’s spin density 


divided by the number of unpaired spins: 


(5) Usar(r afl 


>\ 7 L s(r) P+pa}, (16a) 


fl (r tps}, (16b) 


contribution as defined in 
Eq (13). The two densities are identical for a restricted 
Hartree-Fock the 
side of Eq. 


where p, is the argon coré 


function, i.e., the second term on 


right-hand 


16b) equals zero. The spin 
polarized p(r)’s appear in Fig 


2 along with that for a 
hydrogenic function" yielding almost the same multiplet 
form factors are included in 
rly common practice to com- 
with hydrogenic form factors 


Sherman, Z. Krist. A8l1, 1 


“t Hydrogenic functions and 
our discussion since it has | 
pare measured neutrot 
[such as those of L. Pau 

1932 i] 


fa xT 


\ND A 


spectrum [i.e., it is chosen so that its F?(3d,3d) agrees 
with 1 Hartree-Fock F?(3d,3d) |]. We see 
that a hydrogenic 3d function is not a good approxima- 
tion to the Hartree-Fock function. The difference be 


tWeeN p3d(neutron) and p3q is primarily a matter of 


the restrictec 


shape—they cannot be brought into agreement simply 


by scaling. This is typical ave observed in 
the past of 3d function 
restricted Hartree-Fock calculations have 
for two states of the 


two stages of ionization, for two differs 


when S¢ 

been 

same iron ment 

t configurations 
and the same stage of ionization, for two multiplet 
, or for an ion with and 


variation in L’3q(r) 


states of the same configura 

without an external environm 
and [Ua(r) ? has 
and not scaling. The / 


been matter of shape 

ilso tended to be 
Stern* Wood* 
3d func- 
tions obtained in energy band calculations for metallic 
the bulk of a 3d 


irbed by the 


quite different than hydrogeni and 


have observed a similar behavior for the set of 
iron. Scaling is unimportant becaus« 
function is relatively unpert various en- 
vironments 
variations primarily consi 


(and/or symmetry equirement 


charge to the 3d tail, sul 
Usa(r) normalization. W 
based sole ly on theoreti 


( bse rvations are 
hey do suggest 
seston 
Usal(r)’s by hydrogeni rut or to describe [ r) 
variations by scaling alons 
Since scattering factor 
enter in diffraction exper 
spect these. A number of scattering tors, 


that it is inappropriate either to approximate iron 


harge densities, 
sirable to in- 
spre rical 
part only) appear in Tabl ludes one-electron 
3d, 3d, 3d(x ray), and 3 itror l.e., Magnet 
form factors. Argon core and 
factors are also tabulated. Comp 
for the restricted 
agreement between argon core and total ion 
1 OO 1 « 


scattering 
+} e re sults™ 
Hartree-Fock function shows 
cattering 
factors of better tha 
results always lying 
to values of sin@/Xd 


ne spin polarized 

inspection 

argon core 
agreement is to 0.004 ¢ total ion’s to 0,006 
e.u. The restricted fsa a pin polarized f3a(x ray 
agree to 0.0003 e.u. with t atter lying higher. These 
tricted and 


ide ntl al, 


differences are sma 
spin polarized charg 
with the latter 
expanded or higher 
with the former. The 


very ndicated by 


comparison 
between 


and J 


neutron diffractior 


current 
tinguish form factor eff 
suggests that /; 
contributions from 
4 F. Stern, Phys. Rev 
al | H. Wood, Phys 
* Appearit ! rt 
ryst. (to 
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++ 


TaB_e V. Form factors for spin polarized Ni** in e.u 


A~) 


0 1.0000 
0.05 0.9797 
0.10 0.9224 
0.15 0.8368 
0.20 0.7345 

0.62066 
0.5219 
0.4258 
0.3411 
0.2686 
0.2080 
0.1177 
0.0600 
0.0249 
0.0048 
0.0060 
0.0111 
—().0127 
—0.0124 
—0.0112 
0.0099 


Srotal ion 


26.00 
25.72 
24.93 
23.72 
22.21 
20.54 
18.84 
17.18 
35.61 
14.19 
12.92 
10.84 
9.33 
8.24 
7.48 
6.91 
6.46 
6.09 
5.74 
5.42 
5.09 


(sin@/A {3d (neutron) 


f3d¢ J3d4 S3d(x ray 


1.0000 
0.9790 
0.9198 
(0.8317 
0.7270 
0.6173 
0.5116 
0.4155 
0.3314 
0.2601 
0.2008 
0.1133 
0.0578 
0.0242 
0.0048 
—0.0056 
—0).0105 
—0.0122 
0.0119 
0.0108 
~ 0.0096 


1.0000 
0.9795 
0.9214 
0.8349 
0.7316 
0.6231 
0.5180 
0.4219 
0.3375 
0.2654 
0.2053 
0.1160 
0.0591 
0.0246 
0.0048 
0.0058 
0.0108 
0.0125 

~0.0122 
0.0111 
0.0098 


1.0000 
0.9809 
0.9268 
0.8456 
0.7476 
0.6432 
0.5404 
0.4448 
0.3593 
0.2851 
0.2221 
0.1267 
0.0645 
0.0262 
0.0039 
0.0079 
0.0133 
0.0149 
0.0144 
0.0129 
0.0113 


tribution of the “paired” 3d electrons and the argon 
core. Inspection of Table V shows that fat lies closer 
to facx ray) than to f34(neutron). Further study shows that 
the contribution from the “paired” 3d electrons is the 
pring iple the fa x ray) — S'3d neutron) Giffer- 
ences. The observations outlined above suggest that 
the interpretation of an experimentally obtained neu- 
tron magnetic form factor, in terms of a single, unfilled 
shell wave function, must be done with care. This 
calculation suggests that for Ni*?, one would obtain a 
magnetic form factor which is measurably expanded 
hence a contracted charge distribution) in comparison 
with that appropriate for any of the 3d electrons. 
Before should mention the 
widely investigated case of Mn**. Here all the 3d elec- 
trons are of parallel spin, and only the argon core is 
available for spin polarization effects. Since the argon 
core contribution to the magnetic scattering is small, 
and since there is mo polarized 3d contribution, one 
and f3a/neutron) to be in substan- 


cause of 


leaving this topic we 


would expect [a(x ray 
tial agreement and in turn that a measured /34/neutron) 
can be better relied upon for direct information about 
3d electron behavior 


C. Hyperfine Parameters 


Let us now consider the Fermi contact term x [see 
Eq. (8)] which occurs in an S-I (I being the nuclear 
spin) hyperfine interaction.*® Only s functions provide 
nonzero contributions at r=0 and in the restricted 
Hartree-Fock formalism their contribution is 
Since the common Ni isotopes have zero nuclear spin, 
we must obtain a value of x from other doubly ionized 
iron series ions. As has been noted, x has a roughly 

nstant experimental value of —3 a.u. for these ions. 
Che spin polarized Ni*? 1s, 2s, and 3s shells make con- 


ZETO. 


46 It should be noted that the charge densities making up x are 


[Uy(r)/rF and not [U;(r) F [see Eq. (4 


tributions of —0.27, —9.62, and +5.95, respectively, 
for a x of —3.94 a.u. We note a competition of terms 
quite consistent with Fig. 1 and the earlier discussion 
of wave function behavior. This sort of behavior is in 
qualitative agreement with the results of Marshall and 
Wood and Pratt." The latter obtained a relatively 
greater 1s contribution; this may have been due to their 
use of a p! exchange potential. The spin polarized x’s 
represent substantially better agreement with experi- 
ment than do earlier configuration interaction esti- 
mates, of Abragam, Horowitz and Pryce.” In closing 
the discussion of x, it should be noted that while the 
earlier spin polarized calculations suffered from poor 
exchange potentials (and lack of self-consistency in 
, the present calculation relies on a basis 
set which may supply too little variational freedom close 
This will be investigated in the near 


Heine’s case) 


to the nucleus. 
future. 

There is another hyperfine parameter involving the 
interaction of electron spin and angular momentum 
with the nuclear spin which may be discussed. If one 
assumes a restricted Hartree-Fock function, this pa- 


rameter is proportional to (r~*) where: 


" [ Usa(r) s 
f dr. 
r’ 


0 


(17) 


Abragam, Horowitz, and Pryce*’ report experimental 
r~*) values for free neutral atoms and for doubly ionized 
ions in salts. It is our experience®**™ that the neutral 
atom 4s electrons perturb a L’y4(r) less than does a 
crystalline environment, and therefore we will rely on 
the neutral atom (r~*)’s. Interpolating Abragam, Horo- 
witz and Pryce’s data (since J=0 for Ni), we obtain 
(r~*)exp=6.3 e.u. The spin polarized Uyay and Usas 
yield calculated values of 7.15 and 6.99 e.u., respec- 


 W. Marshall, Phys. Rev. 110, 1280 (1958) 
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tively. The analysis leading to the (r~*).«, was based 
on the assumption of a restricted Hartree-Fock func- 
tion. Inspection of the spin density in Fig. 1 suggests 
that there are additional sources to this hyperfine term 
and that we should not expect detailed agreement in 
(r-*)’s. We have not investigated this particular aspect 
of the proble m 
VI. CONCLUSION 

We have been inve 
of the restrictions associated with the 
stricted Hartree-Fock The part ular re- 
striction in question, (iii), requires common L’,(r)’s for 


tigating the effect of relaxing one 
conventional re- 
formalism. 
electrons of differing m, value. Relaxation of this con- 
straint in a calculation for Nit? has led to measurable 
effects in the electron spin distribution of that ion. A 
Fermi contact hyperfine parameter was obtained which, 
in common with earlier calculations, is in fair agreement 


with experiment. Of perhaps greater importance is the 


AN 


1) 


effect on the magnetic form represents an 


electronic spin distributior different from 
that of either of the 3d el Chis suggest 
that experimentally determined magnetic factors 
for an ion like Ni**, can | ni 
terpreted as arising dir 


distribution. This diffic 


iorm 
eading if in- 
from a single 3d charge 
most likely to occur for 


an ion with an almost hell, where the ‘“‘paired”’ 


electrons of that she ul 


be spin polarized Oo as to 


make a contribution to the magneti 


ACKNOWLEDGMENTS 
We are indebted to R 


mental in the deve lopn el 
supplied advice and many necessary 
We thank Professor J. ¢ 
Mrs. Athena 
computations 


instru 


K. Nesbet who was 


ot ti! ipproac! 
computer programs. 
ter lor encouragement 


sOmMe 


Harvey for het p 


NUMB 


Crystalline Field and Spin Polarization Effects on Electron Densities 
and Magnetic Form Factors 


R. E 


as 
, Ordnance Material 


VU assachuselt 


Institute of 


WaTson*t 
WV assachusett 


f Techn 


Institute 


FREEMAN 
Research Office, W atert 


Technology 


Received July 13, 1960 


ts of spur change 
factors, and | 


or ¢ 
netic torn 
onsistent field 
uhedral array of point ch 

m the 


tion eftect u ry i i 
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lifferent cial distridut 
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individual 


hyperfir 
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3d charge distributions 


I. INTRODUCTION 
N earlier investigations we have considered several 


charge densities 


and measured 
iron series ions. An external 


factors affecting 


magnetic form factors’ of 


* The research done 
the U. S. Army, Navy, an 
Massachusetts Institute of 

t Now at Avco, RAD 

'R. E. Watson, Phys 
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the author 

2A. J. Freeman and R. E. Watson, Phys 
and J. Appl. Phys. 31, 3748S (1960 
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Rev. 120, 1125 (1960) ], henc 
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Air Force under contract with the 

Technology 

Wilmington, Massachusetts 

Rev. 117, 742 (1960 


this calculation; an erratum is 


There is an error 
available from 


118, 1168 (1960 
Freemar 
eforth denote 


4d electrons are 


polarization and an ext 
yperfine parameter 
approach. The crystalline fiel 


irges surroundin 


split 
I 


lescription of these electrons by a set of 
ions and called fo,f, teg} and e,f 


with experiment than the value 


The ion’s spir 


form factor whose I 


crystalline field was show1 two effects on 


the 3d charge density for an and hence 


on its magnetic form factor an expansion 
lue and (2 
and triply 


degenerate (ls, ubic functions from their 


of the 3d charge density fron 
a “splitting” of t! 

common 
resulting in o different radi 


free ion value, al charge 


densities. The expansion effect, as suggested by experi- 
mental F*(3d,3d) integrals was shown 
with neutron diffraction dat 


to be compatible 
slitting effect led 


to the prediction that a | ion, like Mn*> 


‘J. M. Hastings, N. Elliot L. x s Phvs 
13 (1959 


Rev. 115 





NE FIELD AND 


or Fe**, would show asymmetries in the form factor of 
the form suggested by Weiss and Freeman’ arising from 
the resultant nonspherical charge distribution. It 
suggested? that the Mn** data of Hastings, Elliott, and 
Corliss* did in fact show such asymmetries. Recently, 
Nathans, Pickart, and Alperin® reported a careful 
polarized neutron study of Fe;O,4 which showed a 
tinct asymmetry in the Fe* 


was 


dis- 
form factor. This appeared 
as a splitting of the form factor (from its spherically 
symmetric value) for two reflections which occurred at 
the same sin#/ value and was interpreted by them as 
arising from our proposed splitting effect on the other- 
wise sphericaliy symmetric Fe** ion. This evidence may 
be taken as confirming that such an effect is observable 

Since Mn*? was a rather special case of a half-closed 
shell, with its 3d electrons having all their spins aligned, 
we later investigated the effect of exchange or spin 
polarization on a more general transition metal ion 
having a net spin density and 3d electrons of both spins. 
rhis was reported’ as a spin polarized Hartree-Fock 
calculation for the free Ni** ion. The results and dis 
cussion associated with that calculation will be referred 
to frequently (as I) in this paper. A spin polarized 
calculation simply consists of letting the atomic one- 
electron wave functions of differing spin have different 
radial dependence. Due to exchange terms, a Hartree- 
Fock many-electron function with a net spin will, in 
the spin-polarized formalism, yield differences in radial 
functions for electrons differing only in the m, quantum 
number. The results showed 3d scattering factors for 
x-ray and neutron diffraction which, due to spin polari- 
zation, were measurably different. These results sug- 
gested that, for an ion like Ni**, measured absolute 3d 
neutron (i.e., magnetic) form factors could not be relied 
on to give direct and detailed information concerning 
3d electron distributions. The free ion calculation 
yielded additional results of interest. Among these was 
a Fermi contact hyperfine parameter’ (x) which was in 
rough agreement with experiment as were calculations*® 
using similar approaches 

We are here reporting on an investigation of the 
combined effects due to spin polarization and an ex 
ternal crude cubic field on charge densities, magneti 
form factors, and hyperfine parameters. The external 
field was treated in a manner similar to that reported 
for Mn* 


due to an octahedral array of six point charges. This 


in an earlier calculation *, namely a cubic field 


and other details of our model were in large part de 
termined by computational considerations. We have 
stayed within the single configuration Hartree-Fock 


R. J 
147 (1959 
* R. Nathans, S. Pickart, and J. Alperin, Conference on Neutror 
Diffraction in Relation to Magnetism and Chemical Bonding 
Gatlinburg, Tennessee, April, 1960 (to be published 
See A. Abragam, J. Horowitz, and M. H. L. Pryce, Proc. Roy 
Soc. (London) A230, 169 (1955 
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The resultant model of a Ni** ion in a 
crystalline environment is exceedingly crude. Else- 
' we have discussed some of the shortcomings 


formalism. 


where 
of the model we use here and some of the difficulties 
associated with “improving” it 

In the section which follows we briefly describe the 
calculation and discuss some of the shortcomings of the 
model. The interested reader will find further discus 
sion pertinent to the calculation in I. The third section 
reports and discusses the computational results with 
emphasis on x and the 3d scattering factors and fre 
quent comparison with spin-polarized (1) and conven- 
tional" Hartree-Fock calculations for the free Nit’ 
ion 

Before describing our calculation we must emphasize 
the crudity of our model. Because of this crudity, we 
cannot claim to predict experimental observables but 
must be content with observing only the effects pre 
dicted by the model assuming that these effects have 
some reasonable relationship to reality 


Il. DESCRIPTION OF CALCULATION 


In the present version of the Hartree-Fock formalism 
we will deal with orthonormal one-electron wave func 
tions of the form, 


¢,=| r)/r\S;(0,6)8(c), (1) 


where §,(¢) is a spin function (with a spin quantum 
and §;(@.¢) is an angular function 
The 8;(c)’s and S;(0¢)'s are assigned to the ¢,’s and the 


radial functions, [ 


number m,= +4) 


r)’s, are solved for variationally. 
he normalization condition of the U;(r)’s is: 


} (U\(R) Pdr=1. (2) 


The U;(r)’s are to be analytic, i.e. : 


U(r 


———- 
where the basis functions [ R,(r)’s ] are 
Rj(r)= Norge 


/ is the one-electron orbital angular momentum appro- 
priate for the one-electron function of which U,(r) is 
the radial part and .V, isa normalization constant. A set 
of R,’s is supplied for each / value for which Hartree- 
U’,(r)’s of common | 
value are constructed from a common set of R,’s. The 
set of .V,’s, A,’s, and Z;’s, defining the R,’s used in this 
calculation appears in Table I. This set was used in 
previous conventional and spin polar- 


Fock solutions are to be obtained 


or restricted 


\. J. Freeman and R. E. Watson, Phys. Rev. 120, 1254 (1960 
‘kK. E. Watson, Technical Report No. 12, Solid-State and 
Molecular Theory Group, Massachusetts Institute of Technology, 
June, 1959 (unpublished); scattering factors based on this cal 
culation appear in reference 12 
? Appearing in part in R. E. Watson and A. J. Freeman, Acta 
yst. (to be published 
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TABLE I. Parameters (A;, Z;, and N;) which define 
the basis set (R,;’s) 


N; 
317.18411 
3943.3516 
756.87370 
2844.7630 
468.90632 
76.593477 


R,;’s used for the 
construction of s 
functions 

(l=@0 


4.4208 


18.2297 
11.0602 
10.1407 

6.1124 


1638.3933 
469.76085 
1400.1563 
238.05644 
41.635831 


p functions 


(l=1 


d functions : 7.9639743 
l=?) ‘ 82.984888 
755.70446 
5521.2606 


ized (see 1) Hartree-Fock calculations for the free Ni** 
ion. Further discussion of the analytic Hartree-Fock 
approach and of the Ni** basis set may be found in I. 

This calculation differs with the restricted Hartree- 
Fock formalism in several ways. First, ¢,’s differing 
only in m, values are allowed different U;(r)’s. This is 
the spin polarized Hartree-Fock formalism. Secondly, 
we are placing the ion into an external cubic potential 
and we will also allow those ¢,’s of the same / which 
interact differently with the cubic potential to have 
differing U’;(r)’s. This approach was used in the earlier 
Mn** In the restricted Hartree-Fock for- 
malism ¢,’s of the same shell (” and / value) are con- 


calculation. ' 


strained to have the same [ iif). 

The cubic potential used is that due to an octahedral 
array of six point charges, each at a distance of 3.949 
a.u. from the Ni** nucleus. This distance is appropriate 
for the NiO crystal. A charge of —2 a.u. is associated 
with each point charge. This is an extremely crude 
approximation to a crystalline environment.” It will 


not, for example, produce the well-known expansion of 
%s 13 


iron series ion L’,(r)’s 

We use the strong field des ription of the ¢,’s. In 
other words, ¢,’s belong to irreducible representations 
of the cubic group. This description affects only the 3d 
shell (/=2) where the fivefold spacial degeneracy 
(m,=2,1,0,—1,—2) of a spherical environment is 
broken into a double (e,) and triple (f2,) degeneracy. 
The angular dependencies and their transformation 
properties are: 


| ¥2°(0,o) which transforms as 32?—r?/r’, 


ee) LV (0,6) +¥32(6)] 
which transforms as 2°—y*/r?_— (5) 
; LY 2?(0,.6) — ¥2*(0,¢) | which transforms as xy/?r? 
tog} 2-4 ¥ 2! (0,6) — V2" (0,6) | which transforms as yz/r’, 
l2 V5! (0,6)+ V2"'(0,6) ] which transforms as xz/r? 


% For a recent discussion of this see Freeman and Watson 


reference 2. 


AND A . 7 


REEMAN 


where the ¥,W.™’s are spherical harmonics." The argon 
core wave functions have zero valued matrix elements 
with the cubic field and the f2, and e, interact differently 
with it. Defining a radial cubic potential integral ; 


© 


V4(4 f [l i(r) PV g(r)dr, 


‘/r,® for 


where 


Vi(r)=r r>ro= 3.949 a.u. 


4 


ro/r® for r>ro=3.949 a.u 


The cubic potential energy of a /2, orbital is —4/3V‘*(t2,) 
a.u. and for an e, orbital it is 2V*(e,) a.u 

The Hartree-Fock equations are obtained by apply- 
ing the variational principle to a single configura- 
tion single determinant [ 1stis|2st2s|(2pT)*(2p!|)*3st3s| 
(3pt)*(3p1)*(to,T)*(t2g1)*(e,7)? |, the arrows denote the 
spin direction, i.e., the m, value. A separate Hartree- 
Fock equation (but with the cubic potential included 
in the 3d equations) is solved for each of the above 
listed electron types.'® 

There are several objections which can be raised 
against the computational model sketched above. There 
are the serious questions of (1) to what extent should 
one rely on the ionic model of a localized ion in an ex- 


ternal ‘‘crystalline”’ and in turn (2) how 
appropriate is a point charge potential. We are not 
optimistic” about either the potential or “improve- 


ments” on it, e.g., by including potential contributions 


potential 


from ligand overlap and metal ion-ligand orthogonaliza- 
tion in the manner of Kleiner'® and Phillips.'” Perhaps a 
scheme, such as Jarrett’s,'® includes covalent 
bonding effects (i.e., abandons the strict ionic crystal- 
line field model) would be more appropriate (but then 


whi h 


this scheme represents an almost impossibly complex 
starting point for the sort of calculation we are doing). 

Accepting the point charge crystalline field descrip- 
tion, there are objections which can be raised against 
our model of the Ni** 
U;(r)’s within each electron shell are constrained to be 


ion. If we consider the case where 


identical, we do not obtain the free ion *F ground-state 
symmetry,” but due to invoking the strong field approx- 
imation we obtain a prescribed admixture of (3d)* *F and 
’P states. This illustrates that the strong field wave func- 
tion will not behave properly for the case of weak cubic 


4 See E. U wrtley, The Theory on Atomic 
Spectra (Cambridge Universit ‘ress, Cambridge, 1953), for 
definition of phase conventions 

‘6 Since each of the 


Condon ar 


occupied 3d degenerate sets is 
completely filled, the sph ntr to the 
Hartree-Fock equation potentials are purely cubic. As a result, 
the sets of /, t2,, or e,U;(r)’s for electrons of one spin automatically 
have common radial dependence. This contrasts with the Ni 
spin polarized calculation (I) where due to the nonspherical charge, 
distribution of the 3d shell, it required, for example, a restriction 
to make the three U;,(r)’s identical 
16 W. H. Kleiner, J. Chem. Phys. 20, 1784 (1952 
17 J. C. Phillips, J. Phys. Chem. Solids 11, 226 
18H. S. Jarrett, J. Chem. Phys. 31, 1579 (1959 
% This contrasts with the earlier case’ of Mn 
to a free ion ground-state *S symmetry. 


only itions 


1959 


which does go 





CRYSTALLINE FIELD AND SPIN POLARIZATION EFFECTS 


TaBLe II defining the radial functions (U’;’s) in terms of the basis functions (R,'s) 


1 


0.91714942 
0.91715293 
0.28035290 
0.28071085 
0.10590205 
0.10522826 
7 
0.14686590 
0.14662750 
—0.04786085 
— (04523677 


12 
0.42869748 


0.45161927 
0.39813342 


The eigenvectors (Cy;’s 


Arrows denote spin values (m,= +4) 


2 


0.10098380 
0.10098603 
0.16393688 
0.16433037 
0.05057639 
0.05117850 


8 
084369677 
0.84683372 
0.33669583 
0.33945116 
13 
0.54437294 


0.57281534 


3 


0.00162160 
0.00162883 
0.68521182 
0.68673570 
0.22336352 
0.22509773 
9 
0.02086910 
0.01868763 


~0.05462141 
— 0),04339378 


14 


0.17218644 
0.17334109 
0.16893942 


4 


0.00128385 
0.00127384 
0.45151615 
045230167 
0.41218570 
0.40528274 


10 


0.02115013 
0.01911908 
0.57945798 
0.56101911 


15 
0.00423051 
0.00352357 
0.00537533 


S 


0.00023285 
0.00023173 
0.03657875 
0.03388275 
0.39933836 
039236458 


0.00276999 
0.00294307 
0.57552605 
0.58787476 


6 


~ 0.000001 13 
0.00000222 
0.00119248 
0.00124178 
0.82553764 
0.82943944 


fields where a slightly perturbed free ion *F function is 
very appropriate. The results, reported in the following 
section, will indicate that our cubic field is not of suffi- 
cient strength to really justify the use of the strong field 
approximation. “Intermediate” crystalline field wave 
functions are normally written as multiconfiguration 
wave functions. While one could obtain a variationally 
determined best set of one-electron functions for the 
construction of a multiconfiguration wave function, 
this is much more complicated than the Hartree-Fock 
formalism where one applies the variational principle to 
a single configuration. We have thus restricted ourselves 
to the strong field, single configuration case. The single 
determinant function (note that not all single configura- 
tion functions are single determinants) used by us is 
also desirable because of the particularly simple form 
taken by the results. 

Additional comparatively minor objections can be 
raised against our model. For example, while wave 
function separability [see Eq. (1) ] is rigorously correct 
for spherical environments, this is not so for cubic 
environments (as is discussed by Koster”). 

We have seen that computational considerations 
have played a major role in the choice of our model. 
Heavy reliance was placed on using programs previously 
written for the IBM 704. Most of the machine com- 
putation was done on the IBM 704 computer at AVCO. 


Ill. RESULTS 


The eigenvectors (C,,’s), which define the one-electron 
radial functions (U,’s) in terms of the basis functions 
(R,’s), appear in Table II. Table III contains the one 
electron energies (¢,;’s), the one-electron nuclear potentia! 
+kinetic energies (K,’s), the radial 3d cubic field 
integrals [ V*(z)’s }, the Slater F*(3d,3d) integral and the 

*™G. F. Koster, Quarterly Progress Report, Solid-State and 
Molecular Theory Group, Massachusetts Institute of Technology, 
January, 1960 (unpublished), Vol. 35, p. 3, and to be published 


total energy of the ion both with and without the cubic 
field. These quantities are accurately evaluated for the 
functions defined in Table II. For definitions and com- 
parison with calculated free ion results (see I). 
Comparison with the calculated free ion *F state 
total energy of — 3012.04 ry indicates that the present 
admixture of *F and *P character has led to a total 
energy for the ion in the cubic field which is higher by 
0.09 ry. The cubic field has stabilized the ion by 0.028 
ry, while invoking the strong field configuration has 
introduced an energy loss which is approximately four 
times this size. This suggests, as discussed earlier, that 


Tasie III. The one-electron energies (e's), one-electron nu- 


clear potential 


+ kinetic 


energies (K,’s), 


F* (3d,3d)’s and total energy for Ni‘? 


”(toy,t2 
F* (tag te 
F(tagsbag 
F°(e,,¢, 
F(e,,€5 
F*(€,,€) 


g 


¢ 


Spinf 


612.6610 ry 
77.3125 © 
11.3667 
67.3657 
8.2127 
2.8026 

— 3.0722 


783.7034 
192.2279 
~74.4763 
190.8907 
70.7004 
59.7699 
(5416 


0.00612 
0.00558 


9695 
0.9086 
0.5647 
2.0128 
0.9352 
0.5826 


Total energy with cubic field terms = 


Total energy without cubic field terms = 


cubic 


V*4(3d) 


integrals 


Sping 
612.6615 ry 
-77,.1590 
— 10.9695 

67.2179 

7.7290 

2.6421 


783.7037 
192.2922 

~ 74.3795 
~ 190.9860 
~ 70.4597 
59.1443 


0.00655 


1.9358 
0) 8887 
0.5515 


3011.9518 ry 
3011.9234 ry 





the choice of the strong field configuration was not and has compressed tl » unpaired e, electro 
entirely appropriate These two electrons are tl to produce 
In standard crystal field theory, a single l Fits is spin polarization effects interactio1 
relied on and this function is assumed to be common __ with electrons of parall 


, elec- larger magnitude indicate 


to ion states with differing numbers of fs, and « 
trons. This leads to a crystalline field splitting pa- 


we see that the l'yy+, 
rameter Dg which equals 


3 V*(3d) when we approximate the U’s,+, Usp, and / 
the crystalline environment by the point charge po- 

tential. Dg is simply one-tenth of the energy contributed 
by the crystalline field when a ¢ 


their counterparts of oppo 
U’,(r)’s of majority spin | 

, electron isreplacedby this is as one would ex 
an e, electron. From Table III we see a 15°% variation i 


action is attractive Tt 
in V4(3d) integrals; 


in other words, reliance on a single 
Usa(r), and in turn on its V4(3d 


observed in the spi 
, Is not fully justified. and is not it 


n tow rd | 
We should add that it is even worse to assume common 
Usa(r)’s for two different 


state has one more 


with a net spin opposite 
multielectron states where one immediate vicinity of 
and one fewer e,) orbital than Fig. 1 which shows 
the other. (This observation is based on our experien e 
with Hartree-Fock solutions and not 


calculation 


argon-like core 1. 


on a se ond 

The differences in ¢,’s and K,’s for electrons of differ- 
ing spin are greater than in the free Ni++ case (1). The 
cubic field has expanded the six “paired” f., electrons 





FIELD AND 


P’34( x-ray 


3d charge 


density, 


Fic. 2. Spin polarized 
lensity, p3d(x ra spin 
; and a hydrogenic 3d 
density, p3d(hyd < 


P3d (neutron 
charge 
for Ni*?. 


ue 


Negative values indicate regions where a negative spin 
is associated with the clectron distribution. Included in 


Fig. 1 is the Pa of the free ion calculation reported in I. 
We see that the polarization is greater in the case of 
the present calculation. 


Form factor measurements provide us with direct 
information about electron densities. We will now dis- 
cuss the 3d electron densities appropriate for the calcu- 
lation of one-electron scattering factors for x-ray and 
neutron diffraction, i.e., the appropriate p3a’s appearing 
in the spherical part of the form factor, given by 

: sinkr 
| Psa\V)- dr, 
. kr 


foalk 


the & is 4 sin#/X. 
scattering factor consists of an argon core contribution 
[put a plus sign in the right-hand side of Eq. (8) and 
insert the 


where The total ion coherent x ray 


resultant into Eq. 
The 3d 
terms of an average one-electron 3d charge density, i.e. ; 


(9) ] plus a 3d shell con- 


tribution. contnbution can be described in 


Padix: " yt CU tegs P+ 2 U eg: | (10 


Neutrons, on the other hand, interact only with the 


ion’s spin density and dividing this density by the 
number of unpaired spins of the ion, we can define; 


P3d 


togs |) + 4px. (11 


/ 


The two densities are identical in the conventional 
Hartree-Fock description where the three L’34’s are 


identical and p4 equals zero. The present calculated 


SPIN 


POLARIZATION 


values for these appear in Fig. 2. Included is the charge 
density for a hydrogenic function that would yield an 
its F?(3d,3d) 
integral matches the average of those in Table ITI). 
Note that p3u/x ray) ANd Padineutron) Can neither be well 
approximated by a hydrogenic p nor brought into each 
other simply by scaling.” 

Various relevant 
core and total ion 


almost identical multiplet spectrum (i.e., 


3d scattering factors and the argon 
coherent scattering factors 
appear in Table IV. Figure 3 depicts /, 5 
and a form factor for the hydrogenic density of Fig. 2. 
Comparison with form factors’? obtained from a re 
stricted Hartree-Fock Ni** function" shows that the 
two argon core scattering factors agree closely, with the 
result for the present calculation lying higher by as much 
as 0.005 electron unit (e. u 


X-rays 


i(neutron 


, (indicating a slight argon 
core charge density contraction). The fax ray) and the 
restricted fsa also agree closely with the former lying 
lower by as much as 0.0008 e. u. This differs with the 
free ion spin polarized fax ray) Which lay higher than 
the restricted fsz. This is due to the cubic field which 
acted to expand the ¢,, functions and contract the e,’s. 
This coupled with the greater occupancy of the ht, 
type caused a slightly expanded pgacx ray) and in turn 
a lower faaix ray)- 

Of greater interest is the substantial difference be- 
tween feaineut: ray). Lhis is twice the effect 
observed for the spin polarized free ion calculation and 


and ads 


In I? the inability to use scaling ar 
ing hydrogenic 3d functions was « 
Watson” for an indication of the effect of using a hydrogenic 3d 
function in a calculation for the well-known crystalline field 

litting parameter Dg 


| the poor approximation 
See Freeman and 


f 
of us 


iscussed 
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Tasie IV 


? Ilegt fet 
1.0000 
0.9795 

9?1 3 
8347 


7314 


1.0000 
0.9787 
0.9186 
0.8292 
0.7234 
0.6128 
0.5066 
0.3267 
0.1973 
0.1111 
0.0566 
0.0238 
0050 0.0050 
OOSS5 0.0052 
0106 0.0100 
0124 0.0119 
012 0.0120 
O11] 0.0113 
0104 0.0101 


1.0000 
0.9804 
0.9248 
0.8416 
0.7416 
0.6355 
0.5316 
0.3503 
0.2148 
0.1219 
0.0621 
0.0257 
0.0049 
0.0062 
0.0114 
0.0132 
0.0132 
0.0122 
0.0109 


an order of magnitude greater than current neutron 


diffraction experimental accuracy. Three-eighths of this 
difference is due to the difference 
3d ; a similar fraction is due to the spin polarized 


xtra ’ 


between leg and 


fo, electrons and the remaining quarter is due to the 


argon core contribution. In other words, spin polariza- 
tion of ‘‘paired” electrons is the larger source of the 
difference and the charge density associated with the 
magnetic stron) Of Fig. 
clo ely resemble that of any of the 3d orbitals. At this 
a point made earlier, namely that 


ults of this section are not to be interpreted asa 


form factor (p,; 2) does not 


point we must stres 
the re 
results, but rather as an 


pre clic tion of ( xpe rime ntal 


Fic. 3. Magnetic form factor, f3d(n 3d x-ray form fac 
tor, f3d(x ray); and a 3d hydrogenic form factor, {3d(hydroget 
for the corresponding electron densities of Fig. 2 


AND 


Form factors for spin polarized Ni** 


f3d(x ra 
1.0000 
0.9794 
0.9212 
0.8344 
0.7309 
0.6222 
0.5170 
0.3366 
0.2046 
0.1156 
0.0589 
0.0246 
0.0050 
0.0056 
0.0106 
0.0124 
0.0125 
0.0117 
0.0104 


OOSU) 
O138 
0.0156 
00154 
0.0141 


0.0123 


indication of some effect 
case of form factor 
produce the expansio! 
salts which are sugges 

integrals and spin-orbit couy 

have been observed in absolute f; measure 
ments! for Mn**. The eff 
factor predicted by our « 

as the effect 


opposite direction. This 


lorm 

> Same order 
of magnitude expansion, but of 
' analysis (using 
optical absorption di imilat that carried out 
earlier? for Mn*~. The iple conclusion to be draw1 
from Table IV is that for an ion with paired 3d elec- 
trons, such as Ni**, it is d to interpret experi- 
direct 


ngerou 
mentally observed magnetic form factors as 
Fourier transforms of 3d charge densiti 
We have only had occasio! 
part of the form factor [see Eq 
emphasize that the a l f 
smooth curve but will shor 
by Weiss and Freen I 


cording to the prescription of 
Let us 


ymntact hype rfine 


parameter® (x) whi ccul al hyperfine inter- 


now ¢ 
I being Hartree-Fock 


action g the 
takes the 


function it 


where the subscript denotes | t the term is to be 


evaluated for that value of inctions contribute 
to x. While the commort toy have 
spin, we can rely on tl bservation of Abragam, 


ubly ionized iron 


no nuclear 


Horowitz, and Pry e that x, f 
series ions in salts, has a r hh) ynstant 
~ 3.0 a.u. Table V lists th ntributions to x from the 


is, 2s, x’s for the present 


value of 


and 3s she 





CRYSTALLINE FIELD AND 
calculation and the earlier free ion spin polarized calcu- 
lation (I). Again we see that the spin polarization is 
generally greater in the present calculation. Despite 
this we obtain a smaller x, (note the reversal of core 
spin densities near the nucleus in Fig. 1) which is in 
better agreement with experiment than the free ion 
value by about 20%. This is due to the comparatively 
large change in the 3s shell contribution. Because of the 
competition between terms of differing sign, the value 
of x is quite sensitive to 3s function behavior which is in 
turn comparatively sensitive to 3d behavior. Marshall” 
has made similar observations. Effects beyond the 
Hartree-Fock formalism may also be expected to appre- 
ciably perturb the value of x. Therefore, we would not 
be surprised if the good value of x was accidental rather 
than due to fundamental “rightness” of the 
calculation. 

In concluding the discussion of x we should note that 
the calculation relied on a rather limited basis set (the 
R;’s) which was chosen for its ability to describe the 
over-all properties of the ion wave function and not 
details of the function near the nucleus. We are in- 
vestigating the possible effect of the limited basis set 
on the computed value of x. 

Another hyperfine parameter is (r~*) which is the 
expectation value of r~* for the 3d functions. This 
parameter is normally related to the spectra by assum- 
ing a restricted Hartree-Fock description of the ion. 
The calculated values of (r~*) are 7.10, 6.91, and 7.32 
a.u. for the foot, fogs, and e,+ orbitals,respectively. These 
have little relation to experimental values because of 


some 


the failure of our model to produce the earlier men- 
tioned 3d expansion. Interpolating from Abragam, 
Horowitz, and Pryce’s tables we obtain experimental 
r~*)’s of 6.3 a.u. for a neutral (3d)*(4s)? Ni atom and 
5.8 a.u. for Ni** in a salt. Due to the absence of the 3d 
expansion one would expect better agreement of our 
values with the neutral Ni value (which represents a 
smaller perturbation on the Ni** 3d functions than does 
the crystalline environment of the salt). 


zw Marshall (private communication), and also see W 
Marshall, Phys. Rev. 110, 1280 (1958). 
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TasLe V. Calculated Fermi contact term parameters (x’s) for 
the free Ni** ion and Ni** in cubic field spin polarized Hartree- 
Fock calculations. Individual s-shell contributions are listed. 


Free Ni** Ni** 


from I 


in cubic field 
present calculation) 


0.32 a.u. 
10.10 
7.15 
3.27 


Contribution to 
x from 


the 1s shell 
2s shell 
3s shell 

Total x 


0.27 a.u 
9 62 
5.95 


3.94 


IV. CONCLUSIONS 

We have been investigating the effects predicted by 
a spin-polarized Hartree-Fock calculation for Ni** in 
a crude cubic field. We made use of the ctrong field 
description of the ion, and the results suggest that such 
a description is not appropriate. The results of greatest 
interest have been those dependent on the ion’s spin 
distribution. Those discussed were the Fermi contact 
hyperfine term and the magnetic form factor. The con- 
tact term x was smaller in magnitude that the calcu- 
lated free ion result despite greater spin polarization. 
It was also in substantially better agreement with 
experiment. 

Perhaps of greater interest is the 3d magnetic form 
factor, {3d(neutron), which has a Fourier transform which 
resembles none of the 3d charge densities but instead 
represents a comparatively contracted electron dis- 
tribution. The same effect was observed for the earlier 
spin polarized free ion calculation (1) but here it is a 
factor of two greater. This result suggests that for an 
ion like Ni**, an absolute measurement of a [3d(neutron) 
cannot be directly related to a Fourier transform of a 
3d orbital density. 
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The Dember effect has been investigated ir 
i measurement 


for a particular wavelength and intensity 
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the normal polarity effect 


INTRODUCTION 


HE appearance of a potential difference between 
two faces of a crystal when radiation is incident 

on only one face of the crystal is known as the Dember 
effect or crystalline photoeffect. Dember'? attributed 
this voltage to the diffusion of optically excited electrons 
when the light was absorbed nonuniformly throughout 
the sample. Based on this postulated mechanism, the 
potential of the illuminated face should be positive 
with respect to that of the dark face. When this occurs, 
the effect is said to be positive or normal. If the po 
tential is reversed, the effect is said to be negative or 
inverse 

A more extensive theory for the effect, taking into 
account the motion of both electrons and holes, was 
first developed by Frenkel.** He pointed out the basi 
equations describing the effect and obtained solutions 
to these equations for two special cases in an intrinsic 
semiconductor. One solution assumed intense illumina- 
tion or low temperature so that the carrier concentra- 
tion during illumination was large compared to its 
thermal equilibrium value. The other solution assumed 
very weak illumination or high temperature 

More recently, solutions for an n-type semiconductor 
have been obtained by Moss ef al.§ for the same two 
limiting cases treated by Frenkel. The only essentially 
new feature in this work was the inclusion of surface 
recombination 
certain features in 


[hese solutions have common. 


hey both predict no variation of Dember potential 


} 
i 


with light intensity at high light levels and a linear 


, 
variation at low levels. Both 


assume a very large optical 
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The effect has been resolved into a self-sustaining comy 

of incident light) and a nonse 
The steady-state self-sustaining effect has been four 
illuminated face of the sample is coated with silver 


rhe normal or positive polarity self-sustaining eff 
I ) 


ngths, both ir 


\ possible explanation for this behavior based on the existence of 


to exhibit a pea 


absorption coethcient hat a neration of hole 
electron pairs occurs in a 
the illuminated surface. Asa result, tl 
no dependence of the potential on the 
the incident addition 


very thin layer adjacent to 


€ solutions exhibit 
: 


wavelength of 


radiation. In even though al 
generation is assumed to occur adjacent to the surface, 
the possible existence of a Space Charge layer near the 
the surface is not considered 
In the course of this work 
using approximations more appropriate to an insulator 
like Ag( 1. This solution does exhibit 
pendence, but one which differs appreciably from the 
observed dependence 
being attempted, but the 
it can be obtained, may be questi 
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investigated both in single cryst 
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the peak of the effect at temperatures below 203°K 
because of what he termed an “unstable polarization.” 

In addition to the positive effect, Kotliarevsky also 
found the inverse effect at longer wavelengths at tem- 
peratures of 255°K and 203°K. He could not obtain 
a spectral distribution of the effect below 203°K, but 
he noted that at 100°K the effect was negative over the 
entire spectrum. This would indicate that if the ob- 
served photoeffect were truly a photodiffusion effect, 
the mobile carriers were principally holes. The findings 
of most investigators’? indicate that in AgCl, holes 
are much less mobile than electrons if they are mobile 
at all. 

The object of the present investigation was to make 
a more thorough study of the effect in AgCl preliminary 
to using it as a tool for further studies on the electronic 
properties of the silver halides. 


EXPERIMENTAL TECHNIQUE 


A chopped light-ac amplification system was used for 
all the measurements. The radiation from a tungsten 
filament source with a quartz envelope was square wave 
modulated at 13 cps before entering a monochromator 
with a quartz prism. For a monochromator slit width 
of 2004, the incident photon current on the sample 
varied from at 0.35 4 5X10" 
photons, sec at 0.4 uw. The electrical signal from the sam- 
ple was amplified by a preamp followed by a 13-cps 
amplifier, and then was rectified by a mechanical recti- 
fier operating in synchronism with the light chopper 
To permit compensation for the phase characteristics 
of the sample, the rectifier was connected to the light 
chopper through a differential. The output of the recti- 
fier was recorded after passing through a low pass filter. 

All measurements, unless otherwise noted, were made 
at liquid nitrogen temperature. 

Four samples were cut from a crystal grown at East- 
man Kodak Research Laboratories." Details of the 


10" photons, sec to 
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al 
Fic. 2. Wavelength dependence of photoresponse fer AgCl with 


a silver electrode on the illuminated face. Kotliarevsky’s data at 
203°K are included for comparison 


growth, treatment, and analysis of the crystal are given 
elsewhere.'® Spectrochemical analyses indicated just 
detectable concentrations of Al, Mg, and Si, in this 
particular sample. After being cut from the main boule, 
the samples were treated by a method similar to that 
described by Haynes."’ Following this treatment a grid 
of semitransparent silver lines 3 mils wide separated by 
3-mil spaces was evaporated on to one face of samples 
1 and 2, while the other face of each sample was coated 
with Aquadag. The dimensions of the final specimen 
were approximately 1.5X0.8X0.3 cm, with the smallest 
dimension in the direction of the incident light. 


EXPERIMENTAL RESULTS AND DISCUSSION 


Photoresponse of Sample 2 in the Region 
0.35 to 1.0 u 


The significant electrical circuit is shown in Fig. 1. 
If the branch containing R, is open circuited, the effec- 
tive value for R, is greater than 10° ohms. All experi- 
mental data are given in terms of the voltage at the 
grid of the input tube in Fig. 1. 

With R,>10° ohms, the spectrum was scanned from 
the long wavelength end toward the short wavelength 
end. No electrical signal was detected during this first 
scan. However, upon sweeping through the spectrum 
in the opposite direction, a small peak of positive po- 
larity was found near 0.38 4 and a much smaller and 
broader response of opposite polarity was found at some- 
what longer wavelengths. Subsequent scans produced 
similar results, although the nature of the response 
during any scan depended quite strongly upon the pre- 
vious illumination. A typical response is shown in Fig. 2. 
In the same figure, a response curve for a somewhat 
higher temperature (120-125°K) and Kotliarevsky’s® 
de measurements at 203°K are shown for comparison. 

It should be noted that the peak of the positive 
response shifts toward shorter wavelengths with decrease 
in temperature from Kotliarevsky’s measurements at 
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lic. 3. Variation of photoresponse with time for different load 
resistances 


Silver electrode on illuminated face 

203°K, through our measurements at 125°K, and to 
our measurements at 88°K. Because of the construction 
of our Dewar, we could not follow the wavelength shift 
of the peak above 125°K or below 88°K. 

These two peaks behaved quite differently as func- 
tions of time. If the output of the monochromator was 
set for 0.38 uw, the photoresponse increased with time, 
reached a maximum, then decreased approaching a non 
zero constant value asymptotically.'’ On the other hand, 
if the monochromator output was set at the middle of 
the broad longer wavelength peak, the response de 
creased with time and approached zero asymptotically. 
In fact, for any monochromatic radiation of wavelength 
longer than about 0.4y, the response appeared only 
if the sample had been given a prior exposure to radia 
tion shorter than about 0.4 uw; and, after its appearance, 
the response always decayed to zero with time. We 
shall refer to the shorter wavelength response as ‘‘self- 
sustaining” (SS) and to the longer wavelength response 
(NSS). 

This time dependence suggests that the SS response 


as ‘“‘nonself-sustaining”’ 


arises from the intrinsic generation and subsequent mo- 
tion of hole-electron pairs, but that the NSS response 
arises from the optical excitation, and subsequent mo- 
tion, of electrons from traps. The polarity of the SS 
response is a consequence of the larger electron mobility 
as compared to the hole mobility. The inverse polarity 
of the NSS response indicates that the electrons released 
from traps move primarily by drift in the space charge 
or polarization fie!d resulting from the nonuniform trap- 
ping of carriers during the SS response. The decay of 
the NSS response to zero with time results either from 
the depletion of traps, or a redistribution of charge in 
traps to destroy the internal field, or both. 

The absence of any response during the first scan 
from longer toward shorter wavelengths even through 


18 This response is referred to later as having an initial overshoot 
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the SS peak suggests that no response can appear until 
traps are filled."* The unfilled traps act as sinks for the 
first group of optically generated carriers preventing 
these carriers from diffusing through the sample to 
establish a photodiffusion potential across the sample. 

Although this is probably an overly simplified inter 
pretation, other observations to be discussed later tend 
to indicate that this interpretation is at least qualita- 
tively correct. 

The magnitude of the steady-state SS response varies 
with the magnitude of R, 
R,> 10° ohms before the switching transient. Time con- 
stants 2, 


as shown in Fig. 3, where 
3, and 4 are characteristic of the amplifier 
and recorder, but time constant 1 is longer than any 
in the amplifier or recorder and must be characteristk 
of the sample itself 

The initial increase in response when R, is decreased 
from > 10° ohms to 10’ ohms we attribute to a decrease 
in the space charge field against which the electrons 
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e illuminated ¢ 


diffuse during the light-on portion of the chopping cycle. 
The decrease in response with further decrease in R, 
is strictly a circuit effect 


If the illuminated crystal is replaced by a voltage 
generator with output voltage V» and series resistance 
R, because of the relative impedances at 13 cps of the 
various circuit elements the actual circuit of Fig. 1 may 
be replaced by the equivalent circuit shown in Fig. 4. 
The grid voltage in this circuit is 


V-'=(10-7R+1)} 


A plot of V' vs Ri 
in Fig. 4. The fact that the observed points lie on a 
straight line justifies the equivalent circuit assumed for 
the illuminated crystal. In addition, from this curve 


+RVoIRL 


from the data in Fig. 3 is shown 


4\. Rose, 


% For a discussion of the meaning of ‘‘trap filling”’ see 
Phys. Rev. 97, 322 (1955 
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we find Vo=0.58 mv and R=5.1X10* ohms when the 
photon current incident on the crystal is approximately 
10" photons/sec. 

It follows, then, that if Rz is increased from 10? ohms 
to >10° ohms, the photoresponse should increase im- 
mediately to the point x on the straight line of Fig. 4, 
after which it should decrease as the space charge field 
against which the carriers diffuse during the light-on 
portion of the chopping cycle increases. This behavior is 
observed experimentally as is shown in Fig. 5. 

If one starts with an unpolarized crystal, the SS 
response increases with time shown in Fig. 6. For Ry, 
equa! to 10’ ohms or less, there is no initial overshoot 
in the response. During the buildup time, the electroni: 
population of traps is increasing and a steady-state 
response is achieved only after the trap population 
reaches a steady-state value appropriate to the incident 
light intensity and the temperature of the sample. 

Further evidence for the influence of traps on the 
response is furnished by the phase difference between 
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Fic. 5. Time dependence of photoresponse after load resistance 
is switched from 107 ohms to 10° ohms 


the photoresponse and the incident light. The differ- 
ential setting for maximum response at the SS peak was 
about 48° lagging for R,<10’ ohms. That is, the syn- 
chronous rectifier lagged behind the chopper. In the 
neighborhood of the SS peak the optimum differential 
setting was practically independent of wavelength. 

During the light-off portion of the chopping cycle the 
trap population decays as electrons are released therrn- 
ally from shallow traps. After the light is turned on, 
the trap population must build up again to its steady- 
state value under illumination before the maximum 
response is achieved. 

The variation of the steady-state SS response with 
light intensity is shown in Fig. 7. For these measure- 
ments, the monochromator slit width was constant and 
the attenuation was obtained with a Kodak photo- 
graphic step tablet calibrated at the same wavelength 
at which the photoresponse was measured. At “high” 
light levels the response varies approximately as the 
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Fic. 6. Buildup of self-sustaining response at 0.383 in un 
polarized AgCl. Silver electrode on illuminated face 


0.7 power of the intensity, but at low levels the response 
is superlinear, varying even more rapidly than the 
square of the intensity. 

This behavior points out the inability of the existing 
theories to describe the Dember effect in insulators, and 
indicates that the trap distribution must be fairly com- 
plex."® Because of this complex trap structure, a complete 
solution to the basic equations, if such were obtainable, 
would result in rather unwieldy expressions whose 
practical utility might be questionable.*® 
' The wavelength dependence of the SS response was 
determined by sweeping through the spectrum first in 
one direction and then in the other. Typical results are 
shown in Fig. 8. As is evident from these results, the 
response depends upon the scanning direction. The time 
taken for one scan was about 1.5 minutes. A point by 
point measurement of the wavelength dependence was 
also carried out and these results are included in Fig. 8. 
At any wavelength, the response was time dependent. 
When the wavelength was changed, the response under- 
went an immediate change followed by a slow change 
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hic. 8. Wavelength dependence of self-sustaining response 
Silver electrode on illuminated face. The photoconductivity and 
measurements of Gilleoare included for comparison 


optical density 
over several minutes. In making the point by point 
measurements, a period of about 5 minutes was allowed 
for the response to reach a steady-state value after each 
wavelength change. For purposes of comparison, Gilleo’s 
photoconductive response and optical density vs wave 
length curves “are also included in Fig. 8. 


Photoresponse of Samples 3 and 4 in the 
Region 0.35 to 0.45 u 


All the measurements described so far have been for 


sample 2. After these measurements had been made, it 


was observed that the grid of silver lines which had 
been evaporated on sample 1 had dissappeared. The 
grid of lines on sample 2 was still clearly visible, although 
some of the silver may have disappeared. Samples 1 and 
2 were coated at the same time but had subsequently 
existed in different environments. Sample 1 had been 
kept in complete darkness at room temperature and 
atmospheric pressure awaiting use. Sample 2 had been 
it a pressure of 10°-° mm of Hg most of the time and 
at liquid nitrogen temperature part of the time during 
all the measurements which we have just described. 
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The period during which the lines disappeared was 3 
months or less. The reason for the disappearance was 
not investigated, but from the work of Wiegand” it 
seems reasonable to assume that the silver diffused into 
the AgCl. 

Because of this observation we repeated the measure- 
ments on two more samples, samples 3 and 4, whose 
For these measurements 
Fig. 9 preceded the 


front surfaces were uncoated 
the electrometer circuit shown in 
preamplifier of Fig. 1 

The photoresponse of Sample 3 near the optical ab- 
sorption edge differs considerably from that in sample 
2, although there are features common to both. There 
is a buildup of response with time in both samples, 
but the differential setting for maximum signal is quite 
different between the two crystals. For crystal 2, the 
optimum differential angle at the 0.38 « peak was 48° 
lagging, and in the neighborhood of the peak it was 
practically independent of wavelength. For crystal 3 
the optimum phase angle was strongly dependent upon 
the light. In fact, for a 


the wavelength of incident 
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10. Buildup of self-sustaining 
polarized AgCl. No electrode 


response at 0.383 g in ur 


illuminated face 
given differential setting, either polarity of SS response 
could be observed depending upon the wavelength of 
the incident light. 

The buildup with time of the SS response at 0.383 u 
for a differential angle of zero is shown in Fig. 10. The 
initial response is in the inverse direction but then it 
The circuit 
parameters during these measurements were such that 
the nature of the inverse response can not be due only 


changes with time to the normal direction 


to a shift in the phase of the photoresponse signal with 
a change in the sample resistance 

The variation of SS response with wavelength for a 
differential angle of zero is shown in Fig. 11. Each point 
is the steady state value of the response at that wave- 
length, measured 5 minutes after the wavelength was 
changed. Instead of making point by point measure- 


ments as was done for the data in Fig. 11, one can sweep 


through the spectrum and obtain the type of results 


shown in Fig. 12. For these measurements the time for 


one complete sweep was 1.5 minutes. In these sweeping 
”™ D. Wiegand 


private comn 


nication 
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measurements steady-state conditions are not realized, 
and the results depend on the speed, duration, and direc- 
tion of the sweep, as well as on the previous state of the 
crystal. In Fig. 12 four consecutive sweeps are shown 
Several preliminary scans were made before taking the 
data shown in order to obtain fairly reproduceable 
results. 

If the sweep is extended in the longer wavelength 
direction, on the return sweep the negative peak de 
creases in magnitude but the positive peak increases 
By extending the sweep far enough in the long wave- 
length direction, the negative peak may be eliminated 
completely on the reverse sweep. Conversely if the 
sweep is extended sufficiently far in the short wave- 
length direction, the positive peak may be eliminated 
on the subsequent sweep. 

To determine whether shallow traps played a signifi 
cant role in these results the sample was kept in darkness 
for 30 minutes at 88°K after sweep number 4 of Fig. 12. 
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Wavelength dependence of steady-state self-sustaining 
No electrode on illuminated face 


response 
If all trap levels had activation energies of 0.3 ev or 
greater, the electronic state of the crystal should not 
change during this 30 minute standing time. The time 
constant for thermal emptying of traps of this energy 
(assuming a vibration frequency factor of 10* sec~') is 
of the order of 10° sec or longer. Thus only about 1 in 
10° traps should empty during this 30 minutes standing 
time. Consequently the next sweep should produce a 
response much like that of curve 3 in Fig. 12. 

The actual response after the standing time is shown 
in Fig. 13. The fact that this response is completely 
different from curve 3 in Fig. 12 indicates that shallow 
traps are playing a significant role in the photoresponse 
process.” Furthermore, the actual response curve may 
be synthesized by a superposition of the two dashed 
curves, suggesting that two competing processes, which 

21 Some preliminary work on thermally induced conductivits 


which we have done also indicates that shallow traps are present 
in our samples. See also reference 14 


i 
WAVELENGTH, 


TORE SPONSE 


PHO 


ZERO DIFFERENTIAL ANGI 
+ 





dence 


Fic. 12. Wavelength deper of self-sustaining response 
with repetitive scans of the spectrum. No electrode on illuminated 
Each scan takes 1.5 minutes 


lace 
produce photoresponses of opposite polarity, may be 
operative. 

Similar measurements were taken on sample 4 with 
the same qualitative results. 

We propose the following explanation for the observed 
behavior of samples 3 and 4. If there is an electric field 
within the crystal, optically generated carriers may 
move by a combination of diffusion and drift. If this 
field is in the appropriate direction, these two mechanism 
tend to produce motion in opposite directions for the 
predominant carriers. We assume the normal Dember 
effect results when diffusion is the dominant process 
with the light on, whereas the inverse Dember effect 
results when drift is the dominant process. 

Since there are no external fields applied to our sample, 
we postulate that an electric field exists just inside the 
free surface. Bardeen™ has shown that such a field may 
exist under the proper conditions. Let us assume the 
energy band diagram of Fig. 14 for the free surface 
in equilibrium. In this diagram C and V are the edges 
of the conduction and valence bands, respectively, and 
u is the Fermi energy of the crystal. The assumed dis 
tribution of surface states is such that there is a net 
positive charge on the surface which is compensated by 
a negative space charge layer extending a distance \ 
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Fic. 13. Wavelength dependence of self-sustaining response 
after crystal has been kept in the dark at 88°K for #0 minutes 
following a scan from longer toward shorter wavelengths 
71, 717 
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“FILLED SURFACE STATES 
lic. 14. Postulated energy diagram at free surface of AgC] at 
low temperatures. The Fermi level is indicated by yw. Zo is the 
energy below the conduction band to which surface states must 


be filled for charge neutrality at the surface 


into the bulk of the sample. Thus there is an electric 
field over the range A 

l'ree carriers generated in this Space charge region 
would tend to drift as shown in Fig. 14 and to produce 


an inverse Dember effect. However, if the light is ab 


sorbed nonuniformly in this layer, both carriers would 
tend to diffuse away from the free surface and to pro- 
duce a normal Dember effect. Thus there are two com 
peting processes for the motion of the principal carriers 
in this assumed energy diagram 

We would expect drift to predominate when the con 
centration gradient in the space charge region is small, 
and diffusion to predominate when the concentration 
gradient is large. Thus we would expect to observe the 
inverse Dember effect at long wavelengths where the 
absorption coeflicient for the light is small, but to ob 
Dember effects 


where the absorption coeffcient is sufficiently high to 


serve normal at shorter wavelengths 


produce a large concentration gradient. This is just 
what is observed in samples 3 and 4 
Additional! evidence in support of this proposed model 
s furnished by the time variation of the response shown 
in Fig. 10, and by the phase ¢ haracteristics of the signal 
for this sample 
Because of the nonuniform spatial generation of free 


pairs in the sam} le, traps should fill most rapidly al 


the illuminated surface and progressively less rapidly 
toward the dark surface. Thus drift in the space harge 


} 


region should be the initial dominant process, leading 


to the initial inverse response. As traps fill throughout 
the rest of the sample, diffusion throughout the whole 
sample should become progressively more important 
and eventually should become the dominant process, 
leading to the final normal response 

The optimum phase of the 


signal 


varied considerably with the w ivelength of the in ident 


AND 


for this sample 
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light. Such a phase characteristic would be expected if 
the electrical signal were actually the superposition of 
two signals with different phases (not 180° apart) and 
with amplitudes which varied differently with the wave 
length of the incident light 

It should be pointed out, however, that even though 
the experimental evidence suggests the model we have 
proposed, we do not have independent evidence for the 
energy band diagram we have assumed, nor do we have 
] 


an estimate of the order of magnitude of the extent A 


of the space charge region 
FURTHER COMMENTS 


The essential difference between samples 2 and 3 is 
that the front face of sample 2 
while that of sample 3 was not 
in which the surface coating could affect the sample: 


the surface 


was coated with silver 
There are three ways 


(1) by changing the surface properties, i.e., 
state distribution, (2) by producing a double layer of 
charge at the silver-silver chlorine interface, and (3) 
by diffusing into the AgCl and changing its bulk prop- 
erties, i.e ion [It may not be possible 


1 (2). }] Any 


, the trap distribut 
physically to differentiate between (1) and 


absence of a self 


ts could explain tne 


sustaining, inverse photoresponse on the coated sample 


has been obtained as ve 


one of these effec 


Not enougti evidence y specu 


late further in this directio1 


surlace 
that the 
the bulk 


is are some other Ler nniques, 


Since the results depend so strongly on the 


Sampies 


condition of the 
Dember effect is 


properties of insulators 


not as 





e.g., photoconductiy Vv witl iniiorm lumination on 


the sample. It may be good tool for the study of 


interface layers between materials, but much more work 


must be done before this can be established 


SUMMARY 


The Dember effect in Ag has been resolved into a 


self sustaining component whicl reac hes a Ste ady State 
value (for a particular wavelength and incident light 
intensity), and a nonself-sustaining component which 


The 
after prior illumination with intrinsically 
The stea 
has been found to be of o1 J 


illuminated face of the sample is 


decays with time nonself-sustaining component 
occurs only 
absorbed light dy-state self-sustaining effect 
one polarity when the 
vated with silver 


However, both polarities are present when the illum 
or positive effect 
shows up at a shorter wavelength and t! 


A possible 


behavior has been suggested 


inated face is not coated. The norma 
e inverse effect 


at a longer wavelength explanation for this 
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of lattice thermal conductivity with respect to 
the effect of 


The consequences of a simple, phenomenological, theory 
the effect of point imperfections are summarized 
varying the concentration of Li* on the conductivity of lithium fluoride are analyzed in 


The experimental results of Berman ef al. on 


detail 


INTRODUCTION 


HE principal object of this note is to show that a 
simple, phenomenological theory of lattice ther 
mal conductivity’ is capable of giving a reasonably 
good account of the experimental results concerning 
the effect of varying the concentration of the isotope 
Li® on the conductivity of lithium fluoride. It first 
seems desirable, however, to summarize the assump- 
tions of this theory and to present its conclusions with 
respect to the effect of point imperfections on lattice 
thermal conductivity at both low and high tempera 
tures. Some of the results given here have also been 
obtained by Ambegaokar’ and by Blair.’ 
The theory incorporates the following rather sweeping 
(1) A Debye spectrum is assumed for 
and 


assumptions: 
the phonons. Thus, effects due to anisotropy 
dispersion are neglected. (2) It is assumed that all 
phonon scattering processes can be represented by 
frequency-dependent relaxation times. for scattering 
by point defects, we put 


Tp '=Ao, 1 


where A is independent of temperature.‘ For phonon 


phonon scattering processes we put 


Ty S(T). 2 


We shall suppose that S(7) is proportional to tempera 
ture at high temperatures. At low temperatures, we 
assume that Herring’s fifth-power law is obeyed?: 
rhus, $(7)« 7*. We may, however, expect a further 
temperature variation of S(T) associated with Umklapp 
processes. Thus, for low temperatures, we shall put’ 
S(T)=B(T)T*. 3 
Cd 
1046 (1959 


114, 488 (1959 
164 (1960 


1 J. Callaway, Phys. Rev. 113 

?'\V. Ambegaokar, Phys. Rev 

+ J. Blair, Bull. Am. Phys. Soc. 5, 
Klemens, Phys. Rev, 119, 507 (1960 

*P. G. Klemens, Proc. Phys. Soc. (London) A68, 1113 

’C. Herring, Phys. Rev. 95, 954 (1954). At low temperatures 
considering normal three-phonon scattering processes, the re 
laxation times must obey r7™!~wt7*"¢ 

*The ordinary theory of Umklapp processes would give 
BT*e*/*T, where @ is the Debye temperature and a is a constant 
characteristic of the vibrational spectrum. P. G. Klemens, in 
Encyclopedia of Physics, edited by S. Fltigge (Springer-Verlag, 
Berlin, 1956), Vol. 14, p. 198. 


See also P. G 


1955 


Finally, at low temperatures, we must take account of 
boundary scattering. This will be represented by a 


constant relaxation time 
TR a (4) 


where v, is the velocity of sound and L is a characteristic 
length.’ 

(3) We shall assume the additivity of the reciprocal 
relaxation times. In the body of this paper, we do not 
distinguish between normal! three-phonon scattering and 
Umklapp processes, and thus neglect a correction result- 
ing from the fact that normal processes conserve the 
total momentum of the phonon system.’ The effect of 
this correction is considered briefly in an appendix for 
the case in which normal processes dominate the 
scattering. 

The resulting theory 1s, of course, greatly over- 
simplified. It does have some advantages over previous 
approaches in that the additivity of thermal resistivities 
due to specific scattering mechanisms is not assumed. 
It is not necessary to impose arbitrary cutoff procedures 
It will be shown in particular 
that a specific thermal resistivity due to defect scat- 
tering can be defined only when this scattering is small 


in comparison to that produced by other processes. 


on divergent integrals 


From the combined relaxation time, 
T° fo TT! rts “se (5) 


the thermal conductivity, «x, is computed in the fol- 
lowing way [reference 1, Eqs. (19) and (20) ]: 
K exp(hw/KT) 

k f rc(w es 

2x1 KT/ [exp(hw/KT)—1} 


hw \? 


We introduce the dimensionless variable +=tw/KT. 


Phen 
K /KT\? °°? x‘e* 
" ) f r(x) dx, (6) 
2n70,\ h J» e7—1)? 
In these equations, K is the Boltzmann’s constant and 


7 Strictly, it is necessary to take account of the fact that 
boundary scattering occurs at the boundaries of the specimen and 
not in the bulk. C. Herring, Phys. Rev. 96, 1163 (1954). 
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6 is the Debye temperature. We now have 
to l(a Dx+ Ex?+1,/L, 7) 
where 
D=A(KT/h)'; E=S(T)(KT/h 


It will be observed that the thermal conductivity, 
like the vibrational specific heat, is determined by an 
integral over the entire vibrational spectrum. If re(a 
were a constant, the thermal conductivity would be 
proportional to the specihe heat. However, the strong 
inverse frequency indicates that 
relatively long-wavelength phonons are of principal 
importance for the heat current. Consequently, use of a 
Debye spectrum in the theory of thermal conductivity 
may be justified even for temperatures for which the 
specific heat is not given correctly. Of course, details 
of the vibrational 
portance the 


dependence of 1; 


spectrum are of much greater im 


in determination of the relaxation time 


themsel ve 


II. DEFECTS AT LOW TEMPERATURES 
At 


dominant, although 


very low temperatures, boundary scattering is 
significant departures from the 
predicted 7* dependence of the thermal conductivity 
will be observed if point defect or dislocation scatte ring 
is appreciable.’ Our interest here will primarily concern 
temperatures high enough and samples large enough 
for the boundary scattering to be considered 
Phis the case for temperatures 
greater than that for which the maximum of the thermal 


as a 


correction. will be 


conductivity occurs. We insert (7) and (3) into (6) and 
define the quantities 
h? B(T)7 r 
\ k/D LI : 
A 1 A? LBT® 


The thermal conductivity then be found from the 


may 
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Fic. 1. The ratio of the thermal conductivities of material 
containing defects (x) to that of pure material (x,) is plotted as 


a function of the variable 


®R. L. Sproull, M. Moss, and H. Weinstock, J. Appl. Phys. 30, 
334 (1959). 


H is von B 


integral 


A A7 ‘ A i“¢ 
» ( J dx. 
2n0,E\ h y txt x22? (e7—1) 


In general this integral require il computation. 


Since it 


is a function of the two vari ible Y, and Zz, we 
have found it desirable to express the result in the 
following approximate Way treating the ize effect 
terms involvir y i sma 
kK? | wy 





2°, ABT™ 2 


in which 


Terms of order z’ and higher h: 


rhe 


repres¢ nted by 


neglected. 
function g(y) appears to be adequate 
the following analytic approximatior 


g(v) = (wy/48)[ 1+ 9/v3+ y?/30]/[1 12 
0 12 Y 
g(y) y>12 
In many circumstances permissible to make the 
further approximatior 
A Wz 
; 10) 
2r*v,BT*t : 

The functio i nonototr y in reasing 
function of y. It been computed numerically. For 
small y, 

T 
\ 0.47; lla 
] 
An alternative, asymptotic, expansior n be made for 
large v 
T tor* «167 
ry 1 ? lib 
3 . iy 

To study the effects oft point defe de col 
sider samples sufficiently large or temperatures suffi 
ciently high so that the size effect is negligible. Provided 


Umklapp processes dominate the phonon-phonon scat 
tering, the thermal conductivity of pure material 
(D=0) is 

K?/6chB1 12 


The ratio of the tl 
taining defects t 


ermal conductivity of material con- 


oO that of pure material Is 


This function is exhibit thermal 





EFFECT OF IMPERFECTIONS 
(W=k When the defect 
large, the expansion (11a) for small y may be employed. 


Phen 


resistance scattering is 


W/W ,=22/3y+0.636+ - (14 


Equation (14) implies that for large defect scattering, 
the thermal resistance is proportional to A‘. For a 
two-component mixture, A is proportional to c(1—c) 
where c is the relative concentration of one of the 
components. The thermal resistivity will be approxi- 
mately proportional to the square root of the concen- 
tration when c is reasonably small. This result appears 
to be in qualitative agreement with the observations 
of Toxen.’ Under these circumstances, the conductivity 
varies with temperature as [B(T)T*}"!. 

When the defect scattering is small (large y), we 
use the expansion (11b). Including only the first term 
containing y, we have 


VW 43” 4r* K* A 
1+ 1+ (15) 
W, Sy 5 fh? BT 
W, may now be found from (12). The additional 
thermal resistivity due to defects is 
Wp=W-—W ,= (24 /5)t,AT/h 16) 


rhe defects then contribute an additional term to the 
thermal resistance which is proportional to temperature 
and independent of the phonon-phonon scattering 
(except for the numerical constant). This is in quali- 
tative agreement with the results of Klemens‘ and of 
Ziman”; however, the coefficient of AT is different. I 
must be stressed that the large coefficient of the y* 
term in (11b) shows that the approximation (16) will 
be useful only when the defect scattering is very small. 
Further, Umklapp processes must dominate the phonon 
phonon scattering. 

Klemens gives an expression for 
written as* 


QX , M.\? 
A Je Ei s(1- ). (17 
4m,’ M 


In these expressions, 2 


A which may be 


is the volume of the unit cell, 
v, is the velocity of sound, M; is the mass of a unit cell, 
f, is the fraction of unit cells with mass M,, and M is 
the average mass of all cells. For a material containing 
one kind of impurity, present 
tration c, 


with relative concen- 


Q AM \? 
A ( I-0(= ). 
4m,’ M 


The defect thermal resistivity may now be given as 





69 23.726 
Wp=—_T'T=——_IT_ (h=h/2z). (18) 
Shr, hv,? 
* A. M. Toxen, Phys. Rev. 110, 585 (1958). 
1 R. Berman, E. L. Foster, and J. M. Ziman, Proc. Roy. Soc. 


London) A237, 344 (1956) 
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Che numerical coefficient in (18) is approximately twice 
that given by Klemens (who has 11.0 instead of 23.7)." 

The dependence of the thermal resistivity in the case 
of large defect scattering on A? is intimately connected 
with the assumption that 7,“ is proportional to w*. If 
we put, instead of (2), 


rp =S'(T)w, (19) 


where g<3 (in order that the integral will converge), 


we find after a short calculation that 


Wa S(T) 0 4 alo, (20) 


Measurement of the dependence of thermal resis- 


tivity on A may yield information concerning the 
frequency dependence of the effective relaxation time 


for phonon-phonon scattering 


II]. DEFECTS AT HIGH TEMPERATURES 
\t high temperatures (T>8@), size effects may be 
ignored completely. The inverse relaxation time for 
phonon-phonon scattering should be proportional to 
temperature 


S(T) =CT. (21) 


We obtain from (6) instead of (8 


K KT \* oT Yr e 
K ( ) f dx, (22) 
2n70,\ h Dx*+ E’ (e*—1)? 


in which E’=CT(KT/h)*. Since the upper limit is less 


than unity, we may set xe7/(e7—-1 1. The integral 


is then elementary, and we have 


AK KT\? 6/D\3 
K ( ) lan | ( ) | 
2r*0,(DE’ h T\E 
A A@é { ] 
lan | ( ) | 
2x*v,(ACT)! h \CT 


limit of 


(23) 


In the small defect 
have for pure material 


scattering (A +0), we 


K% 
y 


et, ACT 


We then have, for the ratio of the conductivities of 
material containing defects to that of pure material, 


K/Kp=W,/W=(1/u) tan" 


(24) 


(K6/h)(A/CT)}. As before, two special 
cases may be distinguished: (1) Small defect scattering 
small u). In this case, we expand and find 


2n0,BA 
sh 


in which 


W=W,(1+42)=W,4 


(25) 


This result agrees with that of Ambegaokar? if we use 


8 See also G. A. Slack, Phys. Rev. 105, 829 
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the substitution (17) for A. The thermal resistance due 
to defects is independent of temperature and has the 
value 

Wp=U iW (9 /6h)(Q)/v,2)0T. (26) 


Ambegaokar showed that this result is in reasonable 
agreement with the experiments of Geballe and Hull 
on germanium.” 

in which defect scattering is large even at 
very common, but is of 
interest in connection with the conductivity of solid 


In thi case, tan‘ T 2, 


The case 
high temperatures is not 


solutions and 


k= K/4n0,(ACT)?. 


(27) 


The thermal conductivity 
as T3 
This result is in agreement with the measurements of 
Blair.* The dependence on A and T given by (27) could 
20). 


now falls off with temperature 


and depends on the defect concentration as A 


also have been obtained directly from 


IV. APPLICATION TO LITHIUM FLUORIDE 


This theory has previously been applied to ger- 
manium with considerable success.'? It has also been 
used in a study of the influence of F centers on the 
thermal conductivity of LiF," and of the conductivity 
of solid solutions of cadmium telluride in mercury 
teiluride.* We discuss here the results of Berman ef al." 
who have measured the thermal conductivity of single 
crystals of Lil various 
trations of the isotopes Li® and Li’. 

A fit has been made to these results, based on Eq. 
(8). We find that it is always possible to choose values 
of the constants in (8) so that the dependence of the 
conductivity on isotope concentration can be repro- 
duced within experimental error. An example of such 


containing relative concen- 


2 T. H. Geballe and G. W. Hull, Phys. Rev. 110, 773 (1958) 

43 R. O. Pohl, Phys. Rev. 118, 1499 (1960 

“4 R. Berman, P. T. Nettley, F. W. Sheard, A. N 
W. H. Stevenson, and J. M. Ziman, Proc. Roy. So« 
A253, 403 (1959). We are indebted to Dr. R. Berman for 
ing us the experimental results in detai 
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No fi tne 
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sistivity proportional to c(1 

It is somewhat more difficult to fit tl 


conce ntration 
defect re 


a fit is given in Fig. 2. 


e data over the 
entire range of temperatures, principally because of 
the behavior of the function B(T). In germanium, it 
was possible to use the very crude 
B(T)=constant over the entire range of temperatures 
studied.' Such is not the case here. The data of Berman 
et al. falls into two temperature ranges. The bulk of 
the measurements are at temperatures between 15° and 
35°K. This data can be fit using a constant B, provided 


approximat ion 


a size effect is included. In addition Berman et al. report 
some and 80°K. These 
require a larger B, and one that increases with tem- 
perature. We made the 
constants and functions: 


measurements between 55 


have following choice ot 
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734°K found by Briscoe and 
A size effect correction, corresponding to a 
phonon mean free path for boundary scattering ol 
approximately 1 cm, was included. The curves, repre- 
senting this fit to the data, are shown in Figs. 3 and 4 

The fitting is seen to be reasonably satisfactory, 
particularly in the lower temperature region. The 
approximations on which the calculation is based, in 
which the size effect is treated as a correction, do not 
rhe 
fit is not unique: The value of B in the low-temperature 
region is determined to about +15°% by the data; the 
exponential part of B is rather uncertain in detail. A 
strong temperature dependence of B in the temperature 
region 20°-35°K does not appear compatible with the 
observations. The constant A is determined within 
about +30%. The curves are not particularly sensitive 


permit us to extend the curves much below 20°. 


to the size effect correction. The mean free path men- 
tioned above is reasonably consistent with the size of 
the specimens employed, but by suitable readjustments 
of A and B it is possible to make an acceptable fit to 
the data with a mean free path for boundary scattering 
greater than 10 cm. 


*C. V. Briscoe and C. F. Squire, Phys. Rev. 106, 1175 (1957 
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It finally has to be observed that the value of A 
employed is approximately five times greater than that 
predicted from the theory of Klemens.‘ This result is 
similar to that of Pohl, who also found that a large 
value of A was required.” The constant term in the 
expression for B(T) probably should be interpreted as 
representing the effect of normal three-phonon scat- 
tering processes. The correction to the expression for 
the therma! conductivity used here [ Eq. (6) } arising 
from the conservation of the total wave vector of the 
phonon system may then be evaluated according to the 
prescription of reference 1. (This 
discussed in the Appendix.) The 


correction is also 
correction turns out 
to be only of the order of four or five percent of the 
conductivity as previously computed, even at 20°K 
for the purest material employed in the experiments 
discussed here. This result indicated that the fit to the 
data prese nted here is consistent 

Additional evidence will be required in order to 
determine whether the disagreement with to the theory 
of Klemens in respect to the value of A is significant, 
rhe present considerations do not rule out the possi- 
bility of obtaining a good fit to the data with a smaller 
value of A and a larger value of B in which the previ- 
ously mentioned normal process correction would be 
much larger. Experiments showing the effect of isotope 
concentration on the thermal conductivity at tempera- 
tures below the maximum of the conductivity where 
phonon-phonon scattering can be neglected would 


ictermine {in an unambiguous manner 
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APPENDIX 


There is one important case in which the expression 
(6) for the thermal conductivity is not valid. If normal 
three-phonon processes are the dominant scattering 
mechanism, Eq. (6) must be corrected by the addition 
of a term which takes explicit account of the con- 
servation of the total wave vector of the phonon system 
by the normal processes. 
Eqs. (16), (19), and (21 


K id 
a —— iF 


According to reference 1 


’ 


this term is 


w here 


(A-1) 


In these equations, rw is the relaxation time for scat- 
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tering by the normal processes, which are included in 
rp, and 7,, is the combined relaxation time of Eq. (5). As 
usual, x is the dimensionless variable tw/ KT. 

The evaluation of the correction «, is in general quite 
the case of large defect 
scattering at low temperature (small y in the termi- 


complicated. In reference 1 


nology of the present paper) was considered ; the result 
obtained was 
7 Bh 


96r'K*2,A?. (A-2) 


The de pende nee of kK, on 1/A? does not persist when A 
becomes small. 

We consider here the 
time for defect scattering is long compared to Tr 


case in which the relaxation 


However, since the normal processes cannot be them- 
selves lead to a nonzero thermal resistance, the con- 
ductivity will be primarily determined by the defect 
scattering. Equation (A-1) has been evaluated in this 
limit (large y), 
umklapp process¢ s 
two leading terms of an asymptotic expansion in powers 


neglecting boundary scattering and 
The result is (retaining only the 
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COLORATION OF PURE Cal 
irradiated after heat treatment at high temperature 
(1200°C) show a two-band system similar to that pro- 
duced by additive coloration.® 

The optical properties of uncolored CaF; are affected 
by exposure of the crystal to oxygen or to water vapor 
at high temperature.*’ Oxygen contamination also 
affects the position and intensity of the color-center 
spectra®’*; other unknown impurities or defects may 
likewise influence the color centers. 

At present there are no consistent interpretations 
(model proposals) of color centers in CaF, similar to 
alkali halides. For example, in additively 
colored crystals, Mollwo* suggested that the 375-my 
band (a) corresponds to an F center while Bontinck” 
concluded that it is the 525-my band (8) that corre- 
sponds to an F center. A study of the influence of known 
defects on color centers might give some information 


those in 


about their nature. 

Zintl and Udgard" have shown that YF; forms a 
solid solution with CaF,, the Y** ions replacing Ca** 
ions substitutionally and the F~ ions taking interstitial 
Ure’s conductivity 
support these findings. In addition, Ure demonstrated 
that in NaF-doped CaF, the Na* ions replace Ca** ions 
substitutionally, resulting in the formation of F 
vacancies. Thus, in YF;-doped crystals F~ interstitials, 
and in NaF-doped crystals F~ vacancies predominate. 
It therefore seemed worth while to study the influence 
of these defects on color centers in CaF, crystals. 


positions. ionic measurements” 


EXPERIMENTAL PROCEDURE 


Crystals of CaF:, pure and doped, were grown by the 
Stockbarger® (Bridgman) method in graphite crucibles 
in an evacuated induction furnace (Fig. 1). The doping 
agents YF; and NaF (up to 1 mole %), with a few tenths 
of a percent of PbF., were mixed into the charge before- 
hand. The PbF,» acts as scavenger and removes oxygen 
the reaction PbF.+CaO— PbO 
PbO and excess PbF, evaporate completely 


contamination by 
+CaF,; 
from the melt before crystallization begins.* Because of 
the appreciable vapor pressure of NaF at the melting 
point of CaF, (1380°C) it was necessary to confine the 


‘J. H. Schulman, R. J. Ginther, and R. D. Kirk, J. Chem 
Phys. 20, 1966 (1952) 
*D. C. Stockbarger, J. Opt. Soc. Am. 39, 731 (1949) 


7 W. Bontinck, Physica 24, 650 (1958). 

* A. Smakula, Z. Physik 138, 276 (1954) 

*P. P. Feofilov, Doklady Akad. Nauk S.S.S.R. 92, 545 (1953 
[Atomic Energy Commission, National Science Foundation, 
Translation 203, 4 pages ]; Izvest. Akad. Nauk S.S.S.R. Ser. Fiz 
18, 688 (1954) (translation: Bull. Acad. Sciences 18, 371 (1954) } 
G. A. Tishchenko and P. P. Feofilov, Izvest. Akad. Nauk S.S.S.R 
20, 482 (1956) [translation: Bull. Acad. Sciences 20, 440 (1956) ); 
I. V. Stepanov and P. P. Feofilov, reports at the First Conference 
on Crystal Growth (Academy of Sciences U.S.S.R. Press, Moscow 
1957), p. 181 [translated by Consultants Bureau, Inc., New York 
New York } 

” W. Bontinck, Physica 24, 639 (1958) 

"EF. Zintl and A. Udgard, Z. anorg. u. allgem. Chem 

1939), 
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240, 150 


1957 


Ure, J. Chem. Phys. 26, 1363 
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AND 190°C 1155 
Nal -doped melt in the crucible by means ol a floating 
graphite plug, which reduced the open surface area of 
the melt and Nak evaporation. The 
sliced and polished crystals were colored by electron 
bombardment (2.5-Mev electrons from a Van de Graff) 
at room (20°C) and liquid-nitrogen (— 190°C) tempera- 
tures. The optical absorption was measured by means of 
a Beckman DK-1 spectrophotometer (range 3.5 to 
0.175 4) after coloration at temperatures from —190° 


thus decreased 


to 20°C. The concentration of interstitials and vacancies 
was determined by measuring the density (by hydro- 
static weighing") and the lattice constant.™ 

Since YF; forms a solid solution with CaF,” the Y* 
ions replacing Ca** ions and the excess F~ ions taking 
interstitial positions, the density is 


d,= (4/0No)[A—x)Mceut+xMy+(2+2)MeR], (1) 


where x is the mole fraction of YF,, which equals the 
mole fraction of F~ interstitials, and M’s are the respec- 
tive atomic weights. 

Similarly, NaF forms a solid solution with CaF, and 


introduces F~ vacancies, giving the density; 


d,= (4/a°No)[(1—x)Me.t+xMyut(2—x)My]. (2) 


From Eqs. (1) and (2) the concentration of interstitials 
and vacancies was computed 


Concentration of Interstitials and Vacancies 


The results of the density and lattice-constant meas- 
urements for a few crystals prior to coloration are shown 
in Table I. The measured concentration of YF; shows 
quite good agreement with the amount added to the 
melt. The lattice constant shows an increase in YF?- 
doped crystals as compared with pure crystals because 
the interstitial F~ ions expand the lattice. These 
measurements agree with the findings of Zintl and 
Udgard."' The only empty sites in the lattice available 
for interstitial F~ ions are at (4, 4, 4) or (0, 0, 4) in the 
unit cell (Fig. 2). These two positions are located at the 
centers of cubes formed by the simple cubic sublattice 
of | 
at first sight that the eight surrounding F 


ions and therefore are equivalent. It would seem 
ions would 


ras_e I. Density, lattice constant, and computed defect 
concentration of pure and doped crystals. 


Lattice Defect 
Density constant concentration 
Crystal g/cm) (percent ) 

Pure CaF, 3.1791 5.4635 

CaF:4+09% 3.2001 5.4650 0.85 
YF, nominal* 

Cak.+10% 3.1779 5 4636 0.07 
Nak? nominal* 

* Nominal «added to the melt 
\. Smakula and V. Sils, Phys. Rev. 99, 1744 (1955) 
‘A. Smakula and J. Kalnajs, Phys. Rev. 99, 1737 (1955) 
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repel an interstitial. However, a Y* ion in one of the 
six nearest cation sites probably aids the formation of 
interstitials by causing additional polarization of the 
adjacent anions by its extra positive charge. Therefore 
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Fic. 3. Absorption of pure CaF, colored at 20°C by 2.5-Mev 
electrons (2.5 10° rad dose) 


Fic. 2. Fluorite structure, ’ Ls - : 
while the remaining bands shift very slightly toward 


shorter wavelength. The half-width of the 580-my band 
changes from 0.35 ev at 20° to 0.30 ev at —190°C, 
Unexpected results were obtained by coloring pure 
crystals at —190°C. These crystals, measured at 
190°C, show an absorption spectrum with peaks at 
550, 320, and 270 my (Fig. 4). Comparing Fig. 4 with 
Fig. 3 shows that the spectra exhibit a certain similarity, 
Coloration at —190°C seems to shift all bands to the 
ultraviolet. The band at 550 my is, however, consider- 
ably broadened and the long tail indicates another weak 
but very broad band. Warming to —78°C bleaches all 


Nak from the melt, which is impossible to avoid com- 
pletely despite precautions. The lattice constant does 
not change significantly, indicating that contraction due 
to vacancy formation is small. 

If YF; were assumed to introduce cation vacancies 
instead of F~ interstitials, the difference in density from 
pure crystals would be only about half of that observed 
If, on the other hand, NaF were assumed to introduce 
Na? interstitials instead of F~ vacancies, the density 
would be higher in pure crystals rather than lower, as 
observed. Y*+ vacancies or Nat interstitials, however, 


. ; bands, particularly that at 320 r reachi 5 
might also be present in a concentration too small to be ands, particularly that at my. After reaching 20° 


detected by density measurements, yet large enough to the crystal exhibits a weak spectrum similar to that of 


play a role in coloration. crystals colored at that temperature. 


Color Centers in Pure Cals Color Centers in Y¥;-Doped Cal, 


The absorption of pure crystals is plotted in Fig. 3. The addition of YF; to CaF, does not change the op- 
In agreement with previous work,’ the 580-my band tical transmission of uncolored CaF, crystals in the 
shifts toward longer wavelength at low temperature range from 3.5 to 0.175 yu. In colored YF;-doped crystals 
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specific enhancement of the 400-my band at higher 
a a concentrations. The genera enhancement may be 


caused by the lattice distortion manifested in the in- 


crease of lattice constant. The interstitial F~ ions may 


om 
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Absorption of also act as a source of free electrons and holes in excess 
CaF, colored at — of the normal number created by irradiation. Although 
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could de rease the binding force between electrons and 
interstitial F~ ions. The lower recombination rate of 
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to yttrium ion, which may a 
The mineral yttro-fluorite o 
: ; chemical properties of Ca 
no new bands appear but all bands found in undoped proposal had merit. it would 
crystals are enhanced (Fig. 5), and the intensity ratios 
are significantly changed (Fig. 6). At several hundredths 
mole %, the 580-my band reaches a maximum and then 
decreases slowly ; the 400-my band continues to increas« 
whereas the 335-my band reaches saturation at about 
0.2 mole % YI 

Thermal bleaching at room temperature seems to 
depe nd on the degree of coloration and doping but was 
not inve tigated extensively. Photochemical bleaching 
with 400-my light discolors the 400-my band, and to a 
lesser degree other ultraviolet bands, but not the 580-my 
band (Fig. 7). A small absorption increase around 500 
my occurs during bleaching 

Coloration of YI doped crystals at 190°C yields 
the same bands as in pure crystals colored at the same 
temperature (Fig. 8). Warming the crystal to room 
temperature (Fig. 9) changes the spectrum to that 
obtained by coloration at 20°C. In contrast to pure 
crystals e¢ big } . however, YI doped crystals do 
not exhibit complete bleaching of the 320-my band but 
a shift to 335 mu. The 400-my band, absent at 190° 
grows on warming, probably at the expense of the 27 — oe 
my band which disappear CaF. colored at 20°C bv 2.5-Mev 

Results show that the addition of YF; has two effects: 


ral cen to hands S : . . 
a general enhanceme I inds and a very strong the coloration should iners 


- concentration. This is, h : 
] No. bands appear at new 1 is in YI doped 


crystals, as compared to pure crystal nor does the 








light or thermal bleaching produce any. This is evidence 
that Z bands, as found in KCI do] with CaClo,!® are 


either not present or not strong enoug! - dhemrel 


C olor Centers } Na 


Three features were observed i } olor-center 
spectra of Nal -doped crvstals colored at 20°¢ compared 
to pure or YF3-doped crystals: a change in the positions 


and intensities of the bands, a deeper colorability for 


at 20°C by 2.5-Mev elect: 10° rad dose) as function of YI G. Heiland and H. Kelting, Z. PI k 126, 689 (1949): F. Seitz 
concentration Phys. Rev. 83, 134 (1951 


lic. 6. Intensity of absorption bands of YFy-doped CaF, colored +H. Pick, Ann. Physik 35, 73 (1939): Z. Physik 114, 127 (1939 





COLORATION OF PURI 

similar doses, and a delayed time dependence of the 
intensity of the 605-my band. The three bands at 605, 
385, and 330 my (Fig. 10) resemble those at 580, 400, 
and 335 my in pure colored crystals. The first 
ever, shifted toward longer and the other two toward 
shorter wavelengths. The intensity of the individual 
bands differs greatly. While in pure crystals the 580-my 
band is only half as intensive as the 400-my, the 605-my 


is, how- 


band in Nak-doped crystals is practically equal to the 
385-mu band. At low temperature the 605-my band 
shifts toward longer wavelengths, same as the 580-my 
band, and its half-width decreases from 0.33 to 0.23 ev 
Fig. 11). The principal difference between the 605- and 
580-myu bands is that the former shows a time delay (of 
several minutes in lightly doped crystals) in its forraa 
tion, i.e., it does not form during but after coloration, 
as indicated by a change of the crystals from pale green 
to dark blue. All bands increase with the « 
of NaF added but not uniformly: The enhancement of 


oncentration 


»doped CaF; colored and meas 


I 
5-Mev electrons (105 rad dose 


8. Absorption of ¥ 
190°C by 2 


the 605- and 385-my bands is greater than that of the 
330-my band. Quantitative comparison with NaF con 
centration was, however, not possible because of strong 
evaporation of the Nak during crystal growth. NaF- 
doped crystals show little photochemical bleaching but 
are particularly sensitive to slight heating (100°C 
(Fig. 12). While the bands at 605, 385, and 330 my de 
creased, a new band at 500 my was formed, which seems 
to appear in the more highly doped crystals only 
NaF-doped crystals different absorption 
spectra also when colored at —190°C (Fig. 11). The 
main difference between coloration at this temperaturt 
and 20°C is that at —190°C new bands appear at 440 
and 200 my while the 605-my band is practic ally non- 
existent. In addition, a band at 550 my appeared in 
lightly doped crystals. Upon warming, the 440- and 


showed 


200-my bands decrease and the 605-my band increases, 


while those at 385 and 315 my first decrease, then in- 


190°C 1159 





Wavelength “ 


9. Influence of 
190°( 


temperature on YFy-doped CaF, colored at 
2.5-Mev electrons (10° rad dose) 


crease, and finally decrease again. On reaching 20°C, 
the spectra are identical with those found in NakF-doped 
crystals colored at 20°C 

The absorption of Nal doped crystals 
colored at 20°C is band 
observed by Smakula* in his crystal No. 3. In addition 
Smakula observed, after cooling a colored crystal to 

190°C, a small band at 500 my which was aiso found 
in this study after slight thermal bleaching. Smakula 
ascribes his centers to anion vacancies introduced by 


Spt ctrum 


identical with the system 


oxygen contamination. Since his crystals contained 
only traces of Na, it seems that the identity of the 
absorption spectra is not directly associated with NaF 
as such but with anion vacancies that can be formed by 
NaF as well as by oxygen 

is larger oxygen 


contamination in Nai-doped crystals than in pure 


Another possibility is that there 


crystals because of vacancies introduced by NaF which 
aid the diffusion of oxygen int lattice. Oxygen, 
In turn creates more nega- 


oO the 
because of its double charge, 
tive ion vacancies. This hypothesis is, however, difficult 
to accept since the oxygen pressure in the furnace was 


welieng?n aA (my 


ol Nal doped ( al 
lectrons (10° rad dose 


colored and measured 
1 mole % NaF added 
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DISCUSSION 


Our experimental results show that t 


he color centers 
trongly affected by the addition of 
of The 


pe tral position and 


of CaF, crystals are 
YF; or Nal 


number of bands, as we 


and by temperature coloration 
their 
intensity, is changed 


Both YF; and Nak additions in 


of all absorption bands 


ase the intensity 


This effect is caused by an 


increased concentration ol traps for electrons and holes 


due to lattice distortior In addition, the specific in 


fluence of certain bands is of partic ular interest. 


YF; addition results in very pronounced enhancement 


of the 400-my band. Since YI 


forms a solid solution 


with interstitial F~ ions, it may be assumed that the 
400-muz band is connected with F~ interstitials that 
have been neutralized by irradiation. Interstitial F- ions 


seem to be present, even in pure CaF, crystals, and are 
Thus the 400-myu 
i hole connected 
center of the 
cube formed by the sublattice of eight fluorine ions (see 
) 


probably created also by coloratio 
band in pure crystals is correlated to 
with fluorine interstitials located in the 
lig. 
The principal effect of Nal 


solid solution with | 


addition, ‘ich forms a 


wl 


vacancies, is a strong enhance- 


ment of the 605- and 385-my bands. It is quite logical 


trons trapped in 


I~ ion vacancies. In pure CaF, crystals this band is 


located at 580 my, the shift probably being due to the 
presence of Nat ions. The 385-myu band seems to be the 
same as the 400-my band observed in pure and YF3- 
doped crystals. Its shift is prob used by the 
pre sence of Na* ions 

Phe enhancement of the 385-my band by NaF addi- 
tion can be explained by the presence of Na* ions which 


reduce the lattice bir 


energy for the formation of interstitial F~ io 


tivation 
thereby 
decreased and their conce1 

The doping by NaF h: 
tion of F~ vacancies by replacement 


ects: the 


lorma- 
of Ca** by Nat 
preserve electrical neutrality, ind the formation of F 
interstitials and vacancies by 
energy of | 
therefore higher than that 
sponds to th 


to 


a reductior of the binding 


ions. The concentration of | vacancies Is 
605 my ha 1d whose 


Nal doped 


vhere the numl 


ot inter corre- 
e greater increase of the 
intensity equals that of the 400-my band 
crystals while in pure cryst ver of | 
interstitials and vacancies is the same, the 605-my band 


is only half of the 400-my bat 


The identity of the bands in Nal doped ind oxygen- 
contaminated Cal » cryst: indicates that oxygen 
creates F- vacancies as we ters ils. This effect 


can be expected because thy 
Ca 


of bivalent 


repiacel 


by monovalent Na* and the 


nt of mono 








COLORATION OF PURE CaF 





valent | by bivalent O*+ have the same effect on the 
lattice. 

The effect of YF; on the 580-my band (Fig. 6) indi- 
cates first an increase and then a decrease of the absorp- 
tion maximum. The initial increase is probably caused 
by general lattice distortion. The suppression at higher 
indicated that 


ions which are generally in interstitial 


concentration some F- vacancies are 
filled with F 
positions. 
The formation of the 605-my band in Nak-doped 
crystals appears to take place in two steps, as indicated 
by a change from pale yellow to blue immediately after 
coloration. The first step seems to be connected with 
the 440-myu band which is stable only at low tempera- 
As it decreases, the 605-my band grows. The 440- 
mu band may be connected with a Na center which 
The free electron 
and is finally trapped in a F 
A correlation of the bands located at 330 and 225 mu 
is more difficult. They can be aggregates or excited 
states of fundamental centers or the type of a and 8 


ture 
decomposes into Nat+e. migrates 
vacancy. 


band centers caused by Ca** ion vacancies or intersti- 
tials. The aggregates are generally formed by photo- 
chemical or thermal bleaching. The above bands always 
appear simultaneously with others. The higher excita- 
tion bands should be less stable and considerably lower 
in intensity than the fundamentals. Our bands do not 
(The @ and B bands are closer 
to fundamental absorption than observed here.) It 
seems to be most probable that these bands are con- 
nected with Ca** vacancies and interstitials. The 335-my 


show these properties. 


band in particular might be connected with electrons 


trapped in Ca** vacancies since it shows some decreas¢ 
with concentration of the YF; addition. The Y* 


vacancies, The 330-my band 


ions 
might fill some of the Ca** 
may correspond to a hole trapped in a Ca** vacancy, 
and, correspondingly, the 225-my band may be a center 
created by an electron trapped by a Ca** interstitial. 
Temperature has several effects on color centers in 
Cak,. The unusual shifting of the 580- and 605-my 
bands toward lower energy with decreasing temperature 
indicates a decrease of binding energy of this center, 
while other bands are practically unaffected by tempera 
ture. Although there is a similarity between the spectra 
produced at — 190° and 20°C, their nature seems to be 
different since they do not shift continuously but trans- 
form irreversibly. The low-temperature centers are 
connected either with shallow traps or with the close 
proximity of the holes and electrons to their place of 


origin. In crystals colored at —190°C the strong 
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12. Thermal bleaching of NaF-doped CaF, colored at 20° 
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‘ 
rons 


broadening of the 550-myu band might also be associated 
center in alkali halides, 
where two electrons are trapped in a single vacancy. 
The 440- and 200-my bands in NaF-doped crystals 
colored at —190°C might be connected with the first 
and second excitation of a Na center which dissociates 
at higher temperature forming the 605-my band. 

All correlations discussed are more or less speculative 
and must be considered tentative. The complexity of 
the spectra indicates the presence of several types of 


with a center similar to the F’ 


centers due to a variety of traps; additional study is 
necessary for their full explanation 
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Single « ta f Cal SrF.. and BaF. have been colored by x rays (150 kv) ar high-energy electrons 
1S Me Five color-center bands in CaF, and SrF, and nine in BaF, have beer erved in the spectra 
region between 0.175 and 0.8 uw. At room temperature the bands in CaF» are well resolve vhile those 
SrF, and BaF, overlap. At 190° and 255°C the bands sharpen but genera 0 not ft, except the 
580-my band in CaF, which shifts toward longer wavelengths. Photochemical bleac! } 


band shows a certain influence on the others 


} 


the exponent 3 RS \ possible corres 


fluorides, CaF», 
been studied 


the three cubic alkaline earth 
and Bal ( 


ium fluoride or 


O' 
in cal 


Srl olor centers have 


ily. except for a brief investigation 


on Bal Early results? were however inconclusive, 
largely because the sensitivity of CaF, to oxygen was 
underestimated. Natural CaF, crystals colored elec- 
trolytically at about 800°C and quenched to room 


temperature show absorption bands at 375 my (3.30 ev 
and 525 my (2 35 ¢ \ 
ol 
resulted in four absorption bands, located at 
(3.68 ev), 400 mu (3.09 ev 

Phe 


idditive 


. designated a and 8, re spectively 


Coloration either natural or synthetic crystals by 


X Tays 
225 mu, (5.5 ev 335 mu 
ame bands ( ould also be 
of 


coloration and 


2.13 ev).'4 
weak 


strong vdditive 


and 580 my 
produced by 
cry tals After 


quent quenching, the a 


coloration syntheti 
subse 
3 bands appeared.® The 
of bands 


impurities correlated with the 


appearance of both type was explained by 


the presence of unknow 
four bands 
However, uncolored crystals having no absorption 
down to 220 my showed a strong absorption increase 
heat treatment at 1200°C 
After coloration of heat-treated 
crystals with x rays only two bands, at 370 and 540 mg, 


When 


four bands appeare d 


below 240 my after , even in 


an inert atmosphe r¢ 


loped quite close to the a and 8 bands. 


crystals were not heat 


deve 
treated, 
after coloration.’ Subse juent studies disclosed that the 


four bands appear only in cry stals that have no absorp 


tion down to 200 my prior to coloration.* 


It was shown more recently that the difference in 


coloration is caused by oxygen which may be initially 


present or introduced by heat treatment before of 


* Sponsore: the Office of Naval Research 

+ Present address: Fa. Kalle A. G., Wiesbaden-Biebrich, 
Germany 

\. Smakula, Ph Rev. 77, 408 (1950 

2 See K. Przibram, /rradiation Colors and Luminescence (Perga 
mon Press, New York, 1956 

*E. Mollwo, Nachr. Ges. Wiss. Gottingen, Math.-physik. K1 
1, 79 (1934 

*R. Herman and S§. Silverman, J. Opt. Soc. Am. 37 871 (1947 

S. Barile, J. Chem. I 20, 297 (1952 
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Three bands could be c« 


rre 


during coloration.’ The presence 


established 
In C 
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analysis. 
binations ¢ 
can thus expe 
nature of the 
reproducible CO 
not exposed i 


Phe 


coloration 
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ation of the absorption bands to certain models 1 cusst 


has be en 


infrared-absorption and chemical 


al 


crystals it may appear in the com- 
JH)o, Ca(OH)F, CaO, and Ca,OFs. We 
t a variety of traps depending on the 
contamination. The simplest and most 


loration ¢ 


be obtained only in crystals 
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and 580 my are therefore considered pertinent to 
lattice traps and not to contaminations. 
\ correlation of these absorption bands to definite 


trap configurations’ of electrons and holes is at L 
present uncertain because of oxygen contamination. It s 
was expected that a study of related crystals of similar q 
structure might provide additional information. We : 


therefore decided to extend our investigations to Srl 

and Bak, and to study the color centers over a wider 
spectral range (from 0.175 to 3 Su and at lower tem a 
peratures (to liquid helium 





EXPERIMENTAL PROCEDURE 








Coloration Ww 
4 ; 60 ao 1O00 


For coloration and subsequent absorption measure- Wavelength a (ma 





ments at low temperatures, a portable helium cryostat Fic. 3. Absorption of CaF. colored at 20° 
was built to permit irradiation and absorption measure- by 3-Mev electrons (10* rad dose 
1Or- T ; , 
| 19%) my. The stray light in the spectrophotometer 
imounted to less than 3° > at 175 my and less than 8° ( 


at 171 my. Photochemical! discoloration during measure- 


ment was reduced to a minimum since samples were 


c 

* | placed in the monochromatic beam behind the exit slit 

5 Figure 2 shows absorption curves of uncolored 

2 crystals. Below 200 my all three crystals showed only a 

* slight continuous absorption increase and no selective 

o absorption, indicating absence of any oxygen contamin- 
ation. The increase of absorption toward shorter wave- 
engths is caused by intrinsic absorption bands. The 


ibsorption of CaF» agrees with older measurements." 


Absorption 


Che stronger absorption of Srk, and BaF, is caused by 
e shifting of intrinsic ab orption in these crystals, 


























3 
50 250 350 4 T 
Wavelength A (m # ) 
Fic. 2. Absorption of uncolored CaF2, SrF2, and BaF, crystals 
between 350 and 175 my 
ments of crystals at given temperatures (Fig. 1). Four — = in 
Ultrasil windows, transparent down to 0.175 4, for Pia 
absorption measurements and two beryllium windows ® ' 
for irradiation with x rays or electrons were mounted : : ' iv 
at right angles to each other The cry stals were rotated =} ON ! ' ips 
by 90 degrees in vacuum, from the irradiation to the y ' ta 
g ¢ f ' § \ 
absorption-measurement position. Temperatures could = i I \ 
be kept constant or changed continuously from room g's : i : 4 
temperature to 15°K by means of a prec ision té mpera- a a \ 
ture-control unit. A alibrated thermocouple of copper cE. 
constantan served for temperature measurements . 
Crystals were colored by either x rays (150 kv) or \ : 
electrons (2.5 Mev , \ 
7 | ! - | 1's 
For absorption measurements, a Beckman spectro- "200 300 00 500 600 
photometer DK-1), equipped with specially selected Wavelength A (mu) 
quartz prisms and aluminum mirrors with high reflec- —" : — 
age ; . IG orption of Sr red at 2 
tivity below 200 my, was used. To prevent mirror ler 3: lew Glactrame (00) cod dom 


oxidation the instrument was purged by nitrogen, which 


simultaneously eliminated oxygen absorption below E. G. Schneid 





The ab orptlion pectra ol colored ( and 


salk’o, measured at 20°, 190 


aF., SrF>, 
, and 225°C are plotted 
in Figs. 3, 4, and 5. In all three cTy stals, low te mperature 
produce harper absorption bands. There is practically 
no shifting of peaks except for the CaF. band at ca 600 
mu, which shifts to longer wavelengths with decreasing 
this disregarded, all three 


temperature. If band is 


4 only that 


absorption spectra show a certain similarity 
of Bal» Is 


} 


more complicated The 

obs« rved bands is given in Table I 
In colored CaF, in addition to the known four bands, 

a new double band with peaks at 186 and 194 my has 


po itions of a 


been established. At liquid-nitrogen temperature this 
band shows some splitting which becomes slightly mor 
pronounced at liquid helium te mperature. There is also 
weak indication of another two bands at 265 and 285 mu. 
[he absorption spectrum of colored SrF, at room 
temperature appears quite different from that of CaF». 
One might expect a spectrum similar to that of Cal 
with only a slight shift of all bands toward longer wave 
lengths. In that case Srk, should absorb at wavelengths 
greater than 600 mu; however, no such absorption is 
The broad band between 400 and 600 my 


shows no splitting; there is only a slight dip at 480 mu 


discernible 


\t low temperatures, however, this band splits sharply, 


and a new weak band appears at 600 my apparently 


nilting sight 
decrease \t 


doe s not 


is Lempe 


ture 290 mu id band whi 

harpen at low temperatures, and another 
sharp band at 200 mu 
185 my 


below 175 mu 


orpuion below 


indicat Lhe another band 


The absorption pectrum ol room tt mpera- 
ture resembles that of ( 
ever, a structure ippe 
Cak. or Srl 





\ nger wavelengths In 
380-myu band in CaFs, « 
other bands. The 
by four bands of decre 


stronges 


the next bands increa 
wavelengths 
In a previous publicat 


three strong! 


» was shown to increase below 300 mu 


overlapping ands at longer w 
material show 


which 


Qur new lifferent absorptior 


(Fig. 6), is shifted onger wavelengths 


Its colorability is O1 ly half t or tl 1 material; this 


indicates, in analogy to Cal hat tl material w 


al 
contaminated, probably by 


Bleaching 


The color centers of 
stable 


much mort 
Thermal bleachi 





IN Al 


period of many days before discoloration becomes 
apparent. No bleaching studies at higher temperatures 
have yet been made. Older investigations showed that 
in pure crystals all bands decrease simultaneously while 
in contaminated crystals each bleaches individually and 
some new bands appear 

Some photochemical bleaching of the strongest 
absorption band has been carried out. Previous findings* 
in Cal 


can be bleached without any influence on other bands 


to the effect that the strongest band at 400 my 


have been confirmed, except for the absorption around 
500 my which increases, indicating the formation of a 
new band 
Bleaching of the 
this wavelength resulted principally in decreasing this 
band, but a neighboring band was also affected, in con 
trast to observations in CaF, (Fig. 7). This difference 


505-mu band of SrF, with light of 
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F1G. 7. Photochemical bleaching of SrF, 
is probably caused by the stronger band overlap in Srk 
Che bands at shorter wavelength were not affected. 

A most interesting effect has been observed on BaF, 
(Fig. 8): A monochromatic light at 680 my bleaches this 
band linearly with time. At the same time the next band, 
at 620 my, decreases, but by only half the amount. The 
band at 580 my bleaches more than that at 620 my but 
490-my band, 


however, which appears only at low temperatures, 


somewhat less than that at 680 my. The 


bleaches as much as the 680-my band. In the shorter 
wavelengths only the 400-my is affected slightly. 
Photochemical bleaching depends on temperature in 
all three crystals. At liquid-nitrogen temperature no 
bleaching could be achieved by using the same light 


energy as at room temperature. 


la, Z. Physik 138, 276 (1954 
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DISCUSSION 


Visual observation of the spectra shows three absorp- 
tion regions in CaF, and two each in SrF, and BaF». 
Since all three crystals have the same crystallographic 
there correlation 
corresponding bands 


structure, must be a between the 
In analogy to alkali halides one 
can expect a shift of corresponding absorption bands 
toward longer wavelengths, going from CaF, to SrF, to 
sal’y. Such shifting indeed exists if we disregard the 
580-myu band in CaF,, which differs from others by 
shifting toward longer wavelengths at low temperature. 
Chis band seems to be present in Cak 


that the 602-my band in Srl 


, alone. It may be 
ind 735 my band in Ba F. 
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of color-center bands 


lic. 10 
in Caky», St 


Mollwo relation 
and Bak, crystals 
are corresponding bands but they are very weak and not 
as well defined 

The correlation of the next bands (400 muy for CaF, 
505 my for SrF»2, and 662 mu for BaF») is more evident ; 
they have the highest int nsity and bleach photo hemi 


cally 


plotted in Fig. 9. These three maxima lie along a slightly 


The position of the bands for the three « ry stals is 
curved line, similarly to the corresponding bands in 
alkali halides 
the bands at 332, 419, and 565 my, and correspondingly 
those at 220, 290, and 410 mu. Correlating other bands 
becomes more difficult. The 620- and 490-my bands in 


Using this line as a guide we can correlate 


BaF», for example, have no apparent equivalents in the 
The 740-myu band of BaF, and the 
600-myu one of Srky, which appear only at liquid-helium 


other two « rystals 


temperature, 
CaF», which can be formed only by bleaching the 400- 
mu band. The 600-mu band of Cal 

bleach photochemically and shifts toward shorter wave 
} 


can only correspond to the 500-my of 
whitii does not 


lengths with increasing temperature, does not have 


or Bal 


Similar difficulties exist in the 


equivalents in either Srl 
correlation of short 


Bak: 


. in which case a 


wavelength bands. The 300-myu band in may 
corre spond to the 200-my one in Srk 
140-my band may be expected in CaF». There are, how- 
ever, no bands in Srky and BaF, to correspond to the 
double band at 190 mu in CaF». The three BaF» bands 
at 255, 220, and 200 my may have corresponding bands 
in the other two « ry stals but these would be beyond the 
range of our instrument 

Bleaching the bands 100 my in 
, and 660 my in Bal 


sion that they are independent of the other bands 


CaFs, 
leads to the conclu- 
rhe 
Baks which 
decreases in intensity by the same amount as the 660-my 


strongest 
505 my in Srl 


only exception is the 490-my band in 


” 


AND A 


SMAKULA 


band when the latter is blea It can there- 


itation of the 660-my 


hed by light 
fore represent either the second ex 
band or a corresponding hol 

In NaCl-type crystals of 


sponding bands are related 


ilkali halide Ss, Corre- 
distance d 


by the Mollwo relation ; sed in Ivey’s™ form 


interionik 


this relation reac 


1 


where X,, 1s the wi lengt! t ibsorption peak and 
n—~2. The alkaline 


expone nt 


corre spondi yg laxima ol 
fluorides obey this rule, but 
(Fig. 10) 


be given. An even more surprising f is that in cesium 


No ¢ xplanation ior this great difference can 


halide « ry stals the « xponent is 2.85 Che correlation of 
ind Bal by Ivey 
the exponents 1.00 and 1.44, was premature 
dicted bands in Srl 


it was shown that the 


absorption bands of Cal ‘ who used 
® His pre- 
In a preceding paper" 
580-my band in Cal 


do not exist 
very prob- 
ably corresponds to electrons trapped in anion vacan- 
cies, i.e., to the F band. Thi rrelation is based on the 
the 580-my band by NaF addi- 
and BaF, 
weak if we 
orresponding to it 


strong enhancement of 
tion which creates anion vacancies. In Srk 
this band either does not exist or is very 
consider the 602- and 735-mu bands 
One has to assume therefore that ¢ re are no 
in SrF, and BaF», which 

probable, or that the trapped electrons ar 
stable. Additional study is necessary to decide 
Phe 400-my band in Cal 


1 


which forms anion 


anion vacancies very im- 


very un- 
between 
these possibilitic S. 
enhanced by YI li 

therefore correlated to neutral interstitial F atoms 
The 505-my band in SrF» and 662-my band in Bal 
correspond also to neutral interstitial F atoms. The 3235-, 
415-, and bands in CaF», Srl and BaFks, 
respectively, might be correlated to electrons bound to 
Ca?* interstitials and those at 220 my in CaFs, 290 my 
in SrF’s, and 410 mu in BaF, to holes bound to Ca?* 
vacancies, or vice versa. The sequence of bands in BaF, 
700 400 my indicates that 
originate from the same ground state 


is strongly 


interstitials; 1t was 


may 


505-mu 


between and they may 


The color centers 


in alkaline earth fluorides are quite different from those 
in alkali halides, partly because of the different lattice 
structure and partly because of the presence of inter- 


stitials in addition to vacancies. The | 


partial correlation 


of the spectra can be preliminary only; further study is 
required for safe interpretatior 


8 E. Mollwo 
p. 97 (1931) 
‘H. F. Ivey, Phys. Rev. 72, 341 (1947 
‘6 P. Avakian and A. Smakula, Bull. An 
*H. F. Ivey, Phys. Rev. 89, 322 (1953 
W. J. Scouler and A. Smaku 
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The thermal conductivity of a pure indium specimen was measured in the normal and superconducting 


states in the range of temperatures 1.3-4.2°K 


thermal resistivity effects which were not in agreement with Kohler 


In the normal state the specimen showed 


sizable magneto 


Near the 


s rule for thermal! conductivity 


transition temperature the ratio of conductivities K,/K, exhibited the finite slope with temperature charac 


teristic of electronic conduction limited by phonon scattering. The results were « 


ompared with a simple model 


proposed by Kadanoff and Martin and the agreement was found to be good 


INTRODUCTION 


T is well known that the electronic thermal conduc- 

tivity, which predominates in moderately pure 
metals, is diminished on passage from the normal to 
superconducting states. In recent years the ratio of the 
conductivities, A,/A,, has been the subject of several 
investigations.' In those specimens for which the ele 
tronic thermal resistance is predominantly caused by 
lattice imperfections,? the experimental results are in 
reasonably good agreement with the theoretical calcula- 
tions of Bardeen, Rickayzen, and Tewordt*® (hereafter 
referred to as BRT) based on the Bardeen, Cooper, 
and Schrieffer theory of superconductivity‘ (referred to 
as BCS). However, when the electrons are primarily 
scattered by phonons, the experimental measurements 
of K,/K, differ greatly from the behavior predicted by 
BRT. This study of a pure indium specimen was under- 
taken to give further information on the nature of the 
heat conduction process in this limiting case. The results 
are compared with the simple model proposed by Kada 
noff and Martin,® and the agreement was found to be 


good 
METHOD 


The indium specimen was mounted in a vacuum can 
with one end in good thermal contact with the helium 
bath and the other end in contact with an electrical heater. 
\ measurable heat flux, preduced by the heater, was 
supplied to the specimen and the resultant temperature 
gradient down the length of the specimen measured by 
carbon resistance thermometers calibrated in the manner 
of Clement and Quinnell.* A mechanical support mace 
of linen delecto was used to support the weight of the 


* This work was supported in 
Defense 

! Two recent review articles are: P. G. Klemens, Handbuch der 
Physik, edited by S. Fliigge (Springer-Verlag, Berlin, 1956), Vol 
14, p. 266; K. Mendelssohn, Progress in Low-Temperature Physi: 
North Holland Publishing Company, Amsterdam, 1957), Vol. 1 

2C. B. Satterthwaite, Cambridge Superconductivity Confer 
ence, 1959 (unpublished 

+ J. Bardeen, G. Rickaysen, and L 
982 (1959). 

‘J. Bardeen, L. N. Cooper, and 
1175 (1957 

5 L. P. Kadanoff and P. ¢ 

J. R. Clement and E. H 
1952 


part by the Department 


Tewordt, Phvs. Rev. 113, 
J. R. Schrieffer, Phys. Rev. 108, 


Martin (to be published 
Quinnell, Rev. Sci. Instr. 23, 213 


thermometer and heater assemblies since the pure in- 
dium was extremely soft and easily deformed. The par- 
allel heat conductance provided by this support and 
the advance wire electrical leads was found to be negli- 
gible compared to the conductance of the pure indium 
specimen. During the course of the thermal conductivity 
measurements and the calibration of the carbon resist 
ances, the helium was maintained at a constant tempera- 
ture using a bellows-operated manostat and a thermal 
regulating device similar to that described by Sommers.’ 
The relative accuracy of the experimental points was 
probably limited by the accuracy of the temperature 
determination and was worst at lower temperatures 
where the measured temperature gradients were small- 
est. This is consistent with the observed scatter of the 
data points which tended to be greatest at iow 
temperatures 

The specimen was a polycrystalline spectroscopically 
pure indium wire which had been extruded to a diameter 
of about 0.5 mm. Since indium has a comparatively 
low recrystallization point, it is thought that many of 
the strains introduced by the extrusion process were 
removed in the several months between the time the 
wire was extruded and the time the thermal conductivity 
measurements were made. Although electrical measure- 
ments were not made on the specimen, it was estimated 
from the normal state thermal conductivity data that 
the residual resistance ratio (froom temperature/Po"K) Was 
about 11.000 indicating that the specimen was ex- 
tremely pure and that few strains or impurities were 
introduced in the experiment. Using the calculated 
residual resistance and the ratio of conductivity to mean 
free path measured by Pippard,*® a mean free path of 
about 0.1 mm was computed. Since this figure was of 
the order of the grain size of the specimen, it is possible 
that grain boundaries represented the bulk of the static 
defects present 


RESULTS AND DISCUSSION 


[he measured thermal conductivities in the normal 
and superconducting states corrected to zero field are 


shown in Fig. 1. By analyzing the temperature depend- 


7H. S. Sommers, Jr., Rev. Sci. Instr. 25, 793 (1954) 
* A. B. Pippard (private communication ) 
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and normal states corrected to zero magnetic field 


ence and magnitude of the normal state conductivity, 
it is possible to deduce quantitatively the part of the 
resistance due to scattering by static defects and the 
part due to scattering by phonons at each temperature 
in the normal state. For, assuming the additivity of 
imperfection and phonon resistances (Matthiessen’s 
rule), the normal state thermal resistance is given by th 
following expression : 


W=W,+W,=A/T+BT?. (1 


Consequently, W7 may be expressed as a sum of a 
constant representing imperfection scattering and a 
phonon term varying as 7°. Figure 2 shows the plot of 
WT versus T° for the normal state data. The coefficient 
A found from this plot was 0.034 cm°K/watt, which is 
lower by an order of magnitude than previously measured 
values for indium,’ as would be expected considering 
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” H. M. Rosenberg, Phil. Trans. Roy. Soc. (London) A247, 441 
(1955 
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field and G is a 


resistance versus the 





TOXEN 

the high purity of the specimen. However, the coefficient 
B, which to a first approximation should be independent 
of purity, was 1.11 10~* cm/°K?-watt, compared to the 
Mand 1.85 10-* cm/°K 


values of 1.89 10~* ® watt re 
ported previously. The exact reason for this discrepancy 
is not known, although one possible explanation may 
lie in the fact that the previously reported values were 
mainly determined from data 1 higher temperature 
range and that in order to have the data agree with Eq 


(1) at every temperature the parameter B must vary 


with temperature 

Knowing the constant { and &, one can calculate the 
ratio of phonon to defect resistances at any temperatur 
Over the measured range of temperatures, W,/W; goes 


from about 0.1 at 1.5°K to over 3 at 4.2°K. The value « 








| 
this ratio at the transition temperature (7.=3.407°K 
1.3, will be used in the later discussion of the super 
conducting state 
To measure the normal state conductivity below the 
uperconducting transition temperature ongitudina 
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magnetic field was used to sw he sample into th 
normal state. It was found, however, that even at fields 


of a few hundred gauss, the i dium spe men showed a 
considerable increase 
increasing fields. Hence, in order 


conductivity at zero field, it was necessary to establis! 


in nerm resistance WIL! 


the variation of the thermal resistivity with changing 
magnetic field and temperature 
have found that th 


relative variation of tl 


ermal re 
sistance with magnetic field was in approximate agree- 


ment with Kohler’s rule for t] 


ermal cone 


AW (T)/W(T,0) =G(A/ TW (T 


O)), 2 


where W’(7..0) is the thermal resistance in zero magneti 


function characteristic of each metal. 


1 


T 
However, for our data a plot of the relative change of 


| l 
coordinate [H/TW(T,0)] failed 


1M. Kohler, Ann. Physik 
(1949 


6, 18 


1949): Naturwiss. 36, 186 
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to give a reduced curve as can be seen in Fig. 3. This 
implies a failure of the above form of Kohler’s rule in 
the region of transition from impurity to phonon scat 
tering. On the other hand, on a plot of the relative 
change of thermal resistance versus H/p(7,0), where p 
is the electrical resistivity, the experimental points lay 
on a single smooth curve (see Fig. 4). [In fact both 
AW/W(T,0) and p are nearly independent of tempera- 
ture over the range 2.21-3.75°K. ] The values of p(7,0 
for the specimen were calculated by using Matthiessen’s 
rule for electrical resistivity : 


p(T 0) =potpi(T), (3 


was calculated from 
e/k)’p. | and the temperature 
was calculated from the 


where the residual resistivity, po, 
the coefficient AL 3 / mr 
dependent resistivity, o(T 
data of White and Woods 

Thus, it appears that tl 
resistivity in the region of transition from impurity to 
phonon scattering is of the form: 


AW (T)/W(T,0)=F(H/p(T,0)) (4 


ie relative magnetothermal! 


In the regions of purity and temperature in which 
it is possible to define a universal relaxation time, this 
formula would reduce to Eq. (2), since in these regions 


p is given by the expre ssion: 


p=TWLy, 


where Ly is the Sommerfeld value of the Wiedemann- 

Franz-Lorentz number. For the further discussion of 

this expression and Kohler’s rules, see the Appendix. 
Among the recent theoretical 


papers on supercon- 


2G. K. White and S. B. Woods, Rev. Sci. Instr. 28, 638 (1957 


ductivity, there are two in which an attempt is made to 
calculate the ratio K,/A, in the region where phonon 
scattering is important. In the first of these, by BRT,’ 
the results indicated that the ratio should rise as the 
temperature fell below the transition temperature in 
the limit that all the resistance was due to phonons. 
his rise is in contradiction with all the experimental 
results. In the second of these papers, Kadanoff and 
Martin® have proposed an expression of the following 
form: 


kK, 


3 7 Bh: 
f d(Be) (Be)? sech? 
K, 2x J ) 


T\* 1 (Be 
(=) IF 

1 (BF: 
where we have rewritten the expression in terms of the 
symbols used by BCS; the additional parameter, a, is 
defined as the ratio of phonon to impurity resistance in 


the normal state at the transition temperature. In the 
limiting case of all impurity scattering in the normal 


x 


4 





state (a=) this expression is identical to that calcu- 
lated by BRT for this case. In the other limit, a + 
all phonon scattering), the equation predicts a mono- 
tonic decrease of K,/K, with decreasing reduced temp- 
erature. For intermediate values of a, K,/K, at a given 
reduced temperature is between the values of K,/K, 
however for these inter- 
mediate cases it is not possible to write the general 
expression for K,/K, in terms of the two limiting ex- 
pressions after the manner of Hulm.’ A direct evalua- 
tion of the integral [Eq. (5) ] must be made. 


for the two limiting cases; 
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and 1.3 


for the experimental poir 
d Martin for the cases a=0, «, 


In Fig. 5 our experimental points are compared with 


the theoretical curves for a=0 and a © and with the 
curve which should be applicable in our case, 
a 1.3. In each case the energy gap at O°K was taken 
to be 2« (0) 5 


3.5k7T.. The overall agreement is reason- 
ably good, although there appear to be systematic devi 


namely 


ations below the theoretical curve near the transition 
temperature and deviations above the theoretical curve 


at low temperaturt 


APPENDIX 


lo understand the disagreement between the present 
thermal magnetors and _ the 
Kohler rule for thermal conductivity, it is helpful to 
consider the derivation of Kohler’s rules for electrical 
and thermal conductivity. It can be shown directly 


istance measurements 


from the Boltzmann equation (see, for example, Klem- 


ens' or Ziman") that, if one assumes a relaxation time 


solution, then the relative change in the distribution 


function for a state A in the presence of a magnetic 
field H is a function of Hr. From this the similarity 


relations proposed by Kohler follow: 


Ap(T)/p(T,0) = FU /p(T,0)), \l 


AW (T)/W(T,0)=G(H/TW(T9)), (A2 


where F and G are functions which depend on the details 


of the band structure. Similar results were obtained by 


P 
ress 


M. Zima hlectrons and Phonon Clare 
1960). p 


Oxford $01. 


AND A M 


TOXEN 


Sondheimer and Wilson" on the b of a special model 
the two-band mode 

At temperatures below the Debye temperature, the 
scattering of electrons by phonons cannot be character 
ized by a relaxation time. For this reason, when the 


phonon part of the electrical or thermal resistivity be 
comes appreciable, one cannot really define a relaxation 
time. Over the temperature range 2.2-3 range 


Ne @ 


irements, p 7 


tne 


covered by the magnetoresistance meas 


as defined by Eq. (3) comprises 1-14% of the total 
re sistivity, whereas BT: as defined by Eq ] comprises 
26-62% of the total thermal resistivity over the same 
temperature range Hence, it seen reasonable that a 
relaxation time solution of the Boltzmann equation 


would be a better approximation to the electrical mag 


Hence, Equation 


netoresistivity than to the thermal 


(A1) would be more valid than I {2 
If we define a quantity L by the relation p=LWT, 
then Z will in general be a function of H and T. If 


upon the application of a magnetic field, the relative 
change in L is small compared to the relative change 
in W, then AW/W(7,0) is approximately 
Ap(T)/p(7,0) and the thermal 
given by Eq. (A1). If one makes thi 
L is a function of H/p(7T,0) rather than approximately 
independent of field, then AW(T)/W(T7,0), although 
not equal to Ap(T)/p(7,0), is still tion of H/p(T.0). 
Therefore, under either of these issumptions, the result 


follows that 


to 


equal 


nagne 


toresistivity is 
sumption that 


lila fun 


AW (T)/W(T,0) = g(7/ p(T,9)), A3 
where g is a function characteristic of a given metal 
Indeed, this is the relation which the data satisfy, as 
can be seen from Fig. 4 

At temperatures low enough (or defe mncentrations 


high enough) that a universal time of 
be defined, then | q 
thermal conductivity, \2), since now / é 
to Lo=2*/3(k/e)?, and p is equa 


qual 
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The effect of 


netic resonance frequency is discussed. It is shown that the curves for W(7 
are shifted upward from those predicted by a Brillouin fur 
combination of the effect of the large anisotropy energy with that of electron exchange correlation 
tions to the molecular field approximation arising from 


extension of the Ovuc hi method. These corrections 


a comparison of the values of k7 
Peierls-Weiss and spin-wave methods, respectively 


the anisotropy is comparable to the exchange energy 


1. INTRODUCTION 


E consider the effect of large uniaxial anisotropy 
on the temperature dependence of the sublattice 
magnetization and antiferromagnetic resonance fre- 
quency of an antiferromagnetic compound with nearest- 
neighbor exchange interactions. The simplified model 
treated gives an explanation for the peculiar behavior of 
these properties in FeF, where the anisotropy is com 
parable with the exchange energy. In FeF», if the re- 
duced sublattice magnetization, M(T)/M (0), is plotted 
as a function of reduced temperature (7/7), the curve 
is shifted noticeably upward from that given by a 
Brillouin function.! Similarly, the reduced resonance 
frequency, w(7)/w(0), curve is shifted upward from that 
expected for the case of Brillouin function sublattice 
magnetization dependence and small anisotropy field.’ 
In FeF,, S=2. Also a small part of the anisotropy 
energy is not uniaxial and second-neighbor exchange is 
important. We treat a simplified model for S=1 with 
nearest-neighbor exchange and large uniaxial anisotropy. 
rhis model suffices to explain the shifts in magnetization 
and resonance frequency. These are shown to be due to 
a combination of the effect of the large anisotropy 
energy with that of electron exchange correlation. 


2. THE SUBLATTICE MAGNETIZATION 


The Hamiltonian considered is 


KR=2\J ; a (S,-S, 
jh 


—-DTS$3-DT Sit. (1 
j k 


As stated above, S=1. In the numerical calculations, 
7, ‘ 


Z,,, the number of nearest neighbors will be taken as 8 
Body center sites are denoted j and corner sites, k. The 
first summation is over pairs of neighboring cations. The 
exchange constant is _J|, and D is the anisotropy 
"3 ipporte d by the National Science Foundation 

t National Science Foundation Predoctoral Fellow 

'V. Jacearino and L. R. Walker (private communicatior 


?R. Ohlmann, thesis, University of California, Berkeley 


input lishe d 


1900 


large anisotropy on the thermal behavior of the sublattice 


are 
accurate corrections which would arise from correlation with all Z neighbors 
J and S(O) for the Oguchi method with those obtained by 
Che results are related to the ¢ 


CoopEert 
f California, Berkele ( altfornia 
' 


5, 1960 


magnetization and antiferromag 
M (0) and w(T)/w(0) vs T/T, 


tion magnetization curve. The shifts are due toa 


Correc 
pair correlations are taken into account by an 
1/Z as large as the more 
his ex] 


expected to be roughly 
ectation is supported by 
the Bethe 


xperiments on FeF, where 


constant which may be estimated experimentally by 
paramagnetic resonance on ions of the type in question 
diluted in an identical compound of a nonmagnetic ion’ 
or by theoretical calculation.*:® The fact that the z 
component of the iddividual spin is squared in the 
anisotropy energy means that the anisotropy energy is 
unchanged if a single spin changes sign. This would not 
be the case if the anisotropy energy were given by 
— D84,2— DS8,.’, the total sublattice spin squared. 

The sublattice from the 
condition : 


magnetization is found 


S=TrS,, exp(—H/kT) 2) 


The crudest approximation yielding a value of S is the 
molecular field approximation. This neglects all correla 


tion between spins. From (2) we obtain 


exp[ (D+16! J! 8) /kT]—exp[ (D—16| J| 8)/kT] 
S - - 
exp[(D+16) J S)/kT }+exp[(D—16| J|S)/kT)+1 


(3) 


his determines S. The Curie temperature is the highest 
value of T for which the nonzero value of S is stable. 
The effect considered next. 
Several methods have been devised to take account of 
correlation at are of 
greatest interest in connection with the experiments.*’ 


of correlation will be 


the high temperatures which 


Probably the most accurate such calculation is that of 
grown and Luttinger® giving the Curie temperature for 
nearest-neighbor exchange by the Bethe-Peierls-Weiss 
method. This method, however, has not been used in the 
present case both because of computational complexities 
and because of the presence of an anti-Curie tempera- 


M. Tinkham, Proc. Roy. Soc. (London) A236, 535 (1956) 
*K. Niira and T. Oguchi, Progr. Theoret Phys. (Kyoto) 11, 425 
1954 

I. Moriya, K. Motizuki, K. Kanamori, and T 

Phys. Soc. Japan 11, 211 (1956) 
*P. R. Weiss, Phys. Rev. 74 
7 P. W. Kastelaijn and J. van 
1956 


*H. A. Brown and J. M. Luttinger, Phys. Rev. 100 685 (1955) 


Nagamiya, J 


1493 
Kraner 


1948 
donk, Physica 22, 317, 367 
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Fic. } 1) Brillouin function for S=1. (b 
function of 7/7. for D 


W(T)/M(O) asa 
2.5/ including the effect of correlation of 
each spin with one neighbor. (c) M(T)/M(O) as a function of 
T/T. for D=2.5J, including the effect of correlation of each spir 
with all eight neighbor 


ture, which would make the values of magnetization 
unreliable for temperatures much removed from the 
Curie temperature. (The constant coupling method of 
Kastelaijn and Van Kranendonk’ also has an anti-Curie 
temperature for the antiferromagnetic case.) Instead, 
we use an extension of a simpler method due to Oguchi.° 
This method yields values for the sublattice magnetiza 
tion at 7 =O and for the Curie temperature which can be 
compared to the result of spin-wave theory and the 
Brown-Luttinger calculation to test its validity. 

The Oguchi method consists of treating the interaction 
of an arbitrary pair of neighboring spins exactly while 
treating their interaction with their other neighbors by a 
molecular field approximation. In the region above the 
Curie method reduces to 
solving the Hamiltonian for a pair of spins (or a greater 
number of spins in higher approximations) exactly and 
neglecting all interactions with the rest of the lattice 
This is the basis of calculations such as that of Smart'® 
finding the short-range order above the Curie tempera- 


temperature, the Oguchi 


ture. The original calculation was for spin-} particles 
with nearest neighbor exchange only. We extend this to 
the Hamiltonian (1 

The pair Hamiltonian is 


2\J\S8,-S 
(4 
It is to be noted that S;.+-S,, isa good quantum number 


for (4) S;+S8S,|? is 


number even when D=0 


However, not a good quantum 


Therein hes the dithculty in 


* T. Oguchi, Progr. Theoret. P K 
0 J. S. Smart (to be publishes 


13, 148 


1955 


COOPER 


extending the Oguchi method to values of spin greater 
than 1. 
We have solved for the eigenvalues and eigenfunctions 


of (4). This together with the use of (2) yields a 


transcendental! equation for S of the same type as (3 


although more complex. From this equation we have 
found the condition determining the Curie temperature 
This has been evaluated for D=0 and D=2.5J (a value 
approximately equal that in FeF,). At 7=0, 8 does not 
attain its saturation value of 1. The values of kT./J and 
S(0) are given in Table I for both the molecular field and 
pair correlation calculations. The graph of S(T)/8(0) vs 
T/T. has been found by both methods for D=0 and 
D=2.5J. Figure 1 compares curves obtained for D=2.5J 
by the pair correlation method [ Fig. 1(b) ] and for D=0 
by the molecular field method (Brillouin function) 
[ Fig. 1(a)]. The upward shift due to anisotropy and 
spin correlation may be observed. For a given value of 
5(T)/5(0), the value of 7/7, is shifted to the right. By 
calculation this shift has been found equal 
of the shifts for D=2.5/ in the molecular field calcula- 
tion and D=0 in the pair correlation calculation. Thus 
the effects of anisotropy and 


to the sum 


correlation are 
is about 15 to 20% 

nd Fig. 1(b) for 
0.907 ., while for higher 


as much as 45% 


spin 
additive. The shift due to correlatior 
of the total shift between Fig. 1(a 
temperatures 


up to about 


temperatures correlation accounts for 
of this shift. 

The values for 7. and S(O) with D 
test the success of the pair corre lation calculation in 
The molecular field 
and §(0), which take no 
Bethe-Peierls-Weiss 
type calculation of Brown at Luttinger and the spin- 


0 can be used to 
taking account of correlation 
calculation gives values for 7 
account of correlation, while the 
ues ol these quantitie 

I 


rhe 


wave theory of Kubo give va *S 
with the effect of correlation adequately included 


ible I 


correiat 


various values are shown in J 
We 


underestimate the effe 


would expect the pair method to 


This 


ion 
correlation is borne 
out by the data of Table I. It is 
the shift in kT 
Brown-Luttinger calculation 
correlation method. 

The shift in &7 


field treatment completely neglects short-range order. 


te of 
nteresting to compare 
ilar field value for the 
for 


J from the mole 


with that the pair 


J comes about because the molecular 


In this picture, the Curie temperature, roughly speak 
ing, corresponds to the thermal energy 
| . 


necessary 


compensate for the energy 


D=0 D=2.5/ D=0 dD 


10.67 11.42 10.48 11.24 


0.9954 0.9965 0.925 
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When correlation is included there is energy associated 
with short-range order still present at the Curie tem- 
perature. Therefore, the thermal energy necessary to 
destroy the long-range order is less than that given by 
the molecular field picture. Hence the value of &7.. J is 
lower than in the molecular field treatment. The pair 
calculation would include the shift in &7’, due to one 
neighbor, which our calculation gives as 0.19/. We 
expect the shift in k7’. caused by correlation effects to be 
approximately linear in the total number of neighbors 
Then the shift for the Brown-Luttinger calculation 
should be about 8 times that for the pair. The shifts to 
be compared are 1.64/ vs 1.52/, which are about equal. 
S(O) is also shifted from the molecular field value when 
correlation is included. The similar comparison for S(0) 
would give a shift of 0.075 for spin waves as opposed to 
0.037 for 8 times the pair shift. This difference is not 
surprising since the cluster calculation excludes the 
long-wavelength spin waves important at low tempera 
tures. This exclusion would lead to a value for sublattice 
magnetization greater than the spin-wave value."' Also 
Fisher’ has calculated the spin deviation in the anti- 
ferromagnetic ground state by a variational calculation. 
His result for the present case is 0.031. This would 
indicate that the spin-wave treatment may over- 
estimate the spin deviation. The agreement between 
0.037 and Fisher’s value of 0.031 is good. In any case we 
are justified in considering that the pair method greatly 
underestimates the effect of correlation in shifting the 
reduced magnetization curve, probably by a factor equal 
to the number of interacting neighbors or more. This 
would indicate that the actual shift observed should be 
more than twice that between curves a and } of Fig. 1. 
Multiplying the shift due to the correlation with one 
neighbor by eight and adding this to the molecular field 
result for D=2.5J gives the curve of Fig. 1(c). 

We should point out that the numerical results quoted 
in Oguchi’s paper’ would disagree with our statement 
that the correlation effect taking more neighbors into 
account is approximately linear. However, Oguchi’s 
numbers are in error. In particular all the values for the 
first approximation of kT ./J in Oguchi’s Table I (the 
ferromagnetic case) are in error. For example, for Z=8, 
the correct result for the first approximation is 3.891, 
while that for the second approximation is 3.853. The 
zeroth approximation (molecular field) is 4. The correct 
values for k7./J for other values of Z are given in 
Table II. The first approximation is for a pair of spins 
and takes into account correlation with one neighbor for 
each spin. The second approximation is for three spins 
in a line. This includes correlation with two neighbors 
for the middle spin and with only one neighbor for the 
end spins. On the average then, the second approxima- 
tion accounts for the correlation with one and a third 
neighbors of each spin. From our arguments above, the 


“ T. Oguchi and Y. Obata, Progr. Theoret. Phys. (Kyoto) 9, 359 
(1953) 
2 J. Fisher, J. Phys. Chem. Solids 10, 44 (1959). 
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rapre II. Values of &7./J for the zeroth, first, and second 
Oguchi approximations, and for the Brown-Luttinger calculation 
for S=4 with ferromagnetic nearest-neighbor exchange 


Z 
Zeroth 


approx 


0.656 


First* 
appr rx 


second 


approx 


Brown 
Luttinger 


* Professor Oguchi has kindly provided us with these corrected values of 
he first approximation for Z =2, 4, 6, 12. The values for the second ap 
roximation are those of the original paper for Z —2, 4, 6, 12. We have found 
f the first and second approximation for 7 —8 using Oguchi's 


the value 


wmulas 


difference between the first and second approximations 
should be about 4 of that between the zeroth and first. 
his very We have also done the 
calculation for four spins located on the corners of the 
square, so that the correlation of each spin with two 
neighbors is included. The value for k7./J for Z=8 is 
The difference between this and the first ap- 
proximation is 0.114 as compared to 0.109, the difference 
between the first and zeroth." Now then, eight times the 
difference between the zeroth and first approximations 
should approximately equal the difference between the 
zeroth and the Brown-Luttinger result. This compares 
0.872 to 1.09. We note that eight times the result for one 


is satisfied well 


> =a 
aT P 


neighbor gives somewhat less than the correct total 
effect of correlation. This is in agreement with the result 
above that the difference bet ween the first and second is 
slightly greater than that between the first and zeroth 
approximation. Considering the existence of such a small 
increase between the differences of successive approxi- 
mations, we would expect the Oguchi value to extrapo- 
late to a value quite close to the Brown-Luttinger result 
when all neighbors are included. There are also errors in 
Oguchi’s Table II. Thus the results of Oguchi as 
corrected, combined with our calculation for the square, 
agree with our statements that the corrections to the 
molecular field approximation arising from pair corre- 
lations are roughly 1/Z as large as the corrections if all 
neighbors were taken into account.’ 


3. ANTIFERROMAGNETIC RESONANCE 
FREQUENCY 


The graph of w(7)/w(0) vs T/T, will be shifted in a 
way similar to that for S(7)/S(0). The antiferromag- 


1% A calculation has been done of 8(7)/S(O) vs T/T, for the 
four-spin case with ferromagnetic coupling. The shiit from the 
Brillouin function is somewhat greater than twice that for the 
pair calculation of Oguchi. For the typical value 7/T,=0.5, the 
values of §(7)/S(0) are: Brillouin, 0.9575; Oguchi pair, 0.9564; 
four spin, 0.9551 - 

#%® For four spins located on the corners of a square, S(O) with 
S=4 and antiferromagnetic coupling has been calculated. The 
spin deviation (the difference from 4) is 0.0100 as compared to 
0.0051 for the pair calculation 











0.2 


Fic. 2. (a) w(7T)/w(0) as a function of 7/7. for D=2.5J calcu 
lated by the molecular field method using terms in D as a first 
order perturbation on the energy with D=0. (b) w(7 
function of 7/T, for D=2.5J, where full account has been taken 
anisotrop See text The effect of correlation of each 
cluded c)w(T w(Q) as a tunction of 

account has been taken of large 
elation of each spin with all eight 


w(O) asa 


of large 
spir with one neighbor is In 
T/T. for D=2.5J, where full 
anisotropy. The effect of corr 


neighbors is includes 


netic resonance frequency 


wiiere 


0) 


is the exchange field and H/, is the anisotropy held. The 
temperature dependence of H ¢ follows directly from the 
information above. The principal problem in finding the 
temperature dependence of w is in obtaining the thermal 
H,. The 


when the anisotropy is 


behavior of method suggested by Yosida!® 
small leads to the following 


expression for a 1 


Ha(T)/Ha(0 3. S 


} 


, the magnitudes of the plus and minus 


magnetization vectors are kept constant, 


In deriving (7 
though they 
can change their orientations 

when the 


We find an expression corresponding to (7 
J 


anisotropy energy is not negligible compared to the 


+ be the direc tional cosines 


exchange energy. Let a, 8, 


of the z axis with respect to the axes defined by the 
',Z'). In the molecular 


onian for a given spin is 


direction of magnetization (X’, ] 
field approximation, the Hamilt 


x 2|J'|Z,8S D(aS, x: +8S;y +y7S;2)2. (8 


The equation determining the eigenvalues can be found 


4 C. Kittel, Phys. Rev. 82, 565 (1951 
‘T, Nagamiya, Progr. Theoret. Phys. (Kvoto) 6, 342 
F. Keffer and C. Kittel, Phys. Rev. 85, 329 (1952 
K Yosida, Progr Theoret. Phys Kyoto 6, 691 


' 1951 
1 


1952 


COOPER 


in the usual way. The anisotropy field is given by 


he eigenvalues 


y=1. Ha 1s 


To find H 4, 


and their derivatives wit! 


it 1s necessary only 
resp 


given by 


Ha(T) 


xp[ (D—2Z,,|J 


In deriving this we have assumed that the magnitude 
of the sublattice magnetization is constant for small 
variations in y. For S=0, H4=0 
quency goes to 0 at the Curie temperature in this model. 
6), and (10) can be combined to find 


The resonance fre- 


Equations (5 


w(T). At 7 0, 


2Z,|J|D > mY 
hw (0 17 11) 
2Z,|J|+D 22 +D 
Correlation effects have also | considered. This 
may be done for D*onsidered negligible compared to 
D of Eq. (8) asa 
functions for D=0 found 


Cc ids to in expression tor 


exchange by regarding the term in 
perturbation on the pair spin 
by the Oguchi method. This 


the anisotropy field 


where 


The result would be the same 
neglected 

Equations (5), (6), 
At 7=0, for Z,=8, 


to find w(7 


ind (12 in be used 


hw (0) = [0.9915.D(31.8528| J, +0.9915D 14 


We have found w(7T)/w(0 a function of 7/7. for 
both the above cases field considering D not 
treating D as negligible) and 
(7). If 


the effects of anisotropy and correlation are assumed to 


molecu! 
negligible; pair correlation 
compared the results to that obtained from Eq. 
the sublattice 

vs 7/7 


goes to 


be additive as they were found to be for 
magnetization, we obtain values of w(T)/w(0 
2(b [w(T)/w(O 


including both effects [ Fig [ 
These can be compared 


zero at the Curie temperature 


to the values obtained in the molecular field picture 
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considering D as negligible [Fig. 2(a) ]. Correlation 
effects account for approximately 15 to 20% of the total 
shift between curves a and 6 in Fig. 2 for temperatures 
up to about 0.857, (the range of experimental interest), 
while for higher temperatures correlation effects account 
for as much as 40% of this shift. As in the case of 
sublattice magnetization, the pair correlation calcula 

tion probably underestimates the effect of correlation on 
the shift by a factor equal to the number of neighbors. 
If this expected further shift from curve 6 is added in, 
curve ¢ is obtained. 


4. DISCUSSION 


We have shown that the combined effects of large 
uniaxial anisotropy and exchange correlation can ac- 
count for a shift in the thermal dependence of both the 
sublattice magnetization and the antiferromagnetic 
resonance frequency from that predicted by a Brillouin 
function magnetization curve. Such a departure has 
been noted experimentally for FeF:.'* In FeF, the 
situation is more complicated than that described above 
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because S=2, there is second-neighbor exchange, and 
the anisotropy is given by —DS,;?—E(S;2—5S;,*). 
However,’ E is only about 10% of D, so that the terms 
in & can be neglected to a good approximation. A 
calculation of the thermal dependence of the resonance 
frequency of the molecular field type discussed above 
has been carried out by Cooper and Ohlmann.’ This 
accounts for perhaps 50% of the observed shift from 
behavior corresponding to Brillouin-function mag- 
netization dependence. The previous discussion would 
indicate that the remaining shift can be accounted for by 


correlation effects. 
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Let the potential of a one-dimensional scalar particle be V (x) = Vo» Z_.* 4(x—x,), » <x<%, where 
Vo<0, and where the sequence (x;) is random, with a Poisson distribution. The quantity of interest is a 
certain limiting level distribution, equal numerically to the node density of real solutions ¥(x) of the 
Schrédinger equation. The random variables 2;=y'(x;—0)/y(x,), , constitute an ergodic 
stationary Markov process. The stationary density 7(z) of the (z;) satisfies a first-order linear differerstial 
difference equation, and the node density is given (with probability 1) by lim,,, 2*7(z) (Rice’s formula) 
Numerical results are obtained by integrating the second-order linear differentia] equation satisfied by the 


—a<j<u 


Fourier transform of T(z) 


1. INTRODUCTION 
W* are concerned with the distribution of energy 
levels of a one-dimensional electron (scalar 

particle) moving in a one-dimensional random array 
of atoms. The atoms, all of one kind, have (randomly 
fixed positions, and the electron-atom potentials are 
assumed to be 6 functions. The Schrédinger equation 
for an electron of mass m and energy E is then 
h? d>y (x) * 

———+ Vo >> b(x—2x,)¥(x)=Ep(x), (1) 


dx? i 


2m 


Vo<0O is the strength of cach electron-atom 
interaction (attractive) and ---<x_.<a9<a,;<--- are 
the positions of the atoms, randomly distributed on 
the infinite line. We consider in detail only the case 
where the x,’s have a Poisson distribution, although 
our methods are applicable to certain more genera] 


where 


distributions (described in Sec. 6). Boundary conditions 
for (1) are discussed presently. 

One model which gives rise to (1) (and the one which 
led to the present investigation) is the impurity band 
model of Lax and Phillips.’ The “atoms” represent 
impurity atoms in a one-dimensional crystal; the 
periodic potential of the pure crystal is replaced by a 
constant (included in £). Another model to which (1) 
might be applied is a one-dimensional liquid metal. We 
do not discuss such applications, confining ourselves to 
a mathematical study of (1). A detailed discussion of 
the impurity band model, with references to the 
literature, is given in the Lax and Phillips article. 

2. LEVEL DISTRIBUTION 

[he quantity we seek is the limiting distribution-in- 
energy of the eigenvalues of (1), defined as follows. Let 

'M. Lax and J. ( 


Phillips, Phys. Rev. 110, 41 (1958) 
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» denote a sequence 


positions We treat ¢ 


) of 
a single point 
rhis space Q of all 
is a Measure space, carrying a 
probability measure which we denote by P{ 
urable w 


atom 

sequence w a 
in an infinite-dimensional space 0. 
possible such sequence 
}; meas- 
“random variables.”? Expec- 
with weighting dP(w) | 


functions are 
tations [averages over will be 
denoted by 


For each sequence let EF, (Lw)< Eo(Lw)< 

denote the eigenvalues of (1) for a finite interval 
O<a<L. That is, for fixed w, the E,,(Lw)’s are the 
values of & for which there exist solutions of (1) on 
O<x<L satisfying, say, ¥(O)=y(L)=0. Still with w 


fixed, let St,(Eww) be defined as a function of E by 


N,(Byww (1/L) 


x| number of £, s which 


[1.e., a nondecreasing step function which vanishes to 
the left of E,(Lw) and which jumps by 1/Z at each 
Em(L,w) |. By the 
the limit 


“distribution of levels’? we mean 


M(H) = lim WM, (ew) 


L~a 


with probability 1. 


\s we prove in Appendix 2, the right-hand side in 
exists and is independent of w with probability 5, 
indicated.‘ 

lo obtain N(/) explicitly we will make use of the 
fact that N(E) is equal to the density of zeros of any 
lor each E and w : Ew) 
denote the (real) solution of (1) which satisfies boundary 
conditions ¥(0; Ew) = &, ¥/(0; Ew)=no, where & and 
no, real and not both zero, are arbitrarily given boundary 
values. If vz (Ew the number of 
¥(x; Ew) in the interval O0<2<Z, then 


real solution of (1 let W(a 


denotes zeros of 


lim Nz(Ew)=lim [v,(E,w)/L | with probability 1, 


Le L+e 
independently of £ and mo. That both limits exist and 


are equal whenever either one exists is a theorem in 


differential equations’ ; probability is not involved 
Since the i 


common limit in (3) is constant (as an w 


function) with probability 1, it is equal to its expected 
value with probability 1. Our problem is thus reduced 
to finding the (w,x)-average number of zeros per unit 
length of real solutions of (1 

2 J. L. Doob, Stochasti ron John Wile 
New York, 1953), p 599 ff 

* The numbers FE. (1,w) depend only on those x,’s which happen 
to satisfy O<x,;<ZL, of course. The number of such +x,’s is finite 
with probability 1, implying that the £,,(L,w)’s are defined with 
probability 1 (that is, except for a set of w’s of total probability 0) 

‘That is to say, there exists a number Si(FE) which has the 
following property: The set of all w for which WW,(F.w) fails to 
converge to JL as / ‘2 with EF and w fi is a subset of 
2 which has probability 0 

5H. M. James and A. S. Ginzbarg, J h hem. 57, 
(1953 

*H. Schmidt, Phys. Rev. 105, 425 


& Sons, Inc 


840 


1957 


AND S Pp 


In subsequent the dimen 


sion- 


less quantity 


where is the expected density of atoms. There being 
n atoms per unit length (on the V(A) may be 
number of elect levels per 
2m)rX. NIA depend on 


a dimensionless energy ratio \/4 


regarded as the atom 


below energy E= (h? ly on 
1 a dimensionless 
m | h?(>0O) is 
the inverse range of an electron nerg) h 


bound to an isolated aton follow the | 


density parameter n/ko, wl 
[ 2m Kg” 


sax and 
Phillips notation here 


3. THE PHASE PROCESS 


kor expository purpos ve discuss (1) with 


) reference 
namel ._ oO I ssi il 
oscillator disturbed by randomly occurring impulses 
We substitute symbol ¢ for symbol a | 


, and 
y(t) (real) as the displacement at time 


to still another model, harmoni 
regard 
‘ of a unit point 
mass from an equilibrium position y=0 on 1 


With 


he expres ed 


where, again, A= 2mE/h 
We refer to the times 
partic le coordinate is uncl 


but 
proportional to 


the particle momet increment 
toward the 


origin: 


[ obtained by integrating rt from 
Between hits the particle moves as a | 
with force constant X: 


irmonk 


/ 


g ni 
The probability is 0 that two or 


and we ne giect sui 


simultaneous, 


Fic. 1. Phase 
for given A>0. At 
segments. 


otion bet 


hit 
nits 





ELECTRON LEVELS IN ONE 


Orbits in phase space for \>0O and A<0 are shown 
in Figs. 1 and 2, respectively. It is seen that in the case 
\>0 the n-axis crossings (zeros of y) occur at a rate at 
least A!/m, the effect of the hits being to speed the 
angular motion. When A\<0, however, the motion (7 
is retrograde (counterclockwise) in the sectors (7 

\/—A, and if there were no hits the phase point 
would stick at the asymptote n/&=++/—A. 

The phase variables {(£(tw), 4(tw)), —“% </< ~} 
constitute a two-dimensional stochastic process. Th 
n-axis crossings are determined by the angular part of 
the motion, however, and since (4) is homogeneous in 
— and , we may treat the angular part separately.’ 
Accordingly, we introduce the variable s=n/t=y/y, 
now that the random variables 

constitute a Markov process 


and we will show 
{z(tw), <a} 


Equations (5) and (6) give 


z(f;+0) 


—-ac</ 


z(t; —O) — 2x; 
at hits, while (7) gives 
lA l;, Q) 


for the motion between hits. Note that at an n-axis 
* and instantly 
at its 


crossing the variable z flies off to z 

(compare 2 
singularities). For any given time 7, Eqs. (&)-(9 
determine 2(/,w) for all times (>7 as a function of 2(7,u 
and the times of the hits occurring after r. It is a 
property of the Poisson process, however, that the 
times of the hits occurring after 7 are statistically 
independent of the times of the hits occurring before 
r.* From this it can be shown that the times of the hits 
occurring after 7 are independent of the random 
variables 2(t'w), —* <t/<r. It follows that for any 
‘>r the conditional probability distribution of 2(t,w 
x <t/<r} is the same as 


reappears at 2=+ —c tanct 


given all values {2(t'w), 
the conditional distribution of 2(tw) given only 2(7,a 
and this is the Markov property. The ¢ process has 


bic 2 
for given A<0. Note that this motion is retrograde (counter 
clockwise) in the sectors |n/f| <4/—A. At hits, motion is instar 
taneous on vertical segments 

7 The full (é,») process is dis« 

* See reference 2, pp. 398 ff 


* See reference 2, p. 80 


issed in Appendix 1 
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Phase motion between hits on hyperbolas A#+-7? = const 
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stationary (independent of time origin) transition 
probabilities; the hit process is stationary, whence (4) 
admits time shifts. 

We wish to find the probability distribution of 2(4,w), 
and for this we use the following characterization of the 
Poisson process."® The number of hits in any small time 
interval (¢,¢+dt) is statistically independent of the 
numbers in any other disjoint measurable ¢ sets disjoint 


from (1, /+dt), and has the probability distribution 


nd 
+ o0(dl), 
ndt+o(dt), 


P{ (1, t4+-dt) contains no hit} =1 


P{ (1, (+dt) contains exa tly one hit} 


P{(t, t+dt) contains more than one hit} = 0(dé), 


where m is the expected number of hits per unit time 
and o(dt) are negligible higher order quantities. 
assume that the 
a density: 


To simplify the derivation, we 
probability distribution of 2(t,w) has 


f T (2,t)dz, 


x 


P{z(tw): ¢} 
re, Of course 


(10) 


Abusing the terminology somewhat, we refer to the 


z axis also as “phase space” and a point 2(tw) as a 


“phase point.” Let us regard 7T(s,t)éc as the fraction 
of phase points in an ensemble which lie in an interval 
t. The phase points which lie in 


(c,2+é62) at time 


at time (+d consist of 


2, 2+62 


’ 


were in (2’,2’+62’) at time ¢ and 
ndt) received no hit during 


(a) those which 
(with probability about 1 
(t, +dt), where, from (9), 

2’ 2+ (2°+A)dl, 
62’ = (d2’/dz)éz 


" . ” ” 


b) those which were in Z 


1+-2zdt)éz; 


+-62"") at time / and 
(with probability about ndr) received exactly one hit 


during (t, t+dt), where, from (8), 


e’! , ) 


yA z £Ko, 


(dz” dz bt 62: 


eff 

62 

(c) a negligible proportion which reach (z, 2+6z) 
after being hit more than once during (t, +d). Con- 


servation of phase points requires 


T (2, t+-dt)6z= (1—ndt)T (2' ,t)6z' +-ndtT (2” 162", 


to within higher order differentials. From this we obtain 


OT (z lt 


at 


(11) 
john 


+ n[_ 7 (2+ 2xo, 1)—T(z,f) |. 


and il { p plic alions 


p 306 


Probability Theory 
Inc., New York, 1950 


W. Feller, 
Wiley &-Sons, 
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If an initial distribution" of phase points is given, say 
T'(2,0), then (11) determines 7T(z,/) uniquely for all 
{>0. Every solution tends to a limiting density 


T(z)=lim T(z,1), 


the limit being indepe ndent of the initial distribution 


Chis stationary density 7 is the (unique) solution of 


— T(z) |=0 12 


which satisfies the normalizing condition 


Proofs of these statements involve ergodic and other 

properties of the z process, and are given in Appendix 2. 

We assume in all that follows that the distribution of 

phase points is the stationary distribution, i.e., T(z,f 
T(z), <<a 


Differentiation of 


t+r)7 rn T (¢)d¢=const (14 


shows that (14) is an integral-equation version of (12 


Equation (14) is simply the assertion that the flux of 
phase points is constant. For the phase points which 
pass point z leftward during a small time interval of 
duration di due to the motion (9) is — (1—ndt)T (zs) (2dt) 


'+-)7T(c)dt, and the leftward flux at 2 due to hits 


is (ndt)T(¢)d& from all elements df in the interval 
e<(<2+2k The leftward flux at 2z 2 is the 
expected -axis crossing rate m.V(A\), so that (14 may 


be put into the form 


nN “ 
i VA [ T(¢)dt 15 
tA . 


Vanishes as >+-e. il follows 


VA ln) lim 27(s), 16) 


which we use late 


Another integrated version ol 12) is obtained by 


integrating with a factor which integrates all terms 
except the one T +2, We detine 
M é arcta f A=>0 
~ a . 
u tr A k 0 
ot K 
'We treat fo and mo (a hence as random quar 
tities, statistically independent of the ¢t;’s. The basic randon 
element w now consists of a specification of £) and mo as well as 


il] of the f,’s 
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with jarctanx! <4 in the first case. We have u’(z 
u(z)=n/(z?-+A) in either case, and it is easily verified 


that (12) is equivalent to 


lor the case \= &® we find 


L s<a, (18) 


over the indi ited inte rvals and using 


(16). If we eliminate .V(&?) in (18) we have 


u’ Z > T(¢+2: 
T(z | [ d 
l-—e-"" J, uli 


integrating (17) 


' u 
while elimination of 7 give 
- ¢ “ . 
V (k2) f T (¢ +2: di 20 
- ei" ea"? 
In the case A x? we avoid integrating (17) over 
c=, g over x, 2) for 


since u(x 0. Integrating (17 
f 


x and over (2, 


5 to obtain 
\ probabilistic 
\ppendix 2 


The above relations will be 
approximations and bounds for V(A 


interpretation of (19) and (21) is giver 


4. NUMERICAL METHODS 
The methods used to obtain VQ merica y are 
based on the system 
l—e*" 
. " ?? 
y(Q ] 
iim ¢ () 
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satisfied by the characteristic function (Fourier trans 


form) ¢(s) of the probability density T(z 


L 


o(s fer (e)de. 


The level distribution .V(A) is obtained from 


Rey’ (0+) Rey’ (O—)= —an.V (A). (23 
Proof appears in Appendix 3.) 

Chree integration schemes used each involve use of 
an asymptotic formula for ¢’(s)/¢(s), and the accuracy 
of the numerical results is limited by the accuracy of 
the asymptotic formula. The values given for .V(A) ar 
least accurate when A is and yw is small. 
(Unfortunately, this is a region of considerable interest.) 

One method involves numerical integration of (22 
0, the asymptotic formula 


near —re 


from some large s in to s 
being used to obtain a starting value for ¢’(s)/¢(s 


: , A 
Eq. (23) then gives .V(A). In a closely related method 


Pas.e I. Level distribution for n/xo=10 
x N ws 
20.00 0.000346 
5.00 0.0315 
4.672 0.0444 
4.472 0.054 
272 0.063 
00 0.142 
0.2 0.142 
3.162 0.1741 
4.472 0.201 


he Riccati equation associated with (22), 


s#0 


¢(s) op(f yiods'), 


is integrated numerically from some large s to s=0, the 


asymptotic formula now giving the starting value of 


4 third method is based on the fact that 


if A(s 
O<s< «x, is an unbounded, zero-free solution of dif 
ferential equation (22) then 
r ds’ De ds’ 
¢ A(s f Jo 0) [ 
. Fs’ P 2 ( >’ 
t e system (22), so that from (23), 


1 " ds’ A’ 0 
Re 1 /e of — 24 
ne G(s’) @(0) 
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rasce II. Level distribution for n/x,=1 
nA N “) 
5.00 0.027 
2530 0.043 
1.37 0.258 
1.18 0.298 
1.02 0.335 
1.002 0.3349 
1.00 0.345 
0.98 0.352 
Ok 0.392 
0.02 0.451 
k/« Vik? 
0.2 0.454 
1.0 0.581 
1.414 0.629 


The integral in (24) can be brought into the form 


| 
| . Cas) 
#(s)[0’(s)/O(s)— p’(s)/ e(s) ] 


and is evaluated numerically by integrating Eq. (22) 
from s=0 [0(0) = 1, 6’(0)=7] to some large s and using 
(57)-(58) to approximate ¢’(s the denomi- 
nator in (25). The numerical solutions 6(s) were found 
to be zero-free. 

he numerical results are given in Tables I-III, and 
appear as triangles in Figs. 3-5. For comparison, the 
open circles and solid circles represent the Monte Carlo 
and local density model results, respectively, of Lax 
and Phillips." 


o(s) in 


5. APPROXIMATIONS 
a) The Optical and Diffusion Approximations 
When fast 


nko — finite) the integral in 


and weak (n—> ~,«9—0, 


15) may be approximated 


the hits are 


ds 


nf T (¢)dt = 2nxoT (z), 


=0.1. Since N(A) is 


(26) 


Tasre III. Level distribution for n/x« 


nondecreasing in A, the value given above for N x) at x/xo 

= 1.0001 is surely incorrect 
ava N ad 
0 O86 
0.67 0.857 
0.98 0.729 
0.99 0.701 
0.999 0.658 
0.9999 0.588 
1.0001 0.2443 
1.001 0.2887 
1.01 0.2599 
1,02 0.233 
1.33 0.0754 
2.00 0.00186 
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T T Pret tT tt ee The approximate solution (27) is not everywhere 
™~ y non-negative when A 1s be low the opt il band edge 
8 \ —2nxo. That this singularity in artifact of the 
™ approximation method is shown by including another 
a ae | term in (26 , Viz 
‘ i nf 7 ( k 2nk 7 Z)-T 2m 7 
% | 
“« 
2 We substitute this in (15), solve the re ilting differentia! 
AL DENSITY equation for 7(z), and then impose the normalizing 
6} M 4 } condition (13 Omitting the details, the result is the 
diffusion approximation 
‘ 3 46 | 
M 1‘ S, | 1 
. 
™ ee eS ea le | V(A : “? 
4 ; 1 3 4 « é ~ » 


Fic. 3. Level distribution versus |\!4/xo for n/xo=10. a=exact 


value from (22), O=Monte Carlo value (Lax and Phillips) 
@= ‘local density model” (Lax and Phillips 24 

7 ‘ F - » A ‘ 
and the resulting equation is easily solved for 2.0 


T(z (27) 1.6 
2°-+d+2nko N(K) | 


Imposing the normalizing condition (13), we have the 


optical approximation : hy 





(A+2nxo)? ¥ 
‘ ‘ 
V(A) , AZA—2Nko, i 
nr (28) 0.4} . 
4 
eS Se ) 
{ 0, X ZK). re} . ™ 
08 O04 ) .4 08 12 16 20 
ie oa : " . K 
his is also the result given by the ‘“‘optical model”’ of Ko Ko 
Lax and Phillips,' whence the terminology. , , 
. Fic. 5. Level distribution versus ||! /xy for n/xo=0.1. a =exa 
value from (23 exact value fr 24 Monte Ca 
‘en Gee 2) ce value (Lax and Phillips 
where 
jl 5 \ 
| € La ( ) ( T 2«) 
A € K 
| 
4 | | (We explain the appellation presently.) In Fig. 6 we 
| ° 
® | show the quantity 
M | 
, ‘ 4 


’ % together with the approxi 
‘ 


ee | n 4 


Fic. 4. Level distribution versus |\|*/xo for n/xo=1. a=exact P ” “eS ’ 
, ? we “g he) which yields (28 We Le passing that according 
value from (22), O=Monte Carlo value (Lax and Phillips L : 


@= “local density model” (Lax and Phillips to (29), the number of leve per atom below the 
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optical band edge is 


N(—2nko) = 
29/2316 2/81 (7/6) 


0.2532/é 


in agreement with an observation made by Lax and 
Phillips' on the basis of their Monte Carlo results. A 
comparison of the various computations of V(A) is 
shown in Fig. 7. 

Che optical approximation (28) corresponds to re- 
placing the random potential in (1) by its (w,x)-average 
value mV». Our diffusion approximation (29) corre- 
sponds to adding a white Gaussian noise correction 
term to nVo, making (¥(x),y/(x)) a two-dimensional 
diffusion process, The integral of the po- 
tential in (1) ts 


as follows. 























Fic. 6. Ordinates A (uw) and B(yu), proportional to the diffusion 
and optical approximations (29) and (28), respectively. Definitior 
of wu appears with (29). 


where P(x) is a Poisson process” with density parameter 
n. If we define a process y(x)=[P(x)—nx | 


(2x 


/ 


Vn then 
is nearly a Brownian motion (Wiener process 
when » is large,” and the corresponding potential is 
nVo+n'Voyo' (x), where yo(x) is a Brownian 
[““yo'(x)” This 

mation can be used to obtain (29); we omit the details." 


motion 


“white Gaussian noise”’ ] approxi 


(b) The Case 2=k’?>0 


The integral on the right-hand side in (15) lies 
between 0 and 1, whence 
n| N (k?)—1 ] nN (k*) 
<Ti(z)< 3 30 
2*+ 2*+k? 


We integrate this over (—*, &) and impose (13) 


2 That is, P 
pp. 98 and 398 


r) increases by unity at each x;. See reference 2 


‘8 See reference 2, pp. 434-435 
4 See M. C. Wang and G. E 
17, 332 (1945 


Uhlenbeck, Revs. Modern Phys 
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a 
‘ 
‘ 
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| 
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N 
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004 + ; ; 
0.02 + + + 
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Fic. 7. Comparison of diffusion approximation (29) with exact 
distribution for n/xo=10. a=exact value from (23), O = Monte 
Carlo value (Lax and Phillips 


obtaining the bounds k/ (mw) <.V (k®) <<1+k/ (nr). Simi 
larly, from (18 
ei EN (Rk?) 4" <T (2) <el N(R)" 

giving bounds entEK- 4) LN (R*) << 14+ (e""/*— 1) 
Using e7>1+ 2x, we have the bounds (A>0 

k 1 

Vik 
nT 1-—e"*!* 


For a refined version of the above, we rewrite (20) as 


ei"* k 
V (Re? 
eint ke» bnaw/h 
z eine i ~¢ n/k) eretan(2z/s 
- T (2+ 2ko) dz. 
- einr/kig tnr/k 


Substituting for T(z+2xo) the bounds given by (30), 


we obtain the bounds (A>0 
1 1+A 
<N(k < . 
1—e*7/F+A l—e ""/*F¥+A 
n rv 1 e nik) ($9 +aerctanz) 
A J dx. (31) 
k 2 [xt (2xo/k) P+1 


When &>>n the numerator in the integral for 4 may be 
expanded in powers of n/k to give the result 


k 1 Ke n 
N(k*)- +-— arctan +0( ) 
nx F k k 
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--- OPTICAL 


b,0=N 


i + 


SS ae 








AND BOUNDS ON N 


N 














8. The bounds (31) for the level distribution. A =exact value 


from (22), 


Monte Carlo value (Lax and Phillips 

[ This can also be obtained by iterating (15). ] The 
bounds (31) are shown in Fig. 8; the integral A was 
evaluated numerically. 


(c) The Case 2 0 


The denominator on the 
negative when |s| <x 
we must have 


right-hand side in (15) is 


ince T(z 


, and is never negative 


Vi T c dt, 


We 


possible 


fit l 


di 


interva K, K+-2k 


many 

he 

subinterva 
0) 


sjoint ubintervals s<¢(<z as 
into t 


, add integrals 
(32 tor the (13 


the bound (A 


ind impose obtaining 


q = integer part of (x/k 


A bound which is much 


We 


stronger when g is large 


(21 


is 
obtained as follows rewrite as 


NU\Z 


T(z 
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It is not hard to verify 


(The case r=0 follows from (33) and 


others by induction. | We now apply (3 
mate (34), choosing for r the 


t for whicl 
(34) holds on an interval of length ) 


Zin al ie€a K 
r=q—3. There results the | 


large s value 
viz., 


id (A<0 : 


OUT 


valid for g> where, again, r/' id integer 
part of (x/x; 
The following intuitive 


gives 


an approxi- 
than ( arg q. Without 
hits, the velocity of a phase point is 2=x?—s 


mation even smaller 


, and the 
time required to move from z 9 to z ) 


A aK 
is T=(1/x logl (x Ki 1 q>1 Phi 
is small when « is large, and a phase point w 
most of the time in the 
for a favorable succession of hits g. 2). To escape 
the interval —«<2<x« the par icle must receive about 
g (or more) hits within a time interval 7 
q will not carry the point p 


assuming time 


ill Spe nd 


region K \2SK, waiting 


Fewer than 


ast z : and it will slp 


Now, the probability 


I 
back to the vicinity of z= +k 


that an interval of duration 7 


alter any hit 
q—1 or more further hits is® 


contains 


e~"T (nT)? 


(q— 1)! 


If such bursts of 
of occurrence wi 
requires about o1 
mation (A<0 


valid for q> h, ea 


6. GENERALIZATIONS 


There seems to be no way 


to the corresponding three-din 


is no Markov property wher 
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dimensional, and (3) does not generalize (to the best 
of the authors’ knowledge). The one-dimensional case 
1 be generalized somewhat, however. 
First, the strength of each interaction can be random. 
hat is, instead of the potential — (h®/m)xo > 6(x—2 


of (1) we may consider the potential 


(h?/m) > 


2. K0jo(x— Xj), 


where the xo,’s are independent random variables with 
common probability distribution, say P{xoj;<u} = F(u), 
x .'6 The x,’s are to have the Poisson dis- 
tribution with density n, as before. The analysis follows 


m<y< 


closely that of the previous sections. In place of (12 
we find 


x 


d 
[ (z ET (a) + f [ T (2+ 2xo)— T(z) ]dF (xo) =9, 


L 


dz - 


and the only change in (22)-—(23) is 


= 1— e720" 
a(s)=A+n dF (ko). 
* is 


The optical approximation is just (28) again, except 


that 


x 


Ko J Kod F (xo) 


s 


replaces xo. Similarly, the diffusion approximation is 


given by (29), except that the parameters are 


n 3 yt A+2nlko 
P . ( ) 
K 2\3 € ' 


x 


‘Kg J staP (ws). 


) 


With the strengths randomized this way, our Eq. (1 
is the Schrédinger equation of the one-dimensional! 
version of a scalar meson pair theory Hamiltonian 
discussed by Montroll and Potts’? in their study of 
interactions of lattice defects. 

The distribution of atom positions can also be gen 
eralized. We use the temporal description of Sec. 3. 
Let 1, 2, ---, » denote the states of an ergodic Markov 
* with transition probabilities p 
probabilities p,;; that is, 


chain and stationary 


Wy 


p> Pibis= Pi, 


case treated in previous sections results when F(u)=0 
x <u<ey and Fin 1 on wo<uc« 
W. Montroll and R. B. Potts, Phys 
7.1 
* See reference 2, Chap. V 
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1956 
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Lm ***, eh 
the following 


Let n,; denote a hit rate for each state i 
The hit determined by 
properties : 


process 1S 


(a) Random changes of ‘‘state’’ occur at hits. If the 
state is i just before a hit, then the probability is pj, 
that the state is j just after the hit, and the state 
remains j until the next hit 

(b) If the state is i at time ¢, the probability that 
during (t, ‘+d?) there is 


no hit is 1—»n,dJ, 
exactly one hit is md, 
more than one hit is 0, 


neglecting higher order infinitesimals. 

(c) The strengths (xo) of hits are random variables. 
At hits where the state changes from i to j, the strength 
of the hit has (given) probability distribution P{xo< a} 

Fy;(u). 


Let T,(z) denote the stationary joint mixed density 
of z and i; that is 


f 
P{(z<f) & (state is 1)} f T;(2)dz 


wo 


any time). Then, corresponding to (12), we have 


22+ 2)7;(z 


on 


rossing rate 
(38) 


thods of Sec. 4 are applicable, 
to be difficult in any 


' 
Even though the m«e 


solution of (36)—(38) appears 


ases of interest 
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ide is the fraction of time spent in state i 
g mean duration 1/m,); ~, is the numeri 
of tin long random sequences of states 


* The right-hand 
sojourns in state z havir 


ai lrequency 
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APPENDIX 1 
It 


prot ess 


should be clear that the two-dimensional phase 
{ (E(w) ,n (tw t<an} Markov 
process. Let us assume for simplicity that the random 


nD < is a 
variables &(i,w) and (tw) have at time ¢ a joint proba- 
bility density R(£,n,t) in the & -plane, one smooth 
the validity of the following deri- 
vation.” We regard R(é,n,1)6A as the fraction of phase 
points in an ensemble which at time / fall in an element 
of area 6A around the point (ém). As in Sec. 3, we 
obtain easily 


£ 


enough to insure 


R Ent +dt)5A (1- ndt)R(&' ,n',t)6A ; 


+ (ndt)R( 


" n'' L)bA 


” 
’ 


t 
Ss 
where, for the motion (7 


»s 
¢ 
s 


n’ 
6 1’ 


and for the motion 


neglecting higher order differentials throughout. There 
follows 


AOR’ &,n,/ 


subject to the norma 


R(én, £.n,l)d&dn= 1. 40) 


¢ 
S> 


(39)—(40 


The explanation is that each 


oO has 


In contrast 1 system 


no stationary solution 


random orbit spirals out to infinity in the &, n-plane, 
probability 1. (We prove 
2.) In terms of the impurity 
ide of random wave 
function (viz., the q ty El y(x; Eww) P+ (? 
2m)[Y' (x; Ew 4) increases exponentially fast in x 
with probability 1, for any & and any initial value and 


exponentially fast in ¢, witl 
this assertion in Appendix 
band the ampliti 


model, each 


uanti 


slope.” 


set 


*® Both here and in Sec. 3, the use of probability 
functions) would give only ar 
if T(z) satisfies (12), 
39), but is not normalizabk 
2 This is different fron 


measures 
essentially trivial gain in generality 
then R(énJt 1 1 £) satisfies 


n 


liais 


where 
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This is reflected in the bel of the second 
moments of £ and n, a 


denote the 


(a8) moment of (£,n 


M aall 


the r+1 


li Maal 


are absolutely convergent 


integrals 


M op= —BAM o11.8-1+aMe_i 


obtained by integrating 
For r=1 we hi 


M 
Mo; 


Een d Edn. 


ive 


with solution 


We that 
optic al model, 


the 
Ie 


note approximat 


is the n-a 
average phase point ((£(/,w 


For r=2 there obtains 


M 2M 
M,, (A+ 2nk 
Moe Vf 


4x 
Solutions proportional to e“ exist if A satisfies 


AP+4(A+2nxo)A—8nxe?=0; 


5 Ay, an 


or compl xX Col 


+] 


As, 


wit! 


there is always one positive root, say d roots 


A; either both negative 


ugates 


1s 


negative real part. A solution of 


Moo(t) =. R(Aj,Az,As)e! 


My, e* 


> 4A,R(A}, AoA 


a— 2 


Mo 


ki A},A2,A3) 


where (£)9 denotes M, 


are tx 


wave functions in 
the fine 


and unbounded i: 
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mation in each case is over the cyclic permutations of 
1,2,3). We observe that the coefficient of e*"' is always 
nonvanishing in each moment, from which it follows 
that no stationary solution of (39) could have finite 
second moments. However, as mentioned previously, 
we prove a stronger result in Appendix 2. 

Rice’s formula for the expected 9-axis crossing rate 


at time ¢ is 
zs 


Ny f R(0O.n,t) | 9! dn, (42 


x 


and we show now that (16) is but a disguised version 
of the Rice formula. We introduce coordinates 


p=(+n7)!, c=n/é, 


ind the marginal density of 2, defined as 


pz 
> yf 
*)§ (1+27)! 


—p — pz pdp 
. “eo - (43) 
(1+27)* (1+27)! 1+2? 


the factor p/(1+2*) is the Jacobian 0(£,n) 
From (43) we have, at least formally, 


al p,2). 


lim er(e)= f [R(0,p,t)+R(0, —p, ¢) lodp, 


and the right-hand side is Rice’s integral (42). 


APPENDIX 2 
Phe 


m <{< 


continuous parameter process {z(tw), 
x} is of a type which seems not to have 
been treated in much detail in the literature. However, 
there is associated with it a certain discrete parameter 
process of familiar type.' Let the indexing of the hits 
be such that ---<f4(w)<0<4(w)<---, 
the random variables 


and consider 


3o(w) = 2(O-+0, w) -+ 2x: 


’ 


Z;(w) 


2(t;(w) —(), w), 


Phat is, 2,(w) for 7>0 is the value of (tw) at the instant 
before the jth hit. The process {z;(w), J? 0,1,---}isa 
Markov process, whose transition probabilities we now 
ascertain. 

We first find the probability p({,z)dz that a phase 
point starting at ¢ and moving according to z= — (<*+A 
receives its next hit when it is in the interval (z, +dz 
The duration 6 of the time interval to the next hit has 
probability density ne on 0<4< that if 
4(¢,c) denotes the time required to get from ¢ to z, then 


©.” £0 


06(¢,z)| 
p({,z)dz=ne—"*S 2 Z= t.2)\ dz 


az 


(44) 


2S. O. Rice, Bell System Tech 
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For the motion z= — (s?+A) we have formally 


but some care is required at this point. 
In the case \= k*?>0 we obtain from (45) 


1 4 z 
0(¢,z) = ~arctan- |, 
ki k k 


where by arctan we must understand a multiple-valued 


In the &, »- 
wind around the origin 


version of the inverse tangent function 
plane, a phase point may 
several times without being hit. This corresponds to 
traversing the whole z-axis several times without hits, 
to 2 


from 


the time required to go from s= + « 
w/k.: Ti 


appropriate branches, there results 


— x being 


we add the contributions the various 


u’(z) 1 
p({t,2 
ne x 


u(t) l—e 


arotan(z// 


u(z)=e'™" 


Am. 


where now (arctan 


When A= —# 


0 we obtain from | 


;~a : 
” log 


(kK 


6(¢,z) | 


2k 


but there are complications because the velocity «—2* 


changes sign at <= -«, and because a point starting at 


¢<—x« may reach t>« by passing — «. Taking these 
into account, we have 
j / 
| ua’ (2) 
plt,2) =} 


0 


where 


\ point starting at {= -+« will stay there until the next 
hit, but this will occur with probability 0 if ¢ has a 
probability density. 





1186 H ~~ PRISCH 


7 (2) 


j 


the 


is given. 


Let denote the 
random variable z;(w); we assume that 


It should be clear that the 7 


ce nsity ot 


T(z 


probability 


(z) satisfy 


r 


T 54:1(2) { T (€)p(€—2ko, z)dé, 7=0,1, 


£ 


If there is a stationary density 7 of the z,’s then it 


satisfies 


(47) 


Using the explicit form of p(¢,z) given above, it is 
readily verified that (47) is just the Eq. (19) or (21) 
satisfied by the 7T(s) of Sec. 3 [To bring (21) to the 


form (47) one uses 


m—* T(E+2ko) 
via / it, 18) 
J « u\¢c) 


Over { 0m, —K). 
of Doob,*4 
Furthermore, 


obtained by integrating (17 
The 


and the z axis constitutes one ergodic set.”° 


process satisfies ‘Condition (Z)” 
there exists a finite measure ¢ of ¢ sets relative to which 
the higher-order transition probabilities have a uni- 
formly bounded density. [The transition probability 
densities relative to Lebesgue measure are given by 


pr 2k 


x 


/ ' eg p t’ s)dt 
¢ of Doob** we 


For the measur may 


0’ (z)dz, 


with 


For A>0 it is trivial that 


sup 
and for A 0, xx, an extremely tedious calcu- 
% See reference 2, p. 195 
% That is, there exists an integer » such that for every ¢ and 
every set Z of positive Lebesgue measure, P{z,(w)eZ | z9(w) =f} >O 
For A>0 one may take »v=1; for \ any v>(x/xo)+1 will 
do [see Sec. 5(c)] 


26 See reference 2, pp. 215-217 
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lation show 


sup 


© x 


m « © 


; 


for k= ko it seems like ly that (,2)/¢ is bounded, 
but the authors have not attempted to verify this. 
The implication of all this i lé there 


unique normalized solution of (47) [and (12 


exists a 


given by 


x 


T'(z)=lim p 


The non-negative limit, independent of ¢, is non 


vanishing for every z except possibly z=x, and the 
Pp (§,2)/¢"(z) to T(z)/¢'(s) is ex 
ponentially fast in 7, uniformly in ¢ and z.*¢ It is possibl 
to express the solution 7(<,f) of (10)-(11 
tional of T(z Pp? (¢,2 
from the limiting behavior of 7(z,/). We are con- 
cerned with nonstationary distributions, however, and 
we omit the details. 

Rigorously, the symbol N(A various 
expressions in Secs. 3-5 is to be regarded as the quantity 
(1/n) limz*7(z). [It is obvious from (14) that the 
limit exists.] We now give a proof that the limiting 
f-average n-axis crossing rate exists and is 
with probability 1, the 
y;(w) denote the number of times that z(t. 
during t;(w)<t<tji(w). [We 
lo(w)=0.] When dX 
2;41(w)), with 


convergence of 


as a fun 
and the and to deduce there 


not 


appt iring in 


constant 
constant being limz 3). Let 
re aches 
+ x 


redefine fo(w) as 


1? < 
I ( 


otherwise 
When A=8?, the 
are conditionally 
k=0, 1, 


v;(w) is of geometric type with ra 


random R 


variables Yo\w 
independent given all of the z:(w 


condit 


Me and the 


ional distribution of ea 
t1o ¢ rik [ $4 
(46) }. The conditional expectation ( 


Zolw), Z1(w), ath is 


where now 


is the average number of n-axis 


j hits, and a slightly modified 


rossings per hit 


| alter 


we ll-know 


version ol 
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ergodic theorem*’ gives (ti tx 1 +0). The ergodic theorem gives 
lim IN( jw) = (y(2e(w),2e41(w))) with probability 1, 1 o(t;+0) 

ies 8=lim — log 

wad a (0+0 

where the expectation on the right-hand side is to be 


taken with respect to the stationary distribution of the 7 
c,’s. Since the stationary joint density of 2, and 2), Is ; > with probability 1 
T (24) p(2e—2ko, eas 


£ x 


*( yi log A+2?! dz 
lim M(j,w f T (€)p(&— 2ko, zy (F,2)dtdz 


“st 
zs x 


) va 
with probability 1. (49) J 2[ T (2) — T(—2) }dz. 
n 


it) 
Let now V(L,w) denote the number of hits in a time : 
interval O<‘<L, and let v;(w) denote the number of [We have used (12) and (14) to obtain the last ex- 
n-axis crossings during 0</<L. Since pression. | It follows that for eac he >0 and each w ina 
set of probability 1 there exists an integer J(¢€w) such 
N(L,w) MN (L,w) ,w) S vi (w) that 
<LV(Lw) +1 ENN (Le) +1, w), o(t;(w) +0, w)>o(0+0, we for every j>J (ew). 


we have for the number of crossings per unit time, As we prove in Appendix 3, the number @ is always 


; positive; we choose some ¢<{, and our result follows. 
N( «W 


lim lim MCN (Lw),w) 
—— , sits L 


APPENDIX 3 


nee , e We define the function ¢z(s) as 
n lim IN(jw) with probability 1, 


}-« 


using lim.V(Lw)/L=n and limN(Lw)= « with proba- 
bility 1 as L—+ «. Using the explicit forms given for 


p(f,2) and y(f,2), it is easily verified that the integral yoting that ¢z(s) converges uniformly in s to ¢(s) as 
on the right-hand side in (49) is just the integral on 7-~,%. and that ¢z(s) is an entire function of s for 
the right-hand side in (20) or (48). We have thus proved any fixed finite Z. (Here and throughout, s is real.) We 
multiply (12) by e'*ds and integrate over (—Z, Z); 

vzp(w) ’ , 


lim = lim 27(z) with probability 1. integration by parts and rearrangement gives 
L-« I 24+ z 


e'*2(Z7?4+-)T(Z)—e- "2 (Z°2+A)T (—Z) 
Similar methods show that the (é,») process diverges 


24200 Zz 

radially with probability 1. ( onsider the random , o( f eo tien f eT (s)dz 
variable o(tw)= |A# (tw) +77 (/w)|. For given w, o(tw) Sian g 

is constant between hits, from (7), while at hits we have 

(suppressing w for a moment 


E(t 


a t;+0) AE t;)+[ (t;—0) — 2no 


4/3 


a (t;—0) AE*(t;) +7? (t;—0) 


A+:7 For the boundary terms we substitute values given by 
(14), viz.., 
in terms of the random variables 2; previously defined. 
Assuming that o(0+0)#0 holds with probability 1, P+r)NT(4Z | Vr -{ 


+Z+2a0 


we have 


T (z)dz | 
+z 
1 a(t; +0) 1 ji A+ (24— 2x)? 
- log -=-— > log 
] a(04-0O) 7 k= A+2,’ aeozl(s sinsZ 
— s)¢z(s)—nI(s)—2nN(d) , (50) 
7” Reference 2, pp. 218-232, 464-469 ds? 


and rearrange to obtain 
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where 


I(s) f 
Zz 


and where a(s) is given in (22). We 


Z+2n0 els 200) — eZ 


T (z)dz 


>—Z), 


(expression with Z 
have 


2 sin}s(z 


2xo—Z) 
7 z)dz 


+ (expression with Z — 


Z+2e 


‘(z)dz, 


whence /(s) vanishes uniformly in s as Z 


now integrate (50) twice from some fixed 5 


v2(So)+(s— 


+f [ [a "he oz(s”’ ni (s’’) \ds"'ds’ 
. * sins’Z 
nNVixr | 


the first and third terms on the right-hand 


¢z(Ss) 


As Z—> @, 
side of (51 

convergence properties noted previously. It is easy to 
that the fourth limit as Z— ~, 
in terms of the Dirichlet integral. Since 
, it follows that the second 


converge to obvious limits, from the uniform 


show term has a 
expressibli 
¢vz(s) itself converges to ¢(s 
term on the right-hand side of (51) also converges to a 
limit as Z—> ~, of the form (s—so)X (function of s 
{We do not need the fact that the limit is actually 
(s—so)[ ¢’ (sot+0)+ ¢’(so—O) ]/2.} Thus, passing to the 
limit in (51), 


¢(s) ( < (function of s 


* ‘ 

- ” wae 

+ [ f ats ols ds as 
w. P 


rn V (A)s[ sgns—sgnso |, 


where sgnx=x/\|x)| if x*0, =O if x=0. 
One differentiation 


0, where we have 


shows that ¢ (s) is continuous 


except at s 


Rey’ (0+0 0) wn (r 


and Img’ (0+0) = Img’ (0—0). A second differentiation 
gives (22). 


The quantity Im¢’(0) is of some interest, since 


Im¢’ (0) -f { T(s)—T(—s) lds, 


AND S 


and this is 48 of Appendix 
(53) is a slightly 
Mengert.”* We have 


wing prool o! 


modified rsion of one due t 


Im¢(s f [T 


formally 


ine'e)= f 


whe nce, 


£ 


However, it is not hard to show from (15) that 
2‘(T(s)— T | Z) It follows that 
the integral on the right-hand side in (55) is uniformly 
absolutely convergent, and hence that (55) is valid 
for every s; for s 


To prove that Img’(0) is positive, 


is bounded as s— « 


0 we have (53 

we multiply (22 
by @(s) and subtract the complex 
obtaining 


conjugate equation, 


d 
Im[ ¢’(s) a(s 


ds 


Integrating over (0,* ), we have 


* 1—cos2k 
Img’ (0 nf 


g(0)=1 and the fact 
(proved in the next paragraph). 


using 
.) ~z since (5s is 
continuous and ¢(0)=1, it is clear that Im¢’(0)>0. 
As the Fourier transform of an integrable function, 
by the Riemann-Lebesgue 
theorem. However, the formal derivative of the Fourier 
integral for ¢g\S is not conve rgent, so we proceed as 


follows. We have, for any fixed Z>0, Z77+A>0, 


Z r 
riss+( f Hf Jer (oy 


¢(s) vanishes as s—> ~, 


Zz 


. 
Zz 


using (15). The first and third now be dif- 
ferentiated under the integrals 
remaining absolutely convergent after differentiation 
According to the Riemann-Lebesgue 
contributions to ¢’ The second 
term can be evaluated explicitly in terms of the ex- 
ponential integral /(e'*/x)dx, and it is not hard to 


terms < 
integral sign, the 
theorem, these 


vanish as § > x 


** Peter Mengert (private 
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verify that the derivative of the second term also will be chosen so that not only is (56) satisfied but also 
vanishes as s—> «, whence, finally, ¢’(s) ~Oass—+ ~. y,(~)=0, j>0. 
To investigate the asymptotic behavior of ¢(s), we For \=k*>0 (c=k, a=0) there results 
bring (22) to the Riccati form 
yo(s) = 
l—e 2inoe 
zx 


y’ (s) +y?(s) =A +n— , s#0, 
is yi(s)=— ek 


with the substitution 


¢g(s)= en( f y(s'us') while for A= 


yo(s) 
the boundary condition ¢(«)=0 becomes 


lim J Rey(s’)ds’=— «, (56 


| 
( 


. . + (function integrable at infinity) 
Assuming that y(s) can be expanded according to a? incticn integrable at infinity), 

, <K 
powers of n, 

y(s)=vo(s)+ny1(s)+n*yo(s)+---, 
we find In the exceptional case «=x the boundary conditions 
require 2b=a, giving 
l—e 2iaoe 
tO em, 
is 


iage’ + 3¢ 2inoa’ _ Agtiaos’ 


These have as solutions sof 
h'(s) 
¥o(s)=— 
h(s) 


1 ' 1 — e-tisoe’ 
n(s)}->— | h?(s’) 1-6 he ds’, 
h*(s) 7 In the numerical calculation described in Sec. 4, 
(s)+my,(s) was used as an approximation to y(s). 
The proof that the expansion y(s) = yo(s)+-nyi(s)+-- > 
where h(s)=ae*+be*, c?=X, and a and 6 are arbi-_ is asymptotic in s in the usual sense appears to be 
trary constants. The constants and limits of integration difficult. 
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Srandet 


Paramagnetic resonance absorption measurements have been made with single crystals of cadmium sulfide 
containing europium (II 
splitting is about 0.4 cm™ 


The results can be fitted to the usual spin-Hamiltonian for *S state. The zero field 
{ comparison of the results with present theories for the crystal field splittings 


of 8S is made 


INTRODUCTION 


ARAMAGNETIC resonance absorption spectra of 
manganese (IJ) in single crystals of cadmium sul 
fide and cadmium telluride have shown superhyperfine 
interaction of the 3d electrons with the nearest neighbor 
cadmium nuclei.'? In a general effort to examine other 
paramagnetic impurities in CdS, we have observed the 
paramagnetic resonance of europium (II) in single crys- 
tals of cadmium sulfide. No superhyperfine interaction 
was found, but it is of interest to report the experi- 
mental results which may help to give a clearer insight 
into the nature of the mechanisms for the splitting of 
the configuration 4/7(8S) by crystalline fields. 


THEORY SUMMARY 


The ground state of Eu(II) which results from a 4/7 
configuration is £§. The perturbation by an axial crystal 
field splits the 8S level into four doublets whose separa 
tion is usually quite small compared to the energies used 
in a typical electron paramagnetic resonance experiment. 

Cadmium sulfide has a hexagonal crystal structure 
of the wurtzite type and has threefold and sixfold sym 
metry about the ¢ axis. The most general Hamiltonian 
which may be used for a paramagnetic rare earth cation 
in such crystal is: 


K=BH-¢-S+ B0+BP0E+ BZ0¢ 


+ BeOe + Be’ Oe+ Be'Og®, (1) 


where the O," are operators which transform like };", 
the spherical harmonics. Tables for these operators in 
which numerical constants are omitted are given by 
Stevens,’ Elliott and Stevens,‘ Judd,’ Baker, Bleaney, 
and Hayes,® and Jones, Baker, and Pope’ for various 
values of / and m. The general procedure for obtaining 
the cperators is given by Stevens. The coefficients, B,", 

* This research was supported by the Aeronautical Research 
Laboratory, Air Research and Development Command 

1 P. B. Dorain, Phys. Rev. 112, 1058 (1958) 

? J. Lambe and C. Kikuchi, Bull. Am. Phys. Soc. 5, 158 (1960 

4K. W. H. Stevens, Proc. Phys. Soc. (London) A65, 209 (1952) 

‘R J Elliott and W. K. H. Stevens, Proc. Rov. Soc. (London) 
A218, 553 (1953). 

5B Judd, Proc. Roy. Sox London 

*J. M. Baker, B. Bleaney, and W 
(London) A247, 141 (1958 

7D. A. Jones, J. M. Baker 
(london) A74, 249 (1959 


A227, 552 (1955) 
Haves, Proc. Roy. So 


1D. 1 Sox 


are determined from experiment. Following Bleaney 


el al.,® we define: 
b.°=3B,by = OB) be 


1260B,° .b6®= 1260B,. 


lor the case where H is parallel to the ¢ axis of the 
crystal, we have the following levels if the contributions 
of the terms in B,’, B,’, and B,® are neglected: 
+ 3 ¢8H+7b.°+7b.+ 5, 
+ § 93H + b.°— 13d, 
+ 3e38H—b 3h, 


+}93H 


5b¢”, 
+9), 
5b.°+ 9b, Sh, 
+] 
seven lines 


Paramagnetic resonance is observed for the AM 
transitions among these levels which 
with an intensity ratio 7:12:15:16:15: 

For the case where H is not parallel to the c axis, the 
spectrum becomes more complex 


go 
4 


ive 
) 


rhe usual technique 
is to transform the crystal field representation into the 
magnetic field representation magnetic 
field splittings are large compared to the crystal field 
splittings. The results become cumbersome and converge 
slowly except for g8H>>b,",b,’,b¢’. In the present experi- 
ment, this condition is not fulfilled 


because the 


ind so the expres- 
sions will not be given. 

The naturally abundant isotopes of europium are 
Eu! and Eu'*. When one considers the interaction of 
the electron spin with the nuclear spin, 7, the term 
H,,= AI-S must be added to the Hamiltonain given in 
Eq. (1). The expression for the energy levels due to 
this additional term have been calculated to third order 
by Lacroix’ for an isotopic value of A. If one uses the 
transition M,= —4-—>} } 
between the my, 


5A, if 


in energy 


he difference 


; transition 


then t 


> and m, is given by 


A is small. 
EXPERIMENTAL 


All experiments were performed at 3.0 cm wavelength. 
The magnetic field was produced by a Varian 12-in. 
magnet and was measured proton resonance 
with water for the source of protons. The proton reso- 
nance frequency was counted with a Hewlett Packard 
524B counter, which allowed one to put accurate field 


with a 


* B. Bleaney, H E. D. Scovil, and R. S. Trenam, Proc. Ro 
London) A223, 15 (1954 
*R. Lacroix, Helv. Phys. Acta 


x 


30, 374 (1957 
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“TRON 


PARAMAGNETIC 


RESONANCE OF Eu(IlI) 


lasie I. Hamiltonian parameters for Eu* in various crystal lattices 





A‘!X<10*cm™ A!™x 108 


23.0340.10 
22.50+0.10 


Crystal 


g 


1.99240.001 
1.992-+40.001 
1.994+0.001 


Temp. °K 

CdS-Eu*? 205 

14.7 

14.38 

1.989 3. 15.4 

1.991 j 13.8 
1 


2.0 


SrCl.-Eu*? 
KCl-Eu* 
CoF,-Eu* 
SrS-Eu*? 
LaCl 


S 
7 
I 

T 

T 
I 
I 


Eu*? 


» W. Low, Phys. Rev. 101, 1827 (1956); 116, 621 (1959). 
tM. Abraham, R. W. Kedzic, and C. D. Jefferies, Phys. Rev. 108, 58 (1957) 
¢C. Ryter, Helv. Phys. Acta. 30, 242 (1957); J. M. Baker, B. Bleaney, and W 
4. A. Manenkov, A. M. Prokhorov, P. S. Trukhlyaev, G. N 
Doklady) 2, 64 (1957) 
«DPD. M. Gruen, J. G. Conway 


and R. D. McLaughlin, J. Chen 
calibration markers on the chart recording of the electron 
paramagnetic resonance as the chart was being recorded. 
Linear interpolation between these field markers enabled 
the magnetic field to be determined with +0.3 gauss. 

The electron resonance was detected by modulating 
at a frequency of 100 kc/sec the magnetic field to a 
depth small compared to the width of the resonance. 
The microwave signal was then amplified in a broadly 
tuned amplifier with a gain of about 10°. The resultant 
signal was phase sensitively detected using a 6AR8 beam 
switching tube which gives an additional gain of about 
100. The resulting derivative signal of the absorption 
was observed visually on an oscilliscope or recorded 
with a strip chart recorder. 

The cavity was a rectangular transmission cavity 
operating in the TE 102 mode which was coaxially fed. 

The microwave frequency was measured using a 
Hewlett Packard X532A wavemeter and was checked 
against a residual hydrazy| signal. 

The CdS-Eu crystal was grown from the vapor phase 
by the method given by Greene ef al."° The europium 

II) was incorporated in the CdS powder by adding 
EuSQO, in the desired amount and mixing in a ball mill 
for several days..The single crystals which were grown 
from the vapor at a temperature of about 1100°C con 
tained 0.1-mole percent Eu and were very dark, low 
conductivity crystals. The dark color seems be 
characteristic of even very low concentrations of Eu**. 

The c axis of the crystal used in the experiment was 
determined by cleaving the crystal along two intersect- 
ing planes, the intersection of which is the ¢ axis. This 
orientation was checked by taking a Laue x-ray photo 
graph as the crystal was rotated about this axis, and 
comparing the result with the Laue pattern of a known 
oriented single crystal of pure CdS. 


to 


EXPERIMENTAL RESULTS 


Resonance was observed at 77°K and 295°K at a 
frequency of about 9500 Mc/sec. When the ¢ axis is 
parallel to the magnetic field, the parameters g, 52°, b,’, 
and b¢° may be determined by using Eq. (2). If the values 


‘é 


’. Greene, D. C. Reynolds, S. J. Cryzak, and W. M. Baker 
Phys. 29, 1375 (1958 


10.3240.10 
10.04+0.10 


Vakoviev, Doklady Akad. Nauk. (U 


Phys. 25, 1102 


cm }6°10'cm™ b2X10'cm™ 5°10‘ cm™ 


~ 3429405 11.9401 
336.6405 11.6401 


Reference 


0.97+0.3 
0.69+0.3 


This paper 


a 
b 
0.5 Cc 
d 
Over-all splitting was 5220 gauss e 


57.9 


Roy. Soc. (London) A247, 141 (1958 


S.S.R.) 112, 623 (1957) 


Hayes, Proc 


translation: Soviet Phys. 


1956) 


of b.", bg’, and b¢° are calculated from the spacings be- 
between corresponding lines on either side of the 
VU = —} —> } transition, then higher order effects from 
the terms such as 5, are eliminated. The values of 
by”, by, and b¢° are given in Table I. 

The value of A was calculated from the transition 
M=-—4-— >}. The width of the lines was six gauss so 
that it was possible to measure directly the separation 
5A from the spacings of the extreme lines to each 
isotope 

The sign of the parameters was determined from the 
resonance at 4°K with the ¢ axis parallel to the magnetic 
field. The M=—j § transition will occur at low 
magnetic fields and will be most intense if by° is positive. 
There were some saturation effects noticed at this temp- 
erature. It was not possible to determine the sign of A 
because the second order effects are small and are over- 
powered by broadening of the lines for transitions other 
than M } +}. 


DISCUSSION OF RESULTS 


* 


Table I gives several experimental results of Eu*? 
in various host lattices. The hyperfine parameters for 
Eu,CdS are about 25% less than those reported for more 
ionic crystals. This effect is explained by allowing the 
wave function to be spread out more in a covalent 
lattice than in an ionic lattice. The average value of 
r~* is decreased which reduces the parameter A. 

The mechanisms which have been proposed for the 
crystal field splitting for the configuration (4/7,*S) of 
Gd** have been reviewed by Hutchison, ef al." They 
find that the mechanism which contributes most to 
the term 6,’ in the spin-Hamiltonian may be schemat- 
ically represented by: 


A|SP, ] SP, 2| V °X, 
K(X, VI OP a 


6S. 


°P, 2 A\*S; 2), (A) 


where A, the spin-orbit interaction, couples the S state 
to a P state which, in turn, is coupled via the crystalline 
field to higher states, *X ,. The splitting of the P state 
affects the splitting of the ground S state. This mechan- 


870 


"CC. A. Hutchison 
Phys. So« London 


B. R. Judd, and D. | 


514 (1957 


D. Pope, Proc. 
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ism leads only to the term, b,", in the spin-Hamiltonian. 
Since it has been found that the sixth-order terms in 
the potential are much larger than the others for rare 
earth ions, the size of 6,” will be determined chiefly by 
these sixth-order terms. Hutchison used the temperature 
dependence of b," as a test of the consistency of the 
theory. Since mechanism A is quadratic in V, and V 
varies as the inverse seventh root of the lattice spacings, 
the splitting should vary by the inverse fourteenth 
power of the lattice spacings. This effect gives rise 
to an increase in b," of 10% in going from room tempera- 
ture to liquid nitrogen temperature. The results for 
CdS-Eu show a small decrease of 1%. It appears that 
mechanism A is not a predominate factor in the term b,’. 
A second mechanism described by Hutchison is rep- 
resented schematically by 
(8S7/2 A\*P, oP, 2|A ®D; 
X (D7 )2| V | &P7)2)(8P 7/2) Al PS7/2 
Phe 


contribution from this mechanism may be shown to be 


where the only contribution to V is from A.°(r? 


12¢%A /S 3) 


where W’, and W’» are the energies of *P7,2 relative to 
®S72, and ¢ is the spin orbit coupling constant. The 
sign of A,°(r?) is very dependent upon the charge dis- 
tribution of the ions around the cation. For a wurtzite 
type crystal, it should be negative, and Eq. (3) gives 
a positive contribution to },°. In addition, the effect 
of temperature should be small, because A,’ depends 
on the inverse third power of the lattice spacings. 
Therefore, Eq 5) m 
to b.°. 

A third mechanism proposed is represented by: 


y be an important contribution 


4/7,°S7/2| Ves\4/Op,°D 


+/"6p,°D 
rhis mechanism leads only to 6," through A; and 
is linear in the crystalline field. 

Phe optical spectra of Eu*? in various crystal lattices” 
is unlike that of Gd** in that, in addition to the narrow 
lines characteristic of transitions among 4/ levels, there 
are several broad bands which show interaction with 
the lattice vibration. Freed and Katcoff" have ascribed 


a\W A. Runcima Reports ¢ Pri § 1 hvysics The 
Phvsical Society, Lond 1956 Vol 
Katcofi, Physica 14 


S. Freed and S 


DORAIN 

these bands to transitions of the type 4/*-+ 4/""'Sp 
It is reasoned that these transitions are very probable 
because the most stable oxidation state is +3 for the 
C) is an 
important factor in the size of b.”, but the difficulty of 


lanthanide ions. It appears that mechanism 


the calculation prevents an estimate of this contribution 
to 62° at the present time. 

Initially the experiment was done to see if the 4/ 
electrons in Eut*? would show a superhyperfine inter- 
action with the next nearest neighbor cadmium ions. 
Such an effect has been reported for CdS-Mn and 
CdTe-Mn'? where, for both crystals, the interaction 
constant is 1.4 gauss. The value, 0.82 gauss, reported 
by Dorian is in error. Both \Mn**, 3d°, and Eu*,4/’, 
are S-state ions. It was expected that if a superhyperfine 
interaction were observed, it would be considerably 
smaller than that observed for Mn** because the wave- 
functions for f electrons do not have a large spacial 
extension. No superhyperfine interaction was observed. 
The width for Eu*? in CdS was 6 gauss for the 
AM =—}->+} transition with a modulation depth of 
the magnetic field of less than 0.1 gauss. The minimum 
width observed for Eu** in other crystals is about 2 
gauss. It appears, therefore, that no superhyperfine in- 
teraction was observed because 1) the superhyperfine 
interaction constant is small compared to that of Mn*? 
and (2) the natural line width of Eu*? is too large. 
CONCLUSIONS 


rhe positions of the paramagnetic resonance lines of 
Eut*? in a CdS single crystal can be described by the 
usual spin Hamiltonian. Of the crystal field parameters, 
the 6," term is the largest as is found for Gd** in other 
lattices. It was not possible o obtain the b,', b,', and 
be® terms in the manner because of this large 
term in by conclusions from the results in- 
dicate that there is appre iable contribution to the b,° 


usual 


lentative 


term from higher states coupled to the ground state 
Via spin-spin interaction and second order crystal field 


terms. It appears that additional theoretical analysis 


must be done before further conclusions can be made 
regarding the splitting of S-state ions in predominantly 
covalent semiconductor lattices. 
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The fluorescence emission and excitation, reflection, and trans 
mission spectra of 22 different Nal crystal samples grown in cruci 
bles of Pt or quartz under atmospheres of Nz or H: or H; plus I, 
and in some cases containing stoichiometric excess of Na or I, or 
containing various concentrations of Tl, have been explored from 
2.5 to 8 ev. At —190°C an emission band centered at 295 my 
(4.20 ev) was observed in all but the one sample which contained 
the highest Tl concentration, 0.1 mole “%. Another emission band 
at 375 my (3.31 ev) was found to be strongest in crystals contain 
ing excess Ip. A 425 my (2.92 ev) emission appeared strongly in 
all crystals containing Tl, but a 325 my (3.82 ev) band appeared 
only in the one crystal with 0.1 mole % Tl. With excitation energy 
below 5.5 ev the different emission bands arise from discrete 
excitation bands. With excitation energies above 5.5 ev up to 8 ev 
the emission was primarily in the 295-my band until T] concentra 


I. INTRODUCTION 


UITE apart from its usefulness as a detector of 
high-energy radiation, the Nal crystal offers an 
interesting vehicle for the study of solid state phe- 
nomena. Under some circumstances, it exhibits fluo- 
rescence of high quantum efficiency, the excitation 
bands of which may be correlated with optical absorp- 
tion bands, yielding a powerful tool for the investigation 
of impurity and other defect centers in solids and of 
energy transport mechanisms. 

Nal has received considerable experimental attention. 
However, because of its practical application to the 
nuclear physicist, most of the investigations have been 
restricted to its scintillation characteristics. In addition, 
investigations of the ultraviolet absorption spectrum of 
evaporated films,'~ the absorption spectrum of thallium 
doped single crystals,’ V center absorption bands in 
single crystals,* fluorescence in unactivated’ and in 
thallium activated® crystals of Nal have been reported. 

The investigation to be reported here consisted of a 
series of measurements on a number of different Nal 
crystals conducted in the temperature range + 20°C to 
—190°C. The crystals were illuminated with a high 
resolution vacuum monochromator working in the range 
from 4 ev to 8 ev while the emission spectra were 
analyzed with a second monochromator working in the 
range of 2.5 ev to 5 ev. Measurements were made of the 
fluorescence emission and excitation spectra, reflection 
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tion reached 0.05 mole ©, where the 425-my band and 295-my 
band became approximately equal. Maxima in reflection spectra 
coincide closely but not exactly with published maxima in the 
absorption spectra of Nal evaporated films. An inflation, not seen 
in the published absorption spectra, appears at 5.62 ev in the 
190°C. Coincidental with the lowest 
energy maximum in the reflection spectrum at 5.59 ev the excita 


reflection spectrum at 


tion spectra for both 295-my and 425-my emission exhibit minima 
too strong to be accounted for by reflection loss. At excitation 
energies of 5.7 ev and above, luminescence quantum efficiency is 
greatest for an illuminating angle of incidence of 45° whereas at 
lower energies no definitely preferable incidence angle was found 
Also with higher exciting energies it was found that the emission 
was strongest on the axis of illumination 
below 5.5 ev the emission w 


With exciting energies 
as isotropx 


spectra, and optical transmission spectra of these single 
crystals. Approximately 350 spectra were run on a total 
of 22 different crystal samples. In this group were 
crystals grown in crucibles of platinum, quartz, or pyrex, 
crystals grown in atmospheres of nitrogen or hydrogen 
or hydrogen plus iodine, crystals grown in a horizontal 
zone refining furnace, crystals to which a stoichiometric 
excess of sodium or iodine was added by diffusion, and 
crystals grown with various concentrations of thallium. 
While there is, to some extent, an overlap with previous 
investigations, the present work is felt to be for the most 
part new. The work is of higher precision and goes 
farther into the ultraviolet than previous optical meas- 
urements on single crystals of Nal. 

The results of specific measurements, selected because 
they are typical and illustrate one or more significant 
characteristics, are presented in the figures. Reflection 
measurements are pre sented separately as a group as are 
the spectra of the emission bands. However, excitation 
spectra and transmission spectra applicable to a specific 
crystal at a specific temperature are for the most part 
grouped together in one figure. 

The discussion, particularly of the fluorescence, is 
organized more or less orthogonally to the organization 
of the figures. For example, attention is centered on a 
particular emission band while the conditions of crystal 
preparation, temperature, and excitation spectra pro- 
ducing this particular emission band are examined. 

This investigation was primarily experimental and 
no attempt at a sophisticated theoretical treatment of 
the results will be made in this article. Some theoretical 
implications are discussed qualitatively. 


Il. EXPERIMENTAL 
1. Preparation of Crystals 


All crystals were grown from the melt using Mal- 
linckrodt analytical reagent. The majority of the crystal 
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samples were cleaved from 15 pound ingots grown in a 
Stockbarger® type of furnace which is provided with a 
vacuum tight liner of opaque fused silica. 

To minimize decomposition of Nal, precautions are 
taken to remove oxygen and water at low temperature. 
However, Nal must be heated to at least 65°C to release 
H,O from Nal-2H,0. In practice the furnace is slowly 
warmed to 200°C over a period of approximately four 
hours. During this initial warming its cylindrical inner 
chamber containing a crucible loaded with Nal is 
alternately evacuated and refilled with nitrogen or 
hydrogen. 

After a final evacuation at 200°C the chamber is 
filled with nitrogen or hydrogen at 760 mm Hg pressure. 
The temperature of the upper half of the furnace is 
stabilized at 675°C and the lower half at 625°C. Crystal- 
lization is achieved by lowering the crucible at a rate of 
approximately 4 inch per day. When the crystal is fully 
grown the furnace must be opened, the crucible inverted, 
and the crystal melted out of it. Although the actual 
melting out operation is conducted in an inert or reduc- 
ing atmosphere, the brief exposure of the crystal to air 
during the time the furnace is opened does result in 
some dissociation of the surface crystalline material as 
evidenced by the release of iodine vapor. 

Therefore, crystals produced by this method must con- 
tain some hydroxide as a result of this exposure to air, 
through the reaction: 4NaI+0,.+2H,O=4Na0OH-+2I,. 
The I, evaporates, but the NaOH may remain on the 
crystal surface to diffuse in at a later time during the 
annealing period. Some crystals were also produced in a 
small Stockbarger type of furnace of 14 inch bore 
a transparent quartz en- 
used. Several 


diameter. This furnace has 
velope in which a crucible is 


attempts were made to produce crystals free from hy- 


quartz 


droxide by maintaining an excess pressure of hydrogen 
or hydrogen plus iodine in order to inhibit hydroxide 
formation. (The quartz crucible is a very sensitive indi- 
cator for hydroxide, since it is severely etched by it.) 
In spite of this precaution and in spite of the fact that 


the crystal was not exposed to air, it being allowed to 
cool in the crucible, 
droxide-free crystals in this way. The third furnace, 


we were unable to produce hy- 


horizontal in form and consisting of a quartz tube with 
moving external heaters, was used in the manner of a 
horizontal zone refining furnace similar to the type used 
in the purification of silicon and germanium. This 
furnace was arranged to permit a continuous flow of 
iodine and hydrogen over the sodium iodide during the 
entire warming and growing process. In it crystals were 
produced which did not etch nor, in fact, adhere to the 
quartz crucible in which they were grown. It was thus 
indicated that these last crystals were free from hydrox- 
ide 

Crystals to be treated with Na or Is vapor to provide 
t} 


a stoichiometric excess of one of these were handled as 
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follows: A freshly cleaved piece of cry grown in 
quartz under a nitrogen atmosphere, wa 
previously baked out quartz tube 
freshly cut piece of Na, or a 
was evacuated and sealed off. Then, 


placed in a 
along with either a 
of iodine. The tube 
by judic ious shak- 
ing the Nal crystal could be gotten to one end and the 
Na or I, to the other. The quartz tube was 
in a sma!l horizontal which wa 

give 500°C in the region of the cry 
end, 200°C for I, or 500°C for Na 
the furnace was 
to room temperature over approximately a two hour 
period. Both loading and subsequent breaking of the 


crvsta 


then placed 
furnact adjusted to 
stal and at the other 
The temperature of 


maintained for 20 hours and then cooled 


quartz tube to regain the Nal crystal were carried out 
in a dry box. 

Crystals containing T] were prepared by mechanically 
mixing TII powder with Nal powder prior to growing 
the crystal by the method described in the first part of 
this section. Tl concentration was determined by chemi 
cal analysis of dissolved crystal samples with an a 


curacy of +0.01 mole % 1 


2. Apparatus for Measurement 


and fluo- 


All measurements, transmi reflection, 
rescence, were made in a single experimental setup as 
A freshly cleaved crystal was 
moderate spring pressure to the 
Dewar which could be inserted in the 
tight chamber. The « ryst il to be examined could there by 
be placed on the perpendicularly intersecting axes of 
four ports in the chamber. Two of these ports are fitted 


third 


follows: clamped under 


bottom of a metal 


top of a vacuum 


with Corning quartz windows, a with Corning 


quartz lenses which are the entrance collimator for a 
250 mm Bausch & Lomb monochromator used as an 
analyzer for the fluorescence. Windows of these three 
ports are interchangeable. The fourth port is fitted with 
he incident light from 
the crystal. The 


a calcium fluoride lens to image t} 
the illuminating monochromator on 
illuminating system consists of a Jarrell-Ash 500 mm 
grating vacuum monochromator of 

1 a Hanovia high pressure 
window 


focal length concav: 
the Seya Namioka type an¢ 
hydrogen lamp fitted with a calcium fluoride 
and maintained at a constant hydrogen pressure of 
6 mm Hg. The lamp was operated at 13 amperes which 
required approximately 1500 volts a 


electronically stabilized source. 


supplied by an 
\ plastic dry bag with 


rubber gloves was fitted to the Lop of the 
1 


cryostat so 


y cleaved and mounted on 


ith 
I 


that crystals could be fres 
the clamp of the Dewar w 
The dew point of the air in the bag could be maintained 


out ¢ xposure to moist air. 


external continuously circu 
furthermore 


at —50°C by means of an 
lating drying system. The cryostat was 
fitted with a razor blade actuated through a Wi 
to permit cleaving the face wh 
found that resul 

crystal was freshly cleaved and then 


after insertion. The 


? 
SOn scal 
crysta ile in place. It was 


ts were indistinguishable whether the 
inserted in the 


apparatus or cleaved in a v: 
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cryostat was evacuated by a diffusion pump and m 
chanical fore pump protected between the diffusion 
pump and cryostat with a liquid nitrogen trap. In spite 
of this, it was found that over a period of 24 hours a 
noticeable deterioration of the crystal face would be 
observed in terms of its excitation spectrum and or re- 
flection spectrum. The effect was most severe if the 
crystal had been cold and then permitted to warm up 
again. However, experimental measurements ranging 
over a period of several hours could be made without 
detectable deterioration 

By sliding or twisting the Dewar, the crystal sample 
could be placed in or out of the illuminating beam or 
the angle of incidence adjusted without disturbing 
cryostat vacuum. 

Detection of transmitted or reflected illumination was 
accomplished with an RCA-6903 quartz face photo- 
multiplier. Its useful range extended to 7.3 ev in the 
vacuum ultraviolet. Detection of fluorescent light after 
analysis by the 250 mm monochromator was accom- 
plished with an RCA-7200 quartz envelope photomulti- 
plier with a metal-backed photocathode. To reduce nois 
this tube was cooled to liquid nitrogen temperature. 

Direct current from the photomultipliers was meas 
ured with a General Radio Electrometer Type 1230A 
driving a 10-mv chart recorder. Both the illuminating 
monochromator and the analyzing monochromator were 
fitted with synchronous drive motors. Since a continu 
ous recording of data was made, no points appear in the 
spectrum figures. 

Calibration of sensitivity versus wavelength for th 
analyzer system (250-mm monochromator and RCA 
7200 phototube 
a thermopile. Sodium salicylate sprayed on the inside 


was accomplished by comparison with 


of one of the quartz windows was used as a phosphor 
to determine the intensity spectrum of the illuminating 
system. This provided a correction curve which was 
applied to measured excitation spectra. 

It was assumed that sodium salicylate has constant 
quantum efficiency.” The validity of this assumption is 
doubtful but there was no readily available alternative 
since the available thermopile was not sufficiently sensi- 
tive. In any case the same curve was applied to all 
excitation spectra, so that even if absolute values are 
in error, the differences in curve shapes between different 
figures indicate real differences in the phenomena. 


Ill. DISCUSSION 
1. Reflection Spectra 


The reflection spectrum of Nal single ciystals at 
— 190°C is found to be qualitatively very similar to the 
absorption spectra of evaporated films of Nal,’ as 
optical theory" predicts it should be. The amplitudes, 


© K. Watanabe and E. Inn, J. Opt. Soc. Am. 43, 32 (1953 

“H. Y. Fan, Methods Experimental Physics, edited by L 
Marton (Academic Press, New York, 1959), Vol. 6, Part B, Chap 
10, p. 249 ff 


SPECTRA Ol 


NaI SINGLE CRYSTALS 


Fic. 1. The reflection spectra of an Nal single crystal grown 
1 a Pt crucible under an N» atmosphere. Illuminating angle of 


incidence 45 


being in different units, are not comparable, but the 
locations, with respect to wavelength or photon energy, 
of the peaks or maxima in the reflection spectrum agree 
closely with the published results for absorption spectra. 
The reflection Nal single crystals at 

190°C exhibits one feature, an inflection at 5.62 ev, 
which does not appear in the published results for the 
absorption spectra ol Nal « vaporate d films. Reflectivity 
of the lowest energy reflection peak, at 5.59 ev, reaches 


spectrum of 


a maximum value slightly in excess of 50%. 

reflection spectra for an Nal 
crystal grown in a Pt crucible under an N, atmosphere 
at — 190°C, + 20°C, and the region of the first reflection 
peak for two intermediate temperatures. These spectra 
were all taken with the angle of incidence at 45° to the 


Figure 1 shows the 


crystal face (110 direction), and the detector located at 
90° to the direction of incident photons. The incident 
intensity was measured by moving the detector into the 
direct beam. Some measurements of normal incidence 
reflection were made by the use of a quartz plate 
mounted at 45° in the illuminating beam path. Light 
reflected by the crystal was then partially reflected by 
the quartz plate to the detector. Comparison of the 
spectra showed that qualitatively they were very simi- 
lar, the peaks all appearing in exactly the same place, 
but some discrepancies in amplitude were observed. 
However, the low reflectivity of the quartz plate made 
accurate quantitative comparison impossible. 
Comparison of the reflection curve for — 190°C with 
that given by Martienssen* for NaI at — 253°C shows a 
remarkable agreement for the location of the peaks. 
Martienssen gives 5.59 ev for the first absorption peak 
and 6.72 ev for the second peak. He gives the step at 
5.80 ev. Within the experimental accuracy of the two 
measurements, the agreement is exact. However, unless 
the temperature dependence of the peak locations is 
zero in the range of —253°C to —190°C, there is, in 
actuality, a discrepancy. Teegarden’ has given for Nal 
at — 180°C the value 5.575 for the first peak and more 


y 
5. 
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193°C. For the second 
peak and the step, the agreement is good in all cases. 


recently Eby et al.* give 5.56 at 


The illuminating monochromator used in the meas- 
urements presented here had a dispersion of 17 A per 
mm. At 2004 slit width, the value used in reflection 
measurements, this converts to a band pass of 0.0086 ev 
at 5.6 ev. The instrument was adjusted and calibrated 
to an accuracy of +4 A or approximately 0.0013 ev in 
this wavelength region. It appears that there is a definite 
discrepancy between the location of the first peak as 
found by reflection from a crystal and that as found in 
the absorption spectrum of an evaporated film of the 
same material. However, it should be pointed out that 
temperature measurements on crystals or films sup- 
ported in optical beams are difficult and somewhat 
unreliable in view of the fact that they are subject to 
heating by the incident beam and their thermal con- 
ductivity is low 

An inflection on the high-energy side of the first re- 
flection peak appears at 5.62 ev. This is not shown in 
any of the reported absorption measurements of evapo- 
rated films. A band pass of no greater than 0.01 ev was 
required to resolve the inflection. However, Eby ef al.* 
used approximately this value in making their evapo- 
rated film absorption measurements and should have 
resolved the inflection if it is present in the sodium 
iodide film absorption band. Possibly it is caused by a 
surface defect of the single crystal. 

The effe: t of reflection in re duc ing absorbed exc iting 
radiation and its effect 


excitation 


on the shape of the observed 


spectrum is illustrated in Fig. 3. 


2. Optical Transmission Spectra 


All of the crystals used in these measurements were 
cleaved to 1 mm+0.1 mm. The data is presented in 
Fig. 4 through 14 in the form of per cent transmission 
and the losses due to surface reflection are not taken 
into account. In spite of its unconventionality and lack 
of sophistication, it is the most practical way for the 
information to be presented. It makes possible the pres- 
entation of transmission spectra on the same figure 
with the excitation spectra for a given crystal at a given 
temperature. Some characteristics of the transmission 
spectra seem to be worthy of separate emphasis at this 
point. Before entering discussion of the more complex 
fluorescence emission and excitation spectra, an attempt 
the defect or impurity centers re- 
sponsible for two of the absorption bands (corresponding 


is made to ide ntify 


to depressions in the transmission spectra). 

The crystal shown in Fig. 4 shows that the trans- 
mission cut-off occurs at and that there is not 
tl transmission, or absorption, spec- 


5.5 eV 
much of a tail in the 
trum. The 1/e transmission corresponding to an absorp- 
coefficient 
about 5.42 ev. Two inflection 
other at 4.8 ev, are 


tion of one inverse millimeter appears at 
at 5.3 ev and the 
in this curve and corre- 


spond to weak absorption bands. Comparison of this 


one 


apparent 


N 


SCIVER 


190 Cc show . 


: 
enhances the 


curve with that of Fig. 9 for Nal (1 it 

that the stoichiometric addition of iodine 
4.8-ev band whereas that 
It appears that the 4.8-ev absorption band may corre- 


5.3 ev remains unaffected 
spond to a V band. Uchida and Nakai® did not observe 
this band in Nal, but it does correspond closely with 
the highest energy absorption band 
in KI (4.77 ev at +20°C). They produced this band, 
along with two lower energy ones, in KI by heating the 
crystal in iodine vapor. The two lower energy absorption 
bands in KI were also produced by passing a current 


which they observed 


from a sharply pointed anode into the crystal. However, 
this latter method failed to produce the 
and the authors concluded that the |: 
a V band. 

The energy difference between the 5.3 ev and the 
first absorption peak is 0.29 ev which when compared 
with experimental and theoretical results for KBr and 
KI? suggests that this band at 5.3 ev may be a 8 band 


+.77-eN band, 


itter may be 


not 


corresponding to the presence of F centers in the crystal. 
Figure 5 illustrates the result an attempt 
made to enhance the F-center population of a sodium 
iodide cry stal by hea 
mission of this crystal reached essentially zero at 5.. 
and no transmission at 


when was 


ting it in sodium vapor. The t 


was detectable shorter wave- 


WAVELENGTH IN MILL 


INTENSITY 





Fic. 2. Luminescenc ‘mission banc hse 
crystals at 190°C he I band apt P 
containing 0.05 mole 
appeared only in a crystal containing mole 
band appeared with greatest ir 
metric excess of I,. The 425-1 all crystals 
containing Tl] and in no other he last t ands have approxi 
mately constant quantun 190°C and +20% 
The intensity scale is arbitrar 
shown with equal maxima 


in all crystals 
Phe 325-n 
rl. The 


tals with a stoichio 


w band 
375-mu 


peared ir 


+} 
r 


irves are arbitraril 
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lengths. Consequently, it is not possible to say whether 
the hypothetical 8 band was actually enhanced and 
merged with a fundamental absorption or if some other, 
perhaps colloid, band was produced in the crystal which 
made it simply opaque in this region. In any case, the 
V band previously appearing at 4.8 ev was completely 
wiped out by exposure to sodium. 

Optical absorption bands in crystals containing thal- 
lium correspond exactly to excitation bands for lumi- 
nescence. When appropriate they are discussed along 
with the luminescence 


3. Luminescence Emission and Excitation Spectra 


Figure 2 shows the four emission bands found in 
sodium iodide at liquid nitrogen temperature. Their 
centers are located at: 4.20 ev, 3.82 ev, 3.31 ev, and 
2.92 ev. Their shapes and widths are similar and their 
spacing surprisingly uniform. However, the significance, 
if any exists, of these rather uniform characteristics is 
not understood. The intensity scale of Fig. 2 is arbitrary, 
all curves having been plotted with equal maxima. 
However, there was found at least one condition of 
crystal preparation, temperature, and photon excitation 
energy which produced a maximum quantum efficiency 
which was equal, within +10%, for each of these four 
bands. It is felt that this maximum probably corre- 
sponds to something close to 100% quantum efficiency 
although the calibration was not sufficiently accurate to 
assure this. For the purposes of the following discussion, 
the emission bands will be simply designated by their 
wavelengths, i.e., 295 my (4.20 ev), 325 my (3.82 ev), 
375 my (3.31 ev), and 425 my (2.92 ev). A summary of 
the characteristics of the Nal fluorescence is given in 
Tables I and IT. 

Figures 3 through 14 show the excitation spectra for 
these bands under various conditions of crystal prepara- 
tion and temperature. All figures are corrected to show 
quantum efficiency in terms of constant incident flux, 
while Fig. 3 also shows quantum efficiency for constant 
absorbed flux, obtained by correcting for reflectivity. 
The absolute value of quantum efficiency indicated on 


Taste I. Nal fluorescence not requiring the presence 
of thallium in the crystal. 


Conditions for 
detectability 


Emission band Excitation band 


4.20 ev 5.3 ev 


295 mu 


crystal optically clear in 
5.3-ev region; tempera- 
—75°C or lower 


4.20 ev) Crystal temperature 

— 155°C or lower; tha! 
lium content not more 
4.20 ev) 5.7 ev and above than 0.05 mole % 
4.80 ev 
5.26 ev 
4.85 ev 
5.47 ev ( 


20°C — . . 

eet Stoichiometric excess of 

S 190°C) f iodine and no detectable 
190°C) | thallium in crystal 


3.31 ev) 
3.31 ev) 
3 
3 


ION SPECTRA OI 
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Taste IT. Nal fluorescence depending on the presence 
of thalliun in the crystal 


Probable corre- 
sponding KI 
absorption band 
(s) as observed 
by Yuster & 
Delbecq* 


4.23 and 4.27 ev 
4.40 ev 


mole % of 

thallium 
required for 
detectability 


Excitation 
band at 
Emission band 190°C 
my (3.83 ev) 4.07 ev 0.1 
my (2.92 ev) 4.26 ev less than 
0.025 


4.82 ev 0.1 
4.97 ev <0.025 


4.92 and 4.96 ev 
5.08 ev 


my (3.83 ev) 
5 my (2.92 ev) 


5.05 ev 0.1 
5.1 ev <0.025 
and above 


not observed 
5.32 ev 
and above 


my (3.83 ev) 
my (2.92 ev) 


* See reference 14 


the figures is probably accurate to a factor of 2. The 
shape of an individual curve is probably accurate to 5% 
of its value at any point, but this, it must be born in 
mind, is not absolute but referred to sodium salicylate. 

Some of the curves of excitation spectra exhibit an 
almost square flat maximum as though the limit of 
detecting system response was being exceeded. Actually, 
the intensity of emission was many orders of magnitude 
below the saturation limit for the detecting system. 
Rather, the flat tops of excitation spectrum curves more 
likely represent regions where the quantum efficiency 
approaches 100%. 


295 my (4.20 ev) band 


The most significant characteristic of the 295-myp 
emission band is its persistence. It appears at liquid 
nitrogen temperature in all crystals with the exception 
of the one most heavily doped with thallium. 

It has an excitation band centered at 5.3 ev which 
appears in all of the crystals except those doped with 


Fic. 3. Excitation spectrum for 295 my (4.20 ev) emission in an 
Nal crystal at —190°C grown in Pt under an Nz atmosphere. 
Illuminating angle of incidence 45°. Solid curve corrected for 
comstant incident flux. Dashed curve corrected for reflectivity to 
give excitation spectrum for constant absorbed flux 
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Na or Tl. The 5.3-ev band varies somewhat in strength 
with different crystals, but where it is moderately strong 
it appears to be essentially temperature independent in 
the range of — 75°C 190°C. At temperatures above 

75°C it becomes merged with one of the excitation 
bands for the 375-my emission (see below). The 5.3-ev 
excitation band appears to be a volume rather than 
surface band since it is 


to 


associated with an inflection in 
the optical transmission curve and is absent when, be- 
cause of addition of other impurities, the crystal is 
opaque in this region 

The 295-my band is excited by a continuum beginning 
at 5.5 ev and extending to at least 8.0 ev (the high- 
energy limit of the measurements). Its quantum effi- 
ciency is greatest immediately above and below the first 
absorption or reflection peak with a deep minimum at 
the peak. The quantum efficiency diminishes to make a 
rather steep drop on the low-energy side of the second 
exciton peak at 6.7 ev. Measurements made at 7.7 ev 
using different incident photon flux intensities varying 
over a range of 8:1 indicate an increasing quantum 
efficiency with increasing flux. However, similar meas- 
urements made near the low energy end of the band at 
5.7 ev showed the quantum efficiency to be inde pende nt 


of incident flux intensity. At the lowest energy end of the 


Excitation 


pectrum for 
295myp Emission at -190°%c 


io! 4. 


N 
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and trans 

Nal crystal 

juartz under an H 
With respect to the 
mission the soli 
ating angle 
dotted lor 5 
In all case 
transmitted 
to analyzer 
iuminating 
ett 
les with a 


tor inte 


for 375 my Emissior CAT ris ir juantum 


intensit 


excitation continuum it is found that the quan- 
a broad indefinite maximum when 


incidence for the 


tum efficiency reaches 
the crystal is oriented 
illuminating photons; namely, an 
100 direction. However, on 
first reflection peak, the greatest quantum efficiency is 
found with the crystal at 45° incident light 
(illumination in the 110 direction), and the effect be- 
comes more marked as the incident photon energy in- 


lose to normal 
illumination in the 
he hig 


-energy side of the 


' 
to the 


creases. In addition to the dependence of total quantum 


efficiency on the direction of incident light, it was also 
observed that in the high-energy end of the continuum, 
the emitted light is primarily in the forward direction, 
whereas at the low-energy end (5.5 ev) the emitted light 


was primarily perpendicular with a small forward com- 


= 


ponent of approximately 5°. In 1 


excited with energies of less than 5.! 


able direction found, either for the 
radiation. 
The curious cl 


aracte! 


incidence and of non 


angle of 


excitation energies above 5.5 ev we 


by accident. Once obse rved, tne 
for in several crystal samples, : 


ratus was not suited to pre 
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angles involved, there remains no doubt that the effects 
are real. Their possible significance is discussed below 
in the section on energy transport. 

The excitation continuum for the 295-my emission 
exhibits a strong temperature dependence. Figure 15 
illustrates the temperature dependence in the range 
— 150° to —190°C for excitation of 5.7 ev and also 
illustrates the temperature independent behavior of the 
5.3-ev excitation band. 

Examination of the results strongly indicates that 
this band is associated directly with the excitation band 
found at 5.3 ev and the inflection in the optical trans- 
mission curve also found at that region. Although this is 
not the strongest excitation band for the 295 emission, 
it has the attractive feature of being nearly temperature 
independent, which in general seems to characterize 
principal excitation bands in phosphors. Its weakness, 
as compared with the excitation by 5.5- or 5.7-ev pho- 


Fic. 6. Excitation and transmission spectra for an Nal crystal 
grown in Pt under an N;, atmosphere with stoichiometric excess 
of I, diffused in at 500°C crystal temperature and approximately 
1.4 atmospheres pressure of I,. Measured at +20°C 


tons may be explained by the relative weakness of this 
band as an optical absorption band in a!l of the measure- 
ments made and by its complete submersion in much 
stronger absorption in crystals doped with sodium or 
thallium. Whether or not this band is actually a 8 band 
associated with an F center remains an open question. 
Its location at — 190°C suggests that this is so. However, 
it fails to shift to lower energy at higher temperatures. 
Also the failure to arbitrarily produce it or enhance it 
leaves a considerable question open. Still the failure to 
enhance this band by heating the crystal in sodium 
should not be taken as evidence against its being caused 
by F centers. The small size of the sodium ion as com- 
pared with the iodine ion makes it difficult to contem- 
plate the production of F centers in this manner. 

The possibility that the 5.3-ev absorption and excita- 
tion band is caused by hydroxide in sodium iodide was 
considered since as was indicated in the section on 
crystal preparation, essentially all crystals must have 
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hic. 7. Excitation and transmission spectra for an Nal crystal 
grown in Pt under an N» atmosphere with stoichiometric excess 
of I; diffused in at 500°C crystal temperature and approximately 
1.4 atmospheres pressure of I,. Measured at —75°C. 


contained some hydroxide. Rolfe has examined hy- 
droxide absorption bands in KBr, KCl, and NaCl. In 
the first of these it appears at 5.77 ev, or about 1.0 ev 
below the first absorption peak. If roughly the same 
energy shift should apply in sodium iodide, this could 
not cause the 5.3-ev band. Experimentally, this was 
confirmed by measurements on the hydroxide-free crys- 
tals produced in a continuously flowing atmosphere of 
hydrogen and iodine. With respect to the 5.3-ev band, 
these crystals were very similar to the crystals grown in 
nitrogen, and other bands only indicated a stoichio- 
metric excess of iodine. Furthermore, crystals heated in 
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grown in Pt under an N» atmosphere with stoichiometric excess 

of I, diffused in at 500°C crystal temperature and approximately 
1.4 atmospheres pressure of I,. Measured at — 155°C 
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a vapor of NaOH did not exhibit an enhancement of 
the 5.3-ev excitation band 


325 mu (3.83 ev) Emission Band 


The 325-my emission band appears only in the crystal 
doped with the highest concentration (0.1 mole %) of Tl 
(crystal B-2). This is coincidental with the absence in 
this one crystal of any 295-my emission. At first glance 
it might appear that the 325-my emission would simply 
be the residue to 295-my emission left after absorption 
by the principal absorption band at 4.26 ev due to Tl 
in the crystal. However, examination of Fig. 14 indicates 
that this is not the case. The 
found at 


excitation bands for the 
325-my emission art 4.07 ev, 4.82 ev, 
5.05 ev. Additionally, this band has a small response to 


and 


excitation in the 5.7-ev region Two points should be 


noted with respect to the now hypothetical 295-myu 


emission: first, its absence is not due to opti al absorp- 
tion exclusively, for there is a failure to overlap of 
approximately 40°; of its area; and second, if there were 


actually an optical absorption and reemission taking 


Fic. 10. Excitation and transmission spectra of an Nal crystal 
at — 190°C containing 0.025 mole % TI. The curve labeled 295-my 
emission was transposed from Fig. 2 and is shown here to indicate 


overlap with the absorption band due to TI! in the crystal. 


Lu 1.07-ev excitation band for the 
25-my emission should | 
oO the excitation spectrum for the 
least 25% of that seen for 

in the 5.7-ev 


place in the crystal, the 
receiving a fair share, say 


3 
25% at least, so that 
3 


25-my emission should be at | 
the 425-my emission when excitation is 
region. 

The substantial strength of the 4.82-ev and 4.07-ev 
excitation bands seen in crystal B-2 as compared with 
their total absence in crystal C-1 (0.05 mole % TI), 
indicates that these bands may arise from TI ion pairs 
rather than single Tl] ions because the Tl concentration 
ratios of these two crystals s only 2:1. However, an 
4 of that observed for crystal B-2 
would have been detected 

Each of the three excit g 
325-my emission lies approximately 0.1 


intensity of only 


ition bands, giving rise to the 
ev on the low- 


energy side of three of the excitation bands for the 


425-ev emission. It is interesting to compare the excita- 


tion bands for both the 325-my emission and the 425-my 


Fic. 11. Excitation and transmission spectra of an Nal crystal 
at +20°C containing 0.05 mol Il. For illuminating photon 
5 is greater for illumi 

than for near 
dotted curve) 
juantum effi- 


energies above 5.3 ev the antum efficiency 
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Fic. 12. Excitation and transmission spectra for an Nal crystal 

190°C containing 0.05 mole “ Tl. The solid curves are for 
295 my (4.20 ev) emission and the dotted curves are for 425 my 
(2.92 ev) emission. The main figure is for illumination at a 45 
angle of incidence and the inset figure is for near normal illumina 
tion at a 5° angle of incidence. The curve labeled 295-my emission 
was transposed from Fig. 2 and is shown here to indicate overlap 
with the absorption band due to Tl in the crystal. 


at 


emission with the absorption bands observed in KI(T]) 
by Yuster and Delbecq.'* Applying an energy shift of 
+(0.15 ev to the sodium iodide data, there is a remark- 
able correspondence. The three 425-my excitation bands 
correspond to bands in KI(TI) at 4.40 ev, 5.08 ev, and 
at 5.32 ev which Yuster and Delbecq found to vary 
linearly with Tl concentration. Similarly, two of the 
325-my excitation bands in NalI(Tl) correspond to 
doublet absorption bands in KI(T]) at 4.92-4.96 ev and 
at 4.23-4.27 ev. Yuster and Delbecq found the strength 
of these latter bands varied approximately with the 
square of Tl concentration. No absorption band appears 
in the KI(T1) results which could be taken to correspond 
to the 5.05-ev excitation band in Nal(Tl). No doubt 
such a band exists, but it is concealed by other much 
stronger bands. 


2 
fal 


Fic. 14. Excitation and 
transmission spectra of an Nal 
crystal at —190°C containing 
0.1 mole Tl. Illumination 
was at an incidence angle of 
45°. The curve labeled 295-my 
emission hypothetical) was 
transposed from Fig. 2 and is 
shown here to indicate overlap 
with the absorption bands due 
to Tl in the crystal. Actually 
this crystal exhibited no 295 
This is the only 
crystal exhibiting the 325 my 

3.82 ev) emission band 
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“4 P. Yuster and C. Delbecq, J. Chem. Phys. 21, 892 (1953) 
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Fic. 13. Excitation and transmission spectra of an Nai crystal 
at +20°C containing 0.1 mole “% Tl. Illumination was at an 
incidence angle of 45° 


375 my (3.31 ev) Emission Band 


This band is clearly associated with a stoichiometric 
excess of iodine, where it is strongest (lig. 6-9). It is 
somewhat less strong in crystals grown in nitrogen, even 
weaker in the crystals grown in hydrogen (Fig. 4), and 
is absent in crystals doped with sodium (Fig. 5) or 
thallium (Figs. 10-14). It has two excitation bands: 
the lower energy one appears centered at 4.8 ev at 
20°C and shifts to 4.85 ev at — 190°C. 

The second excitation band appears at 5.26 ev at 
20°C and shifts monotonically to 5.47 ev at —190°C. 
It is interesting to note that the higher energy band 
maintains an almost constant energy difference of 0.1 ev 
with the reflection peak, which at the same time shifts 
from 5.36 ev to 5.59 ev. At +20°C the 375-my band is 
excited in the fundametal absorption region of energies 
above the first reflection peak. However, at lower tem- 
peratures the 375 my response to irradiation in this 
region dies out. 

Since both excitation bands give rise to the same 
emission band, it is indicated that these two bands 
correspond to two excited states of the same center, 
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lic. 15. Intensity, in arbitrary units, of the 295 my (4.20 ev) 
emission band versus temperature for excitation at 5.3 ev (dashed 
curve) and for excitation at 5.7 ev (solid curve). The data pre 
sented was for a crystal to which a stoichiometric excess of I, had 
added. However, similar results were obtained for other 
samples as well The results indicate that the excitation band at 
5.3 ev is the principal one for the 295-my emission, and the higher 
energy excitation depends on a temperature-dependent energy 
transport mechanism 


been 


rather than to two different types of center. The 
proximity of the higher energy excitation band to the 
first reflection peak and its nearly constant energy 
difference suggests that this band is an antimorph of 
the a or 8 band. 


425 my (2.92 ev) Emission Band 


This emission band is the one normally associated 
with the scintillation light in thallium activated sodium 
iodide. The lowest energy excitation band for this 
emission is at 4.16 ev, +20°C and 4.26 ev at —190°C. 
Also at the lower temperature is a distinct band located 
at 4.97 ev and from 5.1 ev to the location of the first 
peak in the reflection spectrum there appears to be a 
continuum. The work of Yuster and Delbecq™ on the 
absorption bands of potassium iodide indicates that in 
this region there are probably several overlapping bands. 
Figures 10, 12, and 14 illustrating the low temperature 
fluorescence, and absorption characteristics of these 
crystals, also show the emission spectrum for the 295-my 
band transposed from Fig. 2. It is interesting to note 
that this is in almost exact coincidence with the primary 
thallium absorption band. It would appear that the 
425-my emission arising from illumination at energies 
above 5.6 ev could be accounted for by simple optical 
4.20 ev) and partial reabsorp- 
tion by the Tl band at 4.26 ev. In the case of crystal 
A-26 with a TI concentration of 0.025 mole (Fig. 10) 


the area 


emission in the 295 my 


this is apparently more or less the case, since 
overlaps for the 4.26-ev absorption band and the 295-my 
emission band is about the same as the ratio of inten- 
sities for excitation in the neighborhood of 5.7 ev. As 
should be expected, the shapes of the excitation spectra 


for the two emission bands in this region are similar. In 


SCIVER 


Fig. 12), 
s are now ol comparable 
strength for excitation in the nei 
but they are no longer of 


the case of C-1 with twice concentration 


we see that the emission 
hborhood of 5.7 ev, 

With higher T! 
B-2, Fig. 14, the 
emission has vanished entirely, and the quantum effi- 


y 
imilar shape 
I 


concentration still, crystal 295-my 
ciency of the 425-my emission for photon excitation 
energies higher than 5.7 ev 
comparable with that found for direct illumination at 
4.26 ev. 
With excitation eneryic 

the excitation spectrum for 425-my emission in crystal 
B-2 at — 190°C (Fig. 14) is very different from the shape 
of the excitation spectrum for the 295-my emission in 
crystal Nal (H,) (Fig. 
cate that function of Tl in Nal crystals is more complex 
than that of a simple wavelength shifter which absorbs 


is nearly constant and quite 


above 5.65 ev the shape of 


4). The foregoing seems to indi- 


internally generated ultraviolet light in a band at 295 my 
and emits it at 425 mu. It appea 
Tl centers are capable of intercepting some form of 


rs more likely that the 


internally migrating energy produced by illumination 
of the crystal at energies above 5.65 ev. The T! centers 
seem to compete directly for the migrating energy with 
the centers producing the 295-my emission. 

The Nal crystals containing Tl exhibit a preference 
for the 45° illuminating angle of incidence similar to that 
observed in crystals without Tl. This behavior is illus 
trated for crystal C-1 at +20°C in Fig. 11 
— 190°C in Fig. 12. However, while the 295-my emission 
exhibited nonisotropic characteristics the 425-my emis- 


and at 


sion was found to be isotropic. The possible significance 
of the preferred illuminating angle of incidence is dis- 
cussed below. 


4. Energy Transport 


This section consists of a qualitative discussion of the 
possible energy transport mechanisms involved in con- 
veying energy from the crystal matrix 
widely spaced luminescent centers 


1¢ , 
itsel! to the more 


In the energy range below 5.5 ev, the excitation bands 
for the various emission bands apparently correspond to 
various excited states of localized lumi: 


escence centers. 


In the energy range above 5.5 ev, incident photon energy 
can reach only a thin surface ayer of the cry stal pene- 
trating a distance on the order of a few hundred ang- 
stroms or on the order of a hundred lattice unit dis- 
tances. The probability that an hoton would 
of the 
negligible compared with its probability of interaction 
with the Nal crystal matrix itself. In 


incident p 


interact with one impurity or defect centers is 
examining the 
figures, it is apparent that in a number of instances ; 


large fraction of the incident er 


ergy above 5 5 ev is 
f ultraviolet or visible 
All four of these 


identified wit 


ultimately emitted in the form « 
light, in one of the four emission bands. 
emission bands seem to be specific im- 
and the problem 
then remains: how is the energy transported from the 
crystal matrix to these There 


] 


purity or defect centers in the crystal; 


luminescence centers’ 
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appear to be three plausible mechanisms, photon emis- 
sion and reabsorption, conduction electron and/or hole 
migration, and exciton migration. 

In this discussion, photon emission and reabsorption 
is intended in mean luminescence in the crystal volume 
which is absorbed before escape, by luminescent centers 
which in turn emit lower energy photons. 

Electron and hole migration implies the free, inde- 
pendent movement of electrons in the crystal’s conduc- 
tion band and of positively charged holes in the crystal’s 
normally filled band. With an internal voltage applied, 
these charged particles should theoretically move in 
opposite direction making the crystal conductive. 


Photon Emission and Reabsorption 


Photon emission and reabsorption as the transport 
mechanism would imply that the pure crystal itself is 
luminescent when illuminated at energies above 5.5 ev. 
If this emission were in the optically clear region below 
5.5 ev, certainly some of it would be directly detectable. 
Since none which could not be associated with a definite 
excitation band was detected, one must postulate emis- 
sion in the opaque region, above 5.5-ev photon energy. 
If this were the case, the radiation would have to be 
reabsorbed and emitted a number of times before reach- 
ing the much less densely populated defect centers, but 
then energy loss due to crystal lattice relaxation would 
severely attenuate the observed photon efficiency. For 
this reason the possibility of photon emission and re- 
absorption apparently can contribute at best only a 
small fraction of the total energy transported. 


Conduction Electron and Holes 


Soiid-state band theory predicts that the alkali halides 
should become photoconductive when illuminated with 
photons of energy about one ev greater than that found 
for the onset of fundamental optical absorption. The 
minimum energy for the onset of photoconduction, 
sometimes called the energy gap, is represented in band 
theory by a forbidden zone in which free electrons 
cannot exist. 

Unfortunately, there is little experimental evidence to 
indicate what the energy gap is. Taylor and Hartman'® 
recently made an extensive but fruitless search for 
internal photoconductivity in NaCl, KCl, KI, and LiF 
using photon energies ranging between 6 ev and 21 ev. 
Philip and Taft'* has attributed the step seen in the 
absorption spectra of the alkali halides as corresponding 
to the onset of conduction. However, conduction was 
not actually observed. In Nal the step is at 5.8 ev. No 
positive experimental evidence for the value of the 
energy gap has appeared in the literature. 

The second possibility for primary energy transport 

* J. W. Taylor and P. L. Hartman, Phys. Rev. 113, 1421 (1959). 

*H. R. Philip and E. A. Taft, J. Phys. Chem. Solids 1, 159 

1956); E. A. Taft and H. R. Philip, J. Phys. Chem. Solids 3, 1 


1957) 
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mechanism then is conduction electrons and/or holes. 
The possibility of producing luminescence in the thal- 
lium center by conduction electron capture has been 
discussed elsewhere.* It was pointed out that electron 
capture must also be accompanied by capture of a hole. 
The argument can be generalized in the following way: 
Assume a luminescent center based on a crystal defect 
or impurity. This center will have states analogous to 
that of a free atom, and in the absence of external 
excitation will be at its lowest or ground state. A con- 
duction electron arriving at or passing close to this 
center can do one of two things. If it has sufficient 
energy, some of its energy may be passed on to the 
center, while the electron continues on its way at re- 
duced energy. For this mechanism to occur the conduc- 
tion electron would have to have a minimum energy of 
between 4.0 and 5.5 ev above the bottom of the con- 
duction band since the excitation energies, which in- 
terest us here, lie in this energy range. However, in the 
present experiments none of the exciting photons had 
sufficient energy for this type of mechanism to occur. 
Alternatively, if the luminescent center produces a de- 
pression in the bottom of the conduction band, then an 
electron with any energy equal to or greater than the 
bottom of the conduction band could be trapped at the 
luminescent center. It is possible that luminescence 
emission could result from the capture of an electron 
only. Conversely, the same could be true of the capture 
of a hole only, since this would empty a lower state and 
permit an upper state to decay into it. However, with 
continuous exposure to exciting radiation, such lumi- 
nescence would quickly die out because all centers would 
become saturated with either holes or electrons thereby 
terminating the luminescence. The description of con- 
tinuous excitation and emission must be basically one 
of recombination, namely of electron and hole. However, 
it appears that the defect center is necessary to catalyze 
this recombination and that it is not capable of occur- 
ring in the perfect matrix. 

These thoughts suggest that the energy transport 
mechanism involved in the observed luminescence may 
be an electron and hole which remain in close proximity, 
somehow associated, rather than wandering independ- 
ently and making chance encounters with defect or 
impurity centers. In other words, it may be a kind of 
exciton, different from the one responsible for the peaks 
in absorption and reflection spectra. 


Exciton Migration 


There are three theoretical models which have been 
postulated to describe the exciton. One, used by von 
Hippel,'’ is called the electron transfer model, and as- 
sumes the transfer of an electron from a halide ion to a 
neighboring alkali ion. The second is called the excita- 
tion model and considers excited states analogous to 
the excited states of the free halide ion. Knox and 


17 A. von Hippel, Z. Physik 101, 680 (1936) 
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Inchauspé!® have recently shown that either of these 
models can be used to predict rather well the exciton 
peaks in the absorption bands of alkali halides. The 
third model, used by Wannier,’* considers excited states 
analogous to those of a free hydrogen atom. This third 
case starts from the basis of the periodic potential of a 
polar crystal and assumes that the electron and hole 
are bound together by electrostatic force. When quan- 
tized the theory produces a multiplicity of energy levels. 
This last model fails completely to predict the peaks in 
the alkali halide absorption bands. It is beyond the 
scope of this article to attempt a rigorous theoretical 
treatment, but the Wannier model appears to be a 
perfectly good one and it is a severe temptation to 
suggest at this point that it may be applicable and may 
properly describe the underlying continuum of the 
fundamental absorption in alkali halides 

Migration of the excitation or electron transfer type 
of exciton as a primary means of energy transport for 
295-my emission Cal apparently be rejec ted. All figures 
illustrating the excitation spectra show a deep dip at the 
energy of the first absorption or reflection peak, much 
deeper than the increase in reflectivity at this region 
could alone account for (Fig. 3). In the region of the 
first absorption pe ik little energy is transported to a 
as ultraviolet or visible 
similar effect in the 
excitation spectrum of KI.) Furthermore, at the location 


luminescent 
light 


center to appear 


{ Peegarde n observed a 
of the second absorption or reflection peak, we find a dip 
in the excitation spectrum of the thallium free crystals. 

Phe « xplanatic n of the observed characteristics of the 
295-my excitation spectra would be considerably facili- 
tated by acceptance of the Wannier exciton model. 
First, as is suggested above, one must assume that the 
phenomenon is basically one of recombination, with a 
defect or impurity center acting as a catalyst. The rapid 
decay’*"' of the 295-my luminescence coupled with its 
constant quantum efficiency for varying incident photon 
flux densities at the lower energy end of the excitation 


suggest 


continuum s s that the recombining electron and 
hole must be in close proximity, and somehow associ- 
ated, rather than wandering aimlessly and making 
chance encounters 

Furthermore, some explanation is required for the 
observed directionality of the emitted luminescence, 
when the exciting energy is 5.7 ev or above. The fact 
that a momentum vector seems to be preserved from 
of the 
transport capture, 


incidence illuminating photon, through energy 


acca 


y, and emission requires that the 
transport mechanism be capable of a vector character- 


istic. The independent wanderir gy of an electron and 


hole cannot be described with a vector, but if these two 


are bound in an excited state they can be described by, 
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for example, the angular momentum vector or velocity 
vector of a kind of exciton. 

| inally, it was also observed that there was a prefer- 
ence for incident radiation in 110 direction over the 100 
direction (Figs. 4, 11, 12). It is immediately obvious 
that the periodic potential of a polar crystal looks en- 
tirely different when viewed in the 110 direction from 
that in the 100 direction. Possibly the Wannier exciton 
propagates most readily in the 110 direction 


IV. CONCLUSIONS 


The reflection spectrum of Nal single crystals is 
qualitatively very similar to the published absorption 
spectra of Nal evaporated films. One feature of the 
reflection spectrum, not seen in the absorption spectra, 


is an inflection appearing at 5.62 ev on the high-energy 
side of the lowest energy absorption or reflection peak. 

Four prominent fluorescence emission bands 
(4.20 ev 


characteristic of pure Nal since it wa 


were 
be 


its strongest in 


investigated. One at 295 mu seems to 
the purest crystals which we produced and was elimi- 
nated only in a crystal containing 0.1 mole %% TI. Still, 
the fact that it has an excitation bar 
less than that of the fundamental! absorption edge, indi- 


kind of 


decay of excitons as has 


id whose energy is 


cates that this luminescence depends on 
center, rather than the direct 
been suggested.* The nature of the ce1 
termined, but since other possibilities hi 
nated to some extent, it may simply 

The 375 my (3.31 ev) emission 
identified with a stoichiometric excess of iodine 


crystal. This emission was produced by illumination in 


Ome 


ter was not de- 
ive been elimi- 
be a dislocation 

band was clearly 
in the 
either of two excitation bands indicating two excited 
states of a single type of center, possibly a V center. 

The 425 my (2.92 ev) and the 325 my (3.82 ev) emis 
The 


and 


sion bands are clearly identified with Tl centers 
Nal lattice, 
nearest neighbors. 


Ons the 


+} 


former seems to be single T] 
the latter seems to be T! 
Three distinct 
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lentified for each 
itation bands for 
0.1 on the 
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excitation 
of these emission bands. The tl ex 


the 325-my emission lie approximately eV 


low-energy side of the three excit 
$25-my emission 

With illumination of ' 
of energy greater than that corresponding to the funda- 


the 


the crystal by ultraviolet light 
mental absorption edge, where pl oton energy is 
absorbed primarily by the Nal matrix rather than defect 
or impurity centers, some mechanism is required for the 
transport of energy from the point of absorption to the 
results of the experimental 


that an important 


luminescent centers. The 
investigations provide some evidence 
tral a mobile exciton 


the 


contributor to the energy 


of the Wannier type. Or 
models which have been used st 


sport is 
other hand, the exciton 
iccessfully in calculating 
the locations of peaks in alkali halide absorption spectra 
evidently do not contribute to the energy transport. It 
appears that the name exciton is currently applied to 
two distinct phenomena. Si Wannier exciton 


nce the 





ECTION 
apparently exists and is mobile, it would seem that it is 
the proper exciton. Conversely, the energy absorbed in 
the peaks of the alkali halide absorption spectra is 
apparently not mobile. Perhaps these should be called 
excitation peaks rather than exciton peaks. 
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The transmission of thin chromium films has been measured in the extreme vacuum ultraviolet. The onset 
of transmission at 500 angstroms or 24.8 electron volts agrees well with the theoretical prediction by Pines of 
25 electron volts; it also agrees well with the experimental electron eigenlosses measured by Watanabe, and 


Marton and Leder, of 26 electron volts and 22 electron volts, respectively. The WM, 


I. INTRODUCTION 


HE free-election theory'* has proven successful 

in the understanding of many of the important 
properties of metals. On this model, the electrons in a 
metal may be considered to be free, and to move in a 
smoothed out potential of the ion cores and the other 
free electrons. On this model, the electrons move in- 
dependently of one another; this will be called the in- 
dependent-particle free-electron model. It is to be noted 
that if the Pauli Exclusion Principle is taken into ac- 
count, the particles do not move completely independ- 
ently of one another; electrons with the same spin tend 
to keep away from one another. 

However, the independent-particle free-electron pic- 
ture can be used successfully to calculate some of the 
optical properties of a metal.’ In particular, a calcula- 
tion using classical electromagnetic theory, and the as- 
sumption of a free electron with damping acted upon 
by a periodic electric field, will yield values for a com- 
plex dielectric constant which are consistent with ex- 
periment. For a system with no damping, the dielectric 
constant should be imaginary at wavelengths greater 
than the critical wavelength, and real for wavelengths 
shorter than the critical wavelength. By use of the 
Fresnel equations, and the fact that the imaginary part 


* Now at National Aeronautics and Space Administration, 
Goddard Space Flight Center, Washington, D. C. 

1F, Seitz, Modern Theory of Solids (McGraw-Hill Book Com 
pany, Inc., New York, 1940), Chap. IV, XVII. 

2N.F. Mott and H. Jones, Theory of the Properties of Metals and 
Alloys (Dover Publications, New York, 1958). 

* M. Parker Givens, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 6, 
p. 313. 


band was also measured. 


of the dielectric constant is proportional to the linear 
absorption coefficient, it can be seen that this is equiva- 
lent to stating that as the energy increases, the metal 
goes from a reflecting to a transmitting region. Hence, 
a measurement of the transmission should yield the 
critical wavelength; this depends upon the electron 
density and the effective mass. Friedel‘ has mentioned 
that the real electron mass should be used at the high 
frequencies which correspond to the ultraviolet. Kittel® 
has compared the results of optical measurements on 
the alkali metals, and it appears that use of the real 
mass yields better results than use of an effective mass. 

An. alternative explanation of this phenomenon can 
be made on the basis of the collective-interaction free- 
electron model.*-? In this model, the long-range Coulomb 
interaction among all of the electrons is taken into 
account. Hence, instead of each electron being unaware 
of the individual presence of every other electron, the 
motion of one electron affects the motion of every other 
electron in the system. This results in a collective mode 
of behavior of the system in which the correlated motion 
corresponds to collective oscillations of the system as a 
whole, which resemble the plasma oscillations in gaseous 
discharge. This occurs for distances large compared to 
the interatomic spacing. An interesting point is that 
this more complete treatment also shows that the in- 


‘J. Friedel, Notes for Ecole d’fité sur I’Etat Solide, Paris, 1958 
unpublished ), p. 29. 

°C. Kittel, Introduction to Solid State Physics (John Wiley & 
Sons, Inc., New York, 1953), 2nd. ed., p. 266 

*S. Raimes, in Reports on Progress in Physics (The Physical 
Society, London, 1957), Vol. 20, p. 1. 

7D. Pines, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 367. 
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dependent-particle model is usually adequate. The ef- 
fective law of interaction between two electrons is the 
familiar screened Coulomb field. An important observa- 
tion is that the collective motion can be approximated 
by a set of harmonic oscillators whose excitation energy 
is greater than the kinetic energy of an electron at the 
top of the Fermi distribution. Hence, the plasma oscil- 
lations do not with the metallic 
properties. 

The collective-interaction free-electron model predicts 


interfere usual 


the change from a reflecting to a transmitting region, 
as did the independent-particle free-electron model.*® 
The frequency at which the transition occurs is pre- 
dicted, on both models, to be 


wp’ = 4rNe*/m* 


where w, is the plasma frequency corresponding to the 
critical wavelength, 'V is the density of electrons, m* 
is the effective electron mass, and e is the charge on the 
electron. 

In addition, the collective-interaction free-electron 
model predicts the energies of some of the electron 
eigenlosses in thin films.'® These energies should corre- 
spond to the energies, hw,, at which the metals become 
transparent." 

For an interpretation of the data at shorter wave- 
lengths, the more extended discussions by Agarwal and 
Givens," and by Tomboulian, Bedo, and Neupert"* are 
recommended. Suffice it to Say that the absorption co- 
efficient, in the regions where the absorption is due to 
the internal photoelectric effect, is proportional to the 
density of states in the empty part of the conduction 


band. We have measured the M, , band. 


Il. EXPERIMENTAL 


The information was obtained by introducing two 
thin films of chromium of different thickness into a 
vacuum spectrograph,'® and measuring the relative in- 
tensities reaching the photographic plates as a function 
of the wavelength. The chromium samples were pre- 
pared by vacuum deposition of chromium onto thin 
films of Zapon at pressures of the order of 5X 10-* mm 


as read on a VGIA ionization gauge. The filament was 


flashed, to clean it, prior to evaporation. The tempera- 
ture during the evaporation was high enough to sublime 


the chromium readily and cause small, luminous par 


®* See reference 7, p. 437 

* P. Noziéres and D. Pines, Phys. Rev. 113, 1245 

” TD. Pines, Revs. Modern Phys. 28, 184 (1956). 

" H. Fréhlich and H. Pelzer, Proc. Phys. Soc. (London 
(1955 

2W.C. Walker, O. P 
Am. 49, 471 (1959). 

8B. K. Agarwal and M 

“DPD. H. Tomboulian, D. I 
Chem. Solids 3, 282 (1957 

‘© For a description of the instrument and details of absorption 
measurements, see C. J. Koester and M. P. Givens, Phys. Rev. 106, 
241 (1957), and R. W. Woodruff and M. P. Givens, Phys Rev. 97, 


52 (1955 


1959 
A68, 525 
Rustgi, and G. L 


Weissler, J Opt Sor 


P. Givens, Phys. Rev. 107, 62 (1957 
Bedo, and W. M. Neupert, J. Phys 


AND M P GI‘ 


ticles to fly off. The gauge reading rose during evapora- 
tion to higher than 10~* mm, but this was partly due 
to the heating of the were already present, 
as well as hot gases emitted from the chromium. The 
tungsten filament had been preflashed by evaporating 
chromium from the tungsten wires in the vacuum cham- 
ber, before the experimental samples were prepared. 

In order to be able to make the Zapon films thin 
enough to transmit still be self- 
supporting, the Zapon was lifted from water onto screens 
with a mesh of 750 and a transmission of 60-70%. 


gases that 


radiation, and yet 


The thickness of the films was measured by means of 
fringes of equal chromatic order in reflection. These 
thicknesses were correlated with density measurements 
on an Ansco-Sweet densitometer. The Ansco-Sweet was 
then used as a secondary standard 

In order to separate orders, and metallic 
filters were used. A ga 
troducing argon or helium 


mm Hg 


gaseou 
seous filter was obtained by in- 
pectrograph to a 


pressure of a fe 


Ill. DISCUSSION OF RESULTS 


The results of the measurements are shown in Fig. 1, 
where yu, the linear absorption coefficient, is shown as 
a function of the wavelength of the incident light. The 
curve is a composite of four runs on three sets of sam- 
ples. From 225 A to 390 A the measurements were taken 
in second order on two different sets of samples. The 
thinner film of each set was approximately 200 A thick, 
and the thickness difference was 250 A and 255 A, re- 
spectively, in the two cases. For these 
used in the source 

A 65-A film was used to obtain data from 340 A to 
800 A in first order. One run covered the region from 
507 A to 800A using helium in the spectrograph to 
filter out the shorter wavelet 


runs argon was 


ngths. A second run on the 
Same sample covered the region from 325 A to 535 A; 
here helium was used in the source but not in the spectro- 
graph. In the region of overlap, 507 A to 535 A, the 
absorption coefficients from these two runs were in agree- 
ment within 5%. The data from the two runs at the 
shorter wavelengths were ‘“‘normalized” before plotting 
to agree with the longer wavelength data in the region 
overlap. The normalizing factors were 3.5 and 5.6. We 
believe this gives some indi 
not reproducible, perhaps in porosity, since (1) meas- 
urements on the same sample reproduce to about 5%, 


ation that the samples ar 


(2) the techniques for thickness measurement give re- 
sults reproducible to about 10%, 
the curves appears to be reproducible from sample to 
sample. 

The long-wavi length dat crosses and dots 
sented in Fig. 1 were obtained by « 


and (3) the shape of 


pre- 
y comparing the average 
a bare Zapon film with the 
average of three exposures throug! 


of four exposures through 
the Zapon film 


coated with 65 A of chromium. The shorter-wavelength 


data (circles and triangles) were obtained the same 
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manner except that each run employed two different 
thicknesses of chromium on Zapon and five determina- 
tions were averaged to obtain each point. 

It is interesting to compare the absolute magnitude of 
the absorption coefficient at 340 A as obtained in these 
data, in the data of Tomboulian, Bedo, and Neupert," 
and in the data of Agarwal and Givens.” Using the 
bulk value for chromium to convert the data of Tom- 
boulian ef al. from inverse surface density to inverse 
centimeters, the absorption coefficient was 6X 10° cm~". 
Extrapolating the data of Agarwal and Givens by 30 A, 
the absorption coefficient was approximately 5X 10° 
cm~'. The best data, that is, the data with the least 
scattered light and the least scatter of points, were from 
the measurements on the 65 A film; it yielded a coeffi- 
cient of approximately 1.4 10° cm~'. The second-order 
data gave an absorption coefficient of 210° cm~ and 
410° cm™. The data of Agarwal and Givens and of 
Tomboulian et al. do not extend to wavelengths longer 
than 345 A. The shapes of the curves of the three ex- 
perimental groups are in general agreement. 

One might well question the effect of reflectivity on 
the data taken through the 65-A film. We point out 
that our films were exposed to air between preparation 
and measurement. It is to be noted that Sabine'*® meas- 
ured the reflectivity of chromium on glass at an angle of 
18°. The reflectivity is of the order of 7% at 800 A and 
decreases uniformly to about 3-4% at approximately 


6G. B. Sabine, Phys. Rev. 55, 1064 (1939). 


—— 
440 520 760 800 
A(A) 


450 A. The samples in the measurements discussed in 
this paper were mounted at nearly normal incidence, 
so that one might suppose that the reflectivity did not 
much disturb the measurements, particularly since the 
reflectivity is higher at 18° than it is at normal incidence. 
It might well be supposed that the chromium had an 
oxide layer, but it would be supposed that this oxide 
layer existed in both Sabine’s'* measurements and ours. 
Also, one might suppose that since a chromium oxide 
layer closes the surface, we also had some chromium 
left." 


IV. CONCLUSION 


The experimental results for the onset of the trans- 
mitting region, and consequently for the plasma fre- 
quency, give good agreement with the theoretical pre- 
dictions of Pines,'* and good agreement with the electron 
characteristic losses as measured by Watanabe" and 
Marton and Leder.”*' Pines predicted 25 electron volts. 
Watanabe measured 26 electron volts, while Marton 
and Leder measured 22. Our measurement gives 24.8 
electron volts, corresponding to 500 A, 


7 L. Holland, Vacuum Deposition of Thin Films (John Wiley & 
Sons, Inc., New York, 1958), p. 453. 

TD). Pines, Solid State Physics, edited by F. Seitz and BD. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 435. 

” H. Watanabe, J. Phys. Soc. (Japan) 9, 920-928 (1954). 

*”\L. Marton, L. B. Leder, and H. Mendlowitz, Advances in 
Electronics and Electron Physics, edited by L. Marton (Academic 
Press, New York, 1955), Vol. 7, p. 211 

|... Marton and L. B. Leder, Phys. Rev. 94, 203-204 (1954). 
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An experimental study has been made of the use of radioactive materials in preparing defects in solids 
Paramagnetic resonance was used to study such defects. The systems studied utilized tritium and krypton 
85. Solid tritium was studied at 4.2°K. It was found that atomic tritium was formed and showed a character- 
istic hyperfine splitting of 543 gauss. The krypton 85 was also studied at 4.2°K. This should yield atomic 
rubidium but no paramagnetic resonance characteristic of this atom was found 


1. INTRODUCTION 


NE of the major areas of interest in solid-state 

physics is concerned with the study of a relatively 
dilute system of defects in solids. Such defects may be 
due to the addition of some chemical impurity, for 
example. The technique of preparing defects by the 
effects of high radiation is also widely used. The produc- 
tion of color centers by x rays is a well-known example 
of this method. In the present study we wish to examine 
experimentally the possibility of preparing defects by 
a method of radioactive decay. This means that we 
attempt to make a solid as perfectly as possible but 
containing some radioactive atoms which decay to a 
different element. This results in a foreign impurity 
being introduced 

This method is particularly useful when the defects 
are unstable and must be kept at low temperatures or 
in cases where the defect cannot be formed by the usual 
techniques. One can imagine a variety of systems for 
studying this method, but in the present work we shall 
deal only with the problem of defects in frozen gases 
as discussed below. 

There has been considerable interest in the study of 
atoms trapped at low temperatures in various matrices.' 
Such centers have been prepared by rapid freezing of 
gas discharge products and also by radiation damage 
at low temperatures. The techniques of paramagnetic 
resonance have been used to make measurements on 
these atomic centers. 

In the present work a similar type of experiment is 
reported except that in this case radioactive decay is 
used to prepare atomic centers. In this technique a 
frozen matrix is made which contains some radioactive 
material. This radioactive material decays, and the 
daughter product gives rise to an atomic center. Such 
centers can then be studied by paramagnetic resonance, 
and also, in some cases, optical absorption measure- 
ments may be made. 

There are two general schemes which can be used to 
yield fairly simple systems. The first is one in which an 
active element decays into a noble gas atom, and the 
second in which a noble gas atom becomes an atom of 
an active element. The tirst scheme is represented by 

1C. K. Jen, S. N. Foner, E. L 
Rev. 112, 1169 (1958). 


Cochran, and V. A. Bowers, Phys. 


the use of solid tritium or tritium in solid neon. We have 


H,’ — He*’+H? 


rv) 
It is seen that this process leads to the formation of 
atomic tritium. The atomic He’ is inert and so the 
tritium remains atomic. The second scheme is repre- 
sented in the use of solid krypton containing Kr*®; in 
this case we can have solid krypton with the process 


> Rb®. 
8 


Kr* 


Atomic rubidium will be formed. Both of these schemes 
were attempted experimentally. Only the tritium 
scheme led to observable atomic species, however. 

In order to consider the feasibility of such experiments 
we take the case where we wish to make paramagnetic 
resonance studies of the atomic center at liquid helium 
temperatures. This means that one wants to have 
perhaps 10% or more atomic centers to make good 
paramagnetic resonance studies. If we consider using 
100 millicuries of a radioactive material, this means that 
3X 10° centers will be made per second. Thus a few hours 
of decay will yield a sufficient number of atomic centers. 
At this stage, only beta emitters are considered, so that 
the shielding problem is not overly difficult 

In the ideal experiment one would want the formation 
of the atomic center to occur with no other disordering 
processes present. Unfortunately this is almost pre- 
cluded in the experiment. There is a recoil associated 
with the decay, and in addition the emitted particle 
will cause some radiation damage to the lattice. Such 
effects should be minimal in the case of tritium since 
the beta particle has only 20 kev of energy. In the case 
of Kr*, the beta is about 0.6 Mev and so significant 
recoil of the Rb*® will occur. Thus the initial Kr® may 
be in a simple lattice site but the Rb® can end up in a 
different lattice site. In addition, the beta particle can 
cause damage to the inert Kr lattice. In spite of this, the 
systems may still be simple enough to be of considerable 
interest. 


2. EXPERIMENTAL METHOD 


The technique of paramagnetic resonance was used 
to detect the presence of the trapped atoms. The equip- 
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ment consisted of an X-band (10 000 Mc/sec) resonance 
spectrometer, 12-in. magnet, and helium Dewar system. 
The magnetic field was modulated at 5 kc/sec and a 
coated ceramic microwave cavity was used. Since the 
measurements were made at 4.2°K one may anticipate 
that a major problem in the detection would be satura- 
tion of the electron paramagnetic absorption since spin- 
lattice relaxation times can be very long at this tempera- 
ture. It is therefore desirable to use low microwave 
power in making measurements, and to do this super- 
heterodyne detection was employed. The microwave 
power level was kept at about 1 ww or less for most 
measurements. In general the derivative of the absorp- 
tion was observed. In cases where saturation was a 
problem the derivative of dispersion was observed. 

The system was arranged so that a sample tube could 
be lowered into the microwave cavity at liquid helium 
temperatures, and also the sample tube could be re- 
moved and kept in a liquid helium storage. Dewar. 
Samples could be kept at this temperature for about 
two weeks. The gases of interest were frozen in the 
bottom of the sample tube and the tube was then placed 
in the cavity and measurements were made. 

The sample tube can present some probiems, since it 
suffers some radiation damage and this can introduce 
spurious signals. Some measurements were made on 
various tubing materials to evaluate this problem. 
Materials were x rayed at 77°K for several hours and 
then examined for paramagnetic resonance at 4.2°K. 
Some results are shown in Figs. 1 and 2. It is seen that 
x-rayed vycor glass gives an atomic hydrogen signal. 
This is deduced from the hyperfine splitting of about 
510 gauss which is the same as one would expect from 
atomic hydrogen.'? 

The rest of the broad resonance signal in vycor cannot 
be readily identified. The existence of such absorption 














510 gauss ——~ 


Fic. 1. Paramagnetic resonance signal from Vycor glass, x rayed 
at 77°K and measured at 4.2°K. The derivative of the dispersion 
signal is displayed. The spectrum is centered about 3200 gauss 


2N. Ramsey, Molecular Beams (Clarendon Press, Oxford, 1956 
p. 265 
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Fic. 2. Paramagnetic resonance signal from quartz, x rayed at 


77°K and measured at 4.2°K. The derivative of the dispersion 
signal is displayed. The spectrum is centered about 3200 gauss. 


due to x-ray induced defect is not surprising however. 
In the present work we wish only to note the presence 
of such signals so as to avoid confusion with the species 
being sought. In view of the large signals produced by 
x rays, vycor was not used as a sample holder. In the 
case of quartz, a complex absorption pattern was 
observed as shown in Fig. 2. This absorption would be 
characteristic of a species with hyperfine structure 
related to = 5/2. One does not know whether this is due 
to a defect or a foreign impurity. It may be noted that 
a spectra characteristic of 7=5/2 has been found in 
x-rayed quartz crystals at 300°K.* This spectra had a 
hyperfine splitting of only 5 gauss and was attributed to 
a resonance associated with trapping of a charge near 
an Al? impurity which has J=5/2. In our case the 
splitting is very much larger and is certainly a different 
entity. It is possible, however, that the center may also 
be associated with Al?’. 

In any case the resonance was quite weak and so it 
was possible to use quartz as a container in the tritium 
experiment. Quartz was not acceptable for the Rb® 
experiment since Rb® has J=5/2 also and this would 
confuse the measurements. It was found that teflon, 
x rayed at 77°K, showed a weak resonance around g= 2. 
Since the Rb*® resonance should show large hyperfine 
splitting with lines well away from g= 2, teflon was used 
as a sample holder in this case. It should be noted that 
this problem of sample holder can also be avoided by 
placing the sample in a microwave cavity with no con- 
tainer used other than the cavity. In our present case 
this was not necessary. 


3. EXPERIMENTAL RESULTS 
a. Tritium 


In this set of experiments 1 cc of tritium at STP was 
used. This is about 2.6 curies so that atomic tritium is 
formed at the rate of 10"'/sec. The half-life of tritium is 
12 years. This amount of gas was frozen in a quartz tube 


* J. H. E. Griffiths, J. Owen, ar 
1954). 


d I. M. Ward, Nature 173, 439 
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netic with a large hyperfine splitting. A search was made 
for such an absorption but no evidence of this was 
found. A weak absorption with a splitting of about 510 
gauss was noted. This signal did not grow with time and 
is apparently due to a trace of atomic hydrogen trapped 
in the frozen matrix 

The atomic tritium signal should grow with time 











linearly, assuming no recombination occurs. This growth 
is seen in the steady increase of the paramagneti 
resonance signal as shown in Fig. 5 

The uncertainty in measurement does not permit a 
firma statement on whether or not the growth was 
strictly linear. It should be noted that the starting time 
for the curve is somewhat uncertain since the material 





was cooled slowly to helium temperature over a period 
of about 3 minutes. The correct starting time for the 


Fic. 3. Paramagnetic resonance observed from solid tritium, curve would be the instant that the tritium became 
about ‘10 minutes after freezing at 4.2°K. The derivative of 
absorption is displayed. The splitting is 543 gauss 





at 4.2°K and placed in the microwave cavity. Measure- 
ments were begun after about 5 minutes. The spectrum 
anticipated for atomic tritium was observed. This is 
shown in Figs. 3 and 4. We note a hyperfine splitting 
of 543 gauss, as expected? from the hyperfine structure 
of free atomic tritium. This means that the tritium, 
although frozen in a solid matrix, behaves almost as a 
free atom as far as the hyperfine splitting is concerned. 
The parameters for the spectrum are: g= 2.002+0.002 
and A=1515+2 Mc/sec. 

No problem with the quartz sample container was 
involved here since the tritium signal was so strong that 
a weak background would not matter. Also the amount 
of radiation damage was probably much smaller than 


RESONANCE SIGNAL 


that produced by the heavy x-ray irradiation used in 
testing the sample container. 








One expects that the He* which is formed will be in 
the form of a neutral atom. If a large fraction remained 
ionized, with only a single electron, it would be paramag Growth of th 


with time aft 


solid. Since one could not see t! itium, this pol 
uncertain. Thus within the limits of the experiment, no 
unusual behavior can be noted in the growth curve. 
An important question which arises is this. Is the 
atomic tritium observed due to the decay process or is 
it due to self radiation damage, since the solid tritium 
is being bombarded by its own 20-kev electrons? In 
order to examine this question the following experiment 


43 gauss b+ was conduc ted. The tritiun was warmed back to 300 K 
and mixed with a liter of neon g: n and tritium 
have boiling points at 27°K and 25°K, respectively, so 
that one might be able to obtain a f *n matrix of neon 


on aol 


containing the tritium. The ionizing effects of the elec- 
trons will then act on the neon and the self damage on 
the tritium should be muct 
The results of tHis test ; 
Fic. 4. Detailed trace of the low field line of the tritium doublet. signal of about the same 
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neon-tritium mixture as the tritium alone. In addition, 
however, some additional fine structure is seen on the 
tritium signal. This fine structure can be ascribed to 
interaction with the Ne” isotope. This nucleus has a 
magnetic moment of —0.66 nuclear magnetons, / = 3/2, 
and is 0.3% abundant.‘ This means that if one assumes an 
interaction between nearby Ne* atoms with the tritium 
one can estimate roughly the expected intensity of this 
fine structure. If one assumes the tritium can interact 
with 10 surrounding neon atoms, the fine structure lines 
should have an intensity which is down about a factor 
of 100 from the main line. The observed ratio is more 
nearly 50, but considering the uncertainties involved, 
the agreement is reasonable enough. This additional 
effect shows that the tritium was in a changed environ- 
ment so that it was mixed with the neon. Thus the 
results indicate that one is indeed observing the forma- 
tion of atomic tritium by the simple radioactive decay 
mechanism. 


Fic. 6. Details of 
the low-field line of 
the tritium doublet 
when tritium is in a 
neon matrix. The 
line is about 50 times 
larger than the fine 
structure shown on 
the low-field side of | 
the line. The line just _ 
to the high-field side 
is due to atomic 
hydrogen. 


P— |S gouss 





b. Krypton 85 


The atomic rubidium experiment was attempted 
using 200 mC of Kr*. This was contained in 20 cc of 
stable krypton. Atomic Rb*® should yield a paramag- 


netic resonance spectrum of 6 lines since it has /=5/2 


‘J.T. LaTourrette, W. E. Quinn, and N. F. Ramsey, Phys. Rev 


107, 1202 
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The spacing between lines should be about 300 gauss if 
it behaves as a free atom 

Initial experiments were again carried out in quartz 
since it was believed that the signal would be strong 
enough to see above any radiation damage effects. It 
was found that only the very weak quartz radiation 
damage signal appeared after 10 hours at which time 
10" rubidium atoms would be present. Because the 
quartz signal has a wide spread in magnetic field, a 
teflon container was used since its radiation damage 
signal would not overlap the expected Rb®™ spectrum. 
Again no signal was observed which could be ascribed 
to Rb®. This absence of paramagnetic absorption could 
be due to the fact that when Kr* decays it yields Rb*®** 
at first and this ion is not paramagnetic. One expects, 
however, that Rb*** should be neutralized by the 
capture of an electron and become paramagnetic. Thus 
the reason for the lack of a result may lie in some details 
of the experimental technique. 


4. CONCLUSION 


It is seen that the tritium case seems to be quite 
straightforward as an example of radioactive prepara- 
tion of defects. In this case we have dealt with a very 
simple example. Since one can obtain a wide variety of 
tritiated compounds, this method may have a fairly 
general applicability. Again it must be emphasized that 
the host material should not be readily damaged by 
the 20-kev electron if this method is to be of value. The 
use of materials with specific hydrogen sites tritiated 
makes possible definitive production of defects in such 
materials. This is of value in studies aimed at identifying 
species formed by high-energy radiation damage. 

The failure to observe any paramagnetic resonance 
for the Kr® system is not understood at present except 
in terms of some possible experimental problem such as 
saturation of the paramagnetic resonance due to a long 
spin-lattice relaxation time. It is quite possible that an 
optical observation of the Rb®™ in solid krypton might 
overcome this problem. One should expect strong optical 
absorption in the red and near infrared. Such observa- 
tions would be of interest in connection with reported 
observations made on alkali atoms deposited from the 
vapor phase.*® 

§°M. McCarty and G. W 


Robinson, Mol. Phys. 2, 415 (1959) 





PHYSICAL REVIEW VOLU MI 120, 


NUMBER 4 


Study of the Surface States of Diamond and Graphite by a 
Simple MO-LCAO Method 


J. KoureckY ANp M 


TomASeK 


Institute of Physical Chemistry, Czechoslovak Academy of Sciences, Prague, Czechosl 
Received June 1, 1960 


The surface states of diamond and two-dimensional graphite are 
investigated on the assumption that the delimitation of the crystal 
causes no perturbation within the elementary cells of the finite 
crystal. In both cases a plane perpendicular to the bond between a 
selected pair of carbon atoms is taken as the delimiting plane. The 
molecular orbitals are assumed in the form of a linear combination 
of sp® or sp* hybrids. In the case of graphite, molecular orbitals 
that are linear combinations of 2p, orbitals, whose interaction with 
sp® hybrids is neglected, are further considered. It appears that in 
the case of diamond there exists a band of energies pertaining to 
Shockley surface states in the gap between the valence and con 
ductivity bands. The number of atoms in this band equals the 
number of atoms in the surface. From a discussion of the pertinent 


HE hitherto published papers on surface states set 

out, with few exceptions,'? from simple models 
which could not even in rough approximation define the 
properties of any actually existing substance. 

In the present paper the surface states of diamond and 
graphite are investigated. Since the question of the 
existence of these states and their character is of primary 
interest, we believe that it is permissible to use relatively 
rough models, which might be considered unsuitable for 
treating other problems. If the results are to contribute 
to a better understanding of the processes on a pure 
surface of these substances, it is desirable that they 
admit of interpretation in terms of the bonding condi- 
tions in the surface. Such an interpretation is con- 
siderably facilitated by employing the MO-LCAO 
method, which is widely utilized in theoretical chemistry. 

In a recent paper’ we have dealt with a model in 
which a one-electron wave function is considered to be 
a linear combination of s and p, orbitals situated in the 
lattice points of a cubic lattice (Goodwin-Artmann 
model*:*). It was found that the Shockley surface states® 
in such a crystal, delimited by a plane perpendicular to 
the x axis, correspond to unsaturated valences projecting 
from the surface. A generalization of the finding that the 
Shockley surface states are, in the framework of the 
band theory, an expression of the specific bonding condi- 
tions in the surface’ leads us to the assumption that 
states of this character must exist in graphite and 
diamond, too 

Indeed, Baldock! found in his investigation of a very 


simple model of two-dimensional graphite that by 


1G. R. Baldock, Proc. Cambridge Phil. Soc. 48, 457 (1952 


2H. Statz, Z. Naturforsch. 5a, 534 

3 J. Koutecky and M. Toma&ek, J 
published ) 

‘E. T. Goodwin, Proc. Cambridge Phil. Sox 

*K. Artmann, Z. Physik 131, 244 (1952 

*W. Shockley, Phys. Rev. 56, 317 (1939 

7 J. Koutecky, J. Phys. Chem. Solids (to 


1950 


Phys. Chem. Solid 


35, 232 (1939 


be published 


wave functions, it follows that these states are an expression of 
unsaturated bonds of the The electron 
density on the hybrids projecting from the surface is essentially 
greater than the density on the other hybrids of the surface atoms 
Further bands of surface states exist in the region of energies 
allowed for the volume valence and the In 
is shown by those surface 
ombinations of sp* orbitals 
Surface states whose wave functions are linear combinations of p, 


surface carbon atoms 


conductivity states 
graphite, a quite analogous behavior 
states w hose wave func tions are linear ( 
orbitals are a manifestation of unsaturated double bonds of surface 
rhe 


Shockley states and the nonbonding states of 


analogy between these 


odd 


atoms having only two neighbors 


alternant 
aromatic hydrocarbons is pointed o 


delimiting a two-dimensional crystal by a straight line 
perpendicular to the direction of one type of bonds we 
obtain Shockley states. Baldock considered only the 
nearest interaction between the p, orbitals situated in 
the lattice points of two-dimensional 
graphite, and set out from a discussion of expressions for 
the energy states of finite graphite strips. It is not 
without interest to 


the lattice of 


whether this conclusion 
remains valid even when a somewhat more complicated 


find out 


model is used, taking into consideration the interaction 
between next-nearest , orbitals. In the framework of a 
one-electron approximation, not considering the inter- 
action between p, orbitals and sp* hybrids in graphite, 
it is necessary, of course, to consider also surface states 
arising by breaking of ra bonds. Although the justifica 
tion of this approximation becomes still more doubtful 
for the problem of surface states than for volume states 
we think it useful to show t 
states arising in this way 


he propert ies of the Shock ley 


SURFACE STATES OF DIAMOND 


The one-electron wave function describing the state 
of the bonding electron in diamond is considered in the 
form of a linear combination of equivalent sp* hybrids 
of atomic orbitals of carbon which are situated in the 
lattice points of the We consider as 
not negligible in the approximation employed only the 
interaction 


diamond lattice 
between hybrids pertaining to the same 
carbon atom and the interaction between hybrids per- 
taining to adjacent carbon atoms and exhibiting their 
maximum amplitude in the direction of the line connect- 
ing the pair of atoms considered. The resonance integrals 


nd interaction shall be denoted 
The 


i model wh 


defining the first 
by 7’ 
neglected, so 


OT S@cf 
or y, respectively o.ner 
that we obtair 
Hall d 


Hall, P! ag. 43, 3 l : P Rev 


interactions are 
ich is a direct 
and at the 


generalization of the imond model® 


*G.G 
1953 


90 


317 
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same time permits description of the conductivity band.* 
The model considered is so simple that the calculation 
of the energy of the volume states leads to explicit 
expressions, a feature which is advantageous in the 
application of a method in which we set out from the 
characteristics of these states when studying the 
properties of surface states.'° 
Since two atoms are contained in an elementary cell 
of diamond, we considered altogether eight kinds of 
equivalent orbitals. The wave function describing the 
state of an electron in an infinite crystal will have the 
form 
—-W y¥ 
| 4 —W 
y’ :. a 


, , , 


Y Y Y 
0 0 0 

| 0 0 yet 

| 0 yo"R 0 
yo"® 0 0 


For further calculation, it is advantageous to take into 
consideration also another form of this secular equation : 


r={C|=|D|=0, (3) 
where the elements of the matrix C= (c,;) are connected 
with the elements of the matrix D= (d,;) as follows: 

i=1,2,3: cy=diy—dis, 
se 4 5: Cij= dj, 
i=6,7,8: ¢j=dij—dis. 
We introduce a new variable by the relation 
x=W+y’. (5) 


As energy unit we select the value of the resonance 
integral y. The secular equation (2) has two double 
roots, independent of the quantum numbers £;: 


4S t :. 
Four further roots of Eq. (2) are 


x5_9= 2y'+[1+y'(4y’'4|A])}, 


where 


A=14¥ etti, (8) 


j=l 


For small values of y’ in comparison to unity (i.e., to y), 
the root on the right side of Eq. (7) can be expanded, 
whereby we obtain the expression derived by Hall.* 
Now we delimit the crystal by a plane perpendicular 
to the elementary translation a, and bisecting the line 
connecting two neighboring atoms. In order to obtain a 
model of a finite crystal, it is sufficient to assume that 


* J. C. Slater and G. F. Koster, Phys. Rev. 94, 1498 


1954 
J. Koutecky¥, Phys. Rev. 108, 13 (1957). 
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Vistrtots= Dd. > cj.p(Er.b2.Ea)e'rtrtmatetoety 


mi,.mz,.m3 pel 


X ¢p(r—m,a,— M2d2— May), (1) 


where £ are quantum numbers coordinating the wave 
function to a certain irreducible representation of a 
translation group, j denotes the remaining quantum 
number (j=1---8), ¢,(r) are equivalent orbitals 
(p=1---8), a, are elementary translations of the 
diamond lattice, and m, are integers. If we take the 
value of the Coulomb integral of the sp* hybrid as zero 
level of the energy, the secular determinant has the form 


0 0 0 vert 

0 0 vere 0 

0 y= 0 0 
0 0 1) 


the zero density of the electrons is in the sp* hybrids 
¢1(7— m\a,— m2d2), having their maximum amplitude in 
the direction of the translation a; and pertaining to 
elementary cells characterized by the condition m,;=0 
in a cyclic crystal, which according to the Born-von 
K4rm4n conditions represents an infinite crystal. Since 
we consider, as already mentioned, only the interaction 
between two orbitals pertaining to neighboring atoms, 
we thus obtain actually zero probability for the transi- 
tion of the electron over the given delimiting plane. 

The one-electron wave function in the finite crystal 
we assume in the form 


Vitie= D 


N 5 
mam 


» dj :pm3(E1,E2)Upti.te(7— mas), (9) 
l pel 
where 
1 —~ 
Up:t1.42.(7—msa,)=— > 
N mi,ms 


e* (miki tomes) 


(10) 


X gy (r— mia, — m2a2— MA). 


For the expansion coefficients, the following equations 
may be written down'®"'; 


dj, pmg= — Lypm3; 1045 a1, (11a) 
d; 10 =Q= nae 10, 1005-81. (11b) 


In Eqs. (11) and in the succeeding text we no longer 
indicate the dependence on £; and £. The magnitude 
Lpm;;10 is, for an infinite crystal (V— ), defined as 
follows™®:!!; 


1 27 3s) Enc 
Lym3;10>=— f is a? cimstidt,, 
2x 0 ) 


j= (x—;) 


(12a) 


4 J. Koutecky and A. Fingerland, Doklady Akad. Nauk §.S.S.R 
125, 841 (1959) 





TECKY 


ID” a” sig 
f io dt 
2r 0 A 


A,, denotes the determinant which arises by omitting 
the pth column and the rth row from the determinant A. 
From Eq. (11b) immediately follows the relation 
defining the energy of the surface states in the form 


(12b) 


Lym ,,10 


(13) 


(14) 
where 


(15) 


+1 are of no significance for our case as 
they correspond to volume states. From Eq. (11a) for 
p=8, m;=1 a relation from which can be 
derived, besides the expression for the energy of surface 


The roots a 
we obtain 


also the condition for their existence: 


| f 
2r 0 


Since from Eq. (13) there follows 


states, 


, 


Tis: 15, 
the relation 


(I"), 


(Tis)t a rT "1a; 580'*%, (18) 


also hold, where the symbols I’,,,.. denote the deter- 
minants which arise from the determinant I by omitting 
the pth and rth rows and the sth and ¢th columns. The 
determinants in Eqs. (18) are easily calculated, eliminat 
ing from each of them the factor (+?—1) 

If we define 


19 


16) in 
the known way along the unit circle in the complex 
plane, this relation pas 


and carry out the integration indicated in Eq 


es into the condition 


where 
21) 
a y 


™K. Fukui, Ch. Nagata, T. Yonezawa, H 
Morokuma, J. Chem. Phys. 31, 287 (1959 


Kato, 


and 


AND M 


rOMASEK 


The magnitudes 


The condition (22 
while the second 


14), 


the 


is obviously equivalent to Eq. 
condition is the condition for 
existence of surface states 


If we set 


the necessary and sufficient condition for the existent 


surface states of the energy x reads as follows: 


+] 


Of interest for a discussion of tl 
surface states are 


e energy spectra of the 
those point for which the equation 
(x) holds. These are fir of all the points 


, in which both functions equal zero, because 
0 (26) 


applies. In addition, 9 holds for x= +1. 


Finally, for 


fi (v5) = fo(v,)=1 


Moreover, let relations f;(y,)=9 


x fo(y;) hold for the roots 


us note 


of the equation 


For purposes of illustration, Fig. 1 represents the func- 
tions f;(«) and f2(x) and the intervals of the permissible 
energies of surface states for y’=0.25. This value seems 
to be probable, according both to the evaluation of 
respective integrals,'*:'* and to the results of the applica 
tion of the semiempirical method to unsaturated hydro 
carbons.'® Figure 2 shows the intervals of the allowed 


energies of surface states for a number of values of this 


y, 


\ —_ / 
oY Mie Fae 





\\ ff 
\ \/ 
“0.5 O O 1.5 20 
x 





-1.0 


diagram of functions / curve 1) and foe(a 
=().25. The allowed energy intervals of surface 
y units can be obtained from this graph by 
5 


Fic. 1. The 
(curve 2) for 
states of diamond in 
means of the inequality 


3G. E. Kimball, J. Chem. Phys. 3, 560 
4% G. G. Hall, Proc. Roy , Lor 


5G. Sandorfy, Can. | 1em. 33 
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parameter. From the graph it is immediately apparent 
that we obtain four bands of allowed energies of surface 
states, of which one (/.) lies for not too great 7’ 
(y’<0.331) in the gap between the valence and the 
conductivity band in the neighborhood of the energy 
W=0. For y’>0.3311, the upper limit of the band of 
the surface states J» lies above the lower limit of the 
conductivity band of the volume states. For y’=0.5, the 
conductivity and valence bands contact each other, and 
the interval J) is completely contained in the conduc- 
tivity band. For y’>0, one further band (/,) lies in the 
intervals of the energies allowed for the volume valence 
states, and two (/;,/,) in the intervals of the energies 
allowed for the volume conductivity states. The number 
of states in the band of the surface states 7, equals the 
number of surface atoms. It is evident from Fig. 1 that 
the intervals of the energies x for which surface states 
are allowed are delimited by the following points: 


1, = (43,02), Ts 
Is=(viyy), 16 


(2, min[1,y2 }), 


{ — 1, U1). 


One boundary point of the interval /; or interval /; 
therefore is the point 2 or 2), respectively. By comparing 
the relation (27) with Eq. (7) for A =0, we find that the 
intervals 7; and J; have one of their boundaries at the 
point where the bands of the surface states contact each 
other. The boundary point of the interval J, is a de- 
generated level of the volume states, given by Eq. (6) 
with the negative sign on the right side. 

By means of the relations (11a) and (12b) we can 
calculate the coefficients dj;pm;. From Eq. (13) it 
follows that for an arbitrary ma, 


dj lm 0). 


(29) 


In the interval J», which lies in the neighborhood of 
W =0, we can easily estimate the ratio of the coefficients 


for the hybrids ¢,(k=5-7) to the coefficients for the 
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ros 


Fic. 2. Intervals of allowed energies of volume and surface states 
of diamond in y units. The surface-state intervals are shaded 


= 


ya 0. ya2s 
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hybrid ¢s, there applies 


k=5-7: | dj.01/dj:01|*~y". (30) 


From Eqs. (29) and (30) it is evident that the surface 
states whose energy lies in the interval 7, can be 
interpreted as unsaturated valences of surface atoms. 
The wave function describing these states exhibits a 
high electron density on the sp® hybrids of the surface 
atoms projecting from the surface and a low density on 
the remaining three hybrids of these atoms. 


SURFACE STATES OF GRAPHITE, CAUSED BY 
BREAKING OF THE = BONDS 


Within the framework of an approximation in which 
the interaction between p, orbitals and sp* hybrids is 
neglected, let us first pay attention to the one-electron 
wave function produced by a linear combination of the 
p. orbitals of the carbon atoms of the graphite lattice. 
We make the same assumptions as Wallace'* (compare 
also other papers'’~*'), whose model of two-dimensional 
graphite is interesting, first of all for the reason that it 
considers also the interaction between carbon atoms 
which are not nearest neighbors. 

If we consider only the interaction between the 
nearest adjacent p, orbitals, the problem of the surface 
states in two-dimensional graphite can be solved in a 
quite trivial way. It must be pointed out that a semi- 
infinite crystal of two-dimensional graphite (as far as 
double bonds are concerned) may be considered formally 
as an alternant hydrocarbon.” It is known that on odd 
hydrocarbons of this type there exist nonbonding 
states with the energy 

W=0 (31) 
if we select the scale of energies so that the zero level 
equals the Coulomb integral of the p, orbital of carbon. 

Let us consider a straight line determined by the 
direction of one of the elementary translations a; of the 
graphite lattice. This straight line is perpendicular to 
the line connecting two atoms (compare Fig. 3) and 
delimits the surface of the crystal in which the carbon 
atoms bound to two neighbors alternate with atoms 
bound to three nearest neighbors. In Fig. 3 we have 
starred the surface atoms of the first kind and this 
starring is further performed consistently. The coeffi- 
cients in the wave function of orbitals pertaining to non- 
starred atoms shall be assumed to equal zero. Then 
there must hold 

Lj :my.mo* +1 m2* +1 j:mj.m24+1*=0, (32) 

*P. R. Wallace, Phys. Rev. 71, 622 (1947); 72, 258 (1947). 

C. A. Coulson, Nature 159, 265 (1947 

6 ©, A. Coulson and R. Taylor, Pro« (London) A65, 

815 (1952) 


Phys Soc 
“J. Barriol and J. Metzger, J. chim. phys. 47, 432 (1950) 
* W. M. Lomer, Proc. Roy. Soc. (London) A227, 330 (1955 
= C. A. Coulson and G. I. Rushbrooke, Proc. Cambridge Phil 
Soc. 3, 193 (1940) 


=H. C. Longuet-Higgins, J. Chem. Phys. 18, 265 (1950) 








A from the starred to the non- 
starred position 





where Lij:m1,.m2* 


is the coefficient in the jth molecular 
orbital at the p, orbital of the starred atom lying in the 
cell characterized by the translation m,a;+m2d2. In 
order to preserve periodicity in the direction of the 
elementary translation a;, the coefficients must satisfy 


Lj, +1,mq* =15:201,mo*e*®, (33) 
so that from the requirement 
Lismtme+i1*/Lismpme®|2<1 (34) 


follows the condition of existence of the surface states 
with the energy given by Eq. (31) in the form 


+e |? <1, (35) 


Since therefore the magnitude £, must satisfy the in 
equality 120°<£,<240°, the number of the surface 
states equals one third of the number of surface atoms 
bound to two neighbors 

Now we are going to show that the principal results 
of this elementary analysis of the problem of Shockley 
states in the graphite model considered, which are in 
accordance with Baldock’s conclusions, remain valid 
also in the Wallace model. 

We write the wave function in the form 


0 


va= rs 


mr | 


[dmo* ues (r— moar) +dmgue, (r—m2d2—p) |, (36) 
where we have defined 
(37) 


ut) (7 — Mode) emt oo. (r— mya, — Mode) ; 


3@ 


\/N 


¢:(7) denotes the p, orbital and p the translation by 
which we obtain, from the starred position, the non- 
starred position in the same elementary cell. 

By the standard variation procedure we obtain for 
the coefficients of the wave functions (36) the following 
system of equations: 


Wd,*+8'bd.* Bbd 0, 
Wd, + Sbd,* + Sd .* + 8’bd, 0, 


J KOUTECKY AND M. TOMASEK 
ms> 1: 
* 
Wdm2* +8'bdm2+4 i* +- 8’ bd ‘* 
- Fic. 3. Schematic representa +-Sbdms+ Bd: (), 
tion of a planar graphite r a i (38b) 
crystal. In the picture are Wdm2+ Bbdm.* + Bdme +1* +8’ bdme +1 
shown the straight line m,=0, 1 3’bd = 
» which limits the crystal, and = ’ 
"4 the elementary translations where we have set 
4, 42 as well as the translation 
pe by means of which we pass b= |bi¢ 1+e's 39) 


8 denotes the resonance integral between the nearest 
neighboring p. orbitals, and 8’ the analogous integral 
between next-nearest orbitals. 

Now we introduce the following linear combinations: 


em 
Xe,mo(r 3&1) = [ 4¢1 (7 — mode) +e“ut,(r— mea.— p 
V2 
40) 
eim™w 
X p.m (¥ £1) =——[ — ue (r— maz) + "ues (r— m2a2.— p) | 
v2 


The wave function (36) can be expressed by means of 


the orbitals, defined by the relations (40), in the form 


vas ~ >. D; mo(£1)Xu.mo(r; £1), 41) 
se. p me 
where the coefficients Dy.m2(£;) satisfy the system of 
equations 
7 > Du ” [ Eyumovn u 5,,dmoms }=0. (42) 


prep me 


The magnitudes Eyumo.m2’ are defined, as obviously 
follows from the transformation (40), by the expressions 


Eemo:s 3) b| dmon 
(48+ b 3’ r) ( 
Epme pme re) b Sma (43) 
+ (98 b| 8’) (dn +1+-dm2,m2’—1), 
Esme, pme Epme em > = 4B bn °.™ “‘_ l dme m9" +1 
where 6; ; is Kronecker’s delta. If we write 
7e™ 43+-3’ b . Yr 48 - 8’ b » Yep> +3, 
(44) 


q=48|b|, qo=d(vet19)=33, 


we see that the relations (43) pass into the first three 
equations (26) of reference 3. In this way it is shown, of 
course, that by means of the transformation (40) the 
problem of the surface electron Shockley states in 
graphite may be converted into the case of the Goodwin- 
Artmann model. It is essential for the applicability of 
the procedure given in reference 3 that the magnitude 
Y» is positive, from which follows the condition 


8>2p'|b (45) 

On the assumption that this condition is satisfied, we 
can immediately write the relations for the energy of 
the surface electron Shockley states at zero deformation 
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of the potential within the finite crystal, as well as the 
pertinent condition for the existence of these states 
[compare Eqs. (38) and (39) of reference 3): 


W = q(¥.—Yp)/qo= 28" |b|?=48'(1+cos€,), (46) 


b) <1. (35) 


Further there holds [compare Eq. (48) in reference 3} 


ie | = b )' 
e*“11— —-- / 
dm ° B— 2,’ b 
8+26"|b| \! 
[1+(2 di ) (47) 
B—28'|b 


In Wallace’s model, the condition for the existence of 
surface states (35) is therefore maintained, so that here 
also the number of these states equals one third of the 
surface atoms connected by bonds to two neighbors. 
The level of the energy W=0 extends into a band given 
by Eq. (46). The charge density of the x electrons is 
essentially higher on the starred atoms than on the non- 
starred atoms. It is evident from these results that the 
Shockley x-electron surface states correspond to the un- 
saturated double bonds of the surface atoms, and that in 
this sense the investigated plane delimiting the graphite 
crystal behaves as a radical. 

It can be easily shown by simple considerations 
according to Heilbronner®® that no Shockley surface 
states exist in a crystal of two-dimensional graphite 
delimited by straight lines defined by the equations 
(see Fig. 4) 





mi+4m.=0, m+3m.=N. (48) 


Now we form the linear combinations of the wave 
functions in the infinite crystal: 


or=Vi— Ve, 49) 


where the wave vectors k, k’ can be expressed by means 
of the components in the direction of the mutually 


hic. 4. Schematic representa- 
tion of a planar graphite 
crystal. In the picture the 
limiting straight line is drawn 
according to the Eq. (48 





2 E. Heilbronner, Helv. Chim. Acta 3%, 921 (1954). 
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Fic, 5 


The diagram of functions g;(r) (curve 1) and g3(x) 
curve 2) for y'=0.25. The allowed energy intervals of surface 
states of graphite in y units can be obtained from this graph by 
means of the inequality (56) ; 


perpendicular x and y axes, the x axis being perpendicu- 
lar to the delimiting plane: 


k=(kzky), k’=(ke, —k,). 


¥ 


(50) 


From the relations derived by Wallace'* it follows 
that the function @, has its zero value in the cells 
characterized by Eqs. (48). The function ¢, therefore 
represents the solution for a finite two-dimensional 
crystal delimited by the straight lines defined by 
Eqs. (48). The number of functions defined by Eq. (49) 
is here equal to the number of atoms in the crystal. For 
this reason, in such a crystal no wave functions pertain- 
ing to surface states can exist. 


SURFACE STATES CAUSED BY BREAKING OF THE 
@ BONDS IN TWO-DIMENSIONAL GRAPHITE 


If we set out from the mentioned assumption that the 
interaction between the p, orbitals and the sp? hybrids 
in two-dimensional graphite can be neglected, the wave 
function for the o states in the infinite crystal can be 
written in the form of Eq. (1), in which, however, the 
index p runs through the values from 1 to 6, and we do 
not consider the elementary translation a; and the 
pertinent quantum number &;. 

The secular equation for the infinite crystal then has 
the form 


Ais,is= 9, (51) 
if the symbols y, 7’ denote the resonance integrals 
between the sp” hybrids. Putting again y= 1, we obtain 
the solutions 


¥1,2= +1, (52) 
and ; 

xs-6=y'+[1+7'(3y’+ |B) }, (53) 
where the magnitude « is defined by the relation (5) and 
we have introduced the notation 


2 
B=1+¥ eit, 


mi 


(54) 


By a procedure quite analogous to the case of the 
diamond model considered in this paper, we obtain the 
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equation for the energy of the surface states for the if the function £ is defined as follow 


crystal delimited by the straight line m.=0: 


g2(x) =—[x*— 3y'x?—x +7 57 
1 7 
£1(%) : (x? — 2y'x— 1) (x? — Sy'x?— x +7’) = |b ID) 
74 With regard to the similarity of the results obtained 
for the o bonds of the two-dimensional graphite model 


where the quantity 0 is defined by Eq. (39) with the results for diamond, we give here no detailed 
lhe condition for the existence of surface states then iscussion of the spectra of the surface states produced 


by breaking of the o bonds in graphite. For orientation 


reads ; agp 
it will be probably sufhcient to refer to | iv. 3 tor 
" gi(x) 6, 56) *y’ 0.25 
er 
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Ihe two Hall coefficients and the resistivity of Ni-Pd alloys have been measured from 4°K to roe 
temperature using fields up to 3.1 webers/m?. The ordinary Hall coefficient is found to decrease in magnitu 
for small additions of Pd in Ni, but to increase as more Pd is added. It is also found that the ordinary Hall 
coefficient varies more slowly with composition for these alloys than it does for the Ni-Cu alloys. It is show: 
that a simple treatment successfully correlates the ordinary Hall coefficient, the resistivity, and the satu 
tion magnetization of these alloys. The results indicate that the parallel half of the d band in pure Ni is r 
quite full at the absolute zero of temperature, and that the relaxation time is not a function only of the 
energy for the thermal scattering in these alloys. The extraordinary Hal! coefficient 


of the variously proposed theoretical relations 


INTRODUCTION of the ele tron charge n cou ombs. gave for n,. the 


T has been established by a number of experiments number of 4s electrons per atom, values agreeing only 


that the Hall effect in ferromagnetics obeys a rela within a factor of two with those deduced from magneti« 


: . : P y ] liccre ne _ eo ine > 
tion of the form data. Nor could this di repan y be explained on the 
basis ol a two band model where conduc tion occurs 1n 


Vt/T= Ro(wol)+R YM, (1) both the 3d and 4s bands 


. . A four band model, proposed by Pugh,‘ has been more 
where V is the Hall potential, / the sample thickness, del, proposed by Pugh,’ has been more 


I the sample current, H the magnetic field and M the 
magnetization. Ry and R,; have been called! the ordinary 
and extraordinary Hall coefficients, respectively. The 


successful in explaining the data. In this model, both 
the 3d and 4s bands are divided into sub-bands where 
the spins of the ele trons are aligned either parallel or 
d : antiparallel to the magnetic field. Applications of thi 
ordinary coefficient Ro was found to correspond to the : 1} a ; , ' d — ge 
“= 2 . . . . mode! Nave usually negiected the nductior ne 

Hall coefficient in nonferromagnetic materials. ; , eee wef : 


An analvsis of the Ni-Cu® and Ni-Co® data based band, in which case the « xpression for the ordinary Hall 


coefficient reduces to 


R. 2/Nn,e)[1—2n/(1+2)?], 3 


upon the free electron relation 


R 1/(.Vne), (2) 
7 3 where J is the ratio ¢,/c.: ¢ is the conductivity and the 

where .V is the number of atoms per m'’, » the number eee tae —_ luc ~ ’ ind ye 
, subscripts a an eter to the antiparallel < arallel 
of conduction electrons per atom, and e the magnitude . pe p ret ae See pore 
electrons, respectively. In terms of the effective number 


* This research was supported by the Air Force Office of of conduction electrons per atom, n*, defined by 
Scientific Research 
t Submitted by one of the authors (JAD) in partial fulfillment R 1/(Vn* j 


of the requirements for the degree of Doctor of Philosophy at 
Carnegie Institute of Technology 

1E. M. Pugh, N. Rostoker, and A. Schindler, Phys. Rev. 80, . : 
688 (1950). i be) 

2 A. I. Schindler and E. M. Pugh, Phys. Rev. 89, 295 (1953) 

3S. Foner and E. M. Pugh, Phys. Rev. 91, 20 (1953 ‘E. M. Pugh, Phys. Rev. 97, 647 (1955 


this reduces to 








HALL EFFECT AND RI 
Allison and Pugh’ found that Eq. (5) represented quite 
well the temperature dependence of three Ni-Cu alloys 
from 4°K to temperatures above their Curie points. 
This equation has also been used successfully by Beitel 
and Pugh* in their discussion of the Hall effect in Fe-Co 
alloys. 

For any reasonable assumptions regarding the con- 
ductivities in the two halves of the s band, the ratio 
\=¢4/¢,p is limited to the values O<A<1, the special 
case A=1 occurring when the material is no longer 
ferromagnetic. Thus, Eq. (5) is applicable only to the 
region n,/2<n*<n,. If n* lies outside this range, then 
it is necessary to include also the contribution due to 
the d-band electrons. 

Pugh‘ and Coles’ have pointed out that if Ro were 
dependent upon only the electronic structure, then it 
should show a smooth transition in going from Co 
through Ni to Cu. But the data‘ show a distinct cusp 
at Ni. A similar but smaller cusp is seen also at Co** 
in the series Fe-Co-Ni and at Ag? in its alloys with 
Pd, Cd, Sn, and Sb. As Coles points out, these results 
are strong evidence in favor of the suggestion that the 
Hall effect depends upon the nature of the scattering 
mechanism, for this is purely thermal in the case of the 
pure metals while it is only partly so in the case of the 
alloys. He suggests that the most likely fault is in the 
assumption that the time of relaxation depends only 
on the energy. 

Thus for the transition elements it is not clear that 
when Rp deviates from the expression given by Eq. (3), 
as it does, for example, in dilute alloys of Cu in Ni, 
whether this deviation represents only a contribution 
from d-band electrons or whether it may also be due 
to other factors such as a nonspherical relaxation time. 
With these thoughts in mind, it has seemed desirable 
to measure the Hall effect in an alloy system for which 
there is some chance of separating the two effects, with- 
out at the same time changing the electronic structure 
in a wholly unknown way. Such an alloy system is the 
Ni-Pd system. We have measured for this system the 
ordinary and extraordinary Hall coefficients and the 
resistivity. 


THEORETICAL CONSIDERATIONS 


The usual one-electron approximation is employed, 
and Boltzmann’s equation is solved subject to the fol- 
lowing assumptions: 


(i) The conduction electrons can be described by two 
overlapping bands that, in the Fe, Co, Ni transition 
elements, arise from the 3d and 4s atomic states. 

(ii) The effect of collisions can be taken into account 
by a relaxation time that is a function of the energy 
only. 

’ F. E. Allison and E. M. Pugh, Phys. Rev. 102, 1281 (1956) 

*F. P. Beitel and E. M. Pugh, Phys. Rev. 112, 1516 (1958) 

7B. R. Coles, Phys. Rev. 101, 1254 (1956). 

8 Y. Dorfman and P. Zhukova, Zhur. Eksp. i Teoret 
51 (1939). 
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(iii) The energy of the s-band electrons can be rep- 
resented by 
E,=a,k™ 


and that of the d-band electrons by 
Eag=A—agk". 
Neither m nor nm is necessarily 2. 


Under these assumptions the solution for the ordinary 
Hall coefficient is given by® 


1 1 CO, . 1 Od 2 
LCI} 
Neln,\ o@ Nato 
where m, and mq are the number of 4s electrons and 3d 
holes, respectively. The electrical conductivities associ- 
ated with the two bands are designated by o, and au, 
and their sum by a. As pointed out by Pugh,‘ however, 
this analysis does not include any effects arising from 
the ferromagnetic properties of the Fe, Co, Ni transition 
elements. With this in mind, he generalized Eq. (6) as 


lL /Gep\* 1 /@ca\° 
See ar 
Nap a Nea og 
1 Tdp . 1 Oda 2 
ats) 
Ndp a Nada og 


The additional subscripts p and a divide the s and d 
bands each into two sub-bands, where the magnetic 
moments of the electrons are aligned parallel or anti- 
parallel, respectively, to the magnetic field. It is only 
above the Curie points of these elements that the two 
sub-bands are equivalent, in which case Eq. (7) reduces 
to Eq. (6). 

When d-band conduction is neglected, the last two 
terms in the bracket of Eq. (7) vanish and the Hall 
coefficient is given by an expression similar to Eq. (6) 
except that conduction in both bands is electronic. If 
for the conduction electrons the two spin directions are 
equally probable then the expression for the Hall coeffi- 
cient reduces to Eq. (3). However, when d-band con- 
duction can not be neglected, which seems to be the 
case for Ni-Pd alloys, the more complete expression 
given by Eq. (7) must be used. 

It is known from magnetic measurements that both 
Ni and Pd have about 0.6 hole per atom in the d band, 
so that it is reasonable to assume, as was suggested by 
Wohlfarth,” that this number remains unchanged upon 
alloying. Individually, however, the number of holes 
per atom in each half of the d band will depend upon 
the atomic fraction x of Pd in Ni. This dependence can 
be found experimentally from the relative saturation 
magnetization per atom 


1 
R= = 
Ne 





- j/ 
fo= (Nda— Ndp)/ (Naat Nap) = (Maa—Nap)/ Me, 


* E. H. Sondheimer, Proc. Roy. Soc. (London) A193, 484 (1948) 


” E. P. Wohlfarth, J. Phys. Chem. Solids 1, 35 (1956). 
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where n, 
per atom. 

The conductivity of each sub-band may be written" 


a= (€/39*h® kh? (dE/dk)r, 


NaatNap IS the number of s-band electrons 


which is to be evaluated for the appropriate sub-band 
at the Fermi surface. The relaxation time r is inversely 
proportional to the scattering probability P. If we con 
sider only the residual] resistivity of an alloy of concen 
tration x, then the scattering probability may be written 


as” 
P«x(1- v)[ S(Rdk dk:),+D(kdk dk )a |. 


Here S is the square matrix element for scattering to 
the appropriate half of the s band and D the square 
matrix element for scattering to the appropriate half 
of the d band. The term (#dk/dE) is proportional to 
the density of final states per atom at the Fermi surface. 
All terms in the bracket may be taken as independent 
of x and of spin direction, ex¢ ept for the term (dk /dk la 
which will depend upon both 

Usually it is assumed that the d band forms an in- 
verted band of standard form, in which case the density 
of states is proportional to the one-third power of the 
number of holes in the band. The most obvious general- 
ization is to take the density of states proportional to 
some arbitrary power / of the number of holes in the 
band. Then the above equations may be combined to 
give for the effective number of electrons per atom, as 
defined by Eq. (4), 


8?7 T,), 
where 


1/(a+u/)+1 ty (1) +1,(v), 


u”/(b+u/)+1 to()+1o(v), 


T; l?(u)+t7(v), 
T= le? (u)/utl? (1 


where a, 6, and 8 are constants involving the square 
matrix elements for scattering, and u=1+¢ 9, v>=1—fo, 
and p= 4-— f. Similarly, the resistivity p is given by 


v(1—x)/p= K(87,4+T,). (9) 


The right-hand sides of Eqs. (8) and (9) depend on x 
only through u= 1+ and »=1—£». 

This last Eq. (9) was used by Overhauser and 
Schindler" in their discussion of the residual resistivity 
of Ni-Pd alloys. They were able to obtain a good fit 
to their data even when they neglected the term repre- 
senting d-band conduction. We retain this term here, 
however, since it is crucial to an explanation of the 
Hall effect in these alloys. 


uN. F. Mott and H. Jones, Theory of the Properties of Metals 
and Alloys (Oxford University Press, Oxford, 1936) 


2A. H. Wilson, The Theory 
Press, New York, 1953) 

1 A.W. Overhauser and A. | 
(1957). 
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EXPERIMENTAL METHOD 


The samples used in this investigation were prepared 
by melting under vacuum in a pure Al,O, crucible. The 
resulting ingots were rolled to a thickness of about x 
inch, and samples, probes and wire made from these 
sheets. After machining, the samples were annealed in 
vacuum for a period of 12 hours at 650° 
were in the form of flat 
10 cm long, and 1 mm thick 


The samples 
plates nominally 1 cm wide, 
Four probes of the same 
material as the sample were made for each. Two of 
these were placed on opposite sides of the sample for 
measuring the Hall effect and the other two on the same 
side of the sample and about 4 cm apart for measuring 
the resistivity. Pieces of alloy wire were soldered to each 
probe and the junctions of the alloy wires and copper 
leads were placed inside a copper box to eliminate ther- 
mal emf’s and any errors due to the Ettingshausen and 
Righi-Leduc effects. Iwo thermocouples were clamped 
independently to the ends of the sample. The samples 
and probes were rigidly held in a holder designed for 
this purpose, and the probes held in contact with the 
edges of the sample by means of phosphor bronze 
springs. 

The temperature dependence of the Hall effect was 
determined by measurements in the temperature range 
from 4°K to room temperature. The baths used, which 
were in direct with the sample, were liquid 
helium (4°K), liquid hydrogen (20°K), liquid methane 
(112°K), liquid ethylene (169°K), and a 
with high thermal conductivity 

The reversal in sign of the Hall potential with mag 


contact 


silicone oil 
room temperature). 


netic field was offset by introducing a bias voltage into 
one Hall potential lead. The total potential was meas- 
ured with a Rubicon thermofree potentiometer and a 
Rubicon photoelectric galvanometer amplifier. The in- 
cremental method? was used to measure the Hall poten- 
tial for fields up to 3.1 webers/m? 


DATA ANALYSIS 


For a flat plate, Eq. (1) can be written 


Vt/T=RoB+(Ri— Ro) M 10 


this equation is 


The derivative with respect to B of 
denoted by Ro* and is given by 


Ro* = Rot (Ri— Ro) OM / 0B 11) 
For the samples and temperatures used here the second 
term is negligible in the region where B is sufficient to 
saturate the sample, so that no distinction need be 
made between Ry and Ry*. Thus, Rp and R; could be 
obtained directly by fitting 2 least squares straight line 
of the form 

Vi/T=RoB+(Ri— Ro)M,, 12 
to the high field points, where M, is the saturation 
magnetization of the sample. In every case it was found 
that the data obeyed very well a relation of this form 
for B greater than about 1.6 webers/m’. 





HALL EFFECT AND 

Attempts were also made to separate the Hall and 
Nernst effects by the method of Allison and Pugh,® but 
no correlation could be found between the longitudinal 
temperature gradient and the measured values of Ry 
and R,. The longer samples used in this investigation 
were apparently sufficient to eliminate this possible 
source of error in the measured values of the Hall 
coefficients. 


EXPERIMENTAL RESULTS 


Measurements were made on Ni-Pd alloys containing 
2, 5, 10, 20, 30, and 60 atomic percent Pd. In addition, 
measurements were made on a Ni sample of 99.99% 
purity furnished by the Office of Naval Research. Curves 
of the ordinary Hall coefficient as a function of tempera- 
ture and composition are shown in Fig. 1. Particularly 
interesting in these curves is the crossover at low tem- 
peratures between the curve for pure Ni and that for 
the most dilute alloy. Also interesting is the relatively 


Samer, ‘oat eles macs 
| 


00 
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lic. 1. The ordinary Hall coefficient for Ni-Pd alloys. The 
numbers attached to the curves give the atomic fraction of Pd 
in Ni 


2 
Temperature 


weak dependence of the ordinary Hall coefficient on 
impurity content. These points are illustrated by Fig. 
2, which compares the variation of Ro with impurity 
content for Ni-Pd"* and Ni-Cu" alloys at 20°K. 

The measured values of the residual resistivity (4°K) 
are shown in Fig. 3. The figure includes also the data 
of Overhauser and Schindler,"* who discussed the signifi- 
cance of the curve. Our data are in good agreement with 
theirs. 


DISCUSSION 
Ordinary Effect 


According to the theoretical considerations discussed 
above, the variation of both the ordinary Hall coefficient 
and the residual resistivity in these alloys depends only 


4 The point shown for pure Pd is from some unpublished work 
of F. E. Allison and B. R. Coies. We are grateful to them for 
permission to quote this value. 

8 P. Cohen, Office of Naval Research Technical Report, June 
1955 (unpublished); thesis, Carnegie Tech, 1955 (unpublished). 
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Fic. 2. The ordinary Hall coefficient at 7 =20°K for Ni-Pd 
and Ni-Cu alloys. The curve for the Ni-Cu alloys shows R,°, 
not Ro. 


upon the number of electrons in the two halves of the 
d band, which can presumably be found from saturation 
magnetization measurements. This dependence is given 
in Eqs. (8) and (9), which include some parameters 
whose values are unknown and cannot be independently 
found. To determine the values of these parameters we 
must, for example, choose them so that Eq. (8) best 
describes the measured Hall coefficients. Then the re- 
sidual resistivity can be directly calculated from Eq. (9) 
and the values so obtained compared with the measured 
ones. Because of the incompleteness of the magnetic 
information the procedure just outlined had to be 
modified. 

We are concerned mainly with the variation of n* 
with Pd content in Ni at the absolute zero of tempera- 
ture. This should be given as a function of the relative 
saturation magnetization of these alloys by Eq. (8). 
If the variation of {) with x, the atomic fraction of Pd 
in Ni, is known from magnetic measurements, then the 
various constants in this equation can be found by 
fitting the equation to the measured values of n*. But 
fo can be found from the magnetic measurements only 
if its value is known for at least one value of x. It is 
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Fic. 3. The residua! resistivity of Ni-Pd alloys as a function 
of composition The solid circles are taken from the work of 
Overhauser and Schindler 
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hic. 4. The effective number of electrons per atom for Ni-Pd 
alloys at T=4°K. The curve shown was calculated using Eq. (8) 


usually assumed on the basis of a theoretical treatment 
of the high-temperature magnetic susceptibility of Ni'® 
and on the basis of the variation of the saturation mag- 
netization of Ni-Cu alloys that f>=1 for Ni. But this 
value is only approximate, and for our purposes {> must 
be known quite accurately, particularly when it is close 
to unity. Thus, it is not pracitcal to try to fit Eq. (8) 
to the data directly. Instead, we have assumed that the 
residual resistivity, as given by the curve shown in 
Fig. 3, can be described by Eq. (9). Also, since the mag- 
netic measurements indicate” that ferromagnetism just 
vanishes for 97% Pd in Ni, it was assumed that f»>=0 
for x=0.97 and that for this value of x, n*= 1.037 at 
T=0°K. These assumptions determine everything ex- 
cept one of the parameters in Eqs. (8) and (9), which 
can then be used to attempt a fit to the curve of n* 
as a function of x. A separate verification can then be 
obtained by comparing the deduced values of {> with 
the measured saturation magnetizations of these alloys, 
since now ¢o is known accurately for pure Ni. 

The results of the calculations are shown in Fig. 4, 
4°K 


(8) using the values 


which compares the measured values of n* at 7 
and a curve calculated from Eq. 
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Fic. 5. The relative saturation magnetization of Ni-Pd alloys 

at 7=0°K. The curve shown was deduced from the measured 

values of the ordinary Hall coefficient and the residual resistivit, 
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f=1, a=0.09006, b=0.044, 8= 3.957 
deduced from the residual resistivity curve shown in 


, and values of ¢ 


Fig. 3. For n, we used the value 0.604, which may be 
somewhat too large. The agreement between the theoret- 
ical curve and the data is excellent, but it should also 
be mentioned that relatively small changes in the re 
sidual resistivity curve shown in Fig. 3 can result in 
relatively large changes in Fig. 4, at small values of 
v. The disagreement for pure Ni is of some significance 
We feel this indicates that the assumption of a relaxation 
time that is a function of the energy only is not a valid 
assumption for thermal scattering in these alloys, al- 
though it is for impurity scattering. This is in agree 
ment with a naive picture of the processes involved. 
Figure 5 shows the deduced curve of f» as a function 
of x, as compared with values calculated from the satura- 
tion Sadron" and 


magnetization measurements of 


1000} 


Fic. 6. Extraordinary Hall i 
against the resistivity on « g k he curves connect 
values measured for the san ’ t differer 
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O°K for an 
ve saturation 
magnetization for pure Ni, we used the value 0.985 
which was necessary to fit the « 


where x is the atomic fraction of 
is the saturation moment per gran 
alloy of concentration x. For foo, the rela 
urve ol m™ versus 4 
The agreement between the deduced curve and the 
measured values is very good, and we feel that it offers 


the most convincing argument in support of our ex- 


r 


planation of the ordinary Hall effect in these alloy: 


Extraordinary Effect 


Until recent years, the extraordinary Hall coefficient 
in ferromagnetic materials has received much 


less at- 


17, 371 
Physica 17, 98 (1951 
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HALL EFFECT AND RE 
tention than has the ordinary Hall coefficient. This was 
due to the fact than an adequate theory has been much 
more difficult to find for R; than it has for Ro. 

Recently, Karplus and Luttinger” derived a relation 
between the extraordinary Hall coefficient R; and the 
resistivity p on the basis of spin-orbit interaction. Sim- 
ilar results have since been obtained by a number of 
other authors.”-” The various theoretical relationships 
proposed in these papers have been tested by many 
investigations. The extraordinary Hall coefficient and 
the resistivity have been varied by varying the tempera- 
ture,> the degree of order,** and the impurity con 
tent.*° The degree of agreement between theory and 
experiment has varied greatly from one material to 
another. 

The alloy system considered here should be quite 
useful in distinguishing between the various theoretical 
relationships. In Fig. 6 are shown the results for R; on 
the usual log R: versus log p plot. The various curves 
shown in the figure connect values measured for the 
same sample at different temperatures. The results are 
presented in a different form in Fig. 7 where the curves 
shown connect values obtained for different samples at 
the same temperature. 

For high temperatures and high impurity content, the 
curves shown in Fig. 6 and Fig. 7 all appear to approach 
a relation of the form 


(13) 


The coefficient a seems to vary in a regular manner with 
temperature and impurity content. For the curves 
shown in Fig. 6 the exponent n= 1.55, and for the curves 
shown in Fig. 7, n=2.5. This latter is the only case of 
which we know where n exceeds 2. 

On the whole, however, the results shown in Fig. 6 
and Fig. 7 can support neither a relation of the form 
Eq. (13) nor one of the form 


R,— Ro= bp", (14 


particularly not if m=2 as is required by the theories. 


 R. Karplus and J. M. Luttinger, Phys. Rev. 95, 1154 (1954 

%” J. Smit, Physica 21, 877 (1955) 

J. M. Luttinger, Phys. Rev. 112, 739 (1958). 

=P. N. Argyres, Phys. Rev. 97, 334 (1955) 

* C. Kooi, Phys. Rev. 95, 843 (1954) 

4S. Foner, F. E. Allison, and E. M. Pugh, Phys. Rev. 109, 
1129 (1958) 

*6 J. P. Jan, Helv. Phys. Acta 30, 233 (1957). 
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Fic. 7. Extraordinary Hall coefficients for Ni-Pd alioys plotted 
against the resistivity on a log log scale. The curves connect 
values measured for samples of differing Pd content at the indi 
cated temperature 


Furthermore, we have also been unsuccessful in repre- 
senting the data for T=4°K by the more general 
reiation 


R, = bRo+cp+ap’, 


(15) 


suggested by the paper of Luttinger.” 

The data show also the deviation from a simple power 
law at low temperatures that has been found in so much 
of the previous work. This deviation is usually attributed 
to either the term bR,'* or to impurities,” but neither 
explanation seems to adequately describe the data. Also, 
it has been found** in some alloy systems that both 
R, and R,— Ry change sign as the temperature or im- 
purity content is varied. In view of these facts, it is 
necessary to conclude that there is some additional 
factor, not included in the existing theories, that is 


necessary to completely describe the extraordinary Hall 
effect. 
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Very accurate x-ray diffraction intensities from a “pure” CdS crystal and one « 
used to calculate electron density maps of their crystal structures projected along the c axis 
series termination errors, a difference map obtained by subtracting the electron density of the “pure” 


loped with chlorine were 
To eliminate 


crystal 


from that of the doped crystal was also prepared. According to this map, the electron distribution in the 
doped crystal is smeared out in the vicinity of the atom centers and an excess of electrons occurs in interstitial 
sites. This is contrary to the recently reported findings of Shuvalov who observed the formation of “electron 


’ 


bridges’ 


along lines joining adjacent atoms. It is concluded that our observations are consistent with a 


partial disorder introduced in the doped crystal by the substitution of chlorine into sites normally occupied 
by sulfur atoms. Observed variations between corresponding x-ray intensities of the doped and undoped 
rystal can be similarly explained by changes in the extinction effect due to this disorder 


ECENTLY Shuvalov'’ reported observing dif- 

ferences in the electron distributions of cadmium 
sulfide crystals whose dark resistivities ranged from 
2.5 to 10° ohm-cm. Specifically, he shows electron den- 
sity projections on (0001) of two crystals representative 
of extremes in this range. The projection of the high- 
resistivity crystal consists of strong maxima in positions 
where the cadmium and sulfur atoms overlap and a 
more or less random background elsewhere, whereas 
that of the low-resistivity crystal shows a marked in- 
crease in the electron density along lines joining adjacent 
atom positions (Fig. 1). Shuvalov attributes the in- 
crease in conductivity to the formation of these ‘‘elec- 
tron bridges.” Next, he correlates the changes in the 
electron distribution to measured differences of certain 
sets of x-ray diffraction intensities and, although the 
correlation in his own words is not too precise, reports 
that corresponding changes in similar intensities occur 


Fic. 1. Electro. density of a high-conductivity CdS crystal 
projected on (0001) by Shuvalov.! The contours at the corners of 


the unit cell surround slight depressions rather than peaks 


* This investigation was supported by the Office of Scientific 
Research of the U. S. Air Force 

*Yu. N. Shuvalov, Doklady Akad 

1956) (translation: Soviet Phys 

? Yu. N. Shuvalov, Zhur. Tek 

[ translation: Soviet Phys. (Tech 


Nauk (U.S.S.R.) 109, 753 
Doklady 1, 490 (1957)] 

Fiz. (U.S.S.R.) 26, 1870 

Phys.) 1, 1809 (1957 


1956 


when the conductivity in CdS crystals is increased 
either thermally or by exposure to visible light. Similar 
correlations between such intensities of x-ray reflections 
and electrical conductivity were also observed by Aigler* 
who observed a decrease in the conductivity of CdS 
crystals when they were placed in a magnetic field 
parallel to their c axes. The above results are based on 
x-ray diffraction intensities measured by photometering 
hkO reflections on Weissenberg photographs. Because of 
the obvious importance of the above findings to the 
understanding of photoconductive processes in CdS, it 
was decided to redetermine the electron distributions 
in our laboratory using more accurate x-ray data. 

Two needle-shaped crystals microns in 
diameter were chosen for this investigation. One was 
a relatively “pure’’ crystal having a dark resistivity of 
10° ohm-cm and the other was a chlorine-doped crystal 
whose dark resistivity was 10 \ Buerger 
single-crystal diffractometer’ equipped with a scintilla- 
tion counter was used to measure the intensities of all 
hkO reflections out to siné/A= 1.20 using Ag Ka x radia- 
tion. The measured intensities were corrected for ab- 
sorption, Lorentz-polarization, anamolous scattering, 
and extinction effects. Sets of symmetry-related reflec- 
tions were used to measure each reflection independently 
at least twice and the internal agreement of all the in- 
tensities was better than 2°. After converting the in- 
tensities to structure factors on 


about 75 


ohm-cm. 


an absolute scale by 
the Wilson method,® electron density projections on 
h crystal using an IBM 704 
calculator. Despite the relatively large number of am- 
plitudes used (more than twice the number employed 
by Shuvalov), the electron densities appeared to con- 
tain ripples in the vicinity of 


(0001) were computed for ea 


the main peaks due to 
series termination effects. These effects were eliminated, 
therefore, by calculating a ‘“‘difference’’ synthesis by 
subtracting the electron density of the undoped crystal 
1933 


1958) ] 
Wiley & Sons, 


(1958 


3G. G. Aiger, Zhur. Tek. Fi ‘ 28, 


translation: Soviet Phys. (Tect 
*M. J. Buerger, Cr) Struct 
Inc., New York, 1960 
A. J. C. Wilson, Nature 150 
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from that of the doped crystal at each point zy in the 
projection. The resulting map is shown in Fig. 2 which 
includes three unit cells of the crystal. As can be clearly 
seen, there are no “electron bridges” present between 
adjacent atoms. Instead, there appear to be rings of 
“excess” electron density surrounding the positions of 
the overlapping Cd and S atoms. These rings are prob- 
ably due to the larger effective size of the atoms in 
the doped crystal which, in turn, is caused by the partial 
disorder produced by the substitution of chlorine atoms 
into sites normally occupied by sulfur atoms. In addi- 








Fic. 2. Difference synthesis obtained by subtracting the (0001) 
electron density projection of a pure CdS crystal from that of a 
doped crystal. Positive contours only are shown for clarity. 


tion, a relatively low peak is formed at the corners of 
the unit cell (shown only at the center of Fig. 2) sug- 
gesting that a very small fraction of the atoms are dis- 
placed to interstitial sites. On the basis of the contour 
height it is estimated that this peak corresponds to a 
displacement of one out of a thousand atoms in the 
crystal. 

Because the intensity correlations reported by Shuv- 
alov show trends rather than actual correspondence to 
differences in conductivity, it is not surprising that our 
intensity differences fail to agree exactly with those 


RYSTALS 


Fic. 3. Curves of In| Fo/F.| = K —B sin%#/? for pure and doped 
CdS, where Fo» is the observed and F, the calculated structure 
factor of a reflection, A is a scaling constant, B is the temperature 
coefficient, @ is the Bragg angle, A is the wavelength of the x 
radiation used 


reported by him. Moreover, we believe that the dif- 
ferences in intensity are markedly affected by extinc- 
tion effects which are bound to be different in pure and 
doped crystals. The importance of extinction is shown 
by the Wilson-type plots® in Fig. 3 which compare the 
ratios of observed and calculated structure factor am- 
plitudes before correcting them for extinction, for the 
doped and undoped crystal. The larger extinction in 
the pure crystal is clearly shown by the larger deviation 
of the measured ratio from the straight line at small 
Bragg angles. It is concluded, therefore, that “electron 
bridges” do not form in CdS crystals when their con- 
ductivity is increased and that changes in the electron 
density of doped crystals can be adequately explained 
in terms of substitutional and interstitial impurities, 
whereas their intensities are largely altered by changes 
in the extinction effects. 
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Diffusion of F centers into potassium chloride crystals during an 


measured at various temperatures 


diffusion seems to be predominant at higher temperatures 


of a disordered interfacial diffusion with ar 


power of penetration depth is confirmed 


INTRODUCTION 


I is a well-known phenomenon that an alkali-halide 
crystal acquires a dark color when it is heated 

the vapor of its metallic constituent. 
band is called the F Mott Gurney have 
proposed a mechanism by which F centers are formed.' 


The absorption 
band. and 
According to their conception a vapor atom is adsorbed 
at the the 
electron, a negative ion moves up from a layer beneath 


surface, after a certain time atom loses its 
and takes its place at the side of the adsorbed positive 
It is the 


the crystal are built 


ion, same mechanism by which new layers of 
up 
carried out 


Rexer® a number of interesting experi 


ments on crystals in which there was a concentration 
gradient of F centers as a result of additive coloring 
to the that Fick’s law not 
obeyed. He observed a variety of unusual phenomena. 
The experiments were, however, difficult to interpret. 

Mott and Gurney is correct, the 
be determined by their 
neglecting mutual inter 
of the first approximation. It 
appears that this model provides an accurate method 
for measuring the diffusion rate of negative ion vacancies 


and came conclusion was 


If the mechanism of 
migration of F 
own concentration gradient, 


centers must 


actions vacancies in a 
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EXPERIMENTAL PROCEDURE 


the melt 
heated 
exposing 
sium vapor. In order to measure 


negative 


KC] 
K yropoulos method. They 
temperatures to form / 
lateral face to the pota 
the diffusion rate of 
necessary to have crystals with 
of F centers. An estimation of 
tration at any distance 


crystals were grown from by the 


were at various 


centers only one 


ion vacancies it was 
a concentration gradient 


the 
x from the 


F-center concen- 
surface was made 


the following way 


(1) 


F-center concentration in the 


to be 0.81 the 
crystal was derived from 
the absorption coefficient and bandwidth by Smakula’s 
formula.‘ 

2) The absorption coefficient 
was measured again after taking 


Assuming the oscillator strength 


of the colored crystal 
off 30 to 100 microns 


OF F 
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DIFFUSION OF F CENTER 
from the exposed surface by polishing it with red ochre 
on a silk cloth. 


(3) The mean concentration of F centers included in 
the removed thin layer is determined by 


l—dx _ ss 
(C,-€Cy +6, 
dx 


where /=thickness of the crystal before polishing, 
dx= thickness of the removed layer, C)= mean concen 
tration of F centers before polishing, and C,=mean 


concentration of / centers after polishing. 


This procedure was repeated to a depth of 400 to 
600 microns from the exposed surface. Figure 1 shows 
a typical example of decreasing absorption with de- 
creasing thickness of the crystal. The absorption 
measurements were carried out on an automatic re- 
cording and the corresponding 
values of the thickness were read on a micrometer with 
a direct reading to 1 micron. The temperatures of the 
additive coloring were controlled by an automatic 
regulator with a tolerance of 0.5%. The temperature 
range in the experiments was extended from 450°C to 
600°C. Each measured value of F-center concentration 
was plotted in the middle of a thin layer. 


spectrophotometer 


RESULTS 


Plots of logn versus depth are shown in Figs. 2, 3, 
and 4 corresponding to three temperatures from the 
range 450°C to 600°C. The crystals employed for these 
experiments were cut from one original single crystal. 
Figures 2 and 3 show straight lines whereas Fig. 4 
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Fic. 3. Penetration curves of F centers additively 
colored at 500°C for 10 hours. 
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4. Penetration curves of F centers additively 
colored at 600°C for 30 minutes 


shows a markedly different curve. In Fig. 4 logn is also 
plotted versus the square of the depth. These data 
show clearly that below 500°C the concentration of the 
F centers varies exponentially with the first power of 
the penetration depth while above 500°C for a small 
penetration depth the logarithm of the concentration 


shows a convex and a concave curves when plotted 
versus depth and depth square respectively 

The general aspect of the curves is the same for 
crystals of different origin, apart from the fluctuation 
of the transition point. 


DISCUSSION 


As previously mentioned the obvious way to describe 
the migration of F centers into the crystal during the 
additive coloring process is by solving a simple Fick’s 
equation 


On/ U= D(Pn/ Ax). (1) 


where D is the diffusion constant. The solution of this 
equation is 
n= ny erfc[ x/2(Dt)*], 


(2) 


in which mo is the constant of metal 
vapor at the boundary x=0. Numerical values of Eq. 
(2) are plotted in Fig. 5. It is easily seen that the curve 
is very similar to that obtained experimentally in Fig. 
+. It may be therefore safely concluded that in the 
high-temperature region a simple diffusion known as 
volume diffusion plays an important role. In the low- 
temperature region, however, the experimental results 
completely disagree with a conjecture based on the 
simple diffusion theory as may be seen in Figs. 2 and 3. 


concentration 
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Fic. 5. Graphical solution of erfex/2(Dt)!. These curves were 


taken from H. S. Carslaw and J. C. Jaeger, Conduction of Heat 
in Solids (Clarendon Press, Oxford, 1958), Fig. 5, p. 61. 


A specimen obtained by the simple solidification of 
molten salt will generally be composed of a large 
number of crystal grains and dislocations.’ Etching 
reveals that the crystals before additive coloring contain 
subgrains of 0.7-mm average diameter and approxi- 
mately 3X 10* dislocations/cm? within the subgrains. 
A typical example of this is shown in Fig. 6. The 
boundary regions of grains and disordered interfaces 
cannot possess the normal crystalline arrangement and 
are therefore highly disordered. It might therefore be 
expected that the F centers in these regions move with 
a lower activation energy than in the bulk of the 
crystal. Also, the smaller number of F centers in the 
grain boundaries and disordered interfaces confirms that 
diffusion along these disordered lattices takes place at 
lower temperatures. 

Fisher® has indicated that a different solution of the 
diffusion equation would be more appropriate taking 
into account a diffusion along a disordered internal 
interface. In his solution the relation between the F- 
center concentration and penetration depth is described 
by 
. 2\(D/ D's 


logn~ {loge (rDt)'}x+const, (3 


where D’ and 6 are the diffusion coefficient along the 
disordered interface width, respectively. 
According to Eq. (3) a plot of logm versus the pene- 
tration depth should yield a straight line with the slope; 


and its 


2'(D/D’8)! loge/(#D1)!. (4) 


Seitz’ has estimated the activation energy of the 
diffusion of negative ion vacancies in the high-temper- 
ature region for KCl and concluded that it is about 
1 ev larger than that of a positive ion vacancies. 

*A. B. Lidiard, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1957), p 281. 

* J. C. Fisher, J. Appl. Phys. 22, 74 (1951 

7 F. Seitz, Revs. Modern Phys. 16, 7 (1954 
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Fic. 6. Etch pits of KCl 
single crystal showing sub 
grains and dislocations 
(Etchant; Acetone +0.5 mole 
l Magnification; 





Consequently the activation energy of the diffusion of 
negative ion vacancies is approximately 1.9 ev if the 
activation energy of positive ion vacancies are assumed 
to be 0.9 ev.* Applying this value, the diffusion coeffi- 
cient of the negative ion vacancy is derived; 


D= Dy exp(—1.9/kT), (5) 


where Dy may be of the order of 1.0 cm? sec~'. According 
to Eq. (4) the slope of the line together with the known 
value of D for the volume diffusion of Eq. (5) at 450°C 
and diffusion time /, fixes the value of D/D’é at 

D/D's 


> cm, 


1.34X 10 


In order to obtain a value for D’ a certain width of 
assumed. It would be 
he order of two atom 


disordered interfaces must be 
reasonable to put it at least of t 
layers, 

6~ 107‘ cn 
With this value of 6 

D'/D~10° 


is obtained as the ratio of the disordered interface 
diffusion coefficient to the volume diffusion coefficient 
at 450°C. 

Moreover there is another difficulty in the simple 
diffusion theory; it follows from Eq. (1) that n=4no 
when 2/2(Dt)'=0.477. With the value of D in Eq. (5), 
the time taken to reach this value of concentration at 
a depth of 1 cm is about 10* hours for T= 800°K. This 
is incredibly long compared with the time derived from 
additive coloring experiments. It is, therefore, necessary 
to introduce some other diffusion mechanism of low 
activation energy for the explanation of the rapid 
penetration of F centers in the experiments. Laurence® 
has studied the diffusion in sodium chloride crystals 
containing added calcium ions. He comes to the con- 
clusion that there is a strong possibility that the 
diffusion occurs by means of vacancy pairs at high 


* Y. Haven (private communication) has pointed out that this 
value should be lowered to 1.4 ev. In this case the following 
values of D’/D and the time taken to reach m= $m» at the depth 
of 1 cm must be revised to 10* and 3X 10* hours, respectively 

*N. Laurence, thesis, University of Illinois, Urbana, Illinois 
‘unpublished ). One of the authors (H.M.) is indebted to Professor 
Robert J. Maurer for communicatior Laurence’s thesis 
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temperatures, that is, pairs of associated positive and 
negative ion vacancies. We agree with Laurence’s point 
of view because we found that the diffusion behavior 
of negative ion vacancies could be explained by the 
simple volume diffusion theory in the high-temperature 
region and therefore the assumption of the existence of 
the diffusion along disordered interfaces was not neces- 
sary. On the other hand, we are inclined to believe that 
the diffusion along disordered interfaces is predominant 
at low temperatures. 
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It would be very interesting to continue these experi- 
ments on crystals of varying dislocation and grain 
boundary structures. The exact determination of the 
relationship between the behavior of the diffusion and the 
defects in the crystals is still left to future investigations. 

Note added in proof. Aiter this work was completed, a 
paper on Cl ion diffusion was published by Barr, 
Hoodless, Morrison, and Rudham, Trans. Faraday Soc. 
56, 697 (1960). The authors are indebted to Dr. Y. 
Haven for this information. 
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Dynamics of Radiation Damage* 
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Radiation damage events at low and moderate energies (up to 400 ev) are studied by machine calculations 
in a model representing copper. Orbits of knock-on atoms are found and the resulting damaged configurations 
are observed to consist of interstitials and vacancies. Thresholds for producing permanently displaced atoms 
(i.¢., interstitials) are about 25 ev in the (100) direction, 25 to 30 ev in the (110) direction, and around 85 ev 
in the (111) direction. Collision chains in the (100) and (110) directions are prominent; at low energies the 
chains focus, at higher energies they defocus. Above threshold, the chains transport matter, as well as 
energy, and produce an interstitia! at a distance. The range of (110) chains has been studied in detail. 
Localized vibrational modes associated with interstitials, agitations qualitatively like thermal spikes, ring 
annealing processes, and a higher energy process somewhat like a displacement spike have been observed. 
Replacements have been found to be very numerous. 

The configurations of various static defects have also been studied in this model. The interstitial is 
found to reside in a “split” configuration, sharing a lattice site with another atom. The crowdion is found 
not to be stable, and Frenkel pairs are stable only beyond minimum separations, which are found to be 
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1960 


very much dependent on orientation 


1. INTRODUCTION 


HE initial event in the damaging of a crystal 

lattice by high-energy radiation is the sudden 
transfer of a rather large amount of kinetic energy 
(10 to perhaps 10° ev) to a single atom. The energized 
atom then ploughs through the lattice knocking other 
atoms from their sites and leaving a damaged region 
behind. From a theoretical standpoint this damaging 
event is a complex many-body problem, and it has 
been treated in the past only by making drastic 
approximations.’ Generally it has been considered as 
a cascade of independent, two-body collisions between 
knock-on atoms and stationary atoms. The knock-on 
atoms have been assumed to move freely between 
collisions. The stationary atoms have been assumed to 
behave as though randomly located, and their binding 
in the lattice has been taken into account by the very 


* Work supported by the U. S. Atomic Energy Commission 

t Guest Scientist from Ordnance Materials Research Office, 
Watertown, Massachusetts. 

‘For reviews see F. Seitz and J. S. Koehler, in Solid-State 
Physics, edited by F. Seitz and D. Turnbull (Academic Press, 
Inc., New York, 1956), Vol. 2, p. 305; also G. J. Dienes and 
G. H. Vineyard, Radiation Effects in Solids (Interscience 
Publishers, Inc., New York, 1957). 


much simplified assumption that they will be displaced 
and enter the group of freely moving knock-ons if and 
only if endowed with energy above a certain threshold, 
generally in the neighborhood of 25 ev. On this cascade 
model the damage is predicted to be a set of interstitial 
atoms and an equal number of vacant lattice sites, 
distributed randomly over a small region. Other models 
have been proposed in which many-body effects are 
given prominence. Thermal spike and displacement 
spike models are of this character. In the former, the 
region around the site of a knock-on is assumed to 
behave as if suddenly heated, and its subsequent 
cooling is treated by the classical laws of heat conduc- 
tion in a homogeneous medium. In the displacement 
spike models, qualitative arguments about the character 
of damage are advanced on the assumption that a 
kind of miniature “explosion’”’ occurs around the site 
of the knock-on. These models are difficult to harmo- 
nize with one another, and each has obvious short- 
comings. Patchwork attempts at improving the models 
in individual details have not yet been very impressive. 

In the last few years a number of sophisticated 
radiation damage experiments have been made. In the 
most notable of these highly purified metals have been 
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bombarded in a variety of ways at very low temper- 
atures, and the recovery of the specimens induced by 
careful annealing has been studied.?~® Such experiments 
have shown that damage under even the simplest 
conditions still has a complex character, and contro- 
versies over its nature have increased, rather than 
decreased, in vigor.’ 

For these 
some typical damage processes is highly desirable. It 


reasons a more realistic calculation of 


has seemed to us that analytical methods are in- 
adequate and that numerical treatment with the aid 
of a high-speed computing machine is required." This 
paper is the first full length report on results to date.” 
Our procedure is to consider a crystallite containing a 
reasonably large number of atoms which interact with 
realistic forces. Atoms on the surface of the crystallite 
are supplied with extra forces simulating the reaction 
of atoms outside, as though the crystallite were em 
bedded in an infinite crystalline matrix. A radiation 
damage event starts with all atoms on their lattice 
sites and all but one at rest. That one atom is initially 
endowed with arbitrary kinetic energy and direction of 
motion, as though it had just been struck by a bombard- 
ing particle. A high speed computer then integrates 
the classical equations of motion for the set of atoms, 
showing how the initially energized atom (the knock-on) 
transfers energy to neighboring atoms, how the dynamic 
stages evolye, and how the kinetic energy finally dies 
away and the atoms of the set come to rest in a damaged 
configuration. A series of ‘‘runs’’ are made, correspond- 
ing to a representative variety of initial conditions. 


2 J. K. Redman, T. S. Noggle, R. R. Coltman, and T. H. Blewitt, 
Bull. Am. Phys. Soc. 1, 130 (1956); R. R. Coltman, T. H. Blewitt, 
C. E. Klabunde, and J. K. Redman, Bull. Am. Phys. Soc. 4, 135 
(1959); T. H. Blewitt, Symposium on Vacancies and Point Defects, 
Harwell (1958) 

*H. G. Cooper, J. S. Koehler, and J. W. Marx, Phys. Rev. 97, 
599 (1955); G. D. Magnuson, W. Palmer, and J. S. Koehler, 
Phys. Rev. 109, 1990 (1958) 

4J. W. Corbett, J. M. Denney, M. D. Fisk, and R. M. Walker, 
Phys. Rev. 108, 954 (1957); J. W. Corbett, R. B. Smith, and 
R. M. Walker, Phys. Rev. 114, 1452 (1959); 114, 1450 (1959) 

5 J. W. Corbett and R. M. Walker, Phys. Rev. 115, 67 (1959) 

*C. J. Meechan and A. Sosin, Phys. Rev. 113, 422 (1958) 

7A. Seeger, Proceedings of the Second United Nations Inter 
national Conference on Peaceful Uses ttomic Energy, Geneva, 
1958 (United Nations, Geneva, 1958), Paper No. 998 

® Proceedings of the Lattice Defects in Noble Metals Conference, 
edited by J. A. Brinkman, J. Meechan and A. Sosin, North 
American Aviation Report NAA-SR-3250 (Office of Technical 
Services, Department of Commerce, Washington, D. C 

® National Academy of Sciences Report, Perspectives in Materials 
Research (to be published ) 

“C. J. Meechan, A. Sosin, and J. A 
120, 411 (1960) 

" Calculations of the threshold energy for producing a per 
manently displaced atom have been made by H. B. Huntington 
(Phys. Rev. 93, 1414 (1954 for copper, and by W. Kohn 
bPhys. Rev. 94, 1409 (1954)], for germanium. These treatments 
necessarily relied on numerous assumptions 

® Brief preliminary reports have been given in the following 
places: J. Appl. Phys. 30, 1322 (and cover) (1959). In this report 
[100] should be replaced by [010]; G. H. Vineyard, J. B. Gibson, 
A. N. Goland, and M. Milgram, Bull. Am. Phys. Soc. 5, 26 (1960), 
and the next three abstracts; Brookhaven National Laboratory, 
Annual Report, July 1, 1959 (Office of Technical Services, 
Department of Commerce, Washington, D. C.),pp. 12-14. 
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The computer program can also be used to study the 
stability, energy, equilibrium configuration, and other 
properties of lattice defects permitted by the model. 
One guesses the positions of the atoms in the defect 
and uses these as initial conditions, with zero initial 
velocities (actually a very small kinetic energy may 
be imparted to one atom to spoil the symmetries of the 
starting configuration). The computing machine then 
shows how the lattice relaxes, and with dissipation of 
energy at the boundary of the crystallite, aided, when 
desired, by artificial damping, an equilibrium con 
figuration is eventually reached. Concurrently with 
the study of dynamic damage events a study of point 
defects has been undertaken. These are of interest in 
themselves, they give an independent check on the 
adequacy of the model, and they assist in interpreting 
the dynamic results. 

All of the calculations mad 
copper. This material has been chosen because it is a 
reasonably simple metal 
damage experiments at low temperatures have been 


to date are for metallic 


and because more radiation 
performed on it than on any other substance. It has 
seemed treat this very 
thoroughly before extending the 
substances. The effect of a finite 
could, in principle, be put 


advisable to one material 


alculations to other 


temperature during 
bombardment into the 
calculations by supplying small 


the atoms. Doing this properly would re quire averaging 


initial agitations to all 
over a large set of initial agitations and would enor- 
mously extend the number of computations required. 
Most of the annealing effects can, we feel, be suffi iently 
well estimated by calculating activation energies for 
migration of the defects and applying the theory of 
hus all calculations 


absolute rate processes 1n so ds. Thi 


made to date have been for bombardments at a temper- 
ature of absolute zero 

A further important limitation 
must be pointed out. Because of the speed and the size 
of memory of the computing machine available, the 


of the calculations 


fundamental crystallite dealt with has been of modest 
size. Most of the computations reported were on 
crystallites containing about 500 atoms; a few com- 
putations have been done more recently on crystallites 
of about 1000 atoms. The forces applied to the atoms 
bounding the crystallite are admittedly somewhat 
inaccurate, and this renders the cal 
certain when boundary atoms receive large displace- 
ments during the crucial stages of a run. To avoid this 
it is necessary to limit the kinetic energy of the knock- 
on atom. Our most energetic events have been at 400 
ev, and the majority of runs have been at energies an 
order of magnitude lower than this. The calculations 
are thus pre-eminently concerned with threshold and 
near-threshold events; 
energy events typical of reactor neutron bombardment 
can be drawn, but we are not yet able to extend the 
machine calculations to cover these fully 

A detailed discussion of the model and the force laws 


less 


culations 


many inferences for the high- 
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is given in Sec. 2. Section 3 outlines the scheme of 
integration and the computational procedure. Section 
4 describes the results of some static calculations on 
the defects supported in the model. Those defects are 
described that are necessary to an understanding of 
the dynamic results; a more complete report on stati 
calculations will be given in a future paper. Section 5 
reports the principal dynamic results achieved to date, 
and Sec. 6 summarizes the conclusions reached. In the 
Appendix, there is a table of all the dynamic events 
that have been run. 


2. THE MODEL 


All computations have been made on a model 
designed to represent metallic copper. The atoms are 
allowed to interact with two-body, central repulsive 
forces. For these a Born-Mayer form is assumed, th 
interaction energy of a pair of atoms at separation r 
being 

g=Be-*. (1) 


This interaction describes the repulsion of atoms at 
close approach. The choice of the constants in this law 
will be discussed below. A cohesive tendency is also 
needed, and for this a constant inward force is applied 
to each atom on the boundary of the crystallite. In 
the equilibrium configuration this force just balances 
the Born-Mayer repulsions of neighboring atoms. The 
equilibrium configuration, of course, is a face-centered 
cubic array with the normal lattice spacing of copper. 
Since all crystallites considered are rectangular paral- 
lelepipeds, for an atom in a face the surface force is 
normal to the face, for an atom in an edge the force is 
normal to the edge (along (110)) and for an atom in a 
corner it is along the inwardly directed cube diagonal. 
In any distortion involving small displacement of 
surface atoms these surface forces give an increment 
of total binding energy proportional to the increment 
of volume of the crystallite. The forces can thus 
represent any binding energy that is a function only 
of volume of the crystallite and which varies at the 
right rate with volume to equilibrate the Born-Mayer 
repulsions. In a monovalent metal the conduction 
electrons are the major source of binding, and their 
cohesive energy is, to a certain approximation, depend- 
ent only on volume. Thus the constant surface forces 
employed here represent, in first approximation, the 
cohesive effect of the conduction electrons. This 
combination of two-body repulsions plus constant 
surface forces is easy to apply in machine computation, 
it gives a crystallite which, at equilibrium, has no 
distortions near the surface, and it would seem to be 
at least as faithful to the forces in a real metal as any 
two-body force law with a repulsive core and attractive 
tail (Morse potentials, Lennard-Jones potentials, etc.) 
that can be devised. Since it is not a purely ceniral- 
force model, it does not require the Cauchy relation 
for the elastic constants. 
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Since the crystallite is supposed to behave as a set 
of atoms on the interior of an infinite perfect crystal, 
it is necessary to have additional forces on the surface 
atoms to represent the reaction forces of atoms beyond 
the surface caused by any displacement of atoms in 
the microcrystallite. For small displacements an elegant 
expression for these reactions can be written in terms 
of a Green’s function and an integral over the history 
of the motions in the crystallite. It does not seem 
feasible to use this expression in an actua! calculation, 
however, both because of the difficulty of finding the 
Green’s function explicitly and because of added 
requirements on storage of information during the 
computation. Instead, the additional surface forces 
were simply taken to be a spring force, proportional 
to the displacement of the surface atom, and a viscous 
force, proportional to the velocity of the surface atom. 
These are only approximations to the true reaction 
forces, but with judicious choice of the spring and 
viscosity constants, they are thought to be adequate 
for the accuracy required. The spring forces represent 
the tendency of material just outside the crystallite 
to resist slow or static deformation of the crystallite 
by a system of forces proportional to the deformation. 

The 


arguments 


spring constants arrived at by the approximate 
that follow: The crystallite is first replaced by a 
sphere of equal volume, embedded in an infinite homogeneous, 
elastic medium with isotropic elastic properties. If the sphere is 
expanded from radius RK to R+6R the equations of elasticity 
show that a pressure P acts on the surface of the sphere, and 


P= (4u/R)bR, (2 


were 


where yu is the shear modulus of the medium. The effective normal 
spring force on each atom at the surface of the crystallite is 
found by dividing P by the number of atoms per unit area in a 
face. The shear modulus is taken to be cq, as determined 
from the Born-Mayer potential ¢ used in Eq. (6) below. The 
1ormal spring force per atom, so determined, is pro 
portional to 6R. The normal part of the effective spring constant, 
k,, is then taken to be this force for unit displacement 4R. Static 
tangential displacements of a surface atom are assumed to be 
resisted by a tangential force, given by a tangential effective 
spring constant, k;. To calculate k, we consider a long right 
circular cylinder of radius R, embedded in an infinite homo 
geneous medium with isotropic elastic properties. If this cylinder 
is rotated about its axis so that the tangential displacement of a 
point on its surface is 6R, a shear stress is set up with magnitude 
ubR/R at the surface. Distributing this equally over surface 
atoms in the same manner as before, one finds that the tangential 
displacement of each atom in the surface is opposed by a force 
proportional to that displacement. Thus one finds k;= 4k, 

These spring constants are smaller by a factor of the order of 
a/R (a is the lattice constant) than the constants that would be 
obtained by holding the atoms beyond the surface fixed while 
displacing a surface atom. Physically, this factor allows for the 
tendency of atoms beyond the surface to move in cooperation 
with the motion of a surface atom and thus to oppose its motion 
less strongly than if they were fixed 

The spring forces on surface atoms are conservative, and it is 
essential to have surface dissipations, which will allow the large 
energies introduced into the crystallite by a primary knock-on 
to disappear. If disturbances reach the surface with small 
amplitude they can be analyzed there into harmonic plane waves, 
and if the surface were treated rigorously it would absorb these 
waves with no reflection. Using only viscous damping on the 


cube 


eliective 
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surface it is not possible to absorb all waves perfectly. As the 
best compromise we ask that a normally incident wave of selected 


frequency be absorbed as well as possible. We have chosen the 
viscosity coefficient for motion of a surface atom perpendicular 
to the surface so as to give the maximum possible absorption for 
a normally incident plane wave of longitudinal polarization and 
of half the maximum frequency of such waves. Also we have 
chosen the viscosity for motion of a surface atom 
parallel to the surface so as to give maximum possible absorption 
for a normally incident wave of transverse polarization and of 
half the maximum frequency of such waves. The criterion for 
maximum absorption is easy to find since a plane wave normally 
incident on a plane boundary presents a one dimensional problem 
Under the present conditions it is found that the reflection 
coefficient (for power) at the mid-frequency is about 0.02; at 
the maximum frequency and at zero frequency the coefficient is 
unity, but drops steeply from these extremes and averages about 
0.28 over the entire range of frequencies 

The above has shown how the two spring force 
constants and two viscosity constants for each atom in the flat 
chosen. The atoms in the 
given spring 
these by the rather obvious device of 
superimposing the constants associated with each face in which 
the atom was simultaneously resident 

These crude choosing force constants are 
justified by experience with the calculations. Results have not 
proved very sensitive to boundary effects, as is demonstrated by 
cases where the same dynamic event has been run twice, starting 
at a different point in the crystallite, and where the same event 
has been run both in a large and in a small crystallite. Comments 
on these happenings will be made subsequently 


coefficient 


account 
faces of the crystallites were 
and edges of the 
constants derived 


corners 


crystallite were and viscosity 


from 


criteria for best 


Choice of a size and shape for the microcrystallite 
is a matter of balancing the need to keep strong action 
away from the boundaries against the increased com- 
puting time required by a larger set of atoms. Except 
for a few special trials all runs to date have been made 
in three which will be 


referred to as sets A 


fundamental microcrystallites, 
B, and C. 


All were rectangular 








parallelepipeds bounded by {100} planes. Set A was 
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Fic Two of the sets of atoms used in the calculations 


Set A is above, Set B is below 
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made up of 5X4X4 unit cells, and contained 446 
atoms. Set B was 2X6X7 unit cells, and contained 


488 atoms. Set C was 2X9 10 unit cells and contained 
998 atoms. To standardize the descriptions an origin 
of a cartesian coordinate system will always be located 
in a corner of the set, and the x, y, and zg directions will 
always be the All lengths are measured in such 
units that the cubic unit cell of copper has length 
The range of starting positions of atoms in the various 
sets are then given in Table I. 

Sets A and B are pictured in Fig. 1. Set A has been 
used for a variety of shots at odd directions. Sets B and 
C have been used only for shots with initial knock-on 
velocity in the (100) plane. The initial knock-on was 
always in the plane x=2, which appears to be suffi- 
ciently far away from the boundaries x=0 and x=4, 


Same. 


and the larger y and z dimensions of these sets allowed 
more energetic events to be contained. 

The Born-Mayer form of repulsive potential, Eq. ( 
was chosen largely after the lead of Huntington™." and 
Seitz in work on point defects and self diffusion in 
face centered cubic metals. It is admittedly an approxi- 
mation, but it is hoped that it may be an adequate 
approximation over the range of distances important 
to the present problem if the constants B and § are 
properly chosen. At very close approach, potentials of 
interaction can be established on theoretical grounds, 
and at separations near the equilibrium separation in 
the crystal some information is available from consider 
ations of elastic and from 
scattering experiments that have conducted in 

gases. The problem, unfortunately 
demands knowledge of the potential intermediat« 
separations, where no reliable information exists. Ws 
have attempted to bridge this gap in the following way: 
We have three Born-Mayer potentials, which will be 
referred to simply by number, all of which give a 
moderately good account of the elastic constants and 
their variation with when employed near 
equilibrium separations, which are plausible as 
extrapolations to large separations of the theoretical 
repulsive potentials at small separation. The difference 
shows most strongly in 


constants atom-atom 


been 
radiation damage 


pressure 
and 


between the three potentials 
the threshold energy for permanent displacement of an 


atom by irradiation, and the choice among the three 


is ultimately made by comparison between the calcu- 


lated and measured threshold energy 


TaB.e I. Characteristics of fundamental sets 


Set Range of initial atomic Number of atoms 


positions 


A O0<*< 10, O<yv<8, 0<:<8 446 

B O<x<4, OSy<12, 0<2<14 488 

C O<x<4, O<y<18, 0<:<20 908 
3H. B. Huntington and F. Seitz, Phys. Rev. 61, 315 (1942 
“4H. B. Huntington, Phys. Rev. 91, 1092 (1953 
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rasce II. Constants in the Born-Mayer potentials employed 
[see Eq. (3)]. 


Potential A (ev) p 
1 0.0392 16.97 
2 0.0510 13.00 
3 0.1004 10.34 


Figure 2 shows various curves of repulsive potential 
energy between a pair of copper atoms plotted against 
the separation of the pair. At separations smaller than 
0.1A the screened Coulomb potential suggested by 
Bohr,' g=Z*e’'r' exp(—r/a), where a=ae2-tZ-!, Z 
being the atomic number, e the charge of the electron, 
and dp» the Bohr radius, is a good representation. At 
larger separations the Bohr potential is undoubtedly 
too small.'!® Theoretical potentials which should be 
better than the Bohr potential at moderately smal] 
separations and which agree with the Bohr potential 
at very small separations have been found by 
Abrahamson,'*® using the Thomas-Fermi and the 
Thomas-Fermi-Dirac approximations (labeled TF and 
TFD, respectively, in Fig. 2). The TFD curve is 
probably the more accurate of the two. Both of these 
become unreliable at about 1 A, and so the curves are 
terminated a little beyond this point. The three 
Born-Mayer potentials employed in the present work 
are the three straight lines, labeled Pot. 1, Pot. 2, and 
Pot. 3. Potentials 1 and 2 are close to those suggested 
by Huntington for copper. For energies in the range 
1- to 100-ev potential 2 represents a smaller atom than 
potential 1. Potential 3 was chosen arbitrarily to give 
the same bulk modulus as potential 1 and to give, at 
intermediate energies, the smallest atom of the three. 
It is seen from Fig. 2 that any of the three potentials 
might be joined to the TFD curve between 100 and 
1000 ev by moderate alterations in the range 10 to 
100 ev, although this would require the least alteration 
if done with potential 2, and would produce a more 
complex curve if done with potential 1. Allowing for a 
considerable uncertainty in the TFD result, no one of 
the potentials 1 to 3 is immediately ruled out for the 
low and moderate energy range, although potential 2 
looks best. It will be shown subsequently that all three 
potentials give qualitatively similar results, both for 
the configurations of lattice defects and for 
dynamic damage but that the threshold 
energies for producing a permanently displaced atom 
are very different for the three, being too high for 
potential 1, too low for potential 3, and approximately 


‘8 See J. A. Brinkman, J. Appl. Phys. 25, 961 (1954). Measure- 
ments of ranges of knock-on atoms also confirm this conclusion. 
See R. A. Schmitt and R. A. Sharp, Phys. Rev. Letters 1, 445 
(1958), and D. K. Holmes and G. Leibfried, J. Appl. Phys. 31, 
1046 (1960). 

% A. A. Abrahamson, thesis, New York University, 1960 
(unpublished); A. A. Abrahamson, R. D. Hatcher, and G. H. 
Vineyard, Bull. Am. Phys. Soc. 5, 231 (1960). 
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Fic. 2. Various forms of repulsive potential energy for a pair of 


copper atoms. Potentials 1, 2, and 3 were used in the calculations. 
ro is the equilibrium separation in the crystal. 


right for potential 2. The majority of our calculations 
have been made with potential 2. 

To specify the potentials it is convenient to recast 
Eq. (1) into a commonly used form, 


g=A exp —p(r—ro)/ro |, (3) 


where ro is the near neighbor distance at zero pressure 
and absolute zero of temperature. Taking ro for copper 
to be 2.551 A, the constants A and p for the potentials 
employed in the present work are given in Table II. 

The contribution of the repulsive force to the elastic 
moduli can be computed from the formulas'’ 


én’ =2o"Le’+re'¢'], (4) 
C12’ = 2-9 "Le" — Sr ¢'], (5) 
Cu’ =2 Yoo" +3re ty’), (6) 

B= (€4;4+-2¢12)/3, (7) 


where primes on ¢ denote derivatives, evaluated at 
r=ro, and only contributions from nearest neighbors 
have been considered. B is the bulk modulus. The 
complete elastic constants are the above expressions 
augmented by contributions from the conduction 

7H. B. Huntington, in Solid-State Physics, edited by F. Seitz 


and D. Turnbull (Academic Press, Inc., New York, 1958), 
Vol. 7, p. 213. 
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Tasce III. Elastic moduli* (units 10" dynes/cm’ 
r Cie Cas B 

Potential 1 14.5 10.0 6.3 11.5 

Potential 2 10.9 &.1 45 90 

Potential 3 13.2 10.9 5.2 11.6 

Experiment, 0°K 17.6 12.5 8.2 14.2 

* First three rows list Born-Mayer part of moduli, as given by Eq 
4)-(7). Experimental alues from W. C. Overton, Jr... and J. Gaffne 
Phys. Rev. 98, 969 (1955 


electrons and from Coulomb interactions of the ion 
cores.'’ The simplest possible estimate of the electronic 
contribution treats the free 
and neglects the strain dependence of the energy of the 


conduction electrons as 
bottom of the conduction band. In this way a contri- 
bution to the bulk modulus and to cy and cy of 
6.410" dynes/cm? is predicted. If an effective mass 
for electrons of 1.47my) is assumed, this contribution 
4.3 10 The free electron 
contribution to these moduli must, in our model, be 
allotted to the surface forces. The third elastic modulus, 


drops to dynes/cm’. 


C44, is not directly affected by the Fermi energy of 
conduction electrons : Fuchs calculated that for copper 
the of the with the 
conduction electrons should contribute 2.610! 
Table III lists the values of the 
contributions to elastic moduli from the various 
Born-Mayer potentials employed here, and also the 
experimental elastic moduli for copper at O°K. 

Table III shows that an electron contribution to the 
bulk modulus of about 2.610" dynes/cm?* is needed 
with potentials 1 and 3 and about 5.210" dynes/cm? 
is needed with potential 2. These contributions would 


electrostatic interaction ions 


dynes/cm? to C44. 


also bring cy; and cy, approximately to the experimental 
values. Electron contributions of this magnitude are 
reasonable, in view of estimates mentioned above, but 
exact values are difficult to establish. This contribution 
could be brought into our model by additional spring 
forces on the boundary. The spring forces already 
employed act in this direction, but are too small to 
contribute appreciably to the effective elastic constants. 
The dynamic stages of a damage event clearly would 
not be affected by such changes; experience with the 
computations leads us to believe that the static results 
also would not be much affected, since most of 
the 


large near the 


very 


around interstitials and vacancies is 
defect 


of the crystallite More work 1 needed, however, lo 


distortion 
but very small at the boundary 


establish this point fully 

Phe value of cy, that comes from the Born-Mayer 
forces also is small compared with the experimental 
value, and an electrostatic effect such as that calculated 
by Fuchs is needed. This shortcoming of our model 
would not be expected to affect the dynamic stages of 
damage events appreciably, but it may affect the 
stability of lattice defects. Because of this and also 


because of the lack of other special energies 


any 
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associated with electron rearrangement near lattice 
defects, our model may not give correct stability and 
energy for all defects. The argument for pursuing 
calculations in il with this model is that it 
will provide cne complete and self-consistent picture 
and the 


disruption. Corrections to the model can then be made 


great detail 


of both the damage process ensuing lattice 


as a second approximatior 
3. METHOD OF COMPUTATION 
A. Integrating the Equations of Motion 


large number of differential 
equations is time consuming, even on a high speed 
computer. Since the force law employed is only an 


Solving a coupled 


approximation to the true forcé law, it was deemed 
not worthwhile to strive for extremely high accuracy 
in the integration scheme; instead, a simple central 
difference procedure was used which gives reasonable 
accuracy along with reasonable speed. 

Let the ith atomic 
let the associated velocity be »,(2), 
and N is three the 
crystallite. The force in the 
depends, in general, on the positions of all atoms. In 
the case that x; refers to a boundary atom the force 
depends in addition on the velocity in the ith degree 


coordinate at time ¢ be x,(t) and 
where 1=1,2,---A 
the 
ith degree of freedom 


times number of atoms in 


of freedom (because of the viscous damping). Thus the 
force may always be written F,{x;(t),---xw(t); v,(0) ). 
Letting m be the mass of an atom, the classical equations 
of motion of the system are 

b,(t)=m"F | x1 (0),- > -xw(t); 2(0) |, 8 


1,2,°°°N 9 


Our procedure is to replace time 
finite differences with arbitrary interval Af; 


derivatives by 
coordinates 


are defined on integer steps and velocities on half 
integer steps: 

b,(t)=[ 0, (t+ At/2)—24(t— At/2) ]/At, (10 

Z(t-+ At/2)=[x, (t+ At) — x, (0) ]/ At. (11) 


In Eq. (9) ¢ is replaced by /+ At/2, then (10) and (11) 


are inserted in (8) and (9). Rearrangement gives'® 


0, (t+ Al/ 2), (t— Al/2)+ Atm F [x1 (t),- + ant 
Xr(t—Al/2)], (12 
x, (t+ At)—=x,(1)+ Alt, (1+ Al/2), WA V. 13 
Starting with a complete set of positions x,(¢) 


at arbitrary time ¢, and corresponding velocities 
v,({—At/2), the machine i 
compute the new velocities 


essentially employs (12) to 


t+-Ai/2) and (13) to 
{+ Al is then 


compute new coordinates x, The process 


iterated to generate coordinates at {+2A/, {+ 3Al, etc., 
18 There is a minor inconsisten that the viscous force in 
(12) is computed from 2,(f— At/2). This introduces no appreciable 


error. 
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together with the corresponding velocities. The opti- 
mum size for Af depends on the maximum velocity of 
any atom. Thus in the early stages of a calculation Af 
is small; after the velocities of moving atoms have 
diminished, Af may be increased to hasten the compu- 
tation. The calculation is stopped whenever the 
configuration is judged to have stabilized sufficiently. 
Considerations governing the choice of At are discussed 
below. The program itself will be described in detail 
in a forthcoming Brookhaven National Laboratory 
report 

The coordinates and velocities of all atoms at 
alternate time steps are stored on magnetic tape and 
can be printed out as desired. The positions of selected 
atoms can also be displayed as dots on a cathode-ray 
screen. Displays are presented sequentially and multi- 
flash pictures, such as Figs. 14 and 15, can be taken on 
stationary film; by advancing the film after each 
display, moving pictures have been made. 


B. Units Used in the Calculation 
lor convenience the unit of length was chosen to be 
one-half a cubic cell edge of Cu, 
lo>= 1.804 10-* cm, 
the unit of time was such that a 1000-ev copper atom 
would have unit velocity, 
lo= 3.273 X 10-"* sec, 
and the unit of energy was one electron volt, 
FEo= 1.602 X 10-" erg. 


From these one obtains the unit velocity (0) as 
5.512 10* cm/sec and the unit of mass mo= Eo/v¢? 

5.275X 10~-** g, which is 1/2000 the mass of a copper 
atom. 


C. Energy Checks 


The central difference scheme employed in the 
present calculation leads to a rigorous conservation 
law, analagous to the energy conservation principle of 
classical mechanics and reducing to the latter when 
Ai— 0. To demonstrate this, one first notes, from two 
applications of Eq. (13), that 
v,(t+ At/2)+9,;(t— At/2) 

= (At)"[x,(t+ Al) —2,(t— At) ]. (14) 
Rewriting Eq. (12), one has 
m[_v;(t+ At/2)—2,(t— At/2) } 
= AIF [x;(t),-+-aw(t); o(t—At/2)]. (15) 
Multiplying Eq. (14) by Eq. (15), one finds 
(m/2)(v2 (t+ At/2)—02(t— At/2) ] 
= F [x1 (t),-- -xw(t); vi(t—At/2) | 


X 4[a,(t+A)—2x,(t—Al)]. (16) 
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This relation shows that the increase of kinetic energy 
in the ith degree of freedom in one time step is rigor- 
ously equal to an effective work done during that time 
step. The effective work is seen to be the product of 
the force at time ¢ by an averaged displacement 
(4)[ x, (t+ At)—2x,(t— At) |. This displacement may also 
be written (4)[x,(¢+ At)+2,(t) ]— (4) [ai (O)+a,(t— Ad], 
which shows that it is the increment in average position 
associated with time ¢. Equation (16) may be written 
for each time step, summed over the time steps from 
starting time 0 to time 7=MAt, and summed again 
over all degrees of freedom. This gives the master 
conservation law 

K(T)—K(0)= —[#(T)—#(0) ]—D(T). (17) 
Here K(T) is the total kinetic energy of the system at 
time 7, 


™ 
K(T)=(m/2) > 02(T+At/2). 


tel 


(18) 


#(0)—#(T) is a version in finite differences of the 
work done on the system by all conservative forces, 
and D(T) is essentially the dissipative work in the 
interval 0 to T. & might be termed a pseudopotential. 
If the force F, is divided into a conservative part F 
(the Born-Mayer plus the spring forces) and a dis- 
sipative part F,* (the viscous force), one has 


N M 


&(T)—(0)=—>> & Fela (udd),- --xw (us) ] 


re 
| 


| x;(wAl+ Al) - vr, (uAt— At) | 


L 


x , (19) 
2 
and 
N Vv 
D(T)=—-> Dd FAlo(udt—At/2) } 


(x; (uAl+ Al) — v;(uAl— At) } 
x . Ce 
? 


“ 


If At —> 0 (7) approaches the classical potential energy 
V (x), where —dV (x)/dx,=F ¥¢, and x is the coordinate 
set at time T. 

The following use has been made of the conservation 
law (17). The kinetic energy K, and the cumulative 
dissipation (to surface viscosity) D, are computed at 
each time step. Equation (17) is then employed to 
compute the pseudopotential @. The classical potential 
V(x) is also computed directly from its analytic form 
and compared with # at each stage. If the difference 
is less than a preset tolerance the machine proceeds 
automatically to the next time step; if the difference 
exceeds the tolerance, the machine repeats the calcula- 
tion of the present time step. If the difference is now 
within tolerance the machine proceeds, if it is again 
outside tolerance the machine stops. A large class 
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of possible machine errors will cause a discrepancy 
beyond tolerance, and in the automatic repetition of 
the step the error may be rectified. Truncation errors 
(inadequacy of the finite difference approximation) 
also will cause a discrepancy between ® and V, and 
thus the energy check monitors errors of this kind as 
well. Tolerance is usually kept at about 1.0 ev when ® 
and V are in the vicinity of 125 ev (sets A and B). It 
is felt that this is sufficient accuracy. When the trunca- 
tion error proves to be larger than this, the calculation 
is restarted with a smaller value of Af. All of the 
energies are printed out on line for each time step; 
this shows the progress of the calculations, and also 
gives, at the end, the stored energy of the defect 
configuration produced. 


D. Choice of Af 


The choice of an optimum interval A/ is a matter of 
some delicacy. Analytic solutions of the finite difference 
equations for one-dimensional problems with certain 
simplified potentials can be found, and these give useful 
insight. In general the force must not vary by too large 
a fraction of itself in one time step. This means that 
in an actual calculation, the pair of atoms with 
strongest interaction anywhere in the system places the 
most severe demand on At, and our choice of At has 
generally been governed by the energy in the strongest 
interaction. During stages of vibration at small 
amplitude, on the other hand, the system is behaving 
as a set of coupled oscillators. The analytic solution of 
the simple harmonic oscillator problem shows that A/ 
must be small compared with the period of the oscillator, 
and we have interpreted this to mean that the coupled 
oscillator problem requires Af to be small compared 
with the shortest normal period of the system. 

Ultimately, the only reliable check on Af is afforded 
by repeating a calculation with a smaller Af and 
comparing the results. This has been done on selected 
test problems. The problem shown in Fig. 8 (25 ev in 
the (100) plane, 15° away from [010]) was run with 
three different time steps, 2, 4, and }, and the first 
collision was checked in detail for each. This collision 
takes place between times 4 and 8, which is only two 
time steps in the case of the largest Aft. Positions and 
velocities during the collision differed only in the 
fourth place in the case of Af=4 and }. The calculation 
with Af=2 differed, at most, in the second place from 
the results with A‘=}. It was concluded that for this 
collision A/=4 was small enough, reduction to At=} 
being unnecessary. It is surprising that Af= 2, sampling 
the collision in only two steps, gave an error of but 1% 
in position. The energy transfer to the atom struck in 
©), higher for At=2 than for 
Al=}. Following experience of this kind, the following 
procedures were developed: with initial 
energies around 25 ev regularly started with 
Ai=1, those with initial energy around 100 ev were 


the collision was about 3 


Problems 
were 
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started with A/=4, and those with initial energies 
around 400 ev were started with A‘=}. After energy 
checks had been built into the program, these values 
of Af were reduced by a factor of two so that the 
larger discrepancies in energy occurring only during 
collisions would not stop the program. 

As the collision cascade proceeds the energy of a 
moving atom is divided about in half at each collision. 
As this energy decreases Af may be increased. The 
upper limit for Af is determined by the frequency of 
the localized modes of the split interstitials. This is 
perhaps 2.5 times the Debye frequency. The Debye 
period is about 70 time units, the period of the localized 
mode is about 24. In order to describe this mode there 
should be several time steps per quarter cycle, and 
thus Af2 is the maximum. All other modes are 


below the Debye frequency and permit Af~6. This 
largest time step has been used in some static problems. 


E. Computational Speed 


With 500 atoms the computing time required for one 
time step is about one minute on the IBM 704. The 
program is such that this time is proportional to the 
number of atoms. Total a problem to 
quiescence varies a great deal. In some problems the 
end point is reasonably certain after about an hour. 
More ambitious problems, in which the settling down 
is followed in detail, require considerably more time. 
The history of such a problem will be described, to 
give an idea of fairly typical procedures. The problem 
is shown in Fig. 13, and was a shot at , in the 
(100) plane, directed 1° away from [010], in set B 
(488 atoms). From ‘=0 to 23, Af taken as 3 
(46 steps). Af was then increased to 1 for 4=23 to 82 
(59 steps). Next A/ was increased to 2 and the problem 
was run from ‘= 82 to ‘= 182, (50 steps). At this time 
the motions were very small; A/ was increased to 6 and 
the run was continued to /= 566 The total 
was 219 steps, or a little over three and one half hours 
of machine time. Miscellaneous operations such as 
setting up tapes, taking edits, and making movies 
might require one half to one hour more. 


time to run 


—_ 
35 eV 


was 


64 steps). 


F. Reliability 


Errors may be divided into truncation error, round 
off error and machine errors. Truncation errors were 
discussed in the section on the choice of At, machine 
errors in the energy check section. Round off error 
would not seem to be important, since the equivalent 
of eight decimal! places is carried by the machine. This 
would make truncation error much more important, 
by several orders of magnitude. Before energy checks 
were built into the system results were checked for 
physical reasonableness. Most problems contained some 
symmetry, and errors were detected by the loss of this 
property. Several problems were also run twice to 
check reliability. Even with our built in energy check, 
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energies, positions, and velocities are checked for 
reasonableness whenever possible. It is believed that 
all large errors have been detected by these means. 


4. STATIC RESULTS 


It is desirable to know the configuration and stability 
of various lattice defects that can be housed in our 
model. Accordingly a number of “static” calculations 
have been run. In these the equilibrium configuration 
of a defect is estimated from simple considerations, 
and the atoms are given these coordinates at the 
beginning. All the atoms are started from rest, except 
that in cases where the configuration has symmetry 
one atom is given a very small initial velocity in such 
a way as to spoil the symmetry without introducing 
appreciable kinetic energy. False equilibria cor- 
responding to ‘“‘dead center” positions are thus avoided. 
The machine calculates the motions of the atoms from 
these initial conditions, until a static, equilibrium 
configuration is reached. Artificial damping (in which 
the kinetic energies of all atoms are set equal to zero 
each time the total kinetic energy reaches a maximum) 
is usually employed to hasten the attainment of 
equilibrium. 

A full report on the static results will be presented 
in a future paper. In this section enough information 
will be given to aid in interpreting the dynamic 
calculations. 

The vacancy seems entirely normal.” All three 
potentials have been employed, and in the case of 
potentials 2 and 3 the calculations have been run long 
enough to come very close to equilibrium. The behavior 
is qualitatively similar in all three cases, with the 
amount of relaxation being largest in the case of 
potential 3 and least with potential 1. The nearest 
neighbors relax radially inward by a smal] amount 
about 1.5% of the equilibrium distance, V2, in the case 
of potential 1; 2.5% in the case of potential 2; and 
3.2% in the case of potential 3. The second neighbors, 
and more distant neighbors in or near the cubic axial 
directions, relax slightly outward. In the case of 
second neighbors, the percentage outward relaxation 
is about one twentieth the inward relaxation of near 
neighbors. Such apparently anomalous relaxation has 
already been found by others” and is easily understood 
by considering the geometry of the lattice. An im- 
mediate consequence is that the strain field at a 
distance from the vacancy cannot be very well fitted 
to the field of a point singularity in an tsolropic elastic 
continuum. A cubic elastic continuum is required and 
the outward relaxation along cubic directions can be 


* Our results give no support to the “relaxion”’ picture of the 
vacancy which has been put forward by N. H. Nachtrieb and 
G. S. Handler, Acta Met. 2, 797 (1954), and N. H. Nachtrieb, 
H. A. Resing, and S. A. Rice, J. Chem. Phys. 31, 135 (1959). 

” H. Kanzaki, J. Phys. Chem. Solids 2, 24 (1957); G. L. Hall, 
J. Phys. Chem. Solids 3, 210 (1957); A. Seeger and E. Mann, 
J. Phys. Chem. Solids 12, 326 (1960); L. A. Girifalco and V. G. 
Weizer, J. Phys. Chem. Solids 12, 260 (1960). 
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Fic. 3. The split configuration of the interstitial that is found to 
be stable. Relaxation of neighbors not shown. 


considered as a manifestation of the anisotropic 
character of the medium.” 

The interstitial has been investigated carefully with 
potential 2, and is found not to reside at the center of 
the cubic unit cell. Instead, the interstitial has what 
may be termed a split configuration, in which it 
shares a lattice site symmetrically with another atom, 
the axis of the pair being along a cubic axis of the 
lattice. Figure 3 shows a split interstitial in the face- 
centered lattice. For potential 2 the separation of the 
two atoms is very nearly 1.2 (in units in which the 
lattice constant is 2). The possibility of this con- 
figuration of the interstitial in copper was pointed out 
by Huntington and Seitz,” although its stability was 
not settled at that time. More recently, Johnson ef al.” 
have also demonstrated its stability in a lattice model 
rather similar to ours. It should be noted that there 
are three possible orientations of this interstitial on 
each lattice site; its symmetry is only tetragonal, and 
it should thus give rise to resonant anelastic effects. 

The stability of this interstitial has been demon- 
strated in two calculations. First an interstitial was 
set up in the cube center, with relaxations of its 
neighbors, according to our first estimate of the stable 
position of the interstitial. The machine calculation 
showed that this atom rapidly moved away from the 
cube center toward a neighboring atom, in a direction 
determined by minor asymmetries in the starting 
conditions, and settled down in the split configuration 
with this atom. Later, as a check, the split configur- 
ation, with minor perturbations, was set up as an 
initial condition, and a long machine run was made. 
This demonstrated the complete stability of the split 
configuration and gave accurate values of the relax- 
ations of surrounding atoms. As will be seen in the 
following section, a number of dynamic events have 
also produced interstitials (see, for example, Figs. 12 
and 13), and in all cases these are seen to settle down 
in the split configuration. 


2! The writers are indebted to Dr. E. Kréner and Dr. A. Seeger 
for information on strain fields of point sources in a cubic elastic 
medium. Quantitative comparisons with Kréner’s solutions will 
he given in a future pa 

2=R. A. Johnson, G. H. Goedecke, E 
Huntington, Bull. Am. Phys. Soc. 5, 181 


Brown, and H. B. 
1960). 
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The foregoing calculations do not demonstrate fully 
that there are no other stable configurations of the 
interstitial, indeed experimental has 
as requiring that the 

We tested the 
stability of the crowdion in our model by two static 


In both of 


these a crowdion was formed by inserting an interstitial 


and evidence 


oct asionally been inte rprete d 


crowdion be stable in copper. have 


calculations, both employing potential 2. 
atom in a (110) line and moving three atoms on either 
side of the inserted atom outward along the line by 
diminishing amounts. A total of eight neighbors on 
adjoining (110) lines were also relaxed away from the 
interstitial, in each case, to obtain the lowest energy 
configuration possible. In one calculation the extra 
atom was inserted half way between two neighboring 
lattice sites and the relaxation along the line was 
made symmetrical about this point. This might be 
called a the 
site-centered 


space-centered crowdion. In second 


calculation, which might be called a 
crowdion, the extra atom was placed on one side of a 
lattice site and the pattern of relaxation was made 
symmetrical about this site. Both crowdions proved 
to be unstable, and decayed into a split interstitial by 
simple rotation of a pair of atoms near the center. The 
decay occurred rather slowly, however, which demon- 
strates that the potential energy is fairly flat near 
these crowdion configurations. We conclude that the 
crowdion is not stable in our model; nevertheless, 
rather modest changes in the force laws might make 
it stable. 

It is also necessary to know which Frenkel pairs are 


stable. Accordingly a series of static runs on Frenkel 


pairs at various separations were made with potential 2. 
The results for pairs in the {100} plane are shown in 


Fig. 4. Here the split interstitial is shown at a fixed 
position in the lower left corner of the figure. Lattice 


sites around this interstitial at which a vacancy 


STABLE (S) 
AND 
UNSTABLE J) 
FRENKEL PAIRS 
POT. #2 


Fic. 4. Stability of Frenkel pairs in {100} plane of copper 
Split interstitial is at lower left. Dotted line separates stable from 
unstable sites for a vacancy. Approximate threshold energies for 
dynamic production of three particular pairs are indicated 
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yielded a stable Frenkel pair (by actual calculations 
are indicated by S. Sites for the vacancy which yielded 
an unstable Frenkel pair are indicated by UL’. All sites 
inside the dotted line are unstable, all sites outside it 
are stable. It is seen that a surprisingly large separation 
of the pair is needed to produce stability, particularly 
fora pair on a close pac ked line. The size of this region 


of instability has obvious implications lor near- 


also for the 


migrating interstitial 


threshold damage events, and annealing 


process in which a recombines 
with a vacancy. 

Energies associated with various point defects are 
also under investigation, and a very brief account will 
be given here. Let W, be the 
atom reversibly from a normal 
point out of the crystal. Let W, be the work needed to 
take an atom from this distant point and to insert it, 
reversibly, into a perfect crystal, 
interstitial. In our model, W’, is given by the potential 
energy of the pe rfect « ry stallite, 
energy of 
relaxed vacancy. Similarly Wy, is 


work needed to take an 


lattice site to a distant 


forming a split 


minus the potential 
thoroughly 
the potential energy 
of the crystallite containing a relaxed split interstitial, 
minus the potential energy of the perfect crystallite. 
W, and W, include the potential energies of the surface 
forces. For potential 2, static runs give 


the crystallite containing a 


W, —0.71 ev, 


Wy 3.38 ev 


To apprec late the signifi ance of these numbe rs, one 
must consider that the 
formation of a vacancy, /,, and energy of formation of 


an interstitial, Fy, are rel ited to ind I by 


thermodynamic energy of 


where W’, is the work needed to take an atom reversibly 
from an average site on the surface of the crystal to a 
remote point outside the crystal. &, and £; are the 
energies that determine the equilibrium concentrations 
and interstitials, in the familiar 


of vacancies way. 


Since our model does not give a proper account of a 
free surface it is not convenient to compute W, directly. 
Instead 

assemble 


needed to dis- 
cutting off the 
This work, 


sublimation 


consider the work 
entire crystal, ifter 


one 
the 
surface forces at a 


can 


suitable i ange 
per atom, will also be an estimate of the 
energy, W,,; 
model, W, is negative. 


such considerations show that, in our 


Reasonable values of W, give 
reasonably good values of E, and £;, although the 
latter tends to lie lower than expected 
The energy of formation of a separated Frenkel pair, 
Fr, is given by 
Er=E,+E;=W 0.71 


+W,=3.38 2.67 ev 


This is lower than values indicated by some earlier 
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calculations,” but is not entirely outside reasonable 
limits. 

The divacancy and trivacancy have been studied in 
a preliminary way with potential 2, and have configura- 
tions generally consistent with findings of other investi- 
gators.*6 The binding energy of the divacancy, against 
separation into isolated vacancies, is about 0.06 ev in 
our model, and of the trivacancy, against separation 
into three isolated vacancies, is about 0.5 ev. Thess 
binding energies are lower than those reported in the 
literature.*?® Work on these energies, on activation 
energies for migration, and on other clusters of point 
defects is continuing. 


5. DYNAMIC RESULTS 
We 


dynamic 


this work, 
radiation 


the chief results of 
problems corresponding to real 
damage events. To date about 45 distinct calculations 
leading to usable results have been run. These have 
involved all three of the repulsive force laws (see Fig. 2), 
a rather wide variety of knock-on directions, and a 
number of knock-on kinetic energies up to 400 ev. In 
this section, a representative selection of the dynamic 
events will be discussed. These events have been chosen 
to give a good general idea of what has been learned, 
without attempting to discuss details of every event 


come now to 


run. In the Appendix Table IV lists all the events run 
successfully, and Fig. 5 is a diagrammatic presentation 
of all of the events in which potential 2 was used for the 
repulsive force (for discussion see below). As will be 


seen the dynamic events give strong preference to 


Fic. 5. Diagram showing all dynamic events calculated with 
potential 2 (see also Appendix). A dot is shown for each event 
and indicates kinetic energy and direction of knock-on atom 
lirst figure attached gives number of stable Frenkel pairs created, 
figure in parenthesis gives number of replacements. Dotted line 
is estimated threshold for creation of at least one stable Frenkel 
pair 
for Ey. Radiation damage 
4 ev® and also much lower values.” 

Dienes, Phys. Rev. 89, 848 (1953 
Damask, G. J. Dienes, and V. G. Weizer, Phys. Rev 
1959 B 


2% Huntington,” found 5 to 6 ev 
experiments have yielded 5 
* J. H. Bartlett and G. J 
rA. © 
113, 781 
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». 6. Atomic orbits produced by shot in (100) plane at 40 ev. 
A and was directed 15° above —y axis. Large 
circles give initial positions of atoms in plane; small dots are 
initial positions in plane below. Vacancy is created at A, split 


nterstitial at D. Run to time 99. (Run No. 12) 


Knock-on was at 


potential 2 among the three forms tried. Consequently 
this one has been used for most of the calculations. 


A. Description of Events 


Figure 6 shows the trajectories resulting in the y-2 
plane when an atom (A) is set in motion with 40 ev of 
kinetic energy in a direction in this plane making an 
angle of 15° with the —y axis. The initial positions of 
atoms in the planes immediately above and below the 
plane of major action are shown by small black dots. 
Large open circles show the atoms in the plane of major 
action at time 0, large black dots show the positions of 
these atoms at time 99 (one time unit is 3.27«10~"* 
sec). The large open circles give the sizes of the atoms, 
as determined by the distance of closest approach in a 
head-on collision between a 40-ev atom and a stationary 
atom. Atoms for which no trajectory is shown suffered 
negligible displacements. Replacement collisions can be 
seen at B and C, a vacancy is left at A, and an inter- 
stitial is formed at D. This appears to be the usual split 
configuration (see Fig. 3) in which the atom at y=1, 
z=4 is displaced upward from its lattice site, the site 
being shared by D. Also notable are the chains of 
strongly focused collisions along (110) and (100) direc- 
tions, including the chains AD, AE, FG, BH, etc. The 
(110) focusing is essentially that predicted by Silsbee”® 
(see below), but the (100) focusing occurs only because 
of the influence of neighboring lines of atoms, and had 
not been anticipated. Atoms along all lines other than 
AD are in the process of relaxing back to the vicinity of 
their origina] positions. Although the relaxation has not 
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Fic. 7. Similar to Fig. 6 except that knock-on (A) is directed 
| 

224° above y axis. Small crosses show positions of atoms in plane 

below at end of calculation (time 99 


interstitial is estimated to form near ¢ 


Vacancy is left at A 
Run No. 12 


been entirely completed by time 99, experience with 
the further 
relaxation will not change the topology of the final 
configuration from that which is evident in Fig. 6. The 
net result of this event is two replacements and one 


this and other events convinces us that 


Frenkel pair. Although velocities are not given in Fig. 6, 
it should be noted that a great range of velocities occurs. 
The original knock-on, which had 40 ev at A, has slowed 
to 19 ev just before A’ (where it is in nearly head-on 
collision with B), and has dropped to only 0.1 ev just 
beyond the point A’. 

Figure 7 shows an event similar to that in Fig. 6, but 
different in detail. Atom A was initially projected in the 
y-z plane with a kinetic energy of 40 ev but at an angle 
of 224° with the y axis. The large circles and large black 
dots indicate initial positions and positions at time 99, 
respectively, as in Fig. 6. The small black dots indicate 
initial positions of atoms in the planes just above and 
below, the small crosses indicate positions in these adja- 
cent planes at time 99. A focusing chain AB is again seen, 
but atoms in this chain are returning to their original 
sites, while a chain of replacements occurs in the 
diagonai direction AC, and an interstitial is being 
formed somewhere along this chain, most likely at the 
site y= 7, z=8 (but possibly at y 7). The orienta- 
tion of this interstitial is in doubt, and cannot be reliably 
determined by running the calculation longer because 
the displacement of the boundary atom C has become 
large and assumptions employed in the boundary forces 


60, z 


are brought into question. A vacancy is clearly left at A, 
one Frenkel pair has been created, and four replace 
ments appear to have occurred. The disturbance in 


1 
} 


adjacent planes, as shown by the crosses in the figure, 
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the ise with all our events 


in which the initial velocity lies in a {100} plane. Com- 
paring Figs. 6 and 7 it is noteworthy how much differ 


ence in location of the 


More will 


also evident 


interstitial is 
change in the direction of initia] 
similarity of focusing tendencies in the 


be s 


caused by a small 
motion. The qualitative 
two figures is 


aid below about focusing 


The preceding events were well above the threshold 


for production of lattice defects 
threshold (actually, as it turns out, just below 


will be disc ussed next 


lying in the y-z plane 


atoms in this plane (the plane x= 2 


Figure re) show . 


An event very near 


threshold 


An atom at 2,2,6, was given 25 ev 
of kinetic energy in a direction 15 


from the y axis and 
the trajec tories of 


from time 0 to time 


128. In this and in the next two figures, trajectories are 


indicated by dotted line 
by two units In time, so s} 


be estimated from the spac 


atom was initially at the 
circle. Figure 9 shows the 
times 130 and 254, and Fig 
380. In I 
occur at 2,4,6 and tl 
interstitial position 


times 256 and 


focusing chains are seen to branch off 
pac ked lines. These transport energy, but 


away from the scene of it 


interstitial is better « 


motion in the focused chains 


ing of tne 


site ind ated 


around 
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not matter, 


\itial action. In Fig. 9 the split 


stablished and_ the 


organized 
has begun to di perse. In 


Fig. 10 the kinetic energy has died away further and the 


vacancy and interstitial are clearly evident. Because of 


the localized vibrational 
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there is still an appreciable 
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As has been noted before this particular Frenkel pair 
is stable in our model, but very precariously so, and 
when the event we have been discussing was carried to 
still longer times, the kinetic energy retained near the 
defect caused a self-annealing. This occurred by means 
of a ring interchange involving five atoms and the five 
2,6; 2,4,6; 2,5,7; 2,4,8; and 2,3,7; the orbits of 
these atoms during the complete run from time 0 to 646 
are shown in Fig. 11. Times at various points along the 
orbits are indicated by numbers in the figure. The con- 
figuration evident in Fig. 10 is beginning to drift be- 
tween time 300 and time 400. Between 400 and 500 the 
two members of the split interstitial are developing a 
more pronounced motion, and shortly after time 500 
the two atoms at 2,4,8 and 2,3,7 are pushed along so that 
the former replaces the latter and the latter falls into 
the vacancy. By time 646 the atoms are very near their 
new lattice sites, from which they will obviously not 
escape again. The results of this shot are thus 5 replace- 
ments and no permanent displacements. 

Inspection of Fig. 11 shows how a truly cooperative 
motion of several can be invoived in some 
annealing processes. It is also plausible that localized 
vibrational modes associated with a defect can play an 
important role in trapping a portion of the initial kinetic 
energy near the defect, creating a local hot spot which 
cools more slowly than in a perfect lattice and thus 
enhances self-annealing. Clearly it is a matter of con- 
siderable delicacy to establish exactly what defect is 
created by each near-threshold event. 

A series of shots with initial velocity vector near a 
cube axis will be considered next. In Run No. 39, the 
atom at 2,4,4 was given 20 ev directed along [100]. This 
formed a temporary split interstitial on the sites at 4,4,4, 
leaving a vacancy at 2,4,4. This Frenkel pair is unstable 
and collapses back to the original lattice after a short 
time. Run No. 30 was similar except that. the initial 


sites 2, 


atoms 
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. Same event shown in Fig. 8, time running from 
130 to 254. (Run No. 25). 
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Fic. 10. Same event shown in Fig. 8, time running from 256 
to 380. Temporary Frenkel pair has been produced. Note quasi- 
thermal agitation in vicinity of pair (Run No. 25). 


energy was 25 ev. Here a split interstitial is formed 4 
units away from the vacancy, a Frenkel pair that has 
been proved in static runs to be stable. In the dynamic 
run a machine error occurred at about time 180, so that 








Fic. 11. Orbits of 5 atoms involved in ring interchange by 
which Frenkel pair seen in Fig. 10 spontaneously annealed after 
time 400. Figures along orbits indicate times (Run No. 25). 
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ic. 12 coordinates vs time for line of atoms. Knock-on 
(bottom curve) shot at 30 ev, 1° away from y axis. Split interstitial 
is created at y=8 (Run No. 54 


it was not possible to be quite sure that this configura- 
tion would not anneal itself before quieting down com- 
pletely. The threshold for this direction is thus estimated 
to be very near 25 ev with our potential 2. Run No. 54 
was at 30 ev, with atom 2,2,6 directed initially 1° away 
from the y axis in the plane x= 2. This seems clearly to 
make a Frenkel pair after 2 replacements, the vacancy 
being left at 2,2,6 and the split interstitial, oriented 
along y, being centered on 2, 8, 6. Run No. 50 was 
exactly like No. 54 except that the initial energy was 
35 ev. This time there were 3 replacements and the 
interstitial formed at 2,10,6. Figure 12 shows the y 
coordinate vs time for the replaced and displaced atoms 
in the 30-ev run (No. 54) and Fig. 13 shows the same 
information for the 35-ev run (No. 50). In Fig. 12 the 
localized antiphase vibration of the two members of the 
split interstitial is clearly evident after time 120. The 
period of this vibration is about 33 time units, which 
means that its frequency is about twice the Debye fre- 
quency for copper. Assisted focusing down the cubic 
axis is clearly evident in these runs, and Figs. 12 and 13 
may be considered to picture the transport of both 


Titec 

ric. 13. y coordinates vs time for line of atoms. Knock-on 

bottom curve) shot at 35 ev, 1° away from y axis. Split interstitial 
is created at y=10 (Run No. 50 
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matter and energy in (100) chains. Similar action along 
(110) has been termed a “dynamic crowdion ;’” and it is 
seen that the dynamic crowdion, if this is to be the name 
adopted, can indeed act along the (100) axes as well. The 
energy loss in the (100) case is at a greater rate than in 
(110). In runs No. 50 and No. 54 (see, e.g., the maximum 
slopes of the successive curves in Figs. 12 and 13) and 
also in runs No. 72 and No. 73 at higher energies, the 
attenuation of energy in well focused (100) chains occurs 
at the rate of 7 to 8 ev per collision. Atoms other than 
those in the direct path of the knock-ons in these events 
are not moved very far and return to the vicinity of 
their original sites. 


. 


Fic. 14. Orbits in (100) plane caused by knock-on starting at 
A with 50 ev, initially directed 1° away from z axis. (100) collision 
chain is seen. Final time 75 (Run No. 72 


Runs No. 72 and No. 73 also had the struck atom 
directed in the x=2 plane, at an angle of only 1° from 
the z axis. In the former the kinetic energy was 50 ev, in 
the latter it was 100 ev. Orbital plots of the atoms in 
the x=2 plane are given for these runs in Figs. 14 and 
15, respectively. In Fig. 14 the focusing remains good. 
The vacancy is left at the original site, the interstitial 
is projected to a point outside the original set of atoms 
One estimates that the interstitial would be formed at 
either 2,5,13, or 2,5,15, which means 6 or 7 replacements. 
In Fig. 15 a pronounced early defor using is visible 
(associated with the higher energy t is estimated that 
about 10 replacements would occur and the interstitial 
would be left at about 2,5,21. 

A series of shots in or near the close-packed direction 
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(110) have also been made. At low energies pronounced 
focusing in this direction has been found, at high 
energies defocusing occurs, followed by focusing when 
the chain has lost enough energy. When directed close 
to (110) these chains lose energy only very slowly, at a 
rate of about 2/3 ev per collision for energies from 3 to 
several hundred ev. Consequently their range is so long 
that they cannot be stopped inside our set of atoms. 
Contrary to early expectations, the threshold energy for 
producing permanent displacements in (110) is rather 
low. Because of the difficulty with the long range of 
these chains, we have not been able to obtain an accurate 
value for this threshold, but the best estimate is that, 


Fic. 15. Orbits in (100) plane caused by knock-on starting at A 
with 100 ev, initially directed 1° away from z axis. (100) collision 
chain with pronounced defocusing is seen. Final time 42 
(Run No. 73) 


for potential 2, it is less than 35 ev and probably is in the 
neighborhood of 25 ev. Since the (100) threshold is also 
around 25 ev, this means that both of these directions 
are important in near-threshold bombardments. Also it 
is clear that the interstitial produced by a (110) chain 
will be far from the beginning of the chain—at least 10 
atomic spacings near threshold and as much as 150 
spacings at 100 ev. Fig. 16 gives the z-displacements 
versus time for successive atoms in a chain initiated at 
25 ev exactly along [011]. Each atom moves just 
slightly past the midpoint (Az= 1/2) between it and its 
neighbor, before being brought to rest, and the relaxa- 
tion thereafter is extremely slow. The first atom, unlike 
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Fic. 16. Az vs time for series of atoms in [011] chain. Knock 
on, starting at time 0, had 25-ev kinetic energy, directed along 
011) (Run No. 40) 


the others, relaxes back toward its original site and will 
clearly return there. The anomalous behavior of this 
atom is explained by the fact that the atom preceding 
it has not moved much, and thus an unbalanced re- 
storing force is supplied by the second atom in the 
chain. The second and neighboring atoms are lingering 
near saddle points, and it is impossible to tell for certain 
from this calculation whether their relaxation will finally 
be forward or back. In any case, a slightly higher initial 
energy should insure the forward relaxation, and if this 
occurs an interstitial must be produced some distance 
down the chain and a vacancy will be left at the site of 
the second atom in the chain. In some other events that 
have been run, it would appear that the vacancy may 
even form at the site of the third atom in the chain, 

A higher energy event which clearly does produce a 
permanently displaced atom is shown in Fig. 17. This 
event is exactly like that of Fig. 16 except that the 
initial atom was given a kinetic energy of 100 ev. Now 
each atom moves wel! past the midpoint in its first 
strong collision, and subsequent relaxation is proceeding 
in a forward direction. This time the vacancy is being 
formed at the site of the first atom. The interstitial 
should be formed about 150 atomic distances away. 
Figure 18 shows the same thing again at a still higher 
initial energy, 400 ev. Results are much like the 100-ev 
case, with a more pronounced tendency for the entire 








Fic. 17. Similar to Fig. 16, with initial kinetic energy of 100 ev. 
Curves belonging to consecutive atoms are identified by numbers 
at upper right (Run No. 44). 
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Fic. 18. Similar to Fig. 16, with initial kinetic energy 
of 400 ev (Run No. 45 


chain to move forward one step. In all three of these 
figures the high degree of preservation of energy down 
the chain is evident. Action of the dynamic crowdion 
is thus seen to occur in (110) as well as in (100). 

A number of shots along (111) have been made. All 
three repulsive potentials have been used, and here the 
most extensive comparison of potentials two and three 
exists. In all cases the chains of displacements occurred 
in the (111) line, with considerable energy transferred to 
adjoining atoms and carried off in other chains. With 
enough energy the struck atom penetrates a triangle of 
near neighbors and lodges temporarily in the center of 
a unit cube. With more energy it replaces the atom at 
the far corner of the cube, causing this atom to lodge 
temporarily in the center of the next cube. With still 
more energy two replacements occur and the interstitial 
first appears at the center of the third cube. In all cases 
this cube center position is known, from separate static 
calculations, to be unstable, although these dynamic 
runs were not continued long enough to show it. The 
instability will ultimately (in times of about 200 to 400 


fev 2 DISPLACEMENT vs TIME 
INITIAL MOTION IN C111) 
DIRECTION - POTENTIAL #3 


Fic. 19. s displacement vs time for knock-on directed along (111 
at various energies. Potential 3 (Runs Nos. 14, 15, and 17). 
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cause the interstitial at the cube center to move toward 
one of the six nearest lattice sites, forming a split inter- 
stitial on that site. In 
in the center of the 


case the interstitial is produced 
collapse of the Frenkel 
defect by a ring-type self-annealing mechanism must 
ultimately occur. In this proces 
occur and no defect will 


first cube 


two replacements will 
remain. 

Figure 19 shows the z component ol displac ement (Az 
of the struck atom for a series of shots along (111 
interatomic Initial 


with 
potential number 3 energies of 
20, 23, 27, and 30 ev were used. The triangle of near 
neighbors is at Az=2/3; the cube center is at Az=1 
Beyond the cube center is a second triangle of atoms at 
Az=4/3. The 20 and 23 volt shots pass a ittle be yond 
the first triangle, spreading these atoms out and also 
pushing them slightly ahead. The aton 
then push the struck atom back to 
With 30 ev the struck atom goes far ¢ 
triangle to allow the triangle 


s of the triangle 
place of origin 
ough through the 
ose in behind it, confin- 
for the duration of the 


From 


ing it near the center of the cube 
calculation, 200 time units a second calculation 


lrenkel 


pair is unstable, and will decay by a replacement process 


started quasi-statically it is known that this 


in another 100 to 200 time units. The 27-ev shot almost 
locks into the cube center, but drops back after time 100. 

The 30-volt shot in Fig. 19 was 
of the boundary conditions employe: stri m was at 


86,2: in atomic set A (see i nd was pro «d in the 
direction [111] 


ng the adequacy 


This locatior respect to the 


' 
y and z faces of the set, 


Dt not wi faces, since 
the x dimension of the set was 10 

When Ax and Ay are plotted against t pared with A 

it is found that Ax, Ay, and Az remain 1 sar o high accuracy 
1 part in 10‘) until time 130, wh 

commence to occur 


imensions & 


primarily in A 
waves in this model is about 0.08 (o 
for a longitudinal plane wave to t 
the faces y=0 and s=8, he 


atom is thus very ciose to tl tin when asymmetrK 


to the struck 
behavior 
sets in, and this reinforces the beli that reflection at the 
boundaries is indeed responsib!| le oT lting asymmetry 
slight, however, remaining | which 
reflections are not a serious disturbanc: the cak 


argues that 


ilations 
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Fic. 20. Similar t« t with potential 1 


(run No n tential 2 (run No. 10 





DYNAMICS OF 

Figure 20 shows the z-component of displacement for 
more shots along (111), first 25 volts with interatomic 
potential number 1, then 25 and 40 volts with inter- 
atomic potential number 2. In the first of these the 
struck atom does not even penetrate the triangle of near 
neighbors, and is clearly returning directly to its site, 
even though the calculation was run only a very short 
time. The effect of increasing the atomic size is evident 
the threshold for reaching the center of the cube has 
become much higher. The shot at 25 ev with potential 2 
is very much like that at 20 ev with potential 3 (Fig. 19), 
and is also below threshold. That at 40 ev with potential 
2 is like that at 30 ev with potential 3. 

Two higher energy 21. Both 
2. In both cases the struck 
and its initial motion was along [111 ] 
Az is plotted against time for atoms 2,2,2, 4,4,4, and 
6,6,6. In one shot (dotted lines in Fig. 21) the initial 
kinetic energy was 60 ev, 


shots are shown in Fig. 
involve interatomic potential 
atom was 2,2,2 


in the second (solid lines) it 
was 100 ev. It is seen that 60 ev is only enough to 
project the interstitial into the nearest cube-center 
position, whence it must decay by the previously 
mentioned mechanism, resulting in two replacements 


and no displacements. With 100 ev, an interstitial 

created temporarily at the center of the second cube 
In times beyond the end of the run this should 
produce an interstitial in the split configuration, whose 
exact location will be determined by any slight depar- 


(3,5,9). 


tures from symmetry ; each of the six possible locations 
is known from static calculations to be stable. The 
threshold for production of a permanently displaced 
atom by a shot in the direction (111) (with interatomic 
potential 2) is thus seen to be between 60 and 100 ev, 
a value notably higher than for the directions (100) and 
(110). 

The figures show results of some shots 
above threshold in a direction well away from symmetry 
axes, namely 10° away from [011] in the plane x=2. 
In the first of these the atomic set B was used, in the 
last two the large set C was used (see Table I). Orbital 
plots of the plane x=2 In all cases the 


next three 


are shown. 
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50 TIME 





Fic. 21. Two (111) shots at higher energies with potential 2 
Az vs time is shown for several atoms. Dotted lines, knock-on 
energy 60 ev (Run No. 69); solid line, knock-on energy 100 ev 

Run No. 70). 
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lic. 22. Shot in (100) 
Orbits in (100) plane, 
at A (Run No. 71) 


plane at 50 ev, 10° 
to time 92, are shown 


away from [011] 
Knock-on started 


interatomic potential was number 2. In Fig. 22 the 
initial kinetic energy was 50 ev. A collision chain is seen, 
which leaves a vacancy at its beginning (marked A) 
and is about to produce an interstitial after perhaps 10 
replacements. The transition from a defocused to a 
focused condition is evident in this chain. Figure 23 
shows a 100-ev shot (No. 96) which, because of the large 
set in which it was run is completely contained. Time runs 
up to about 200 units in this figure. The knock-on atom 
was at V;. Two vacancies are created, at V; and V2, and 
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Fic. 23. Shot in (100) plane at 
Orbits in plane to time 200 apy 
started at V,; (Run No. 96 


10° away from [011] 
are shown. Knock-on 
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hic. 24. Same event shown in Fig. 23, orbits from time 200 to 
703. Two vacancies, V; and V2, and two stable interstitials, /;, 
and J; have formed 


two interstitials, at the somewhat distant points J, and 
I, (see Fig. 24). Twelve replacements are seen. Figure 
24 shows the same plane from the time where Fig. 23 
was terminated up to time 704. The defect pattern is 
now well established and the atomic vibrations are all 
quite restricted. Vacancies and interstitials are marked 
by the same symbols as in Fig. 23. Figure 25(a) (Run 
No. 97) shows orbits produced by a 400-ev knock-on 
atom, directed initially 10° away from [011]. The 
knock-on atom started at K and goes to K’. This shot 
runs to time 45, at which time large motions have 
reached the boundary and the configuration is still 
rather far from equilibrium. 

The 400-volt event in Fig. 25 really exceeds the 
capabilities of our present computing methods. It is 
presented, however, as a suggestive example of inter- 
mediate energy damage events. By looking at the en- 
ergies of key orbits at the end of this run and drawing 
on experience gained with lower energy shots, it is 
possible to estimate the final configuration. This esti- 
mate is no more than a plausible guess, and many of its 
particular features are likely to be revised when more 
powerful computing methods become available. The 
general character of the damage may, however, be 
action remaining at the end of 
the calculation is analyzed into a number of collision 
chains. (100) chains are still active at A, B,C, D, E, F, 
G, and H. Looking at the kinetic energies at these points 
and using the rule that a focused (100) chain loses about 


correc tly assessed. The 


7 ev per step, one estimates that 8 interstitials would 


eventually be formed at sites outside the fundamental 
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set, as indicated in Fig. 25(b). In addition 3 interstitials 
appear to be forming inside the set, at sites also indi- 
cated in Fig. 25(b). A total of 11 vacancies must also 
have been produced; the sites of some of these are 
obvious, others are found by extrapolation, and these 
locations are indicated by open circles in the figure. 
About 39 replacements are estimated to occur. It is 
quite possible that some of these closely spaced vacan- 


irom 


Fic. 25. (a) Shot in (100) plane at 400 ev, 10° away 
[011]. Orbits in plane to time 45 are shown. Knock-on started 
at K, moves to A’. At end of run collision chains A,B, H are 
still active (Run No. 97). (b) Estimated array of 11 vacancies 
(circles) and 11 interstitials (double dots) that could result from 
shot in Fig. 25(a). Set used in Fig. 25(a) indicated by rectangle 
Indicated vacancy arrangement may not be stable 
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cies will immediately rearrange themselves (as, for 
example, in the case of a closely spaced trivacancy”), 
but it is not possible to make any reliable statements 
about this yet. 

The configuration of vacancies and interstitials pro- 
duced is noteworthy for several reasons. The vacancies 
are near the site of the original knock-on, the intersti- 
tials are farther away. (110) collision chains have not 
played as prominent a role in this event as in some of 
the lower energy events discussed earlier. This can be 
attributed to the fact that the energies here are far 
above the focusing limit for (110) chains, causing these 
to spray out into (100) chains which are near or below 
their focusing threshold. An especially clear example is 
the chain which starts at X and moves toward the lower 
right corner of the figure. The kinetic energy at X is 125 
ev. The action along this line is reminiscent in many 
ways of Brinkman’s displacement spikes,’ although 
there is nothing like the melting and turbulent mixing 
that he predicted. Note especially the 3 vacancies in a 
line and the 5 interstitials outside them. It seems clear 
that, at this energy, a'most every kind of stable cluster 
of vacancies and interstitials will be produced, at least 
when there is even the slightest annealing. 

Shots 96 and 97 had the same starting velocities in 
the large set C as shots 62 and 63, respectively, had in 
the smaller set B (see Appendix). The latter two shots 
could not be run to completion, because of boundary 
limitations, (No. 62 ran very nearly to completion) but 
the individual orbits in 62 coincided almost exactly with 
the corresponding orbits in 96, and those in 63 agreed 
very closely with the corresponding orbits in 97. This 
gave further evidence that boundary conditions are not 
seriously disturbing our results. 


B. Collision Chains 


One of the most striking features of the orbital plots 
reported here is the strong tendency of energy to 
propagate along two preferred lines of atoms, the close 
packed (110) lines, and the cubic (100) lines. As men- 
tioned before, the (110) effect was anticipated by 
Silsbee, who first pointed out that focusing occurs in 
an isolated, uniformly spaced straight line of hard 
spheres. Figure 26 shows such a line. If the first sphere 
is projected toward the second at an angle @, with the 
line of centers, the second will be driven away at an 
angle @2, given by 


6,=sin~'[(S/D siné, ]—6,, (21) 


where S is the separation of centers and D is the diam- 
eter of a sphere. If the spheres are sufficiently closely 
spaced 6, will be less than 6, and in general 6;,, will be 


less the 6,. If @; is small, Eq. (21) reduces to 
4.= (S/D—-1 0, (22) 


and focusing occurs if §/D<2. For atoms that are soft 
spheres, a first approximation is obtained if an equi- 
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Fic. 26. Hard sphere collision chain 


valent hard-sphere diameter is defined, equal to the 
distance of closest approach of the atoms in a head-on 
collision. Considering a moving atom with kinetic 
energy E to be in collision with a stationary atom of 
equal mass, and using the exponential repulsive 
potential 

g= Be, 


one finds the hard-sphere diameter for energy E to be 
D= (1/8) \n2B/E. (23) 


The strength of the focusing can be conveniently de- 
scribed by a focusing parameter A defined as the ratio of 
angles 6, and 6;: 


A=6,/6). (24) 


For small angles, one has from (22) 


A=(S/D)-—1, (25) 


with D given by Eq. (23). 

In a more realistic model, as employed in the present 
calculations, the row of atoms is not isolated, but is em- 
bedded in adjoining rows of atoms. Also a moving atom 
is in continuous interaction with its next neighbor in 
the line, and it is not possible to make a rigorous 
separation of the collision into before and after stages: 
the moving atom pursues a curved trajectory, losing 
speed continuously, and the struck atom moves away 
on a curved trajectory as it gradually picks up speed. 
It is thus of considerable interest that the calculations 
produce collision sequences having such close qualitative 
resemblances to the Silsbee chains. In order to check 
more closely on the resemblance, and also in order to 
see if the focused chains observed can be easily char- 
acterized so that complex damage events can be resolved 
into simple elements, a quantitative study kas been 
made of the chains appearing in our calculations. A 
chain was characterized in the ith stage (i=1,2,3,. . . ) 
by a kinetic energy /, and by the angle 6, between the 
axis of the chain and a tangent to the orbit of the 
moving atom. F; was always chosen as the kinetic 
energy of one atom, at the point of its maximum kinetic 
energy, and 6, was also defined at this point’’; this 
seemed to be the best compromise between the require- 


77 @; was taken to be the angle between the axis of the chain 
and the velocity vector of the moving atom at its point of maxi- 
mum kinetic energy. This is nearly, but not quite, the same as 
the angle between the axis of the chain and a line running from 
the original site of the atom to its point of maximum kinetic 
energy 
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ments that the preceding collision be ended and the 
next collision not yet begun. If the angle in the chain at 
its next stage is 0;,1, it is convenient to define a focusing 
parameter A(/:;) as 


A (Ej) = 6141/4. (26 
Examining the major (110) focusing chains occurring in 
all of our calculations with interatomic potential 2, and 
limiting attention to cases where 6; was less than 20° 
and did not belong to a boundary atom, values of A(/:) 
for a large variety of energies / were found. These 
points are plotted in Fig. 27, and are seen to lie on a 
rather well defined curve. Very little dependence of A 
on @ was observed, and most of the scatter of the points 
in the figure can be attributed to the somewhat arbi- 
trary attempt to characterize initiated in a 
variety of ways by only two parameters, 6 and £, and 


chains 


also, to a minor extent, to truncation error. From Fig. 
27 it is seen that A= 1 at E30 ev, so that chains above 
30 ev are defocused, chains below 30 ev are focused. A 
defocused chain increases its angle and causes a more 
rapid loss of energy. In (110) chains, the energy lost at 
each stage is found to be approximately 


Ak 2 (ev +E sin? (9:+6441). 


As the angle increases, the attrition of energy increases 
until the chain drops into the focusing range. Its angle 
then rapidly approaches zero and the chain continues 
for a distance determined by the first term in Eq. (27 
This term arises because even the perfectly focused 
chain must force its way between neighbors and lose 
some energy to them. The value 2/3 ev per step was 
found to be a fairly good approximation for repulsive 
potential 2 at small angles and for chain energy F£ 
between about 3 and 400 ev. 

Using Eq. (23) for D in Eq. (25) one has what may 
be called the modified hard sphere approximation. This 
result is also plotted in Fig. 27, again for repulsive 


potential 2, and is seen to overestimate the true degree 


of focusing. 


6./8;, as found 110) chair 


n circles 


fron 


Fic. 27. Focusing parameter A 


in various runs (one 
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The number of replacements occurring in a chain that 
starts with energy £; and angle 6, can now be calculated. 
Taking A(£,) from the solid line through the “experi- 
mental” points in Fig. 27, one finds the second angle in 
the chain, 6, from 6.=A(£)@;. Then using Eq. (27) to 
find the energy loss AF, one has the second energy in 
the chain 


/ ky— AF). 


The process is now ré peat d, starting with / 2 and G2, to 
find energy and angle in the third stage of the chain; by 
iteration, energy and angle at each successive stage are 
found. From the dynamic events run to date it is esti- 
an interstitial 
(and thus ceases to transport matter) when its energy 
falls to about 3 or 4 ev. This subjec t to rather 


wide limits of error, in the present stage of our computa- 


mated that a well-focused chain produces 


energy is 


G. 28. Calculated lengt chains started at 


various ang ar nergies SB 


tions, but will be assumed to be 3.5 ev for the present 
purpose. A quantity \(£,@) is defined as the number of 
collisions required for the energy of a chain that starts 
at energy /& and assuming / 
6) < 15°) to drop to 3.5 ev. This quantity, .V(E,8), isthe 
number of replacements in the chain, and it also is the 


spac ings bet 


angle 6 = 30 ev and 


distance (in atomi ween the 
the start of the 
Contours of constant 
and @ in Fig. 28. It is seen that the length of a chain 
diminishes 


vacancy at 
chain and the interstitial at its end. 
\(E,9) are shown on a plane of / 
initiated at low energies (around 50 ev 
rather slowly as @ increases, while the length of a higher 
energy chain drops very rapidly as @ increases. Along 
the line 02=0, N(E,9)=3(E—3.5). This predicts that a 
100-volt chain with 6=0 travels 146 atomic 
while a 100-volt chain with @= 1° travels only 22 spaces. 
It is obvious that the considerations leading to Fig. 28 


spaces, 
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are quite crude, but it is felt that the figure represents 
a better approximation than earlier work based on a 
hard-sphere model. The contours in Fig. 28 are termi- 
nated at 30 ev because the assumptions in their deriva- 
tion do not apply to chains initiated at energies lower 
than this. 

It is noteworthy that an appreciable fraction of the 
total energy in a (110) chain resides, at any time, as 
potential energy of compressed bonds in the chain. This 
potential energy is a minimum when the kinetic energy 
of the atom at the center of a pulse is a maximum, and 
reaches a maximum one half cycle later. In the chain 
initiated at 25 ev (No. 40) the minimum of potential 
energy is about 3 ev and the maximum is about 10 ev; 
in the chain initiated at 100 ev (No. 44) the minimum 
is about 6 ev, the maximum about 45 ev; in the chain 
initiated at 400 ev (No. 45) the minimum is about 12 ev, 
the maximum about 195. The average potential energy 
is approximately the mean of the minimum and the 
maximum. This behavior is very different from that of 
the chain of hard spheres, where the average potential 
energy is zero. Also the storage of potential energy is 
associated with a drop in the maximum kinetic energy 
between the initial stage and the second stage, and Eq 
(27) does not apply to the energy loss in the initia! 
stage. The struck atom must supply the chain’s poten 
tial energy from kinetic energy, and thus the maximum 
kinetic energy of the second atom (when @=0) is less 
than the knock-on kinetic energy by approximately 
2/3 ev plus the minimum value of the potential energy 
of the chain. 

The (100) lines are more widely spaced than the (110 
lines by a factor v2. A modified hard-sphere theory for 
these lines would predict defocusing at all energies 
above 5.5 ev. Much stronger focusing effects are actually 
observed in these lines, and examination of Fig. 6 shows 
that this occurs because of the confining action exerted 
by neighboring lines: it is quite insufficient to consider 
a (100) line to be isolated. Focusing in a variety of (100 
chains in our calculations (all for interatomic potential 
2) was examined, and characterized at each stage by a 
parameter A, defined exactly as for the (110) chains 
[Eq. (26) }. The results are presented in Fig. 29. Again 
there is some scatter of points, attributable to the same 
causes. Focusing occurs, in general, when the kinetic 
energy is less than about 40 ev, and defocusing occurs 
at energies above this. As energy increases above the 
focusing threshold, A grows more rapidly in the (100 
case than in the (110) case. The angles 6 range up to 20° 
for the events represented in Fig. 29, but the majority 
of angles are below 3°. As with (110) chains, no system- 
atic dependence of A on 6 could be found within the 
range examined. 

All of the chains represented in Figs. 27 and 29 lay in 


{100} planes.** Since (110) is a twofold axis, chains 


28 The plane in which a collision chain is said to lie is defined 
by the axis of the chain and the velocity of an atom at the center 
chain 
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ENER ey 


29. Focusing parameter A = @,/6,;, as found from (100) chains 
open cire les 


Se endiaenr tama 
along this axis but not lying in a {100) plane need not 
behave exactly like those determined. However, for 
small and moderate angles @ (up to perhaps 15°) (110) 
chains are highly independent of their surroundings, 
and thus all (110) chains at small angles, regardless of 
the plane in which they lie, should focus about as indi- 
cated in Fig. 27. The (100) chains, as has been pointed 
out, are not independent of their surroundings, indeed 
require them for focusing. However, the (100) axes have 
fourfold rotational symmetry. This requires that, to 
second order in 6, a (100) chain is also independent of 
the orientation of the plane in which it lies. 

A simple theory of assisted focusing can be construc- 
ted using the impulse approximation to treat the 
glancing collision with the (110) neighbor and a modified 
hard-sphere model for the nearly head-on collision with 
the (100) neighbor down the chain. This has been done 
by the writers and independently by Thompson and 
Nelson.” The impulse approximation gives a focusing 
parameter which rises with energy very much like the 
curve of Fig. 29, but which is too low at every point. In 
our version of the impulse approximation the threshold 
energy, below which (100) focusing would be expected, 
is 84 ev, and in the form of Thompson and Nelson it is 
74 ev, in contrast with the value 39 ev found from the 
present machine calculations. A large part of the 
discrepancy can be blamed on failure of the impulse 
method at these rather low energies. A more accurate 
analytical treatment would appear to be rather com- 
plicated. 


C. Number of Defects Produced 


Let us return now to Fig. 5 where the results of all 


shots made to date with interatomic potential 2 are 
represented as points in a plane. Plotted vertically is the 
initial kinetic energy of the shot, and horizontally the 
angle between the initial velocity of the knock-on and 


™ We are indebted to Dr 
results before publication 


Thompson for informing us of his 
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the (100) axis. In the left portion of the figure are cases 
with initial velocities lying in the {110} plane, and in 
the right portion are cases with initial velocities in the 
{100} plane. Each shot is represented by a point and 
attached to most points are two numbers. The first 
number gives the number of atoms permanently dis- 
placed to interstitial positions by the shot; the second 
figure (in parentheses) gives the number of atomic 
replacements occurring in the shot. In some cases one 
or both of these numbers had to be estimated by a sub- 
stantial extrapolation, and in such cases a question 
mark is affixed. In four cases no extrapolation suffi- 
ciently reliable to report could be made. In these no 
numbers are given. Points on the left and right edges of 
the figure are the same, both edges being (110) axes. 
The dotted line gives an estimate, from these points and 
from general considerations, of the threshold energy, 
at each angle, for producing a permanent displacement. 
The (110) threshold is assumed, somewhat arbitrarily, 
to be 28 ev, and the (100) threshold is shown as 24 ev. 
Lattice symmetry requires this line to have zero slope 
at (110), (111), and (100). The thresholds on these axes 
are fairly well determined, but considerable uncertainty 
prevails in several regions. 

It is clear from Fig. 5 that for most directions the 
threshold for producing a replacement lies well below 
the threshold for displacement, and the number of 
replacements is generally much larger than the number 
From the data presented, some re 
marks can be made about the important quantity p(£), 


of displacements. 


defined as the probability of producing at least one dis- 
placement, starting with a knock-on of kinetic energy 
EF, and of random direction. The probability p(£) rises 
from zero at 24 ev, and becomes unity at about 85 ev. 
From considerations of the symmetry of the fcc lattice, 
one can show that the curve of p(£) versus E must 
commence with a finite slope and must reach 1 with a 
finite slope. It must also have at least three more 
discontinuities of slope between these discontinuities, 
in the lowest of which three the slope increases dis- 
continuously with increasing & and in the highest of 
which three the slope decreases discontinuously with 
increasing /. The effects of quantum mechanics and 
thermal vibrations, however, probably would round off 
them unobservable. A 
straight line rising from zero to one in the interval 
E=24 ev to E=85 ev should be a reasonably good 
approximation to p(/ 
calculations with potential 2 

Of more direct 
permanent displacements v(/:) produced by a knock-on 
atom with kinetic energy / and random direction. The 
results presented in Fig. 5 allow the conclusion that v(£) 
equals 0 for E less than 24 ev, and rises at about this 
point with a finite slope, not reaching unity until E is 
considerably above 24. Unfortunately the calculations 


these discontinuities and make 


as indicated by the present 


interest is the average number of 


completed to date provide too small a sample of direc- 


tions and energies of the knock-on to give much of a 


GRAM ND VINEYARD 

curve of v({é). From the fact that two displacements 
were not produced in any shot below 100 ev, and at this 
energy in only one out of 5 examples, it is plausible that 
v(E) reaches 1 between 80 and 90 ev. The curve of »(£) 
versus F will contain all the discontinuities of slope of 
p(E) plus many more at higher energies. Again it is 
questionable whether these 


would in a model 


taking account of thermal motions and quantum effects. 


exist 


6. SUMMARY AND CONCLUSIONS 


The calculations presented here give a more intimate 
view of radiation damage events at low and moderate 
energies in a face-centered cubic metal than has been 
obtained before. It remembered, however, 
that all results are based on a simple model of metallic 


should be 


copper which is plausible, but whose accuracy has not 
been finally established. With this reservation, the 
following conclusions concerning radiation damage and 
lattice defects in copper have been reached: 


1. Damage at low ene rgies consists of vacancies and 
interstitials. This point is only 
has been commonly supposed 


confirmation of what 


2. Vacancies are of the conventional character, but 
interstitials reside in the split configuration (Fig. 3 
no other configuration of the 
to be stable. 


3. The regular arrangement of atoms on a lattice has 


interstitial has been found 


an important influence on the character of damage 
events. Collision chains occur in both (110) and (100 
directions, propagating with « low loss of 
energy in the former as anticipated by 
Silsbee.** Chains in (110) focus at kinetic energies below 
approximately 30 ev, chains in (100 
all chains defocus at higher energies. These thresholds 
are surprisingly low. 

4. A chain with energy above 25 or 
matter, as well as energy, somewhat in the fashion of 
the “dynamic crowdion,’”* 
atom near its terminus 
chains have been estimated 

5. Because of the “dynamic crowdion”’ action inter- 
stitials tend to be produced at a distance from the site 
of a primary knock-on, while t] 
mechanism of propagation, remain behind in fairly 
compact groups. At moderate energies a variety of 
clusters of vacancies, and possibly more complex con- 
figurations resulting from the collapse or rearrangement 


pecially 


direction, 


focus below 40 ev; 


30 ev carries 
and produces an interstitial 
The ranges of various (110 
Fig. 28).* 


1e vacancies, having no 


of such clusters, can be expected. The present calcula- 
tions have not yet been able to follow such rearrange- 
ments in detail. The the existence of 
amorphous zones at the site of a damage event, as 


question of 
suggested by Seeger,’** is not yet settled. 

6. Another result of the collision chains is the produc- 
tion of many more replacements than displacements. In 


30 


Our conclusions about focusing chains 


1388 (1959); 31 
are somewhat 


” See also G. Leibfried, J. Appl. Phys 
117 (1960) 
different from Leibfried’s 
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compounds or alloys of nearly homogeneous mass this 
effect would produce manv more disordered atoms than 
displaced atoms.” 

7. The threshold energy for producing a single 
Frenkel pair is lowest (about 25 ev) in or near (100) and 
probably is almost as low in or near (110). The threshold 
is much higher, probably 85 ev, around (111). Experi- 
ments on the directional dependence of the threshold 
are clearly indicated. 

8. The closest Frenkel pairs are not stable, in the 
present model, and pairs along (110) directions must be 
separated to 4th neighbor positions in order to be stable 
(see Fig. 4). These conclusions are probably rather 
sensitive to the details of the force law employed. 

9. Knock-ons with energy near threshold produce a 
variety of Frenkel pairs. ‘The explanation advanced by 
Corbett, Smith, and Walker for the substages that 
they observed in the lowest temperature annealing of 
electron irradiated copper are consistent with results 
reported here, except that the interstitial is not in the 
position assumed by Corbett ef al., and the present 
calculations are not far enough advanced to identify 
particular Frenkel pairs with all of the particular 
annealing substages. In further work is it hoped that 
such identification, which would constitute a sensitive 
check on the model, can be made. Corbett and Walker® 
have also studied the effect on the annealing spectrum 
of varying the bombardment energy, and find that 
lowering the bombardment energy appears to decrease 
the number of distant pairs relative to the number of 
closer pairs by a surprisingly small amount. This 
phenomenon finds ready explanation in the calculations 
reported here—the (110) threshold appears to be very 

" G. H. Kinchin and R. S. Pease [Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. 18, p. 1] suggested 
the importance of replacements, although their treatment bore 


little resemblance to the results of our calculations. 
#2 J. W. Corbett and R. M. Walker, Phys. Rev. 115, 67 (1959) 
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little, if any, above the (100) threshold, and yet (110) 
displacement events, through dynamic crowdion action 
produce interstitials at a considerable distance from 
the vacancy, while (100) displacement events produce 
the interstitial relatively close by. Varying the maxi- 
mum energy of knock-ons from 115 ev to 37 ev, as 
Corbett and Walker have done, would thus produce 
rather little change in the relative number of distant 
((110) type) and close ((100)) type Frenkel pairs. 

10. Agitations following damage events of moderate 
energy are seen to bear some resemblance to thermal 
spikes (see Figs. 9 and 10), but the transport of energy 
is far from isotropic, as would be predicted by thermal- 
spike models in a cubic material. Localized vibrational 
modes associated with interstitials are prominently 
excited, and retain their energy longer than other modes. 
Localized annealing appears to be promoted by the 
excitation that lingers in these modes. 

11. It would appear that these calculations have 
proved the feasibility of simulating events of radiation 
damage by mathematical models on high speed com- 
puters. Limitations on the size of the set of atoms that 
can be treated are still a matter of concern, and practical 
means of increasing this size are under study. Further 
checks and improvements on the force laws are needed. 
Work in these areas is continuing. 
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A calculation of the crystalline field strength, Dg, is reported for the case of chrome a 


model and crystal field potential employed by Kleiner and recently determined Hartree-Fock \ 


for the Cr** ion. On this basis, earlier theoretical attempts at determining, within the frame 


field theory, accurate Dg values are reviewed and analyzed. Particular emphasis is placed on 


of reported point charge calculations and Phillips’ method of including the effects of orthogonalizati« 
ligand to metal ion wave functions. Our results indicate that the point charge model estimates for Dg 


good results mostly because they were based on the use of improper 3d wave functions for 


cation. Kleiner*s result is significantly improved 
is obtained 


his wrong sign for Dg is re 
but in such a way as to contradict Phillips conclusions 


the transitior 
versed and a sm 


A discussion is giver 


evidence for the inadequacy of the electrostatic potential theory and some of the necessary 


are indicated 


1. INTRODUCTION 
I is by now well known that the Bethe’ and Van 


Vleck? crystal field theory has on the whole had a 
striking success throughout its long history in inter- 
preting a wide range of experimental data.*~? Most 
recently it found use and 
analyzing optical absorption and paramagnetic reso- 
nance experiments.*’ In order to achieve this success,* 
however, the strength of the crystalline field, usually 
represented by Dg and unevaluated in the theory, is left 
as a parameter to be determined empirically. 

Despite these successes, crystal field theory has never 
been theoretically justified in that, although in principle 
Dq can be determined theoretically within the frame 
work of the theory, no accurate a priori determinations 
of the crystal field strength have in fact been made. 


has wide acceptance in 


Attempts at estimating Dg have been made by Van 
Vleck,® Polder,’ and others, apparent 


* The research done by this author was supported jointly by 
the U. S. Army, Navy, and Air Force under contract with the 
Massachusetts Institute of Technology 

t Now at Avco, RAD, Wilmington 

1H. Bethe, Ann. Physik 3, 133 (1929 

? J. H. Van Vieck, Phys. Rev. 41, 208 (1932 

‘The many references to this work are 
Instead the reader is referred to the 
references 4-7 


4B. Bleaney and K. W. H 


with success, 


Massachusetts 


too numerous to list 
review articles listed in 
Stevens, Reports on Progress in 
Physics (The Physical Societ 1953), Vol. 16 p. 108; 
K. D. Bowers and J. Owe: n Progress in Physics (The 
Physical Society, Londor , Vol p. 304 

§D. S. McClure in ! ut tvsics, edited by F. Seitz and 
D. Turnbull (Academic New York, 1959), Vol. 9, 
p. 399. 

*W. E. Moffitt and C. J 
7, 107 (1956) 

™W. Low, in Solid-State Physics, edited by | 
lurnbull (Academic Press, Inc., New York, 1960 

* Recent evidences have indicated that dis 
there will be discussed in Sec. 4 

» 1. H. Van Vieck, J Chen 

"D. Polder, Physica 9, 709 


London 


Ballhausen, Ant Phys. Chem 
Seitz and D. 
, Suppl 2 


repancies exist 


Phys. 7, 72 
1942 


1939 


employing a crude point charge or point dipole model 
to represent the electrostatic field arising from the ligand 
atoms. Based on these estimates, much has since been 
made in as seemingly 
placing crystal field theory on a firm foundation, even 
though Van Vleck himself suggested that the good 
agreement was perhaps accidental. More recently 
Kleiner" attempted to check the theory in more detail 
by calculating the crystalline field strength on the basis 
of a more refined model for the charge distribution of 
the ligand atoms. As his particular case he chose that of 
the Cre*++ had also been 
treated earlier by Van Vleck.’ Kleiner’s result, which 
was obtained after a good deal of elaborate calculation, 


the literature of their result 


ion in chrome alum, which 


gave a value for Dg of the wrong sign. This he associated 
with the large negative contribution of the overlap of 
charge between the Cr***+ and O ch 
Kleiner concluded that the 
Cr+ 
line field approximation was inadequate 


arge densities. 
interaction between the 
and the ligand ions was so strong that the crystal- 
for giving 
detailed agreement between theory and experiment. 
The attempt of Tanabe and correct 
Kleiner’s calculation by including the effect of the 
overlapping charges in a modified molecular type calcu 


Sugano to 


sort. These 
authors found a Dg of the proper sign but of a magnitude 
incorrect by a factor of two. Their cal 
follow from the electrostatic model as dire 


lation resulted in a failure of the opposite 
ulation does not 
t interactions 
(Coulomb and exchange) are allowed between metal ion 

+] 


and ligand orbitals. Since the calculations were quite 


involved, many approximations and extrapolations were 
necessary and it is not clear how 
results. 


hese affected the final 
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Phillips has published an apparent justification for 
the suggestion by Slater, Herring,"* and others, that 
Kleiner’s negative result arose from the neglect of 
orthogonalization terms between the Cr*** and O 
functions. He showed that to a first approximation all 
the effects due to the extension of the ligand charge 
distribution (such as overlap and orthogonalization) 
cancel and that apparently the usual estimates based 
on the point ions approach, which gave good values for 
the crystal field splittings, are indeed well justified. 

It is our purpose to further explore these questions in 
some detail, basing our calculations on recently com 
puted'® Hartree-Fock solutions for the free Cr*** ion. 
Since the molecular orbital treatment of Tanabe and 
Sugano is not conveniently related to conventional 
crystal field theory while the approach of Phillips is, 
discussion will be most heavily related to the latter in 
what follows. 

Our work centers on the calculation of the crystalline 
field strength for chrome alum using the same model and 
crystal field potential employed by Kleiner.'* On this 
basis the earlier point charge calculations are discussed 
and Phillips’ method is reviewed and analyzed. Our 
results indicate that the point charge model estimates 
for Dg gave good results because they were based on the 
use of hydrogenic 3d wave functions for the transition 
metal cation. Further, Kleiner’s result is significantly 
improved—his wrong sign is reversed and a small 
positive Dg is obtained—but in such a way as to contra- 
dict Phillips’ conclusions. 


2. CALCULATION OF THE CRYSTALLINE FIELD 
STRENGTH: CHROME ALUM 


In the crystalline field theory of Bethe’ and Van 
Vleck,’ the 3d electrons of the central ion in a crystalline 
environment are considered as being under the influence 
of the electrostatic field due to the nuclear charges and 
an average electron distribution of ligands. No con- 
sideration is included of allowing for any modification 
of the electron orbits, from their free-ion values,’? de- 
spite the fact that the overlap of metal and ligand 
charge densities is not negligible. Kleiner’s calculation 


8 J. C. Phillips, J. Phys. Chem. Solids 11, 226 (1959) 

“C. Herring, in Proceedings of the Conference on Photoconduc 
tivity, Atlantic City, November 4-6, 1954), edited by R. G. Brecken 
ridge et al. (John Wiley & Sons, Inc., New York, 1956 


R. E. Watson, Solid-State and Molecular Theory Group 
Massachusetts Institute of Technology Technical Report No. 12 
1959 (unpublished ) 

‘®W. H. Kleiner, PhD thesis, Physics Department, Massa 
chusetts Institute of Technology, 1952 (unpublished), contains 
extensive information on a wide range of calculations carried out 
as part of this author’s investigations. Only a small portion of this 
work is given in reference 11. We have retained Kleiner’s notation 
except for the substitution of the more common Dg for his Q; 
10Dgq is the cubic field energy difference of the triply and doubly 
degenerate 3d orbitals 

17 In addition, the constraints associated with the conventional 
Hartree-Fock formalism are also assumed. For a discussion of some 
effects on free-ion wave functions arising from the relaxation of 
these constraints, see R. E. Watson and A. J. Freeman, Phys 
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Fic. 1. Nuclear con 
figuration for the 
Kleiner model of Cr*** 
and a H,O molecule in 
chrome alum. The calcu 
lations discussed in the 
text are for several 
values of R’, R, and a 








is strictly based on what may be called the naive crystal 
field approach. ' 


A. Outline of the Calculations 


In what follows we employ essentially the same 
model, crystal field potential, and methods used by 
Kleiner in his discussions."'"* The quantity we wish to 
calculate is Dg which is given as 


e 


Dq= (144) f P32 (r)Valr)dr, (1) 


where r-'Psa(r) is a normalized 3d radial wave function 
for Cr*** and V,(r) is the radial component of the /=4 
term of the crystal field potential expanded in the usual 
form as a series of products of radial functions and 
spherical harmonics of order / having cubic symmetry. 

The model of Cr*** -6H,O as chosen by Kleiner (and 
followed by Tanabe and Sugano as well) is that of 6 
water molecules octahedrally coordinated about a 
central Cr*** ion; each water molecule is assumed to 
consist of a spherically symmetrical O~~ ion with its 
center located on a coordinate axis a distance R from 
the origin and two hydrogens which are situated as 
shown in Fig. 1 but which are represented as a ring of 
charge about the Cr***+—H,.O axis (this in order to 
preserve cubic symmetry). R’—R, the distance of the 
plane of the ring from the O-~ center, determines the 
dipole moment of the H,O molecules; changing a also 
affects the dipole moment and this contributes to a 
change in Dg as well. 
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r 


l=4 term of 
contribution from the 
and \,'(r) is a contribution from a “correction” 
charge or overlap term due to the extension of the O charge 
density (as considered by Kk ‘ 


Fic. 2. The separate cor utions to V4lr the 
the crystal field potential; Vy(r) is the 
finite dipoles; 


From the model just discussed V4(r) was determined 
by Kleiner to consist of essentially two terms which 
contribute to Dg: (a) a contribution from finite dipoles, 
called by him V,*(r), and (b) a contribution from a 
“correction” charge or overlap term due to the extension 
of the O charge density and called V,4"(r). These 
separate contributions to V,4(r) are shown in Fig. 2 as 
is V4(r). (For simplicity a very small overlap contribu- 
tion due to the O~ ~1s electrons has been left out of the 
figure, and our calculations as well.) 

Although he carried out careful calculations for a 
whole range of values of the parameters R’, R, and a,'® 
in his paper"! Kleiner discussed only that model of the 
nuclear configuration which involved those values of 
the parameters which gave the best possible value of 
Dq. [In this way he was able to emphasize that his 
negative result did not depend on a particular (and 
perhaps poor) choice of the parameters in question. | 
This necessitated using a dipole moment for the H,O 
molecule which was three times as large as the free 
molecule moment of 1.8610~-'® esu, the increase 
presumably arising from the polarization of the waters 
by the Cr*** ion.'’ While this large a polarization is 
perhaps difficult to accept, experimental data which 
would confirm or refute this conjecture are lacking at 
present. Nevertheless, we emphasize this assumption 
here as it plays a large role in any interpretation of the 
results. 

There next remains the choice of wave function with 
which to evaluate the integrals in Eq. (1). Kleiner (and 


'§In his calculation Van Vleck’ estimated the dipole moment 
to be 1.92 10~"* esu, in good agreement with the free molecule 
value, and assuming a point dipole model he ! 


»htained a value for 
Dq close to the experimental 
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Tanabe and Sugano) used the Hartree’ SCF solution 
without exchange for Cr** since no Hartree-Fock wave 
functions were then available. For comparison we show 
in Fig. 3 Watson’s'® Hartree-Fock 3d wave function for 
Cr*** along with the Hartree Cr** wave function and 
the hydrogenic 3d wave function used by Van Vleck’ 
in his early point charge calculation. We see that the 
functions are quite different and that this difference is 
one of shape rather than scaling. It is clear from this 
figure and Fig. 2 that the different wave functions each 
emphasize a different region of V4(r) and that quite 
different results are to be expected from each of them. 
In fact, Van Vieck’s* and Polder’s" point charge calcula- 
tions give such good agreement with experiment for just 
this reason—namely, that their hydrogenic 3d functions 
are so greatly expanded (see Fig. 3) with respect to 
SCF wave functions as to give a very much larger 
contribution to Dg.” Furthermore, Van Vleck didn’t 
use a point charge potential of the form shown in Fig. 2 
for V«*(R) (which shows a change in form at r=R) 
but instead defined Dg by 


) x 
Dg - vf P37 (r)r'dr, 
105 


where D is a constant equal to — 35¢éer¢/4R° and ers is 
an effective charge (set equal to —1.0le in Van Vleck’s 
calculation). This form of the potential also increases 
the calculated value of Dg. 

While the question of what the “real’’ 3d radial func- 
tion looks like remains unresolved, crystal field theory 
in its formulation calls for the use of the best free atom 
wave function. On this basis then, the Hartree-Fock 
Cr*** 3d function is required. This latter function is 


| 


Fic. 3. Watson’s Hartree-F*¢ 
Mooney’s Cr** 3d wave function 
hydrogenic 3d function used by Var 


1} wave function for Cr***; 
without exchange) and the 


Vleck 


* R. L. Mooney, Phys. Rev. 55, 557 


1939 
*® We are grateful to W. Marshall for first emphasizing this 
point to us and for several dis 
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used in the present calculations, leaving such effects as 
orthogonalization and covalency to be discussed in later 
sections. 


B. Results 


Kleiner used an analytic expression fitted to the Cr** 
3d wave function and was therefore able to evaluate 
analytically the integrals pertinent to Eq. (1). Since 
the potential V4"(r) was available to us in numerical 
form our computations were more easily performed 
using numerical methods. As a check on any possible 
differences between the methods of computation, we 
have repeated Kleiner’s calculations only with the Cr** 
wave functions retained in numerical form; the results 
agree except for small unimportant differences. 

Following Kleiner,'® our results are best summarized 
by plotting the separate contributions to Dg as a func- 
tion of the parameters R’, R, and a. See Fig. 4. K(R’,R) 
and 7T(R) are the contributions to Dg from the point 
dipoles and overlap of charge, respectively. The solid 
curves are Kleiner’s data and the dashed curves are our 
results for the same quantities (as indicated by the 
primes). A is the dipolar contribution for a dipole 





Dq texp) = 1750cm 
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Fic. 4. K(R’,R) and T(R) are the contributions to Dg from the 
point dipoles and overlap of charge, respectively. The solid curves 
gives Kleiner’s data and the dashed are our results for the same 
quantities (as indicated by the primes). K, K,, Kz are the dipolar 
contributions for different values of R’, R, and a (as explained 
in the text) and the arrows indicate the R value appropriate for 
the aluminum alums 
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moment corresponding to the free water molecule value 
(hence R’— R= 0.37 atomic units) with the two protons 
represented as a point charge 2e on the Cr+**—O- 

axis (a=0 in Fig. 1), whereas A, and K, are the dipolar 
contributions corresponding to two alterations of the 
water molecule in the Cr-6H,O*** complex which 
Kleiner considered. A, corresponds to increasing the 
dipole moment of the water molecule by moving the 
axis such that 
R’—R is changed from 0.37 to 1.10, thus increasing the 
dipole moment threefold from the free water molecule 
value and thereby increasing Dg. A» corresponds to the 
triangular model for H,O shown in Fig. 1 with the 
hydrogens represented by a cylindrically averaged 
charge distribution. This procedure diminishes the effect 
of the protons and increases both the dipolar contribu- 
tion and Dg. Kleiner’s published results were for this 
model (with 2a=105°)-—clearly the most favorable 
one consistent with an assumed Cr***—O~~ distance, 
R, equal to 3.73 a. u. (the HxO—Al*** distance ob- 
served in aluminum alum). Nevertheless, as pointed out 
by Kleiner," even for this case the calculated Dg (— 500 
cm™'), which is composed of the two contributions 
K,(1000 cm™') and 7(— 1500 cm™), is much less than 
the observed value” of 1750 cm™'. It is in fact of the 


point charge 2e out along the Cr***—O 


wrong sign. Furthermore, these results indicated that 
if the overlap effects were not included then the point 


dipole model (as found also by Van Vleck) gave agree- 
ment with experiment™ provided the dipole moment 
was taken as three times that of the free water molecule. 
These results explain Kleiner’s conclusion that the 
crystalline field approximation was unable to give 
detailed agreement between theory and experiment. 
Our calculated results for these same quantities, 
denoted by the prime, are shown in Fig. 4 for some of 
the same sets of nuclear configuration parameters (while 
Kleiner’s results'* are for four values of R, ours rely on 
calculations for R=3.4 and 3.73 only). Comparison 
between the two sets of data shows some striking 
differences from Kleiner’s results and from these some 
conclusions may be immediately drawn. First of all, 
both the dipolar and charge overlap terms are greatly 
reduced for all values of the parameters R’, R and a 
once “proper” free ion Hartree-Fock wave functions are 
used for the Cr*** ion. Second, for no choice of the 
parameters considered (in the range discussed) will the 
dipolar contribution by i/self be large enough to lead to 
a Dg in agreement with experiment—-not even if a 
dipole moment three times that of the free water mole- 
cule is used. Finally, a Dg is calculated which differs 
from the value calculated by Kleiner"; in fact for the 
most favorable choice of parameters the wrong sign 
obtained by him is reversed and a positive (but small) 
value of Dg is found. (Considering the various assump- 


* H. von 
7 (1951) 

= Especially since the best estimate Kleiner had gave the range 
1000< Dg< 2000 cn for the experimental value of Dg 


and H. L. Schlafer, Z. Naturforsch. 6a, 


Hartmanr 
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tions invoked in order to obtain this result, no signifi 
cance can be attached to this value for Dg.) Our result 
is still far from the experimental value and it therefore 
seems quite certain that with this model, and the inclu- 
sion of only dipolar and charge overlap terms, agreement 
with experiment cannot be obtained. 

In the next section, we consider the question of 
orthogonalization as a possible way out of this dilemma 


3. THE EFFECT OF ORTHOGONALIZATION IN A 
CALCULATION OF THE CRYSTAL 
FIELD STRENGTH 


It was suggested by Slater, Herring, and others, that 
Kleiner's poor result was to be explained as arising from 
the neglect of the orthogonalization terms between the 
Cr*** ion and its ligands. (Inclusion of orthogonality 
terms raises enormously the complexity of the calcula- 
tion and to keep the job tractable Kleiner was forced 
to neglect these terms.) Phillips" has recently attempted 
to include orthogonalization in a calculation of the 
crystal field strength. This was done using the orthogo- 
nalized plane wave method as translated by Phillips'** 
and Quelle in which the effect of orthogonalization to 
the ligand orbitals is included by grouping these terms 
into an effective repulsive potential,V z. This is shown 
in the following development, which is that of Phillips 

Consider a free-ion one-electron wave function, ¥ 
which is a solution for the 
Hamiltonian, Hp, i.e., 


free-ion one-electron 


Hw,= Ea 


energy for the 


We like the 
surrounded by a crystalline array of ions constructed 


would case of this ion 
from one-electron wave functions @,:im, (where /mn are 
the one-electron quantum numbers and j denotes the 
particular ligand ion 
the @’s, obtaining 


We could orthogonalize y; to 


v=¥/t+ X 
where 
A js (Wy, Djtmn 


the bracket denoting integration over space and spin 
The 
Schrédinger equation for ¥ 
crystal Hamiltonian H, 


Hy= ky, 


coordinates. from the 


in terms of the complete 


energy 1S then obtained 


where 


H=H, 


rVe; (7 


V. is the potential due to the surrounding ions and may 
be written as the sum of a point charge potential V, and 
a correction for the finite size of the ions, Vz (in analogy 
to the radial potentials Vx and Vz, 
Kleiner’s notation). V 


respectively, in 
, can be made to include exchange 


Phillips and L. Kleinman, Phys. Rev 


unpublished 


2 J.C 116, 287 (1959 
I 


. Quelle 
< 
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effects. Equation (6) can be re n the form 


where 


and with Vg defined as 
Ve= DLE Djtmn)® jtmn/Wy. 10 
Thus Vz is an effective repulsive potential arising from 
the orthogonality requirement and £,; the energy 
obtained by applying the to/al Hamiltonian H to $jnim- 
This procedure has obvious merits. While departing 
from the standard crystalline field model, it introduces 
the orthogonality requirement as a one-electron poten 
tial to be added to the dipolar and overlap terms in such 
a way as to obtain an effective potential which resembles 
In this 
way, another term is formally provided with which to 


and replaces the usual crystal field potential, } 


bring about agreement with experiment 
Having arrived at this result, then proceeded 
to present a general argument, based on orthogonalized 


how that ina 


to s 


plane wave calculations for silicon, 
calculation for Dg, in which the effective potential of 


Eq. (9) is used, the contribution of the terms Vz and 


V,, which depend on the finite extension of the ligand 


charge distribution, should i approximation cancel 
each other leaving only the dipolar term, Vp, 
tribute to the field strengt! pplying th 
to the results of Klei 


to con 
Ss com lusion 
he estimated t 


ier’s calculation, 1€ 


} 
repulsive term to be about ten percent larger than the 
overlap contribution, which Kleiner had calculated to 
be —1500 cm 
Thus, with Vg chose 


see discussion of previous section 
to be 1700+400 cm allowing 
for an uncertainty in this estimate 
contribution of 1000 cm~', Phillips could estimate Dg to 
be 1200+400 cm™ in agreement both with experiment 
and with Van Vleck’s original result 


and with a dipolar 


Our results, as discussed in the preceding section, 
show that these conclusions must be seriously modified 
ly 
~ 
itself vield ‘alue for the crvstalline ‘Id strenct} 

itself yield a value tor the crystalline heid strength in 


As we have seen, the volar contribution cannot by 


agreement with observation e\ based on 


model which augments the dipole moment by a large 


»1 


factor. This result contradicts Phillips’ conclusion since 


if all the terms arising from the finite extension of the 
ligand charge density do cancel each other then we are 
left with a dipolar contribution 
Dq which is still far from the 


and hence a 
measured value” (1750 
cm~'). Suppose instead that one accepts the assertion 


5/0 cm 


that the crystalline field is adequately described by a 
potential such as Var of Eq 9). If we I 
contributions to Dg coming from V, 
V, (—320 cm 

by our calculations, t! 
tion (Vz) of 1700 cm 
theoretical Dg in 
value is remarkably 


consider the 


+370 cm and 

I ed correct Vv 
en an orthogonalization contribu 
1s needed in order to ob ain a 


Phis 


value assumed by 


agreement with 


experiment. 


close to tne 
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Phillips, but since his value was determined (actually 
chosen) so as to cancel out Kleiner’s calculated overlap 
contribution (— 1500 cm™~') we must call the agreement 
accidental. 

Thus, Phillips’ procedure, while highly attractive, 
does not appear completely adequate. Let us examine 
it in more detail. Phillips’ conclusions were based on 
observations made during an orthogonalized plane wave 
calculation for silicon.” In this method yy is a plane 
wave and @¢jim, are core functions and to a very good 
approximation are strictly orthogonal. For a transition 
metal salt it is not immediately apparent that the 
assumption of orthogonality between ¢’s belonging to 
different ions is valid. In fact Naiman* has obtained 
overlap integrals, appropriate to MnO, using free-ion 
Hartree-Fock functions for O-??* and Mn**.'® For an 
axis along an Mn-O line he obtained an Mn(3do0)—O 
(2pc) overlap of 0.075 and for an O-O line an O(2po) 

'(2po) (different centers) overlap of 0.110 and an 
O(2pr)—O'(2pr) overlap of 0.044. He also observed 
that overlap integrals involving Mn** 3s functions and 
(~~ 2s functions tended to be appreciable. These results 
suggest that orthogonality between O~ ions is as serious 
a problem as that between near neighbor Mn*? and O~* 
pairs. An orthogonal set of ¢’s could be constructed from 
the O~ functions but using them would be very difficult. 
The terms which make important contributions in Eq 
(10) are those whose £,,’s are rather close in value to 
FE (and thus must be accurately evaluated) and are 
those whose £,,’s are most appreciably perturbed by 
interaction with neighboring ions and by the resolution 
of the orthogonality problem. Naiman’s results suggest 
that the O~? ion 2s and 2p E,,’s may be as difficult to 
obtain as -. This in turn suggests that it would perhaps 
be wise to abandon the one-center single-ion-in-an- 
external-environment approach of the conventional 
crystalline field approximation and go to a molecular, 
multicenter approach. These considerations will be fur- 
ther discussed in the next section. 


4. DISCUSSION 


According to the crystalline field approximation, the 
effects arising from the rest of the crystal on the cation 
of interest may be taken into account by an electrostati: 
field. Yet, as we have seen, theoretical attempts at 
determining, within the framework of crystal field 
theory, accurate @ priori values of the crystalline field 
strength have not been successful. The point charge or 
point dipole model seemingly gave good agreement with 
experiment but, as it turned out, mostly because im 
proper 3d wave functions were used. Attempts at 
acknowledging the distribution in space of the electrons, 
as in Kleiner’s calculation, resulted in a very poor result 
(despite the improvement that was obtained in the 

**C. Naiman, Quarterly Progress Report, Solid-State and 
Molecular Theory Group, Massachusetts Institute of Technology 


July 15, 1960 (unpublished ). 
7° RE. Watson, Phys Rev. 111, 1108 (1958) 
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present work). The further refinement of including 
orthogonalization in the calculation led Phillips to a 
very attractive procedure, which upon closer examina- 
tion has been shown to be inadequate. Each successive 
refinement seems to lead to more difficulties. 

Although the over-all agreement with the predictions 
of crystal field theory is fairly good, there has been 
increasing experimental evidence which reveals discrep- 
ancies.2” Such quantities as spin-orbit coupling, hyper- 
fine interaction, and g values are found to differ from 
their free-ion values,”* and this has been interpreted to 
indicate that electron transfer must play an appreciable 
role’? Covalent bonding effects have been introduced 
by Stevens” and Owen” and experimentally confirmed 
by the results of Tinkham® and Griffith et al.” For all 
these reasons it is clear that some of the basic assump- 
tions of a static crystalline field must be questioned ; the 
3d wave functions do overlap—each other and the 
and so the surrounding ions 
cannot be treated as simply point charges. Since the 
overlap is in fact fairly large,?* one may not treat the 3d 
wave functions as purely atomic orbitals based on a 
naive ionic model. A more appropriate picture is to 
consider the 3d functions as belonging to the entire 
complex——a computationally difficult task. 

Paralleling the long history of crystal field theory 
have been several other theories, of which Pauling’s” 


ligand wave functions 


valence treatment and the molecular orbital approach 
of Van Vieck* have been the most prominent. (The 
calculation of Tanabe and Sugano” appears to have been 
the only attempt to use molecular orbital theory in a 
quantitative calculation for Dg.) Each has had its share 
of successes and failures. They serve to point out that 
comparisons of the different methods suggest certain 
necessary modifications in crystal field theory itself. 
Perhaps the most successful approach to date has re- 
sulted from the union of crystal field theory and molec 

ular orbital theory; it is called ligand field theory. This 
union is considered artificial. Jarrett® has recently 
suggested a generalization of crystal field theory which 
includes covalent bonding in such a way as to allow for 
a range from purely ionic to strongly covalent bonding, 
thereby providing a bridge between the various theories. 
Unfortunately, Jarrett’s formalism, while mathemati- 


cally powerful, appears to make a practical application 


77 Among the first to point out such discrepancies were A, 
Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) A206. 
164 and 173 (1951), and J. H. Griffiths and J. Owen, Proc. Roy 
Soc. (London) A213, 459 (1952). See also reference 7 

** J. Owen, Proc. Roy. Soc. (London) A227, 183 (1955) 

™ K.W.H. Stevens, Proc. Roy. Soc London) A219, 542 (1953) 

* J. Owen, reference 28, and Discussions Faraday Soc. 19, 127 

1955) 

“ M. Tinkham, Proc. Roy. Soc. (London) A236, 535 (1956) 

"J. H. E. Griffiths, J. Owen, and I. M. Ward, Proc. Roy. So 

London) A219, 526 (1953 

*L. Pauling, Nature of the Chemical Bond (Cornell University 
Press, Ithaca, New York, 1940), 2nd ed 

* J. H. Van Vleck, J. Chem. Phys. 3, 807 (1935), and elaborated 
upon by J. Owen, reference 28 

*H. S. Jarrett, J. Chem. Phys. 31, 1579 (1959) 
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computationally formidable and perhaps not at all 
tractable. 

Aside from the above well-known modifications of 
crystal field theory, which appear necessary if agree- 
ment is to be achieved, there are a number of other 
difficulties which enter even on the simple ionic picture 
of the crystalline field approximation. Of these, we shall 
briefly mention a few since these are not usually dis- 
cussed, The use of the strong-field representation leads 
to the use of orbitals designated by cubic quantum 
numbers (2, or e, for d electrons in cubic fields) rather 
than the spherical quantum numbers, m;. These strong- 
field functions are the correct functions to use only if 
the Hamiltonian is solved without the spin-orbit and 
the electron interaction terms (e*/r,;). Except in rare 
circumstances this limit is not approached. Neverthe- 
less, use is made of the strong-field orbital description 
with the further restriction that the radial wave func- 
tions for the ts, and e, electrons be identical not only 
with the free-atom values but with each other as well. 
Recent calculations and neutron diffraction experi- 
ments*** have suggested that these assumptions are 
not correct. There are a number of effects, which arise 
out of a potential of the type given in Fig. 2, which 
perturb the radial wave functions—first from their 
usual free-ion values'’” and secondly, so as to cause a 
splitting in the /., and e, functions such that their radial 
functions are not identical." In addition if one does 
calculations for an ion in two different states, the one- 
electron wave functions vary appreciably.'®"" Yet, basic 
to the interpretation of optical absorption spectra is the 
assumption that a single radial wave function suffices 
for all the ¢2, and ¢, electrons in both their ground and 
excited states. As has been discussed by Koster,® there 
is the assumption of separability of the one-electron 
wave functions into products of radial and angular 
factors when in fact separation is valid only for a 


4*©R. E. Watson, Phys. Rev. 117, 742 (1960). 

37 A. J. Freeman and R. E. Watson, Phys. Rev. 118, 1168 (1960) 
and J. Appl. Phys. 31, 3748 (1960) 

‘* J. M. Hastings, N. E. Elliott, and L. M. Corliss, Phys. Rev. 
115, 13 (1959) 

“KR. Nathans, S. Pickart, and H. Alperin, Conference on 
Neutron Diffraction in Relation to Magnetism and Chemical 
Bonding, Gatlinburg, Tennessee, April 20, 1960 (unpublished). 

” See reference 37, appendix, for a discussion of the tendency 
of the electrostatic crystalline field to expand the 3d functions. 
If- we estimate the magnitude of this expansion effect according 
to the method of reference 37, we would find a 3d wave function 
which falls roughly half way between the Cr** functions of 
Watson" and the Cr*? function” illustrated in Fig. 3. White this 
pseudo-3d function would change the numerical values of the 
calculated contributions to Dg Sec. 2), the conclusions 
arrived at in this paper would not be materially changed 

“ The calculations of references 36 and 37 led to a prediction 
that even a half-closed-shell ion like Mn** would have a non 
spherically charge density and hence a form factor which, when 
calculated according to the methods of R Weiss and A. J 
Freeman [J. Phys. Chem. Solids 10, 147 (1959)], would show 
measurable asymmetries. Such asymmetries have been suggested 
for Mn*? * and observed for Fe** in Fe,0,.® 

“@G. F. Koster, Quarterly Progress Report, Solid-State and 
Molecular Theory Group, Massachusetts Institute of Technology, 
January 15, 1960 (unpublished), and to be published 
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spherical environment. Thus, unlike the usual assump 
tion underlying the theory, there need not be any 
special relationship between the ¢,, and e, electrons 
(such as common radial function or separability into 
radial and angular parts.) 

Finally, the preceding discussion was based on a 
many-electron wave function which is either a single 
configuration (Hartree-Fock) wave function or a linear 
combination of a small number of configurations. In 
the case of the free iron series ion multiplet spectra, 
there are systematic discrepancies between Hartree- 
Fock predictions and experiment. It appears that an 
approach to the ‘correlation’ problem, such as configura- 
tion interaction, is necessary for an appreciable improve- 
ment of theoretical predictions. One might suspect that 
a similar (many configuration) configuration interaction 
treatment is necessary for the case of an ion in a crystal- 
line field as well.” 


5. CONCLUSION 


We have concerned ourselves with discussing various 
attempts at determining from first principles accurate 
theoretical values of the crystalline field strength. We 
have seen that none of these have been successful and 
that each successive refinement has introduced 
difficulties. It is not certain that a more “‘correct”’ (but 
not complete) treatment would yield better results. 
Certainly, the crude point charge model is incorrect and 
attempts to justify this method appear destined to fail. 
Both experimental and theoretical evidence for the 
inadequacy of the electrostatic potential theory were 
reviewed and discussed and some of the required 
modifications indicated. These lead us to conclude that 
while crystal field theory, when used as a semiempirical 
theory, has on the whole had a high degree of success, it 
appears impossible to justify on theoretical grounds 
some of its basic premises. It therefore cannot be con- 
sidered to be a fundamental theory for the description 
of the wide range of phenomena that as a semiempirical 
method it has dealt with so well. What is needed is a 
theory based on an essentially molecular, many-center, 
many-configuration approach. In treatment 
symmetry will of course play as essential a role as it 
does in the simpler theories, but the necessary computa- 
tions (including many-center integrals 
more complex than the integral of Eq. (1 


new 


such a 


will be much 


6. ACKNOWLEDGMENTS 


We are very greatly indebted to W. H. Kleiner for 
making his unpublished results so freely available to us, 
and for helpful discussion and encouragement. We 
thank C. Naiman for 
published results, Mrs. Athena Harvey for help with 
the calculations, and W. Marshall, G. F. Koster, and 
F. Quelle for discussions. 


allowing us the use of his un- 
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The attenuation of a sound wave in a semimetal in the presence of a magnetic field is examined when the 
magnetic field is tilted from the direction perpendicular to the direction of propagation of the sound wave. 
It is found that in the limit of high magnetic fields (w.7r> 10g/) the behavior of the attenuation with the angle 
of tilt gives a point-by-point determination of the velocity on the Fermi surface. A detailed treatment of a 
two-spherical-band model is given and the case of a general Fermi surface is examined qualitatively. 


I. INTRODUCTION 


ECENT experiments' on the attenuation of ultra- 

sonic waves in semimetals at liquid helium 
temperatures have revealed a strong dependence of the 
attenuation on the relative orientation of the magnetic 
field and the direction of propagation. The attenuation 
has been observed to increase by a factor as large as 
four when the field is tilted by a small angle » away 
from a direction perpendicular to the direction of 
propagation. The following qualitative explanation of 
this phenomenon has been given by Reneker.' He 
relates the increase in attenuation to the advance of 
planes of constant phase past the electrons as they 
spiral along the magnetic field. As the magnetic field 
is tilted by an angle », the average drift velocity of a 
carrier along the magnetic field develops a component 
Vy sinv along the direction of propagation. The phase 
velocity relative to the carrier is reduced from Vs to 
Vs—Vywsinv, where Vs is the velocity of the sound 
wave. When the tilt reaches a critical angle v., where 
sinve= Vs/(Va) max, the phase velocity relative to the 
carrier becomes zero and the fastest carrier experiences 
a steady acceleration. For still larger angles of tilt, 
slower carriers experience a steady acceleration. Thus, 
at the critical angle v., there should be an abrupt 
increase in attenuation. By determining the critical 
angle we can determine accurately the ratio Vs/Vr 
since the maximum velocity of drift (Vz) max is the 
Fermi velocity Vr. As the velocity of sound is readily 
measured for all directions of propagation, Vr can be 
determined point by point on the Fermi surface. 

In Sec. II we give a quantitative treatment of the 
high-field tilt effect based on Harrison’s theory of 
ultrasonic attenuation in semimetals.? We are interested 
in relating the behavior of the attenuation to the critical 
angle vy, and examining the dependence of attenuation 
on wr and the magnetic field. In Sec. III we give a 
discussion of the results of the calculation in Sec. II 
and the applicability of the results to an actual experi- 
ment. In Sec. IV we examine the case of a general 
Fermi surface. 


* This research was supported in part by the National Science 
Foundation. 

1D. H. Reneker, Phys. Rev. 115, 303 (1959). 

2M. J. Harrison, Phys. Rev. 119, 1260 (1960). 


Il. DERIVATION OF THE ATTENUATION 


Cohen, Harrison, and Harrison* have derived a 
general expression for the conductivity tensor in the 
coordinate system of the magnetic field using a free- 
electron model. We shall use this expression for the 
conductivity tensor to derive the components of the 
tensor in the high-field case, i.e., w.r>10gl. We take 
the direction of the magnetic field as the ¢ axis of our 
coordinate system and the y axis perpendicular to the 
plane containing both the magnetic field and the 
direction of propagation. The x axis is defined as the 
remaining direction of a right-handed orthogonal triad. 
Then we obtain the following elements of the conduc- 
tivity tensor in the high-field limit : 


(1—twr)o —o 


Ozz~ O zy ~Tys ’ 


W,-T 


(l—iwr)oo 3 gl cos*vag 
seer 
(wT)? 8 (w,7T)? 


(1—twr)4 
+ - - Eton +i (wr,v) | 
(gi sinv)* 


(w,7)? 
2(1—iwr)* 


(gi sinv)* 


10 (1—iwr) 2(1—twr)?* 


| (2.1) 


3 gl sin*v 


(gl)® sin*y 


3(1—wr)oo 3 (1—wr)*oo 


(gisinvy)? 2 (ql) sin’y 


X[G(or,v) +i (wr,r) |, 


22~=0, 


arctan (wr+q/ sinv)—arctan(w7—gl sinv) 


a ’ 
sinv 


1+ (wr+qi sinv)? 
H (wr,v) = Inj — — |/2 siny, 
1+ (wr—ql sinv)* 


where #/2—y is the angle between the magnetic field 
and the direction of propagation. The other quantities 

*M. H. Cohen, M. J. Harrison, and W. A. Harrison, Phys. Rev. 
117, 937 (1960). 
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appearing in the expression are the de conductivity ao, 


the cyclotron frequency w,, the sound wave number q 
and frequen vy w, and the relaxation time r. 
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now transform the conductivity tensor to the expression for the attenuation per unit length in the 
coordinate system where the direction of propagation direction of propagation for a semimeta 
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general shape of the function. 
When wr>1, the position of the inflection point is 


0 and not to change the 


exactly at v, and therefore gives us an accurate determi 
nation of Vr. Even for wr=1, the shift of the position 
of the inflection point from », is only 12.5%. When 
wr <1, the curves in Fig. 1 cannot be used to determine 
Vs/Ver directly since the inflection point no longer 
falls close to Ve. 

To determine vy, for wr<1, we must use Fig. 3 where 
the ratio of v, to the position of the inflection point y, 
is plotted vs the ratio of the position of the peak v, to 
the position of the inflection point. Since we can 
measure the positions of the peak and the inflection 
point, we can read off the value of y, directly from 
Fig. 3. 

rhe curves in Fig. 1 and Fig. 2 can be used for any 





1G. 1. The normalized attenuation 
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as a function of the angle of tilt »v for values of wr=0.1, 1 
when the condition Vo/mVp*>>1 is satisfied 
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substances in which the model used is correct, since the 
function (S,,;—1)/[(m/m*)(V p/mV f*)?] is a universal 
function of (Ve/Vs5 and wr. Using values of 
m/m* and Vp/mV -* estimated for bismuth,? we see 
from the curves in Fig. 1, that the function plotted is 
apV st [2Vm(m ‘m*)(V p/mV f*)*), i.e., it is a normal 
ized Therefore, the 
attenuation with angle of tilt is the same as the function 
plotted in Fig. 5, 


The predic ted sharp rise in the attenuation near the 
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attenuation. behavior of the 


critical angle and the peak lying beyond », are very 
similar to those features observed and interpreted by 
Reneker.' The peak arises from the appearance in the 
g,, component of the conductivity tensor of a resonance 
denominator. Before performing the integrations lead- 
ing to Eq.. (2.1) we have 
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Fic. 2. The position of the peak and the inflection point in 


Su—1)/L(m/m*)(Vn/mV e*? ] as a function of wr 
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absorption of energy. This resonance effect corresponds 


sinv~ Vs/V; term leads to a resonant 
essentially to Reneker’s qualitative arguments. 

The peak in the attenuation occurs after we have 
passed y,, since at that angle only the carriers with the 
maximum drift velocity V » experience acceleration. As 
carriers with less 
than the maximum drift velocity begin to contribute 
to the carriers 
contributing as we increase vy beyond »,, we have a 


we increase the angle of tilt past v,, 


attenuation. Since there are more 
corresponding increase in the attenuation. We can see 
this in Eq. (3.1). The integral is over the Fermi surface. 
The resonance cosé=Vs«/Vesiny, i.e., 
when the carriers located in a ring on the Fermi surface 
defined by the # begin to contribute to the 


attenuation. When sinp- 


occurs when 
angle 
Vs/Ve, the relation cannot 
be satisfied and there is no resonant absorption of 


energy. When sinv=Vs/V» the carriers at the tip of 
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Fic. 3. The correction factor for wr < 1. The ordinate is the ratio 
of the critical angle », to the angle at which the point of inflection 
occurs »;. The abscissa is the ratio of the angle at which the peak 

curs vp to the angle »; 
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the Fermi surface (cos#=1) begin to make a contri- 
bution to the attenuation and we have the onset of 
For Ver carriers from other 
segments of the Fermi surface start to contribute to 


resonance. sinv> | 
the attenuation. Since the density of states is propor- 
tional to sin#, the number of carriers contributing 
increases as we go beyond the critical angle. However, 
the drift velocity in the direction of the magnetic field 
is proportional to cos@ and since it appears to the second 
power in the o,, component of the conductivity we 
have an additional! factor of cos*@ in our integrand. The 
cos’@ factor causes the attenuation to decrease again 
despite the increasing density of states since cos6 
decreases as 1/siny, i.e., the increase in the density of 
states is counterbalanced by the decrease in the com- 
ponent of the drift velocity along the magnetic field. 
The combined effect of the two factors is first to cause 
the attenuation to increase as we pass », and then to 
cause it to decrease roughly as 1/sinv as y increases to 
7/2. This behavior results in a peak lying just beyond 
v.. The critical angle marks the onset of the increase 
and therefore it is reasonable to associate it with the 
point of maximum 
than with the peak. 

The broadening 


change in the attenuation rather 


and decrease of the peak when 
wr <1 is the result of collisions which tend to destroy 
the phase relation between the sound wave and the 
carriers. This decreases the period of steady acceleration 
of the carriers and therefore also the attenuation. If a 
continuous wave technique is used to measure the 
derivative of the with angle then for 
wr>1, the critical angle v. and therefore the Fermi 
velocity can be determined exactly from the position 
of the peak in da/dv. 

From the behavior of the attenuation with angle of 


attenuation 


tilt, it is not only possible to find the Fermi velocity 
but also to get a general check on the value of wr. One 
can estimate the value of wr for our material for values 
of wr between 0.1 and 100 from the graphs of wr versus 
the position of the peak and the inflection point in 


Fig. 2. 
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IV. GENERAL FERMI SURFACES 


While examining the attenuation of sound waves in a 
semimetal we have found a method for determining 
} 


the Fermi velocity when we hz a spherical Fermi 


surface. We examine in this section whether we can use 


ive 


the same method for determining V p for a general Fermi 
surface. In the case previously treated, the resonance 
in the attenuation arose from the ¢,, component of the 
conductivity tensor where the z direction is the direction 
of the field 


Chambers‘ to a 


magnetic Extending the treatment of 


space- and time dependent electric 


field varying as expi(q-:r—wr), we get for the ijth 


component of the conductivity 
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where mz, and we are the effective mass and the cyclotron 
frequency on the orbit a and the summation is over all 
orbits. We have assumed that the relaxation time is 
constant on an orbit. Since the velocity is periodic in 


S we can expand V ir a Fourier series in § 
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for the high-field 
case, i.€., we>>10q-V, we obtain for the components of 
the conductivity tensor to the lowest order in 1/we 
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*R. G. Chambers, Proc. Re ndon) A238, 344 (1956 
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TaMaV 7(0) 
sienna . (4.5) 
1+i[q-V(0)—w }ra 


for the o,, and o,, components of the conductivity. 
Therefore, we have resonance denominators for both 
of the components of the conductivity that contribute 
to the attenuation of the longitudinally polarized 
sound waves. Equation (4.5) indicates that for open 
orbits we have a drift along a direction perpendicular 
to the magnetic field as well as along the magnetic 
field. Therefore. the condition for the high-field tilt 
effect to take place is different for open orbits. The 
magnetic field must be tilted at an angle to the direction 
of propagation so that r/2—y, is the angle between the 
direction of propagation and the direction of the drift 
of carriers. Therefore, it is no longer the angle of tilt 
of the magnetic field that gives us ». 

For a closed Fermi surface, the following expressions 
have been derived for the drift velocity along the 
magnetic field and the effective mass in terms of the 
cross sectional area of the Fermi surface enclosed by 
the orbits®.*: 


—h dA h? aA 
V,(0)=—— - ) m,=—— ) F (4.6) 
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®*R. G. Chambers, Can. J. Phys. 34, 1395 (1956 
*W. A. Harrison, Phys. Rev. 118, 1190 (1960) 
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From Eq. (4.4) we see that we have a resonance 
denominator whenever the drift velocity along the 
field is a maximum. To plot out the Fermi velocity 
point by point on the Fermi surface, we want the 
maximum value of V,(0) to be associated with an 
extremum of the Fermi surface along the magnetic 
field where V,(0)= Vr as in the case of the spherical 
Fermi surface. However, from Eq. (4.6) we see that 
V.(0) does not have to be a local maximum at an 
extremum of the Fermi surface in general because of 
the behavior of m,. Also there may be more than one 
maximum of V,(0) even for a singly connected piece 
of the Fermi surface. Therefore for a general Fermi 
surface the tilt effect is very complicated to interpret 
to say nothing about the complexities introduced by 
open orbits. However, for the tilt effect to occur at an 
observably large angle, V x must be small and the Fermi 
surface must be close to a maximum or minimum in 
energy. Therefore the energy surfaces will often be 
ellipsoidal or nearly ellipsoidal so that analytical forms 
for the surface will usually be available and the appear- 
ance of open orbits will be unlikely. 

We conclude, therefore, that whenever the tilt effect 
is observable, it permits a point-by-point plot of the 
velocity on the Fermi surface. 
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Beams of Li* ions accelerated to kinetic energies in the range 
10-475 kev were brought into charge equilibrium in the gases 
H+, He, and Nz and the fractional amounts of Li-, Li®, Lit, Li**, 
Li*** measured. Because of the relatively large amount of Li~ in 
an equilibrated beam below 40 kev in energy in propane and 
nitrous oxide, limited investigations were carried out in these 
gases. The anomalously large Li** yield in helium at Li? energies 
below 100 kev was noted 

By holding each separated charged constituent successively in 
an orbit in a magnetic field, admitting gas, and observing the beam 
attenuation, the total cross section for all charge-changing colli 


I. INTRODUCTION 


BEAM of Lit ions is easily prepared by heating a 
paste of Li,O-Al,O3-SiO, in the proper propor- 
on a hot filament and accelerating the evaporated, 
singly charged lithium ions electrically to the desired 
kinetic energy. When such an ion beam enters a gas- 
containing chamber, hereafter called the converter cell, 
inelastic collisions take place in which the charge of the 


tions! 


moving ions is changed, by capture or loss of one or 
more electrons. The newly formed beam constituents 


in turn suffer such charge-changing collisions. After a 


sufficient path length in the converter cell, the beam has 
come to charge equilibrium, and the fractions F,,, of the 
various charged types present is a function only of the 
velocity of the beam and the nature and temperature 
of the converter gas. Let 7 represent the positive charge 
on the beam constituent in units having the magnitude 
of the electronic charge. In the present experiments the 
fractions F,,./F, with 1 1, 2, 3, and Fo, were meas- 
ured in the gases Hy», He, N» and in some gases having 
polyatomic molecules. 

A second aspect of the experiments dealt with the 
measurement of the collision cross sections for such 
charge changing events. The method of measurement 
indicated only that the charge of the moving lithium 
ion had been changed in the collision; it did not in itself 
indicate whether the event had been electron loss or 
capture, either single or multiple. We therefore indicate 
the quantity we measured as }°,;o,,;, i referring, as 
above, to the ionic charge before the event, and f the 
charge after the event. By using the various charged 
constituents emerging from the converter cell, we meas- 
ured >>, oy, fori 1, 0, 2,3 in He, He, and N; target 
gases. A special difficulty arose in trying to measure 
Doi; in many cases it 
measurements. 


was computed from other 


Measurements lis type on lithium ionic beams 


* This work was support part by th S 
Commission. 
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sions was observed. Through application of the differential equa 
tions for growth or decay of a charged component, certain indi 
vidual charge-changing cross sections can be deduced from these 
observed sums. Values are given for (aj»+¢ Go, C10, 12, ¢ 

e+o3) in He, He, and N, target gases throughout the 


energy range. Upper limits can be assigned to ooj, oi], 712, and 


and (¢ 
Use of data on o,; in Hz from other sources provides values of oj 
in that gas. Values for o2,; for Li** ir compared, at 
common velocities, with a,;9 for He* in helium, and eo; for H® in 
helium, show the exchange nature of the He*He teraction com 
pared to that of the other isoelectronic structures 


j 


helium gas 


have been reported by variou 
U.S.S.R. 

Leviant, Korsun ky, Pivovar, and Podgorny?? have 
reported measurements of Fy, Fy, and F3,/Fi, for 
lithium beams in the kinetic energy range 85-250 kev, 
moving in air. Under the 
values of oj The 


experimenters in the 


same conditions, they give 


and o, e will be discussed in a later 
section of this report. 
Some estimates of the velocity dependence of the 
lithium ion charge have been made by studying the 
density of ionization along the “handle” of “hammer” 
tracks in emulsions.’ An extensive study of the charge 
fractions F,, in a lithium beam equilibrated by passage 
through a thin celluloid film has appeared.‘ The kinetic 
energies used in these experiments covered the range 
0.58-5.2 Mev. 
A research group led by Foge published results 
for the simul- 
They per- 
Ar, and Kr 


obtained 


of experiments on ayy, the 


CTOSs 
taneous capture of two electrons 
formed experiments in the targ 
Only upper limits for this cross were 
in our work; they will be compared with th 
Fogel ef al. in a later section of 
ments of Fogel ef al 
from 5 to 50 kev 
The kinetic erms of Li’, in the 
present work was from 10 to 475 kev. In the 


results of 
report The 
covered the kinet 


exper 


energy range 


energy range, t 
upper 
part of the range, Li® was sometimes used as the 


ssumed that Li® and Li 


behavior I 


beam 
constituent, but it was would 


have identical movil with the 


same 
velo ity, and the result 
Although, as 


terms of Li’ 
pre Vlous 
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Podgornyi, Proc. Acad. Sci. | R. 103, 3, 403 (1955 
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EXPERIMENTS ON 
of a cross-section measurement by the method employed 
is ois, in many cases it is possible to deduce indi- 
vidual o,, cross sections from this sum by combining 
the cross section and F,, results in the analysis. A few 
experiments were performed to study the growth of F, 
and F, as the converter cell pressure was increased. 
These curves can also be calculated once the cross section 
is known. The constituent growth curves of this work 
will be described in another paper.*® 


Il. EXPERIMENTAL METHOD AND APPARATUS 
A. Preparation of the Lithium Ionic Beam 


Two different accelerators were used in the course of 
the present experiments. The kinetic energy range 10 
to 50 kev was covered by a portable acceleration tube 
41 cm long, made from two sections of Pyrex glass pipe. 
The de high voltage supply for the acceleration was a 
standard 50-kv power supply, regulated to 0.1%. The 
ion source used in all the experiments has been pre- 
viously illustrated.’ The kinetic energy range 75-475 
kev was covered by our Cockcroft-Walton accelerator, 
or “kevatron.” The Lit ion beams varied widely in 
intensity during the many months of data taking. 
Before passing through the defining apertures in the 
converter cell, which were 0.091 cm in diameter and 
20.6 cm apart,* the Li? beam was usually in the range 
3-20 microamperes. After the fine apertures, Li* 
currents of 10-* to 10-7 ampere were usual in the 
Faraday cell detector. In spite of the most careful 
lining up of the various apertures, it was often necessary 
to obtain the final, small, beam adjustment by posi- 
tioning a permanent magnet outside the beam tube. 

In all the measurements, the ion beam leaving the 
accelerator tube was magnetically analyzed before 
passing into the converter cell (see Fig. 2). If the 
vacuum was good in the acceleration tube, the lithium 
beam was remarkably clean, containing only the two 
Li isotopes, with the largest other component a peak of 
relative intensity 0.05 at mass 23, which was probably 
Nat but could have been LiO*. The magnetic resolution 
used was always sufficient to remove this component 
and with the magnet used in the 75-475 kev range the 
two Li isotopes were easily separated. The isotopic 
separation was not complete in the smaller magnet 
used for the 10-50 kev range. 

In the upper energy ranges the measurements were 
taken with Li®, since it has the higher velocity, and is 
more easily magnetically deviable for the same energy. 
For this purpose separated Li® was used in the ion source 
material. 


*S. K. Allison, J. Cuevas 
Instr. (to be published 

7S. K. Allison and C. S. Littlejohn, Phys. Rev. 104, 959 (1956), 
Fig. 1. 

® The converter cell is illustrated in Fig. 2 and described in 


lable II of the report of S. K. Allison, Phys. Rev. 109, 76 (1958 


and M. Garcia-Munoz, Rev. Sci 
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B. Measurement of the Equilibrated 
Beam Constituents F,, 


Experimental problems in the F,,, measurements have 
previously been discussed by Allison.* The problems 
relevant to the detectors arise from the fact that the 
relative intensities of ionic beams differing in charge 
must.be measured, and one must either use a different 
detector for each magnetically separated beam or, if 
one charged beam detector is used, and the ionic beam 
alternately guided to it magnetically, the detector re- 
sponse and beam intensity must be independent of 
magnetic field. The estimation of the Li® constituent is 
a separate problem and was done calorimetrically. 

All F,,, measurements on charged beams were carried 
out using a Faraday chamber, thus obviating the diff- 
culties of calibrating secondary electron detectors. The 
inside dimensions of the chamber were 1.58-cm diameter 
by 6.4 cm long; the beam entering it had a diameter of 
0.2 cm. A thick steel housing protected it from stray 
magnetic fields, and bias curves of the current measured 
as a function of the potential difference between the 
chamber and its vacuum housing showed no detectable 
loss of beam or secondary electrons from the entrance. 

In the calorimetric detector for the neutral beam, the 
temperature rise of a platinum disk 0.635 cm in diameter 
and 2.5 10-* cm in thickness was measured as it came 
to thermal equilibrium when hit by the beam. The ther- 
mometric element was a highly temperature sensitive 
resistor” in the form of a minute bead attached to the 
rear surface of the platinum. The resistance at room 
temperature was approximately 3000 ohms; the de 
crease per degree centigrade rise was about 110 ohms. 
The platinum disk was held in position and out of con- 
tact with the detector housing by four quartz fibers 
cemented to it by silver chloride. The thermistor bead 
was attached to the disk with a trace of Duco cement, 
and a fine platinum wire was also attached to the disk 
so that it could be used as a secondary electron detector, 
but only in this capacity for the location and adjustment 
of the beam prior to a calerimetric measurement." The 
calorimeter was housed in thick copper to slow down 
any changes and eliminate spatial fluctuations in the 
ambient temperature. A thermistor was em- 
bedded in the copper jacket, and the true rise in tem- 
perature was always considered to be the difference 
between the temperature of the detector thermistor and 
that of the ambient thermistor. The temperature re- 
sistance curve of each thermistor was carefully studied 
with an accurate mercury thermometer. 

The calorimeter was placed so that the entire emer- 
incident on it; 
then the magnet between it and the converter cell was 


second 


gent beam from the converter cell was 


*S. K. Allison, Revs. Modern Phys. 30, 1137 (1958), p. 1142 ff 

 Thermistor No. 32A5, Victory Engineering Corporation, 
Union, New Jersey 

“We are indebted to Mr. Walter Mankawich, Development 
Engineer, for the delicate operations of assembly of the 
calorimeter 














CUEVAS, 


B, Field 


—¥* 


Pump 
Fic. 1, Schematic drawing « 
pumped compartments 
chamber (left 


ditferentially 
measuring 


energized, thus subtracting the charged beams. At the 
lower kinetic energies, the tempe rature rises were less 
than 10°C, between the watts 
input from the beam and the temperature rise could be 


and a linear relation 
assumed. At the higher kinetic energies, the increasing 
radiation efficiency disturbed the linearity and it was 
necessary to measure the watts input versus tempera 
ture rise curve by changing the beam intensity at con- 
tant kinetic ene rey. The sec ondary electron emission 
current of the disk was a reliable indicator of relative 
beam current when all other factors were unchanged. 
As implied by the notation, F;,, indicates the frac 
tional number of ions or atoms of charge i/e! in the 
moving beam after it has traversed sufficient target gas 
30 that each individual /, remains unchanged on further 
traversal. In measuring 
such as Li-, Lit* 


(Fig. 


a charged beam constituent, 
or Li the “By field’? magnet 
1) was set to direct the desired constituent into 
the Faraday cell at the 30° port. With full pumping 
speed in the By, field compartment, and the Lit beam 
traversing the converter cell, gas was admitted to the 


+44 


converter cell and the rise of intensity of the selected 
beam constituent was observed in the Faraday chamber. 
The rate of rise of the constituent (other than Lit) de- 
creased at higher converter cell pressures, and finally 
a broad maximum was attained, followed by a slow 
decline. The slow decline at the higher gas pressures was 
beam out of the detector 
apertures.” The pressure in the converter cell was set 


due to the scattering of the 
in the region of the maximum, and read on a McCleod 
gauge. The current to the Faraday chamber was read 
on a vibrating reed electrometer, and this reading, 
divided by i, was compared to the reading when the Lit 
constituent was directed, by a change in By, into the 
rhe ratio is F,,./F i. 

The pressure in the “By, field” compartment was also 
to be sure that the in- 


chamber. 


read on a second McCleod gauge 


2 The question of the an ) put in the beam path to 
attain equilibrium for a charge constituent will be taken up in 
another publication [ Rev. Sci. Instr. (to be published) ]. Let (pl) 
represent the product of the pressure in microns times the length 
of path in cm for attainment of 90% of F,.. for the beam consti 
tuent #. (pl)go varied from 40 to 200 1 ns<cm for the gases 
H,and Ng. For the production of Li helium has the very high 
value of 750 microns Xcm at 75 kev, and in general, helium values 


of (pl)go are high 


AND 


GARCI MUNOZ 


evitable diffusion of some of the converter cell gas into 
the By cell had not raised the pressure to a value re- 
quiring some correction to the observed F,,/ Fi. ratios. 
All such corrections proved to be negligible compared 
to the estimated + 15% over-all accuracy. 


C. Measurement of Total Cross Sections > °, «,, 


In order to measure )_; 0, for a charged beam other 
than Lit, gas was admitted to the converter cell until 
of the 

mag- 


sufncient 


amount 
then 


the exit beam contained a 
desired constituent. 
netically directed (by the appropriate B, field) to the 
t the 30 i 


l 


This constituent was 
and its intensity 
noted together with the pressure in the By cell, which 
was taken with the B, cell diffusion pump disconnected. 
By varying the B field slightly, 
explored, and any subtractable background revealed. 
Gas was then admitted to the B, cell, in sufficient 


Faraday chamber a 


por 5 


the beam profile was 


amount to attenuate the beam through charge exchange 
to about 0.7 of its low-pressure value. The profile of the 
attenuated beam was examined, as before. Since, to a 
first approximation, 
during the traverse of the By, cell an ion ts 


dete tor, 


for every charge changing event 
lost to the 
log. R, 


Yo l/x 


where R is the attenuation ratio 
r= AlEP/ RT 


lis the length of path from which ions with their charges 
changed are removed from the detector (approximately 
the diameter of the B, field), A is Avogadro’s number, 
£ is the number of atoms per molecule of the gas, P is 
the gas pressure in dynes/cm’ in the By, cell, R is 
8.31 10’ ergs/mole °C, and T is the absolute tempera- 
ture in the B, cell 
a volume / cm long and 1 cm? 


Thus z is the number of gas atoms in 
in sectional area trans- 
verse to its length, and 2. o will be the cross section 


per alom of target gas 


is of a Li? 
Experimental 


TABLE I. Experimental results on eq 
ionic and atomic beam traversing hyd 
error +15% unless specially noted 


equilbriu Iractior 


gen gas 


Kinetic 
energy 
(kev) Fy./I 


1.810 
5.910 
96x 10 
17.010 
1.4X 10 
2.5X10-¢ 
30x10 
41«K10 
4.210 
37«K10 
34x10 4 
29X10 


1.810 


3x 10°* 
2x10 


18x10 °* 
5.8x<10°§ 
40x10 * 
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Measurements of }°;ao, could not be carried out 
using the Faraday cell detector, and were made with a 
secondary electron emitting detector" placed in the 0° 
port, Fig. 1. Since only intensity ratios of the same 
constituent are concerned, the absolute efficiency of the 
detector does not enter. Its reliability was verified by 
showing that the admission of gas into the By cell did 
not change its reading in the absence of the magneti 


field 
D. Beam Monitors 


Although in many cases the lithium ion beams from 
the accelerators remained sufficiently constant so that 
detector readings uncorrected for beam variation were 
sufficiently reliable, often better results could be ob- 
tained by comparing all readings with those of a beam 
monitor. Although many schemes for monitoring the 
beam were tested, no one device gave satisfactory 
results for all the various types of measurement 

The most widely used monitor was a parallel plate 
ionization chamber built into the equipment at the 
output beam end of the converter cell. The ion current 
collected was proportional to the product of the beam 
intensity by the gas pressure in this differentially 
pumped compartment. In measurements of /’,,, where 
no gas was admitted into the system except the steady 
flow through the converter cell, this monitor, adequately 
shielded from changes in the magnetic field, was useful. 

A wire screen monitor’ which intercepted part of the 
beam was occasionally used for cross-section measure- 
ments, but not for F,,, measurements where scattering 
from it might have changed the fractions from those 
typical of the gas in the converter cell. 

III. RESULTS 

A. Relative Intensities of Charge Components 

in Equilibrated Beams 

The quantities directly determined by experiment 
were Fy, /F ie, Foe, Fox/Fi2z, and F3./Fi2, provided the 


TABLE II. Experimental results on equilibrium fractions of a Li’ 
ionic and atomic beam traversing helium gas. (Experimental 
error +15% unless specially noted. ) 


Kinetic 

energy 
kev Fie/F ix F 00 Fae/F 0 Fx0/F \0 
xO ese 94x10 | 
75 9910-5 1.310? 
96 or 0.17 7 
100 19104 18x10? 
150 3.710% 0.15 2.510? 
200 3.7K10* 0.16 2.910? 5.1«10°* 
250 38xK10 0.14 4.3x107 2.2x10"* 
300 3.110 0.12 38x10? 33xK10~% 
350 40x«x10°* 54x10? 1.1x10~* 
400 2.9X10* 0.08 7.2X%10 1.6x10-¢ 
475 2.4x10 12 x10" 7.2<X10-¢ 


3 See reference 9, Fig. IV-2 
“S. K. Allison, Phys. Rev. 110, 670 (1958), see item M, Fig. 1 
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Tase III. Experimenta! results on equilibrium fractions of a 
Li’ ionic and atomic beam traversing nitrogen gas. (Experimental 
error +15% unless specially noted.) 


Kinetic 

energy 
kev) Fye/F i. F o0 Foe/ PF 10 Fye/F ie 
20 4.5x«K10 ° 0.14 
0 &.0x 10° 0.16 
40 15 x10°5 2.4x10"* 
50 20 «107° 0.22 44x«K10°* 
75 2.0xK10™ 8 5xK10™¢ 
100 2.7 10~* 2.2x 10" 
150 2.7x10~* 0.18 6.1«10" tee 
200 2.3xK10™ 0.16 16x10 49xK10°* 
250 1.610 0.13 2.9x«K 10% 2.1«K10°° 
300 1.3x«i0- 0.12 4.7xK10 5.1«K10°* 
350 1.0«x10~* 7.4X10 2.2x10°** 
400 1.1«10~ 0.09 12.010? 3.2xK10~ 
475 7.5xX10-* 0.17 1.11074 


* Unreliable reading 


rasie IV. Experimental production of Li 
bration in N2O and in C,Hg (propane) gases 
+ 15% unless otherwise noted. ) 


and Li® by equili 
Experimental error 


Kinetic : 
energy C3Hs N:O 
kev Fie/F ie Foe Fie/Fie 
20 1.5«K10¢ 0.22 7.1%10°% 
0 3.6«K104 0.28 2.2x10™ 
10 39x10 0.23 . 
50 38x10 0.27 39x10" 
75 34x10 ‘ . ees 
100 19x10 * 0.26 
150 1.5 «104 0.30 
200 0.19 
250 0.16 
300 . 0.14 


ionic ratios were above approximately 5X10~-*. The 
target gases were He, He, No, C3Hs, N,O. A few readings 


of Fy,,/F,, in NO showed little difference from those in 
N,O. The results are given in Tables I-IV. 


B. Total Charge-Changing Cross Sections 


The cross-section sums on which measurements were 
taken are the values of >>, o,, for i= —1,0, 1, 2, 3. Some 
of the measurements on }00,; have not been given in 
the tables of results (Tables V-VIII) for the following 
reason. Throughout the kinetic energy range we have 
investigated, Lit forms by far the most abundant com- 
ponent of an equilibrated beam. The cross-section sum 
>-01, is the smallest of those we attempted to evaluate 
by direct measurement, and, in general, the measure- 
ments could not stand up under the test that, when the 
same amount of gas was admitted as had been necessary 
for a cross-section measurement, no attenuation of the 
mixed beam in the absence of the magnetic field should 
be observable. This means that the cross sections were 
so low that they approach the limit measurable under 
our geometry, and the attenuation of the beam due to 
small angle Coulomb scattering was comparable to that 
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raspte V. Measurements of the total cross sections for all 
collisions in which a Li’ atom or ion undergoes change of charge 
( Ly oiy in 10-"? cm*® per atom of target gas.) Target gas hydrogen 
(Experimental error +15% 


Kinetic 
energy 
kev 


10 
20 
4%) 
10 
50 
75 
100 
150 
200 
250 
wO 
350 
400 


5 


due to charge changing. Actually in helium gas and at 
kinetic energies 10-30 kev the attenuation (if any) of a 
Lit beam due to charge-changing collisions was com- 


pletely overshadowed by losses due to small angle scat- 
tering and no 3°, could be detected. The experimental 
result merely set an upper limit on Soy. 


In the following section of this paper it is shown that, 
with very reasonable assumptions, one may comput« 
doi, from the other cross section and F,, measure- 
ments, and due to the difficult scattering correction, this 
seems to be more accurate than an attempted direct 
measurement. In order to compute }voyy, it is necessary 
to measure Fo,. In those 
energies where /*9, was directly measured or could be 
have not tabulated } a1, 
measurements. The graphs of the deduced values, how- 


gases and at those kinetic 
reliably interpolated, we 


ever, contain a0 and a, compiled from other measure- 


ments. In certain cases, notably helium at low Li’ 


rante VI. Measuren 
collisions in which a Li’ atom or ion undergoes change of charge 
>; oi in 10-7 cm? per atom of target gas.) Target gas heliun 
(Experimental error + 15% 


ents of the total cross sections for all 


Kinetic 
energy 


(kev 


10 
20 
TH) 
40 
$5 
50 
75 
100 
150 
200 
250 
300 
350 
400 
475 
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energies, where the lux time 
kinetic energy in the Li® beam 


too difficult, 


very 
calorimetric de 
ated 


ivailable 


termination upper 


limits of Yo as giving , 
and calculated upper hem in the 


following sectio1 


IV. DEDUCTIONS FROM THE EXPERIMENTAL 
RESULTS 


A. Values of F,, 
Since >” 


} 
a! te : the 
puted from the measurements of 1 


various / , Values may be com 


ibles I-I\ 


through 


rasLe VII. Measu 
collisions in which a Li 
Loi; in 10°" cm? per ati 


I xperimental error 


Kinetic 
energy 
kev) 


10 


PasLe VIII. Measure 
collisions in which a Li’ ator 
(Sy o,yin 107" cr ? per | 


Kinetic 

energy 
kev 
w” 
) 
Hi) 


“t) 


in which Fo, and all the 
right-hand member 

the deduced F,,, valu 
drawing a smooth curve 
from the 


deduc d as above 


B. Values of Individual Cross Sections 


There are five differentia four of which 
are independent 


fraction of any cl 


change of the 
a form to 


which give 


arge omp nt wten i 
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Kinetic Energy (Kev) 











a 


6c ac 


suit the experimental setup, in which the number of gas 
molecules per cm’, represented by #, is changed in a 
tube of constant length, they are 


dF /dr=F yay + Fyoyt+ Front F3031— Foy, 
dF o/ dax=F yaiot+- Fie wt F 2020+ F3050— Fd 
dF /de=Fyoy,t+Fomt+FentFwu—F ido 
dF ,/dx 
dF ;/dr 


In an experimental survey such as the one reported 


here, where the accuracy of a measurement is in general 
4+ 45° 


o, certain terms in the preceding equations can be 
safely considered as negligible 


(1) Electron loss cross sections in which two or more 


electrons of widely different ionization potential are 


small 


stripped off in one 
Fyotet+ Foot F yoy. Fy0y—F do: ; 7) ra ay 


F yo; “BE F oa: - I 11a Fya3- I 0 ffs 


collision, are compared to 


first Bohr orbit radius; ra 8.8 10°" cm 


The successive ionization poter tials of lithium occur in 
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lithium-7 beam moving in helium 
gas 
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, 
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Kinetic Energy (Kev) 


80 160 


wide ste ps: 


La, <Bew: LF, | * Lit, 121.8 ev 


considered that oy3, ¢ 9 will 


Lady 


It is therefore 
be such small cross sections 


» 713, Fle, d 
(2) Electron capture cross sections in which several 
electrons are caught, and one of these has a binding 
than it had in the target gas 


energy to lithium less 


molecule from which it came 
Thus we consider o3;, 730, o21, 720 to be small, for the 
present lithium due to the low binding 
energy of the third lithium and, 


a fortiori, that of the fourth electron in the negative ion. 


case ol ions, 


valence) electron in 

Using these simplifications, we will rewrite Eqs. (4 
to (8), at the same time setting the derivatives equal to 
zero, to represent the condition of the equilibrated 
beam. 


Thus we obtain 


In order to proceed furt! \ h i , we 
+} 


shall introduce a third simplifica 1, namely that there 
is an upper limit, perhaps not sharply defined, but 
cross-section 
ust as precise, and 1 


definite 


certainly usable, for any single sum 


> + ox. This idea is 10 more so, than 


the custom of interaction radii to 


<sioning 
a igning 


atoms and molecules in a discussion of chemical reac- 


horge Equilibrated 


lractions 
s charge 
ibrated 
nitrogen 


400 


lor tance, we snall 


tions in the gaseous phase 


that no lithium charge changing cross-section 


hat 


for the re 
fron 


nitrogen gas can sigt intly exceed t 
moval of the fourth electron in Li-, namely, 
Table VII, about 260 10-7 en r nitroget 
For hydrogen and helium the yper limits 
200 X 10-"? cm? and 80 10 

atom, respec tive ly. 

If we use this 
ured values in the tables, ir 
be deduced from Eqs. (9 
treat the case of Li’ of kit 
in nitrogen gas 


molec ule 


additional 


150 kev, moving 


C. Deduction of Individual Cross Sections for 
Li’ Moving with 150-kev Kinetic 
Energy in N, Gas 


The available 


Table VII 


numer 


2.2% 10 
0.19 
OR] 
5.0 10 


In the above, a tl 
sections are in units of 10 

Consider the term F3, 
Eq. (13). Using the postu 


130 


failure to find any Li** 


cross-section sum as 
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Fic. 5. Fractions of a charge 
equilibrated lithium-7 beam in the 
forms Li-, Li®, Li* in propane. For 
comparison, fractions of Li~ in 
hydrogen and nitrogen. At low 
kinetic energies propane is a much 
more ethoent producer oo m2, 
although the same Fy, is eventu 
ally attained, at higher Li veloci- 
ties, by the other gases. Fo, is also 
larger, at low velocities than in the 


elementary gases (see Figs. 2 to 4). 


Kinetic Energy (Kev) 


O 


Thus, by alternatively entertaining the hypothesis that 
either 043 OF oy3 is zero, Eq. (13) permits us to establist 


upper limits for them, namely, 
013° 6.710 “21 cm*; 723° 0.11% 10 7 cm’. 


Now consider Eq. (12), in which (¢2:+ 23) appears. 
Our neglect of small cross sections means that this is 
just our measured quantity }°o2,. But we have just set 
an upper limit for o23; accordingly, to our +15% 
accuracy 


o23= 5910-7 cm’. 


Furthermore, it is clear that the term F3,,032 is of negli- 
gible size compared to the others in Eq. (12), and solved 
for a). we obtain 


o32=3.6X 10—"* cm’. 


We can now use Eq. (9) to elicit information concern- 
ing oo; and o;;. The right-hand member of this equation 
an be evaluated directly from the measurements, using 
lable VII, col. 1, and Fig. 4; its value is 2.1 10~*. In 
this way the following upper limits are obtained: 


aot << 1.1K10-'§ cm?) and a4;<2.6K10~-" cm’. 


Fogel ef al.’ have measured o,; directly for Li’ in H’, 
Ar, Kr from 5 kev to 60 kev. Their values in argon 
should be roughly comparable to those for the N, 
molecule. At 60 kev they find a4; in argon to be 1X 10~" 
cm? and although it is rising slightly as the energy in- 
creases it is apparently close to a maximum which lies 
below the limit imposed by our considerations. 

Finally, the upper limit we have established for oo; 
allows us to conclude, from Eq. (10), that to our postu 
lated accurac y 


= 
1 


i° Li* As Fractions Of A Beam 


Equilibrated In Propone Gas 
Liv in Hy , Np For Comparison 





+~—— 


+—b-+++o9¢ 


240 


26X10 


and 0; oa I 


Lf Ox 


: oe 


F,,,= 6.110 


7 em’, 


By following procedures close to those outlined above, 


a set of values in the various gases was deduced from the 


directly observed }0;o,, values. The deduced cross 


sections are 


\OloTOT}), Cul, 710, O21, O12, and (a3; O42). 


Upper limits'® were set for the cross sections 


O13, and = ao3. 


In addition, numerical relation were established 


between og; and a; as follows. From Eq. (9) 


oot (F011) F ve= Fin (orotor F on: 


(14) 


Using the numerical values of the illustrative example 
above, this means (¢’s in units of 10~" cm’) 


our t+ 4.3031 = 0.026. 


For the higher energit s, where F3, and >» aCEY could be 
measured, Eq. (13) provide 
nection between oj; and a3. 


a similar numerical con 


If we use the measurements of Fogel ef al.® on 04; for 
Li’ in H; gas" between 5 and 60 kev, we can use Eq. (14) 
to obtain oo, remembering that (ojo+-¢71;) is essentially 
the measured quantity }-ory. The results are included 

‘6 These upper limit tables and numerical relationships are not 
being presented for publication. They may be obtained by writing 
to the authors 

* We have tions of Fogel et al. are 
per hydrogen molecule and divided them by two for inclusion in 
our data. Furthermore, we have selected those cross sections oil 


from Fig. 1 of Fogel’s paper in which the incident Li* beam is 
presumably free fron 


assumed that the cross sect 


ions in metastabie states 
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in the graphical presentations of the deductions, which B. Cross Sections 


ire shown in Figs. 6 to &. Errors in the smooth curve 

ag In the c € cross 

ions are roughly +15% , 
4 Ooi, F190, ANG a ire aval I l i l ana 

of Eck and Kistemaker COV tl l kineti energy 

V. COMPARISON OF OUR RESULTS WITH DATA range 5 to 22.5 kev, and the target hydrogen and 


FROM OTHER EXPERIMENTERS . . 7 | 
helium. In the case of a, in hydrogen there is no sig 


A. Equilibrated Beam Fractions nificant difference between their results and ours 
although they used the method of ion collection. At 20 
paper of Teplova ef al.‘ the observations of kev their value of o , agrees exactly with ours (16.5 vs 
in the ton density 16 107"? cm per H aton t ther dicate a steeper 
ire discussed. It is pointed decline with decreasing t 
effective value of Z? in a Li indicated by our valu 
not abrupt and a rapid the target gas helium r serious 


ng vs range curve ts not between their v ilues of ind ours. We were u! 


ost rapid rate of change of Z (eff ron capture by i Li 


j beam in helium | y 30 kev in energy (see S 


II] B of this paper), } } ck and Kistemaker values 


are above our upper lim 


ur between 2 and 


~ Values of Li? 


are 30% lower than ou 
wth kne greater The data ot Leviar , I I cy, Pivovar 


heir data extend Podgornyi on ¢ in a ive n compare 1 


+ 1] . 
u lere Is a smal deductions in nitrogen i y he agreement 
18 Mev without ob- satisfactory in that t r valu re lower than ' 
hown our F,, values a factor between 2 and 3. TI nates of 7); run from 


In a very satis- 
. o 0 priv 
ullibria as estab a its Fogel 
tloid foils, in the » If the Eck and 
. are correct, the fe 
tal error equal tO — gvstem is essentially 
aoito or with the EA cross se 
of H, the -A cross sect 
But other data at sir 
helium much lov t 
For instance 


Fy. = 0.897 
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° . » ° . i ° ° 7 Tui | é a 0) . 
in neglecting this cross section in the deductions from 
our observations in Sec. IV-B of this paper. We need only assume, as we have already indicated, 
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Fic 
the same translational velocity through the gases Hy, He, and N 
inomalously large cross section for the resonant reaction He 


moving with the same velocity through the same target 
gas, the significant differences should be those due to 
the monotonically increasing nuclear charge. If we study 
their behavior in hydrogen gas, we have our best (but 
poor in the case of H+ in H.) approximation to capture 
by a projectile of high electron affinity from a target 
where electrons are comparably or more loosely bound 
Furthermore, the work of Allison" indicates that double 
electron capture is unlikely in H», because of the ex 
tended nature of the H» molecule. Figure 10 shows the 
electron capture cross sec tions of H+, He**, and Li*** 
in H such that common abscissas mean common 
velocities. The energy range shown for lithium is from 


gas, 


250 to 475 kev. At the higher velocities it seems clear 
that the cross-section ratios are approaching the ratios 
of Z, namely 9:4:1. Such a dependence on Z is indi- 
ited in the theory.” In the case of electron capture by 
these bare nuclei traversing He and N, the cross sections 
with the Z of the moving nucleus but are not 
simple ratio of Z 
~15.5/8. and 


ncrease 


the In particular, the ratio 
at the 
1.36 10* cm/sec for a parti les and protons moving 


4. The effect of the 


resonant simultaneous capture of 2 electrons by the a 
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Yo olan a1 common velocity 
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through helium gas, ts less than 
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the same velocity. The configuration of the projectile 
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properties of isoelectronic 1s configurations moving 
with the common velocity 1.20 10% cm/sec. The points 


shown with solid triangles represent the electron capture 
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to right, the first 


cross sections of these configurations, in the order (from 
left to right) H®, He*, Li** gas nitrogen. 
(The solid lines connecting the points are, in this repre- 
there are no inter- 
Values of o are given per molecule of 
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sentation, only to guide the eye; 
mediate points. 
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helium gas approximates the nonresonant cases of the 
target gases H, and N 


C. Theoretical Predictions of Maxima in 
Charge-Changing Cross Sections 
vs Kinetic Energy 


Some of the cross-section obtained in the 


curves 
present work show maxima which can be compared with 
ol Massey’ 
hypothesis deduces the general be- 


the gem ral prediction 
sis’’."! Basically this 
havior of the 


“adiabatic hypothe- 


cross-section curves by comparing the rel- 


ative magnitude of the transition time and the duration 


of the collision, In this way it results that the principal 


parameter Is 
a Al /hr, (16 


where ‘a’ is a length of the order of atomic dimensions, 
Al is the change of internal energy of the particles when 
they interact, # is Planck’ 
locity of approach of the 
a Ak /in 


the velocity and it 1 


5s constant, and v is the ve 


When 1 


‘1 and the probability increases rapidly with 


particles. is small 
expected that the cross section 
maximum for a AE) /Atya.=1. At 
this 


reaches a higher 


energies the probability of type of interaction 
dee reasces 


It is 


constant for a variety of processt 


found that the length “a” is approximately 


lor charge-exchange 
processes (capture of one electron by projectile or 
target), or ionization or excitation of the target by a 
is 8A. Fogel 
3A for processes of reverse neutralization 
(capture of one neutral 


1.5A for capture of two electrons 


positive ion projectile, the mean value” 


el al. find a 
electron by a atom) and a 
Our curves show broad maxima which only allow an 
“a” [Eq. (16) ]. 
If we assume we are dealing only with transitions from 


estimate of the order of magnitude of 


and to the ground state in target and projectile, we find 


*H. S. W. Massey and I 
Impact Phenomena 
Chap. VIII 

= B. Hasted 


H. S. Burhop, /lectronic and lontc 
New York, 1952), 
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NOZ 
‘‘a” depends on the type of reaction. Roughly the ioni- 
1 Ho, He, No (¢ 
H, and He a; 


that. 


zation of the atomic projectile shows 
an “‘a”’ of about 10A, while ir 
SA, and oo, 1.7A. It is a 


the uncertainty of our experiments we are 
, in No ga 


ndicates 
surprising fact within 
unable to 
see maxima for oo; or ¢ 
Fan™* has emphasized the important role played in 
the charge-exchange process by the perturbation terms 
in the Hamiltonian which correspond to the Coulomb 
interaction of projectile and target 
In his treatment, application of the laws of conse rva 
tion of energy and momentum to charge-changing col 
lisions shows that in the general case there is a minimum 
but finite momentum transfer t 


target 


partici 


rhis corresponds to a diffracti: incident par- 


ticle waves through an angk 


@ } A / 


where AEF is the differen 
electron in the projectile ind in the target, FE is the 
VU are the 


re spective y 


energies of the 
projectile energy, and m and masses of ele 
tron and projectile, 

A maximum impact parameter and cross section will 
effect 


therefore for a charge-changing reaction the maximum 


be associated with a minimum interference and 


should be found at project le ene rgy 
ky AE M/m 


We have compared the oc of our maxima 


with this criterion and found tha maxima are sys- 
tematically at lower energies than predicted. This dis- 
placement is in the range of 40 to 100 kev, 
However in 
be so large if capture in 


except for 
oo, where it is much greater this latter 
case the difference would not 


excited states were considered 
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Hyperfine Structure of Hydrogen, Deuterium, and Tritium* 
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rhe optical transmission of an optically oriented rubidium vapor in spin-exchange equilibrium with 
atomic hydrogen, deuterium, and tritium has been used to measure with high precision the hyperfine split 
tings of these paramagnetic atoms. The results are 
ASv(H) = 1420.405726+0.000030 Mc/sec, 
Av(D)= 327,384349+0.000005 Mc/sec. 
and 
Av(T) = 1516.701396+0.000030 Me/sec. 


These results are based on a value of the hyperfine splitting of Cs which is taken to be 
Sv(Cs™) =9192 631840 Mc/sec 


These measurements were made in various buffer gases which caused a shift in the observed hyperfine 
splitting, and the results given represent extrapolations to zero pressure. The pressure shifts were measured 
for H in argon, neon, helium, and molecular hydrogen and were measured for D and T in argon and neon 
The assigned limits of error represent the range of disagreement of the zero-pressure extrapolations in the 


different buffer gases 


INTRODUCTION 


HE three simplest atoms which exist in nature 

are those of the hydrogen isotopes—hydrogen, 
deuterium, and tritium. The ground state of these atoms 
has a characteristic hyperfine splitting which results 
from the interaction of the nuclear magnetic moment 
with the electronic magnetic moment. The hyperfine 
splittings of the hydrogen isotopes have been exten- 
sively investigated both theoretically and experi- 
mentally with the hope of completely understanding 
these simple systems. Only the experimental work will 
be reviewed here; other references should be consulted 
for theoretical treatments.’ 

Nafe and Nelson used the atomic beam resonance 
technique to make the first precision measurement of 
the hyperfine splittings of atomic hydrogen,? deuterium, 
and tritium.’ Later, Prodell and Kusch*® used an im- 
proved atomic beam apparatus to redetermine these 
hyperfine splittings with greater precision. The pre- 
cision of these measurements was limited by the 20- 

* This research was supported in part by Harvard University 
funds and in part by a grant from the Research Corporation 

+ National Science Foundation predoctoral fellow, 1958-59 and 
1959-60. Now in the Physics Department, University of Wis 
Madison, Wisconsin 

t Alfred P. Sloan Research Fellow, 1959-61. 

$ Research Fellow in Chemistry, supported by the Office of 
Naval Research. Now at the California Research Corporation, 
Richmond, California 

Most of the older references are given by H 
E. E 


Svstems 


consin 


A. Bethe and 
Salpeter, in Quantum Mechanics of One- and Two-Electron 
Academic Press, Inc., New York, 1957), pp. 107-114 
Some more recent references are C. K. Iddings and P. M. Platz 
man, Phys. Rev. 113, 192 (1959); A. C. Zemach, Phys. Rev. 104, 
1771 (1956 
2 J. E. Nafe and E. B. Nelson, Phys. Rev. 73, 718 (1948). 
E. B. Nelson and J. E. Nafe, Phys. Rev. 75, 1194 (1948 
‘A. G. Prodell and P. Kusch, Phys. Rev. 88, 184 (1957 
A. G. Prodell and P. Kusch, Phys. Rev. 106, 87 (1957 


kc/sec linewidth due to the short transit time in their 
beam apparatus C field. 

Wittke and Dicke employed a paramagnetic reso- 
nance method to measure the hyperfine splitting of 
atomic hydrogen.* They used a buffer gas to reduce the 
Doppler broadening of the hyperfine resonance line’ 
and obtained lines as narrow as 4 kc/sec. This residual 
linewidth was due to spin-exchange collisions between 
hydrogen atoms. Their result, even without an un- 
justified extrapolation to zero buffer gas pressure, was 
in disagreement with the measurement of Prodell and 
Kusch.® Subsequently, Kusch*® remeasured the hyperfine 
splitting of hydrogen and deuterium. His new result for 
hydrogen agreed with the measurement of Wittke and 
Dicke with no pressure shift extrapolation. 

The discovery*” that the hyperfine transitions in an 
atom with an S atomic state can be detected by spin- 
exchange collisions with optically oriented rubidium 
atoms has furnished a new method for measuring the 
hyperfine splittings of the hydrogen isotopes. This 
paper reports a precision measurement of these three 
hyperfine splittings by this technique. 


THE DETECTION MECHANISM 


The paramagnetic resonance of atomic hydrogen can 
be detected in an extremely sensitive manner through 
spin-exchange collisions. A spherical flask containing a 


* J. P. Wittke and R. H. Dicke, Phys. Rev 

7 R. H. Dicke, Phys. Rev. 89, 472 (1953) 

*P. Kusch, Phys. Rev. 100, 1188 (1955) 

*H. G. Dehmelt, Phys. Rev. 109, 381 (1958) 

* P. Franken, R. Sands, and J. Hobart, Phys. Rev. Letters I, 
52 (1958); 1, 188(E) (1958) 

" R. Novick and H. E. Peters, Phys. Rev. Letters 1, 54 (1958) 

2. W. Anderson, F. M. Pipkin, and J. C. Baird, Jr., Phys. 
Rev. Letters 1, 229 (1958 


103, 620 (1956) 
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small amount of vacuum-distilled rubidium, some 
molecular hydrogen, and a buffer gas such as neon or 
argon is prepared. The resonance radiation from a 
rubidium light source, after being circularly polarized 
and filtered to remove the Dy, line (2S1;2<+?P4/2), 1s 
used to illuminate the flask. The direction of propa- 
gation of the light is chosen to coincide with the 
direction of the static magnetic field, and the trans- 
mission of the light by the flask is monitored with a 
vacuum photocell. The absorption of a circularly 
polarized light quantum followed by the emission of a 
quantum in a different state of polarization causes the 
rubidium atoms in the flask to become oriented along 
the direction of propagation of the light. As the polari- 
zation of the rubidium in the flask increases, the cell 
becomes less absorbent and the light transmitted to the 
photocell increases. A steady state is reached when the 
rate of transfer of angular momentum to the rubidium 
by the light is equal to the angular momentum lost 
from the rubidium by collisions with the buffer gas 
and the walls of the cell. Atomic hydrogen is then 
produced from the molecular hydrogen in the flask by 
a short pulsed radio-frequency discharge. The hydrogen 
atoms become polarized through spin-exchange col- 
lisions with the polarized rubidium. A radio-frequency 
magnetic field applied to the sample at a frequency 
corresponding to a transition in the hydrogen atom 
will alter the hydrogen polarization. Through spin- 
exchange collisions the polarization of the rubidium is 
reduced, and hence the light transmitted to the photo- 
cell decreases. In this fashion the light transmission 
can be used to detect the paramagnetic resonance of 
atomic hydrogen 


ENERGY LEVELS OF THE ISOTOPES 


OF ATOMIC HYDROGEN 
The energy levels of the hydrogen isotopes can be 


computed from the Hamiltonian 
K=AI-J g Hod H— gruol- H, 


where A is the magnetic hyperfine structure constant, 
uo is the Bohr magneton, H is the magnetic field, J is 
the electronic angular momentum of the atom, I is the 
nuclear spin, and gy and g;, are the electronic and nuclear 
g factors, respectively. The gyromagnetic ratio of the 
electron is taken to be negative and A is positive for a 
positive nuclear magnetic moment. The ground state 
of hydrogen and tritium, for which 7=4, contains two 
hyperfine levels characterized in a low magnetic field 
I+J =1, 0. The 
energy levels for H and T are shown in Fig. 1. The 
ground state of atomic deuterium, for which /=1, 
contains two hyperfine levels characterized in a low 
magnetic field by F =}, 4. The energy levels of D are 

Since magnetic fields of less than 0.2 
gauss were always used, the energies of the levels shown 
in Fig. 1 and Fig. 2 are given only to second order in 
the magnetic field. 


by the total angular momentum / 


shown in Fig. 2. 
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1. The energy levels of the ground state of atomic H 
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SPIN-EXCHANGE COLLISIONS 


The spin-exchange collisions of rubidium and 
hydrogen make thi the paramagnetic 
resonance of the atomic hydrogen possible. This process 
also partially determines the various state populations 
and the linewidths which are obtained. In order to 


understand these effects, it is instructive to study the 


detection of 


details of the spin-exchange process for two colliding 
hydrogen atoms. This problem has been considered by 
Purcell and Field,'’® by Wittke and Dicke,*® and by the 
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Fic. 2. The energy levels of the ground state of atomic D 
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present authors in another paper.'* The detailed argu- 7. se 
ments will not be reproduced here; only the essential ew ceil ’ 
results which have a bearing on the interpretation of  **!' ° te Pe 

this experiment will be repeated. i —— «3 a a 


During the collision of two hydrogen atoms the wave 
function for the electronic state can be written as the 
superposition of triplet and singlet spin components. 
The phase of these two components will develop at a 
different rate due. to the difference in the interaction F=0;0 - -1 Feves = 
energy in the two states. Thus, in general, when the ; 
wave function after the collision is written in terms of 
the wave functions of two isolated hydrogen atoms, H on T D 
there will be now Components in the wave function. In Fic. 3. The relative populations of the various sublevels of H, 
this type of collision the z component of the total spin Pp, and T in spin-ex henge equilibrium with a sea of similar 
angular momentum is a constant of the motion. The toms. 
magnitude of the cross section can be estimated by 
definining some region of strong collisions where both H, D, and T in spin-exchange equilibrium. This theory 
the singlet and triplet electronic states will be involved. is applied in the section on experimental results, 
Purcell and Field take the maximum impact parameter 
for which such collisions occur to be that for which the APPARATUS AND EXPERIMENTAL PROCEDURE 
classical turning point of the motion occurs at the top 
of the centrifugal barrier for the attractive '2 potential. 
They estimate the reaction cress section for hydrogen- The apparatus consisted of three parts, the first to 
hydrogen spin-exchange collisions at T= 325°K to be generate and measure the microwave frequencies which 

«=4.39X10-" cm’. produce the transitions, the second to produce oriented 
hydrogen, and the third to detect these transitions 

Another viewpoint is advantageous to obtain the when they occur. A block diagram of the apparatus is 
populations of the various magnetic sublevels. The shown in Fig. 4. 
optical pumping process can be viewed as one in which It was desired to produce and measure the three 
the absorption of light introduces a certain net angular hyperfine frequencies with the same apparatus by 
momentum; this is redistributed among the magnetic changing only the frequency of the microwave escillator. 
substates by the spin-exchange col'isions; and finally |The oscillator used to drive the transitions was phase- 
it is passed to the walls and the buffer gas by relaxation locked to the sum of a stable high-frequency source 
collisions. If it is assumed that the time for spin- and a variable frequency oscillator. The basic frequency 
exchange equilibrium is much less than the time standard used was an Atomichron made by the National 
required to produce orientation in the rubidium by Company, which was operated by Mr. J. A. Pierce of 
optical pumping and the relaxation time for the the Cruft Laboratory. A Gertsch AM-1 frequency 
orientation, then the relative populations will be meter generated a signal of 27 Mc/sec for H and D 
dominated by the spin-exchange collisions. In equi- and of 25 Mc/sec for T. These frequencies were selected, 
librium the populations of the magnetic substates will 45 will be seen later in this paragraph, in order that the 
be the most probable distribution which carries the 


given total component of spin a , = Gommnt  {oann : 
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A. Apparatus 
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along the axis of quantization. This is just a Boltzmann- Te was p 
like distribution in angular momentum. Each state will 
have a relative population given by 
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constant. This distribution can be derived by the 
methods of elementary statistical mechanics. It can 
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. ‘ . | #00 Sam Textacpes | meroruee 
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collisions.“ Figure 3 shows the relative populations of 












“LL. W. Anderson, F. M. Pipkin, and J. C. Baird, Jr., Phys 
Rev. 116, 87 (1959 Fic. 4. A block diagram of the apparatus used in the experiment. 
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same i.f. amplifier could be used for all three isotopes 
without retuning. The AM-1 was altered so that its 
input reference frequency was the 1-Mc/sec 
output of the Atomichron rather than the 100-kc/sec, 
which it normally requires. Also, the 1-Mc/sec signal 
from the Atomichron was used to replace the variable 
low-frequency oscillator in the AM-1 and as an input 
to the Gertsch F M-4 500-1000 Mc/sec locked oscillator. 
The harmonics of the signal generated by the AM-1 
were used as the high-frequency input for the FM-4. 
A T-116/APT-5 coaxial line grounded grid oscillator 


basi 


(a World War IIL radar-jamming oscillator) was used 
to supply the microwave frequency to drive the hyper- 
fine transitions in all three isotopes. A probe was 
inserted into the cavity of this oscillator to provide an 
auxiliary output for the frequency stabilization circuits 
and this signal was mixed with the output of the FM-4. 
The FM-4 supplied signals at 712 Mc/sec for H, 760 
Mc/sec for T, and 658 Mc/sec for D. The hyperfine 
frequencies are approximately 1420.406 Mc/sec for H, 
1516.701 Mc/sec for T, and 327.384 Mc/sec for D. The 
1420.406 Mc /sec upon being mixed with the second 
harmonic of 712 Me 3.594 Mc/sec; 
the 1516.701 Mc/sec upon being mixed with the second 
harmonic of 760 Mc/sec gives a beat of 3.299 Mc/sec; 
the second harmonic of 327.385 Mc/se« 
mixed with the 658-Mc, se« 
3.232 Mc/sec. The 
amplified in an i.f. amplifier whose bandwidth was 2 to 
4.5 Mc/sec. 
ured by a Northeastern Engineering 14-20 electroni 
counter, 


sec gives a beat at 


upon being 


signal gives a beat of 


appropriate beat frequency was 
One output of the i.f. amplifier was meas- 


whose time base was provided by the 100- 
ke/sec output of the 
the 1.f 


circuit with a General Radio 616D variable-frequency 


\tomichron. Another output of 
amplifier was compared in a phase-detecting 
oscillator. The output of the phase detection circuit 
was sent to one of the grids of the differential amplifier 
in the voltage regulation circuit for the plate power 
supply of the APT-5. The changes in the plate voltage 
of the APT-5 generated sufficient to 
phase lock the APT-5 over a reasonable range (about 
150 kc/sec at 1420 Mc/sec). The tuning of the APT-5 
was accomplished by varying the cavity dimensions 


this way wert 


until the oscillator was near the desired frequency. The 
fine tuning to bring the oscillator into the locking range 
was performed by varying the position of a micrometer 
head which was inserted into the lecher wire port near 
the grid of the oscillator. 

The output of the APT-5 was fed into an isolator at 
1420 Mec/sec 1516 Me/sec or 20-db 
attenuator at 327 Mc. sec to buffer it from the remainder 
of the system. This output was amplitude modulated 


and at into a 


in a square wave by a relay driven at approximately 
18 cycles sec. The relay used to modulate the radio 
frequency was made by the James Vibra Power Com- 
pany to work at Z band (1400 Mc/sec). To excite 
transitions in the absorption flask, the modulated 


microwave power was fed into a crude cavity consisting 
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of two brass plates approximately 21 cm apart for the 
1420- and 1516-Mc/sec and into a 10-turn solenoid for 
the 327-Mc/sec signal. 

A General Radio 805B oscillator was used to drive 
the low-frequency Zeeman transitions. The output of 
this oscillator was amplitude modulated in a square 
wave with a Western Electric mercury relay and fed 
into the 10-turn order to 
frequency of the Zeeman transitions, a signal was taken 
off before the amplitude modulation occurred, and the 


solenoid. In measure the 


frequency was determined directly with the electronic 
counter. 

The rubidium lamp consisted of a 25-c« 
flask in which there was a small amount of rubidium 
and 1 mm Hg of argon. The rubidium spectrum was 
flask in the coil of the tank 
7.5-Mc/se 
very 


spherical 


excited by placing the 
circuit of a power amplifier excited by a 
crystal controlled oscillator 
stable, intense source of rubidium resonance 


This provided a 
radiation 


The resonance radiation was circularly polarized by 
passing it through a sheet of polaroid followed by a 
quarter-wave plate, both of which were made by the 
Polaroid The 


passed through an interference filter which was 


Company resonance radiation then 
manu 
factured by the Spectrolab Corporation and which 
Franze n 
only dD, 


the ethcie ncy 


transmitted only the D, line 
Emslie 
resonance radiation increases substantially 


and have shown that t use of 


of orientation over that obtained when both D lines are 
used. The filtered beam of light passed through the 
absorption cell which consisted of a 500-cm® flask con 


taining a small amount of vacuum-distilled rubidium, 


some spectroscopically pure hydrogen, and a spectro 
T he 


a O35 photocell and 


scopically pure rare gas such as argon or neon 


transmitted light was detected by 
the output of the photocell was clipped in order to 
reduce the effects of the dis 
created an intense flash of light he signal 
amplified by a Tektronix 121 preamplifier 
was set at 1000, and the output nt to a 
detector. The lock-in detect 
beam-switching beam, and it \ ated in 


overload I arge which 
was then 
whose gain 
LOK k in 
6ARS& 


prope r phase 


employed da 


with the rf switching 
The flask containing the hydrogen provided with 


two glass-covered tungsten leads whi were used to 


excite the discharge for producing atomic hydrogen 

The glass covering served to reduce the recombination 
for the hydrogen atoms. The 30-Mc, se 

frequency discharge was pulsed on for a time 


36 or 18 times/sec. The 


rate radio 


ot one to 
three milliseconds at a rate 
| 


discharge was usually run at a rate of 36 times/second 


and phased in such a way that pulses occurred both at 


reiay 


is ¢ osed. In this mode 


the midpoint of the time when the modulation 
was open and when the rela 


lock-in detector 


the effects of the discharge pulse on the 


were easily averaged out. However, an 18-times. se« 


1§W. Franzen and A. G. Emslie, Phys. Rev. 108, 1453 (195 





HYPERFINE STRUCT 
rate for the discharge and any phasing could be used. 
Tests were made showing that neither of these adjust- 
ments could change the observed hyperfine frequencies. 
The bulb was mounted in an oven whose temperature 
was maintained at 50°C. The static magnetic field was 
the horizontal component of the earth’s field. The 
vertical component was canceled out by a pair of 
Helmholtz coils. 

The construction of the bulbs was quite simple. They 
were evacuated to a pressure of 5X10-* mm Hg or 
better and then thoroughly outgassed by heating with 
a torch until the yellow sodium flame appeared indi- 
cating a softening of the glass. This was repeated until 
no appreciable rise in the pressure occurred upon 
heating. The rubidium was then distilled into the flask 
and boiled around for some time to eliminate any gas 
trapped in the rubidium. The flasks were then filled 
with a known amount of hydrogen and rare gas as 
required, and the gas pressure was measured with an 
oil manometer. The flask was subsequently sealed off. 
The pressure in the system was again noted and the 
pressure in the flask was corrected by using the perfect 
gas law and the volumes of the system and the bulb. 
The deuterium was purified by passing it through a 
palladium leak. For the tritium the purification con- 
sisted only in allowing the tritium to stand in contact 
with a liquid air trap for fifteen minutes. This could 
leave an impurity such as nitrogen or helium. These 
are estimated by the Atomic Energy Commission as 
being less than 0.5% of the total gas. 

The splitting observed depends upon the nature and 
pressure of the buffer gas which is used. For this reason 
the frequency of the hyperfine splitting was measured 
in several buffer gases and at several pressures of each 
buffer gas. These data were then used to make an 
extrapolation of the observed frequency to that which 
would be observed at zero buffer gas pressure. Since 
the buffer gas shifts the observed frequency somewhat, 
it might appear unwise to use such a gas. The buffer 
gas is, however, advantageous for two reasons. First, 
it reduces the Doppler broadening of the line. The 
normal Doppler width is approximately 17 kc/sec; the 
Doppler width with 1 mm Hg of buffer gas is only 2 
Secondly, the buffer gas prevents the 
hydrogen and rubidium from diffusing to the wall of 
the container and thus losing their orientation. 


{ yi les sec. 


B. Influence of Ions 


Because of the manner in which the hydrogen atoms 
were produced, the measurements were always made 
while there were ions and electrons present in the bulb. 
In this section it will be shown that the effect of the 
plasma upon the hyperfine splitting should be negligible. 
Schwartz'® has computed a theoretical expression for 
the Stark shift of the hydrogen hyperfine splitting. He 
finds that the changé A(&) in the hyperfine splitting is 


'®R. D. Haun and J. R. Zacharias, Phys. Rev. 107, 107 (1957 
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given by the expression 


1193 (ao)* 
A(&) &’Av(H), 


e 


where do is the Bohr radius, e is the charge of the 
electron, & is the electric field, and Av(H) is the hyper- 
fine splitting in the absence of the electric field. To 
estimate the shift in the hyperfine splitting due to the 
ionized atmosphere, the average of the square of the 
electric field at a typical hydrogen atom must be 
computed. This will be done in two ways; first by 
assuming a collision model with classical straight-line 
paths, and second by using an expression derived in 
the theory of the Stark broadening of spectral lines. 

The time average of the square of the electric field 
due to an ion which passes at a distance 6 from the 
hydrogen atom is 


(& t ; J 
2L 


where 2/ is the total length of the path, a 
velocity and the duration the 


Evaluation of the integral gives 
e L re 
tan ( )- : 
2Lh* b 4Lb* 


If it is assumed that all values of the impact parameter 


Lis edi 


Li» [B+ (vt)? P 


is the ion 


of collision is 2L v. 


are equally probable, then for the average collision 


nt 
Tv Re - 


The lower limit of the integral has been conservatively 


Ro re: 


2rbdb. 
10 4Lh’ 


chosen as do/10. The length Ry represents some maxi- 
mum impact parameter. Since the value of the integral 
is not sensitive to Ro, it will be taken as the radius of a 
circle of unit area. In this case 


Co 


O46 10r'e 2Lap. 


The shift in the hyperfine splitting can now be computed 
from this field, the average duration 
collision, and the number n of ions/cm’. 


)4 2L 
(Ht) ()( ) 
. 


‘x’?nAv(H) 


average of a 


1193 (a 107%" 
A=— 


80 e 21a 


1193 
(a 
* 


= —3X 10-"n cycles/sec. 


A conservative estimate of the number of ions and 
electrons in the bulbs is 10''/cm*. This number is based 
on Dehmelt’s’ results on experiments with the free 
3.2 10° 


electron, where he found there were about 





1284 ANDERSON, 
electrons/cm*, and on the radioactive decay of the 
tritium. In our experiment, each tritium bulb was a 
500-cm* flask and contained 2 curies of tritium. The 
beta ray emitted by the tritium has an energy of 17 
kev and one ion pair is produced for each 30-ev energy 
loss in the gas. This would give 5X10" ion pairs/cm* 
produced per second by the decay of the tritium. The 
recombination time is much less than 1 second so this 
procedure overestimates the number at equilibrium. 

In the Holtzmark theory of Stark shift line broad 
ening, it is shown that the probability distribution of 
the electric field & at the site of a neutral atom is"’ 


3 Eo \! 
( exp] — 
26V\ 5 
fr \! 
n}e, 
*) 


and m is the number of ions/cm*. Thus the average of 


dp(é&) 


where 


the square of the electric field is 


The hyperfine Stark shift for this field is 


1193 trn\! 
A a'( Av(H) 


*) 
0.96 10° n!, 
his estimate is even smaller than the previous one. 


C. Measurement Procedure 


In making a set of measurements the following pro- 
cedure was used. The bulb was inserted into the oven 


and checks made to see that the lines had a 
Lorentz-like shape and that there was no appreciable 
power oroadening. This was done by sweeping the 
frequency through the line slowly and observing the 


shape and half-width. In all cases two lines were meas 


were 


ured which had the opposite dependence upon magnetic 
field. The measurements were made by observing the 
output of the lock-in detector on a Brown recorder. 
One observer would set the frequency of the oscillator 
so that the line intensity was at its maximum value, 
then a second observer would read the frequency, and 
the third observer would record the number. The output 
time constant of the lock-in detector was usually set 
at 0.1 sec. The procedure was to measure the frequency 
first of one of the field-dependent lines, then of the 
other; the cycle was then repeated in reverse order. 
Modern Phys. 31, 569 
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Only ten such measurements on a particular bulb were 


made at one time. In order to eliminate any observer 


bias, the roles of the various observers were changed 


after each ten measurements when a bulb 
inserted. All of the 
made during the hours of 1 a.m. to 5 


that 


Was 


measurements on H and T were 
when the 


the 


a.m 


magnetic activity (i.e due to trolleys) in 
neighborhood was a minimum 

During the period when the meas 
made, the Atomichron being used (111) was compared 
by Mr. J. A. Pierce with another Atomichron (112 
The total drift over this entire period was less than 
three parts in 10" 


frequency standard should be small. There is a 


irements were 


Chus the error introduced by the 
cor 
rection, however, to change the results from Atomichron 
standard. All the results given 


\-1 time 


time to some other time 


are in Atomichron time; the correction to th 


scale will be given at the end of this paper 


RESULTS 


ission of the 
spin-exchange induced state populations is the predicted 
equality of the populations of the states (F=1, m=0 
and (F=0, m=0) in and 
This indicates that transitions bet 
would be unobservable. An 

for the 0«<+0 
evidence could be 
maximum it was less than 1 


The most important result of the dis 


atomic hydrogen tritium. 


ween these two states 
search was made 
transition in atomic hydrogen. No 


found for transition; at the 


500 of the other hyperfine 
transitions. 

In order to further verify ‘lations in H 
were the predicted ones, the sample was placed in a 
transitions 


field of 


low magnetic field so that t} 
were not 
sufficient strength to saturat 
applied to the sample. This « 
of the three / 
was made for the 0 «> 0 hypertine transitir \ ne 


resolved, and a_ radio-frequency 


SiLLOnNS Was 
he populations 
i substates. At the same time a search 
galive 


result was obtained. This imy popu 


Fic. 5. A typical lir 
transition in atomic 
lock-in detector time 





Fic. 6. A typical line profile of the Rb Zeeman transitions in a 
0.15-gauss magnetic field. The lock-in detector time constant was 
0.1 sec. The heavy dots represent a Lorentzian line which was 
fitted to one side of the curve, and they serve to emphasize the 
asymmetry. 


lations before the equalization by the Zeeman frequency 
were 
Ny sy ol My 


1:No,0> (1+) :1:(1—64):1, 


and after the application of the saturating field they 
were 


1:Mo.07% 1:1:1:1. 


1y.1:41,.0:"1 


In another experiment the static magnetic field was 
increased until the transitions (F=1, m=1<> F=1, 
m=0) and (F=1, m=0<> F=1, m=-—1) were re- 
solved. The transition (f= 1, m=1+«+ F=1, m=0) was 
then saturated. Under these conditions the state popu- 
lations are predicted to be 


yi sy oy 1 :No 6 


1-+45) :(14+46):(1—4):1, 


and hence the (F=1, m=0«<+ F=0, m=O) transition 
is detectable. This was found to be the case. It was also 
observed that upon saturating both the Zeeman tran- 
sitions the transition (F = 1, m=0«+ F=0, m=0) could 
no longer be detected. 

When the field-dependent transition was detected in 
this fashion, it was found to be as broad as the field 
dependent transitions and its frequency depended 
somewhat upon the frequency of the oscillator pro 
ducing the Zeeman transitions. It was decided to 
determine the hyperfine splitting in hydrogen and 
tritium by measuring the (F=1, m=+1+<+ F=0, m=0 
field-dependent transitions since they could be meas 
ured without an auxiliary oscillator. 

\ typical line profile for the (F=1, m=1<> F=0, 
m=() transition in atomic hydrogen is shown in Fig. 
5. In recording this line and all the others which are 
reproduced here, the output time constant of the lock-in 
detector was 0.1 sec. The line is typically 1.4 kc/sec full 
width at half maximum, and it is somewhat asym- 
metrical. The rapid falloff occurred on the low-frequency 
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side of one of the hyperfine lines and on the high- 
frequency side of the other. The magnitude of the 
asymmetry varied with the nature and pressure of the 
buffer gas. Figure 6 shows a typical line profile for the 
rubidium Zeeman transitions in a low magnetic field 


with no discharge. This line has about 600 cycles/se« 
full width at half maximum and is slightly asym- 
metrical. The width and asymmetry in this line are 
most probably due to inhomogeneities in the magnetic 
field and magneti« The transitions in atomic 
hydrogen were more than twice as broad as the rubidium 
transitions and more asymmetrical. The Zeeman tran- 
sitions in hydrogen fell sharply on the low-frequency 
side of the line while the Zeeman transitions in rubidium 
fell sharply on the high-frequency side of the line. In 
order to ascertain the hyperfine splitting of atomic H 
and T, the transitions (F=1, m=+1+«+ F=0, m=0) 
were both measured, and the results were averaged to 
obtain a nearly field-independent quantity. It was 
assumed that when the frequencies of the two lines 
were averaged, the effect of the asymmetry could be 
ignored. The difference of the frequencies of these two 
lines was used to compute the second-order correction 
to obtain the hyperfine splitting. 

Table I shows the values of the observed hyperfine 
splitting of hydrogen for the different buffer gases at 


noise. 


ras_e I. The data taken on the observed hyperfine splitting 
of H at various pressures of argon, neon, helium, and molecular 
hydrogen. There are no errors quoted as the statistical ones are 
much smaller than the disagreement between the various values 
of Av obtained by extrapolating the data for each buffer gas to 
zero pressure. The least-squares fit for the data obtained with 
each buffer gas is 


Avovs— 1 420 405 000 (cps)= —0.35 p(H2)+721, 
Avobvs— 1 420 405 000 (cps) = —5.38 p(A)+712, 
Avobs— 1 420 405 000 (cps) = 4.24 p(He) +698, 
and 


Avovs— 1 420 405 000 (cps) = 2.44 p(Ne)+753. 


Ihe data with He as a buffer gas was taken primarily for the 
pressure shift and hence only a few measurements were made 


rhe density of the oil is about 1 g/cc. The partial pressure of H, 
in all Ne, A, and He bulbs was 0.7 mm Hg 


p No. of 


cm ol} oi 


1 420 405 000 
Buffer gas measurements (cps) 
H 25.86 4) 722 
H $4.65 Hi) OS4 
H 58.98 4) 709 
H 71.19 ) OVS 
27.88 Mi) 570 
37.50 40 531 
53.28 40 372 
74.77 ) 335 
29.16 10 817 
3501 10 857 
53.33 10 917 
84.83 10 1058 
69.06 20 8806 
27.07 20 776 
35.67 2 41 
42.86 872 
27.04 828 
42.92 891 
56.28 915 
81.02 953 
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on 405000 | . ras_e Il. The data on the observed } perfine structure ol l 
at various pressures of neon and argon. The least lares fit 
* 
| the data for each gas is 
. 
=) 4 . Avobs— 1 516 701 000 (cps 2.97 p(A)+382 
— Vous * 2.449 + 420.405754 (MC /SE and 
800} —- Avobs—1 516 701 000 (cps)=4.49 p(Ne)+410 
— 
[ Bines * 0135p + 420,405721 OC /SE rhe oil has a density of about 1 g/cc. The partial pressure of 7 
r00F . — an o is , in each bulb was 1.2 mm Hg 
* 
wT ~ p No. of \ 1 516 701 000 
ee Buffer gas cm of oi measurement cps 
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‘ no pressure shift correction. The value for tritium 
hic. 7. A plot of Avon. versus pressure for H in argon, 


sem : , a 
neon, and molecular hydsemn bafler qnets. disagrees with the atomic beam measurement of 


Prodell and Kusch 
; 1 1 


In deuterium the two lines (F=3, m=+4<5 F=}., 


m= 4) are nearly field independent; they differ by 
only 2g poll h. Both of these lines were detected, and 


} ? } 


they were equal in intensity is 1S predicted DY 


the various pressures. The results of these measure- 
ments are shown graphically in Fig. 7 and Fig. 8. The 
same quantities for tritium are given in Table IT and 
Fig. 9. The values of the hyperfine splittings of H and 
T seemed to fluctuate in a nonstatistical manner from 
night to night. As an example of this behavior, Table 
III gives all the data on one of the H_ bulbs. The 


{ 
spin-exchange theory. These two lines were measured 
in order to determine the hyperfine splitting in D. A 
typical line profile is shown in Fig. 10. The linewidth 


: : : ‘ was approximately 175 cycles, sec. This width increased 
amount by which the lines determined for the various ‘ aa 2 . . 
: , : rapidly when ‘the discharge intensity and hence the 
buffer gases fail to meet in a point at zero pressure has y 
atom concentration was increased. If it is assumed that 


been taken as a measure of the error in the hyperfine 
splitting of the two isotopes. (See footnote 19.) The re 


this linewidth is entirely due to the yin-exchange 


| 
collisions of the deuterium atoms, then this linewidth 


sults are 


can be used to estimate the concentration of atoms. 


The result is 


Av(H 1420,.405726+ 0.000030, 


Av(T) 1516.701396+ 0.000030, 
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rhe result for hydrogen agrees very well with the most 5 : 
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recent atomic beam result of Kusch* and the para 
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Pasre IL. 


o=[Lle? 


Ll 


n=the total number of measurements, and e; =the deviation from the average for each individual measurement 


rhe data for the bulb at 44.65 cm of oil pressure of pure H, 


ta GF S, BB, ABBY 1 


rhe errors quoted are 20/, » where 
m—1) }; 


rhe total average for 


the four nights is Avo... = 1420.405684+0.000012, where the error here, is also, 2¢/./n. It is clear that the measurements from one night 
do not always overlap the measurements from the other nights. It is also clear from Fig. 7 that the measurements on this bulb do not 
overlap the least-squares fit to the line through all the points taken on pure Hz bulbs. This type of data on H and T led us to believe 
that the errors were not altogether statistical and led us to assign the amount by which the lines determined for the various buffer 
gases fail to meet in a point at zero pressure as an estimate of our error. In the case of D the errors appeared to be statistical 


Hyperfine splitting (Mc/sec 


First night Second night 


1420.405666 1420. 405689 


680 OBS 
625 670 
698 663 
586 716 
663 739 
558 656 
S86 694 
621 681 
673 693 


1420.405635 +0.000033 1420.405690 +0.000015 


where @ is the spin-exchange cross section (4.410 


cm*) and ov is the velocity of the deuterium atom 
(2.0% 10° cm/sec). The concentration of rubidium 
atoms can be determined from the known vapor 


pressure of rubidium. It is 


N(Rb) 


9 10" atoms/cm* 


The Zeeman transitions in D were used to compute the 
second-order correction. Table IV gives the data ob- 
tained for D; Fig. 11 shows a plot of these data. In the 
case of deuterium, where the observed transitions are 
field independent, the errors appear to be purely sta- 


— 


sana 
Fic. 10. A typical line profile for the (F =4, m= —}+<> F=}j, 
m=%}) and (F=}, m=}4+«+ F=j, m=—4) hyperfine transitions 


of atomic deuterium in a neon buffer gas. The separation of the 
two peaks is equal to twice the nuclear resonance frequency for 
the deuteron in a field of 0.15 gauss. The markers were made with 
only one direction of frequency sweep and serve only to mark 
the separation of the two peaks and the linewidth. The lock-ir 
detector time constant was 0.1 sec 


Phird night Fourth night 


1420.405738 1420.405693 


765 710 
606 726 
683 O98 
710 686 
718 702 
707 694 
765 679 
675 697 
700 694 


1420405698 +0 .000007 1420.405698 4-0 .000007 


tistical. The value obtained for the zero-field hyperfine 
splitting is 


Av(D) = 327.384349+-0,000005 Mc/sec. 


This value is only slightly outside the quoted error of 
the atomic beam result of Kusch.* The final results of 
the measurements on the hyperfine structures of H, D, 
and T obtained by extrapolating to zero pressure are 
shown in Table V. 

The results of the work on the pressure shifts of the 
hyperfine splittings of H, D, and T are given for 
T=50°C in Table VI. In Fig. 12 these fractional 
pressure shifts (the pressure shift divided by the 
hyperfine separation) have been plotted versus the 
optical polarizability of the buffer gas as has been 
suggested by Rank, Birtley, Eastman, and Wiggins.'* 


PasLe IV. The data taken on the observed hyperfine structure 
of D at various pressures of neon and argon. Each error quoted is 


ry y 


Oo | aw \€;) n 1)}* 


where ¢, is the deviation of an individual measurement from the 
mean and n is the total number of measurements. The least squares 
fit to the points (for each gas) is 


Avorn. — 327 384.000 (cps) =0.95 p(A)+35045 
and 
APobs 


327 384 000 cps 0.65 p(Ne)+34745, 


where the errors quoted in the zero-pressure extrapolation are 
one standard deviation. The oil has a density of about 1 g/cc. The 


partial press of D, was 0.7 mm Hg in all bulbs 


p No. of \v 327 384.000 
Buffer gas (cm of oil measurements (cps) 
\ 28.80 20 32443 
\ 43.82 20 31045 
\ 64.99 20 29145 
Ne 26.07 15 3465+6 
Ne 40.55 15 37446 
Ne 55.10 15 3804-6 
Ne 72.62 15 396+-6 
* D. H. Rank, W. B. Birtley, D. P. Eastman, and T. A. Wiggins, 


J. Chem. Phys. 32, 298 (1960 
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A plot of Av versus pressure for D in neon and argor 


The 4 value of the tern | 


gases Avote Should read 


Phere ts an apparent ce pe ndence of the pressure shift 
upon the hydrogen isotope being studied. In view of 
the behavior of the data taken on the hydrogen and 
tritium bulbs, it is not clear whether or not the apparent 
shift is statistically significant.” 

Since the ratio of the nuclear magnetic moments of 


H and T has 


precision,” a new value for the hyperfine anomaly can 


recently been remeasured with high 


‘ j 


Phe easured hyperfine splittings obtained 


gy to zero pressure 


fantre \ 


extrapolati 


Hy pertine 
splitting in 
Mc/see 


ulbs at Number of 
{ observations 
per blub 


H \ ! Hi) 1420.405712 
H Ne S 20 753 
H H ' HW) 721 
H He } 10) 698 


\vera 14.20.4057 26 
1) \ 20 327 384450 

Il) Ne 1 15 $47 
Average 327.384349 
| \ ; i) 1516701382 

| N } HW) 410 

, 1516.701396 


* Note added i» ’ ce this a e was su itted lor pu 
icat the apparatus has been improved, and it has been found 

s le » reduce the 4 h of the agnetic field dependent 

insi s in hydroge " tritium f 1400 cps to 300 cps 


Measurements made with the narrower line indicate that even 
vith the shape of the magnetic 
field dependent line is not stable enough to make meaningful the 
repeatal ility with which the center of the line can be measured 
further measurements indicate that the variation of the 
fractional pressure shit » deuterium is less than 
value of the 
. 


eT i too small 


procedure 1S¢ 1 this paper the 


These 





at the 


10° ‘ These measurement 
tritium hyperfine splitting quoted i 
approximately 80 cps 
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Fic. 12. A plot of the pressure shifts of the 
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where A is the magnetic hyperfine structure interaction 
+} 


constant, g is the nuclear g factor, and m is the 
The H-D 


changed from its previous value. This value is 


reduced 


mass hypertine anomaly 1 essentially un 


[4A (H)/A(D) ][m(D)/m(H 


On D 1 


0.0001703 + 0.0000005 


CORRECTION FROM THE ATOMICHRON TIME 
SCALE TO THE A-1 TIME SCALE 
In the A-1 time scale the Cs frequency 


Ai 9192.6317704-0.000020 M 36 


The Atomichron was designed on the assumption that 
Av 9192.631840 Mi CC Thu correction is 
necessary to ct inge the Ireque! { Dreviously iuoted 
to the A-1 time ( ¢ Th r p ed the 
Taste VI. The press Che oe 
was measured at roor ( 1 } . oe . 
the bulb was prepared; the measurement tthe larnerhen 
splittings were made with the ] ut SOC Ir puting the 
pressure shifts at 50°C the perfect gas law was used to correct the 
pressure. The error in the pressure shifts is estimated to be 20% 
Hy droge Buffer Press Pesamnse aliiie Jie 
isotope vas a Ho He <10 


H \ 3.5 2.53 
H He 2.83 + 2.00 
H Ne + 1.62 + 1.14 
H H 0.24 O17 
LD \ 0.6 1.9 
I) N +O.44 +1 

I \ 1.98 13 
I N QO +] 
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rhe overlap of the positron component of the wave function of 
positronium (Ps) in dense molecular substances with the lattice 
wave function determines the 2y annihilation rate of positrons 
in orthopositronium via electron pickup from the 
T cay 


bound lattice 
and in part the 2y angular correlation. Ps acts as a 
probe for the dependence of one-particle wave functions in 
lattices on structural lattice parameters, and of radical-molecule 
interactions on atomic lattice parameters. To explore the sensi- 
tivity of probe Ps functions are calculated for 
different lattice structures in the Wigner-Seitz approximation, 
ind the dependence of +, decay on lattice parameters is derived 


this wave 


INTRODUCTION 


N interaction with matter, positrons annihilate 

with electrons into y quanta.’ Para decay refers 
to the annihilation of a positron-electron pair with 
intiparallel spins; ortho decay to the annihilation of a 
pair with parallel spins. Because of selection rules, two 
y quanta are emitted in para decay and three y quanta 
in ortho decay. In dense substances, positrons from a 
8* emitter are estimated to be stopped in times small 
compared to their lifetimes 


capture 


In stopping, positrons can 
an electron within a narrow range of kinetic 
energies (Ore gap) to form the atom (ete 
Ps, which is unstable 


he short 


), positronium’ 
annihilation. Because of 
stopping times and the narrow Ore gap, t! 


against 


work, performed at the 


supported by 


* The experimental University of 
Virginia, was partly the Office of Naval Research. 
1 Reviews and extensive references are given by S. De Benedetti 
ind H. C. Corben, Annual Review of Nuclear Science (Annual 
Reviews. Ir Palo Alto, California, 1954), Vol. 4, p. 191; S. De 


Benedetti, R. E. Bell, and M. Deutsch, in Bela- and Gamma-Ray 
\ pectros edited by K. Siegbahn (North Holland Publishing 
Compar (Amsterdam, 1955), pp. 672, 680, and 689; S. Berko 


ind F. L. Hereford, Revs. Modern Phys 28, 299 1956 R.A 
Ferrell, Revs. Modern Phys. 28, 308 (1956); L. Simons, Handbuch 
der Ph edited by S. Fliigge (Springer-Verlag, Berlin, 1956 

\ 34. p. 139 


' 


R. L. Garwin, Phys. Rev. 91, 1571 (1953); G. E. Lee Whitin g 
Phys. Rev. 97, 1557 (1955); W. Brandt, Atomic Energy Con 
ssion Nuclear Data Tab. Suppl., 1959 


\. E. Ruark, Phys. Rev. 68, 278 (1945 


This dependence was 
on careiully 


tested experimentally by r. measurements 
molecular different 
physical states. It is confirmed that the temperature and state 
dependence is primarily a “free volume” effect in the sense that 
the overlap between the Ps and lattice functions de 
creases with increasing lattice spacing. The effects of a spherical 
confinement on the self-annihilation rates and stability of Ps are 
shown to be small for radii relevant to molecular lattices 

An anomalous behavior is found for the ice-water transition 
where rz increases significantly despite the contraction of water 
between the melting point and 4°C 


characterized substances in 


wave 


lifetimes of positrons bound Ps practically coincide 
with the Ps lifetime with respect to annihilation. 

In many molecular substances, two positron lifetimes 
are observed. The short mean life, 7}, is ~10~"" sec and 
appears to be insensitive to the lattice characteristics; 
in most instances, 7, can be attributed to the para anni 
hilation of unbound positrons and of para Ps. The long 
mean life, tz, is ~ 10~* sec and can depend sensitively 
on temperature, physical state, molecular composition, 
and other parameters of the material in which the posi 


trons annihilate; r, 


is attributed to the fast para an 
nihilation with lattice electrons of positrons bound i 

ortho Ps. This process of electron pickup‘ shortens 
drastically the long lifetime of ortho Ps of ~10°7 se« 
against ortho annihilation. Therefore, 72 is a measure of 
the lattice-Ps interaction and its dependence on lattice 
properties. 

Aside from lifetimes, the analysis of positron decay 
curves yields information also on the relative intensity 
of the r, and r, processes, J; and J», and their depend 
on lattice properties. More direct evidence about 
the detailed annihilation process in lattices can be 
extracted from measurements of the angular correlation 
of the two y quanta created in para annihilations. 

It has been a puzzle since the discovery of the tem- 
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ence 


sarwin, Phys. Rev. 91, 1271 (1953); M 
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perature dependence of the r2 decay® that the pickup 
annihilation rate decreases with increasing temperature. 
It is the purpose of this paper to show that this departure 
from the commonly encountered increase of reaction 
rates with temperature is a quantum mechanical 
effect. The de Broglie wave length of thermalized Ps 
atoms is 2-3 orders of magnitude larger than the 
dimensions of the “free volume” per molecule accessible 
to Ps in a typical molecular lattice. Ps in such lattices 
behaves much like an “injected” exciton of high 
mobility, with a radius comparable to intermolecular 
spacings. From the point of reaction kinetics, Ps may 
be viewed as the elementary free radical, which by its 
decay characteristics signifies primary radical-molecule 
interactions, unobstructed by extraneous chemical 
changes. More precisely, electron pickup depends on 
the overlap of the positron component of the Ps wave 
function with the lattice wave function; the charac- 
teristics of Ps as a free radical in the conventional sense 
are associated with the electron component of the Ps 
wave function. However, both are uniquely interrelated 
by normalization conditions. 

Any satisfactory theory of Ps formation and decay 
in molecular substances must account at least for three 
main observations: (1) the temperature dependence 
of r2; (2) the changes of /2//,, in order-disorder phase 
transitions; and (3) the dependence of angular corre- 
lation on temperature and phase changes. The present 
paper gives an ultrasimplified theory of (1) and reports 
experimental data designed to test this theory as far 
as it goes. The results show that more detailed theo- 
retical work is warranted, which we plan to report in 
subsequent papers. Also, this work has shown the need 
and indicates areas for more experiments of high ac- 
curacy under stringent conditions of sample preparation 


and characterization. 


II. THEORETICAL 


In the nonrelativistic approximation, the spin aver 
aged 2y and 3y annihilation rates, y2 and y;, of a positron 
and an electron in para or ortho spin orientation, re- 
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Fic. 1. Ps density distribution (solid line) and the distributions 
of the positron (+) and electron (—) densities 
in Ps polarized by the lattice (schematic) 


dashed curves 


*R. E. Belland R. L. Graham, Phys. Rev. 90, 644 (1953) 
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spectively, are given by ' 


Y2=mry'c| V_(r,) |?, 


(1) 
Y3= 72/372, (2) 


where 7o>=2.8X10-" cm and ¢ the velocity of light. 
The squared term stands for the density of the electron 
at the position of the positron. In a lattice LZ of electron 
density distribution |W ,(r)|? 
atoms or molecules with closed shells, i.e., in the absence 
of paramagnetic impurities, the electron pickup rate, 
¥p, of ortho Ps in L becomes 


composed of neutral 


Yp= Fro [vitiov. (nV... (nde, (3) 


wi ° 


where W,, is the wave function of the positron in the 
field of the electron to which it is bound as ortho Ps 
and the field of the lattice. The theoretical problem is to 
evaluate (3) as a function of the properties of L. 

The density distribution of Ps in a lattice in the 
lowest diffusion band is indicated schematically in 
Fig. 1. To explore the sensitivity of y, to changes in 
the lattice parameters, we solve Eq. (3) for the following 
ultrasimplified model. (1) The mutual Ps and lattice 
polarization is neglected; (2) the lattice constituents 
are approximated by square potentials of height U,, 
electron density po, and radius ro or, correspondingly, 
“excluded volume” vo, each centered in a cell volume 2; 
of radius 7;. For ro<r<rj, U,=0 and p;=0; v1— 72 is the 
“free volume” of the cell, and 1*=2,/v) the reduced 
cell volume ; (3) the Ps atoms are thermalized and can be 
treated in the zero-velocity (kp,~0) approximation. 
Setting 


W,0(r,) =a(ry0)Vps(Po), (4) 


where a is a polarization function and the subscript 0 


refers to the Ps center of mass, our model assumes 
a 1. Eq 3) becomes 
Yp uate mf W p,*V pdr’, (5) 


v0 


We evaluate Eq. (5) in the Wigner-Seitz approximation. 
With the 


notation 


M =() for rsro, 
WV ps Pp (6) 


My 





um=1 for rm<r<n, 


the Schrédinger equations for the excluded and the 


free volumes expressed in terms of 
geometry are 


an appropriate 


[V2— (4m/h?)(U,—E) }®,=0, w=0, 1, (7) 
subject to the boundary conditions 
Po (79) =P, (70), 
@,' (7) ©,’ (ro), (8) 
®,'(r;)=0. 
6 F. A. M. Dirac, Proc. Cambridge Phil. Soc. 26, 361 (1930). 





We | 


whe 
y=1 
Becé 


we | 


Intr 


It 
expl 


| kps= 





adia 

F 
latti 
and 
in 7 


ta 








POSITRONIUM DECAY IN 


We set 


1 
o,= 2 Get, (9) 
v=(0) 


where the a,, are constants; v=0 denotes the even and 
y=1 the odd solution of Eq. (7) with regard to r=0. 
Because of symmetry, do:=0. Introducing 


C(x,yv) = Zu (x) Zoi(y) — — Zuvo( (vy \Zo1' ( (x), 1 
‘ - ‘i ‘ (10) 
¢ "(x,y) Zoo’ (x)Zo1' ( Vy — Zw’ (v)Zo1’ (x), 
we have by Eq. (8) 
Py =dywZvuo(r), (11) 
?, dwZo(ro)C (11,7) C(r1,%0), 
subject to the compatibility condition 
Zuo (r0)/Zov(%0) =C' (41,0) /C (71,F0), (12) 
under which we evaluate the function 
F(U0,r0,%1) - 
Zo* (%0)Z00(T0) f crone ("1,7 r)dr° 
v1 
— . tan 
Leon C*(r1,70)C (11,70) 
Introducing F in Eq. (5), yp becomes 
Try" Cp 
Ts ° (14) 


1+F (l J 0,70,71) 


It should be noted that temperature does not appear 
explicitly in Eq. (14), because F is calculated in the 
kp,=0 approximation and the lattice is assumed to be 
adiabatically rigid. 

F was evaluated for the planar geometry of layer 
lattices, the special geometry of hard-sphere lattices, 
and the cylindrical geometry of chain lattices, as listed 
in Table I. Figures 2-4 show the dependence of F on 
*as a function of the scattering parameter 


Por? = (4m/h?) U or. (15) 


III. EXPERIMENTAL 


The apparatus for positron lifetime determinations 
was similar to that described by Bell and Graham.* 
It consisted of a Na® positron source surrounded by the 
ample kept in a temperature bath, and a coincidence 
arcuit. The latter records the counting rate as a func- 
tion of the time-delay between the 1.28-Mev y quan- 
tum associated with the positron emission, and one of 
the 0.5-Mev annihilation quanta. 

The Na” source was deposited between films of 
“Mylar” polyester film. It was estimated that less 
than 5% of the positrons annihilated in the “Mylar” 
ilms, This sandwich was surrounded by the samples to 


MOL 


Taste I. Compatibility relation, Eq. (12), and the pickup function F (Por.?,v*), Eq. (13), for different lattice geometries. 
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Fic. 2. F—v* dependence in layer lattice. 


be studied. For interpretation of the delay curves, the 
prompt resolution curve of the coincidence circuit is 
needed. This was obtained by measuring the annihilation 
rate in Al and then correcting for the positron mean 
life in Al, as measured by Bell and Graham (~1.5 
X10~-" sec). 

The long mean life 7. is obtained from the counting- 
rate vs delay-cable curve by standard methods. The 
slope of a straight line was fitted to the straight right- 
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hand portion of the log counting-rate curve. The resolu- 
tion curve was then folded into the exponential of 7, 
and the resulting curve fitted at the tail to the experi- 
mental curve. Subtraction of this folded exponential 
form from the experimental curve yielded the decay 
curve for the component annihilating with the short 
mean life 7;. The ratios of the areas under these two 
curves gives the ratio /,//2 of the 7; and 72 components, 
The low-temperature measurements were performed 
by lowering the samples into a thin-walled Dewar 
vessel designed so as to allow the phototube to be posi- 
tioned close to the samples. Temperatures could be held 
constant to less than 0.1° over a temperature range from 


1°K to 400°K. 
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Fic. 4. f —v* dependence in chain lattice. 


Each sample was measured repeatedly, and_ the 
results averaged. The errors indicated in the figures 
below for the 7» lifetimes are larger than expected from 
counting statistics alone. They include conservative 
estimates of fluctuations due to other causes. The Al 
curve was checked repeatedly during the measure- 
ments to insure the stability of the coincidence circult. 

In view of the theoretical results presented in Sec. I], 
the sample selection and preparation was made such 
as to vary, as independently as possible, the free 
volume, the temperature, and the molecular potential. 

Polytetrafluoroethylene, (—CF2—),, is known to 
show large variations of rz with temperature. The 
electronic levels of paraffinic molecules are affected 
very little by condensation from the gas phase and by 
density changes in condensed Therefore, 
polytetrafluoroethylene is a substance well suited for 


phases. 
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POSITRONIUM DECAY IN 
studying free volume vs temperature effects, at constant 
molecular potential. Samples were prepared from 
experimental polytetrafluoroethylene resins of low 
and high degree of polymerization. The low-molecular- 
weight material can be made to crystallize to a higher 
degree than the high-molecular-weight material. The 
samples were subjected to different heat treatments to 
produce variations of crystallinity in the polymer 
lattice. Crystallinities ranging from 50 to 80% by 
volume were obtained, as determined by 
diffraction. 

The Ps lifetimes in polytetrafluoroethylene are shown 
in Fig. 5, supplemented with data by Bell and Graham,°® 
and Berko and Landes’ assuming the polymer densities 
of the samples measured by the former authors to be those 
of commercially available polytetrafluoroethylenes. 
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I'iG. 5. rz dependence on v* in polytetrafluoroethy lene. 


A careful search for changes in 72 decay in the lattice 
transitions of polytetrafluoroethylene near room tem- 
perature® was negative. 

For possible changes in the molecular potential 
induced by free volume changes or phase transitions, 
glycerol and water as substances with substantial 
hydrogen bonding were measured. The electronic 
charge distribution of atomic groups interlinked by 
hydrogen bonds is well known to depend on the spacing 
between the hydrogen-bonded groups.’ The data are 
shown in Figs. 6 and 7."° 


TH. S. Landes, thesis, University of Virginia, 1957 (un 
published ). 
§G. P. Furukawa, R. E. McCoskey, and G. J. King, J. Research 
Natl. Bur. Standards 49, 273 (1952). 
«Ae Lord and R. E. Merrifield, J. Chem. Phys. 21, 166 
53). 
"The authors would like to thank Dr. G. J. Sloan for the 
Preparation of the crystalline glycerol, and Mr. W. S. Walker for 
an independent set of rz data on ice-water. 
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IV. DISCUSSION 


The Ps mean life 72 is related to yp by 


T2 l= yat+yYz. (16) 


As shown in the Appendix, the confinement of ortho Ps 
in a lattice will not change 7s significantly relative to 
its value for free ortho Ps, so that in the cases of 
interest here, ysvy,. To this approximation and with 
the abbreviation 71= (rri’cpo), Eq. (16) with Eq. (14) 
becomes 


T2= ToLI+F (Pore?,v*) |. (17) 
We note that in the geometries considered for given 
Porc? the increase of F, and hence 72, with v* is the 
largest in the cylindrical geometry. If ro is expressed 
in angstroms, Uo(ev)=1.91(Porc?)/ro. For discussing 
the experimental results in terms of Eq. (17), assump- 
tions have to be made about 7» and 2. For definiteness, 
we have chosen to>=0.35X10-* sec, the mean life of 
Ps~, and, for calculating v* from the equation of state 











T y I | T 
| ICE—-WATER 
180+ 4 
| | ' 
| ; ds ? 4 
@ aoe OST RUN ' 
% | = @ 2ND RUN 
 § F 
© '20F ___ THEORETICAL FOR | a 
z | HARD- SPHERE LATTICE 
= 100 Pore = 30 | _ 
— 
To £0.35 r 
Bo it hake J 
“T iene, piheee 428-44 
0.60} ----- , ; \ a ee 
| Lennnn=- 
040 t P 
C 1 1 l 1 ~ L 1 
100 150 200 250 300 350 


TEMPERATURE, °K 


7. r2 dependence on T in water. 








1294 BRAND 


of a substance, the relations 
v*(T=0)=27,(T=0)/ 
(3s 2/x for spherical geometry 


= (18) 
2v3/m for cylindrical geometry 


as the conditions for tightest packing (t.p.); 0:(7=0) 
is the specific volume at T=0°K. 

Figure 5 shows the volume dependence of r2 for 
polytetrafluoroethylene calculated for the cylindrical 
geometry of polymer lattices."' The experimental data 
comprise density variations by temperature as well as 
by different degrees of crystallinity. The rise of 72 with 
increasing v* agrees satisfactorily with the theoretical 
curves. The uncertainty of the data exceeds whatever 
thermal effects one estimates to occur above and beyond 
the free volume changes. The fraction of annihilations 
in Tz decay, /2, was nearly constant at (30+5)%. 

The analogous plot for glycerol is inserted in Fig. 6." 
I, was ~(35+5)% and temperature independent 
within these limits. It shows that within the accuracy 
of the present data, the 72 variations are independent 
of the physical state of the sample. They depend only 
on v*, and parametrically on a constant Por’. The 
main diagram in Fig. 6 displays the theoretical curve 
and the experimental data as a function of temperature. 
The glass temperature Tg is marked by a pronounced 
change in slope in the glass transformation region. 
We attribute the sluggish rise of the 7. values in the 
melting region of glycerol (indicated by XX) to a 
melting point depression by water absorption from the 
surrounding atmosphere in a surface layer of our 
crystalline samples, comparable in thickness to the 
range of positrons. It would be desirable to remeasure 
this transition under the complete exclusion of water 
to confirm the predicted sharp rise at the melting point. 

The large and sharp rise of rz at the melting point of 
naphthalene’ can be accounted for completely by Eq. 
(17), in terms of the density change of naphthalene 
on melting. 

By our analysis the ice-water transition shows a 
remarkable anomaly. As shown in Fig. 7, r2 in ice 
increases with temperature as expected. But rather 
than falling to minimum near 4°C on melting, 72 rises 
sharply. Concurrently, 72 drops from (45-5)% in ice 
to (25+5)% in water. The possibility of this behavior 
was pointed out by de Zafra and Joyner" on the basis 
of Bell and Graham’s first observation of this r2 rise 
on melting.» The rz—T curve begins to level off near 
10°C, and approaches a temperature coefficient in 
agreement with the thermal expansion of water near 
70°C. By contrast, the 2y angular correlation shows a 
“normal” density dependence.'' We 

''W. Brandt, J. Chem. Phys. 26, 262 (1957). 

@ The conversion is based on the density-temperature 
diagram by A. K. Schulz, J. chim. phys. 51, 530 (1954 

8H. S. Landes, S. Berko, and A. J. Zuchelli, Phys. Rev. 103, 
828 (1956) 

4 R. L. de Zafra and W 


have no satis- 


T. Joyner, Phys. Rev. 112, 19 (1958 
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factory explanation for the sudden rise of 7. on melting, 
In the framework of the present model, it could be 
accommodated only by a significant change in Por, 
or po On melting. It can be accounted for also by the 
Eucken model of a two-component water system,!>!6 
in which a dynamic equilibrium exists between liquid 
water and crystalline water, which shifts toward the 
former as the temperature approaches the boiling point. 
Using Eucken’s thermal equilibrium coefficients and the 
equilibrium constants given by Smith and Lawson," one 
can reproduce the experimental rise of rz on melting by 
assuming that the Ps wave function distributes itself 
between the two water components, and that the effec- 
tive po in the overlap of the Ps and H2O wave functions 
in liquid water is lower than in crystalline water. Al- 
though this result appears reasonable, too little is 
known as yet about the changes in the H2O wave func- 
tion on melting and the dynamic molecular properties 
of liquid water,'* to support such explanation by inde- 
pendent data. It would be desirable to measure the 7, 
vs T curve of water as a function of pressure, to separate 
the dynamic effects from the free volume effects. 


V. SUMMARY 


of rt» in 


volume” 
effect, in that the overlap between the Ps and lattice 


The temperature and phase dependenc« 
molecular substances is primarily a ‘‘fre 


wave functions decreases with increasing lattice spac- 
ing. This predicts a concurrent narrowing of the wide 
component of the 2y angular correlation, because elec- 
tron pickup occurs more from the (outer) low-momen- 
tum regions of the atomic wave functions as the free 
volume increases. 

\n anomalous behavior is found for the ice-water 
transition, where 7» increases and J» decreases signifi- 
cantly despite the contraction of water on melting. 


APPENDIX 


The electron pickup mechanism is based essentially 
on the assumption that the Ps wave function in a lattice 
is not deformed to such an extent that Ps becomes 
pressure self-quenched or unstable. The effect of a 
confinement on the Ps ground state and hence on its 
self-annihilation rate can be estimated by calculating 
the Ps wave function in an impenetrable sphere of 
radius R. The effects of such confinement on the energy 
levels of hydrogen have been studied by several 
authors.'? 


6 A. Eucken, Nachr. Ges. Wiss. Gottingen 1, 38 (1946); Z 
Elektrochem. 52, 255 (1948); 53, 102 (1949) 

16 |.. Hall, Phys. Rev. 73, 775 (1948). 

17 4. H. Smith and A. W. Lawson, J 

1954) 

18 See, e.g., R. N. Brockhouse, Phys. Rev. Letters 2, 287 (1959); 
D. J. Hughes, H. Palevsky, W. Kley, and E. Turkelo, Phys. Rev 
Letters 3, 91 (1959) 

9 A. Michels, J. de Boer, and A. Bijl, Physica 4, 981 (1937); A 
Sommerfeld and H. Welker, Ann. Physik 32, 56 (1938); S. R 
de Groot and C. A. Ten Seldam, Physica 12, 669 (1946); A. C 
Ten Seldam, thesis, University of Utrecht, 1953 (unpublished 
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POSITRONIUM DECAY IN 
We separate the Ps wave function ¥,_ in center-of- 
mass coordinates ry and relative coordinates r: 


W,_(r4,r_) = Vp. (to) ¢4—(r). (19) 


The Ps atom is placed in the sphere such that the 
ground-state solution of the radial Schrédinger equation 
in relative coordinates complies with the boundary 
conditions ¢, (0) =finite and ¢,_(R)=0. The solution 
can be written in the form 


¢,—(R,r) = V(R)f(R,r) exp{—r/[1+B8(R)]}}, (20) 


where N(R) is the normalization constant. The radii 
R,r are given in units of a,=%?/ye’, with p= m,m_/ 
(m,+m_); for Ps, w=m,./2. As long as 6X1, the 
functions f(R,r) and 8(R) are given by 


oo Qm— lym- 1 
f{(R,r)= R) > - (21) 
m=2 bape Peat 
2 Jn 1Rr-l 
B(R)= u— — (22) 
> (n—1)n! 


According to Eq. (3), the self-annihilation rate of Ps 


is proportional to 


R 
g,2(R,0) = de f PR) 


X exp — 2r/1+8(R) }r’dr (23) 

For R—«, B—0O and f(R,r)—1, and Eq. (23) 
reduces to 

¢42(* ,0) =x“ (units a,-*), (24) 


which is equal to the expression | ¥_(r,)|?, Eq. (1), for 
the ground state of free Ps. Consequently, the lifetime 
of Ps in an impenetrable sphere of radius R, rp, relative 
to that of free Ps, 7, is given by 


TR 6 
= af f?(R,r) exp[—2r/1+8(R) }r’dr. (25) 


The ground-state energy, Ep, relative to the ionization 
energy of free Ps, E,.= —e*/2a,, for 81 is given by 


Er/E,™1—28(R). (26) 


MOL 
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TABLE II. Properties of Ps confined in impenetrable sphere. 


R px10-3 

(unit a,)* BX108 = (rr/te)asy Er/En* (atm) Eo(ev) 
3 LY 0.748 0.895 10.966 0.465 
4 14.8 0.900 0.970 1.843 0.262 
5 3.45 0.969 0.993 0.304 0.168 
6 0.73 0.992 0.999 0.044 0.117 
7 0.138 0.998 1.000 0.007 0.086 
8 0.026 0.999 1.000 0.001 0.0606 
ea 0.000 1.000 1.000 0.000 0.000 


* For Ps, a, = 1.058 A and E, =(1/2)ry. 


The pressure, p, exerted by the Ps atom on the con- 
fining sphere becomes 


p= — (4ra,R? (= ) ¢ F #¥ 
wa pea rot Ir 
i dR/ 8ma,41+6 R* 


(27) 


The zero-point energy of the Ps in the spherical confine- 
ment is (M=m,+m_) 


Eo(R) = wh?/8Ma,?R?. (28) 

The properties of Ps in a sphere as given by Eqs. 
(25)—(28) were calculated as a function of R (unit a,) 
with the corresponding 6 values given in reference 19, 
as listed in Table II. The lifetimes of ortho and para 
Ps are not reduced by more than 30% in confinements 
of dimensions comparable to intermolecular distances. 
This constitutes an upper limit, however, because in 
small confinements the pressure exerted by the Ps 
on the lattice would exceed the internal lattice pres- 
sure which ranges from (2-8) 10 atm; i.e., the con- 
fining molecules would yield before they could retain 
Ps in such small volumes. Neglecting polarization 
effects, which will be large only in strongly polar 
lattices, the ground-state energy is decreased by just 
a few percent, so that the Ps stability is not changed 
significantly. The last column of Table II indicates, in 
view of what has just been said, that the confinement 
in a lattice per se cannot be invoked for explaining the 
width of the 2y angular correlation, @, which normally 
corresponds to an energy E=mc*?/4=0.25 ev." 

Specifically, however, Table II substantiates the 
assumption underlying the pickup mechanism that 
the 3y self-annihilation rate and the stability of ortho 
Ps in a molecular lattice are not altered significantly 
relative to ortho Ps in vacuo. 
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Erbium oxide enriched to 35.1% in the mass number 164 was irradiated with 17- and 24-Mev alpha 
particles. An activity decaying by electron capture with a half-life of (17.740.2) minutes was produced 
and its assignment to Yb'*’ confirmed by the identification of the thulium A x-ray and the well-known 
daughter activity of Tm'*’. Gamma rays with energies of 106, 113, and 176 kev were observed in the spec- 
trum of Yb'*’, Gamma-gamma coincidence measurements were performed on the observed radiations 
Transition probabilities, multipole order admixtures, and electron capture branching ratios have been 
calculated. Approximately 89% of the electron capture transitions occur to the 292.7-kev (}—) level of Tm!’ 


INTRODUCTION 


N activity decaying by electron capture with a 
half-life of 18.5 minutes has been assigned to 
Yb'® by Handley and Olson.' The conversion electron 
spectrum of this activity has been examined and a decay 
scheme proposed on the bases of transition energies and 
multipole orders by Harmatz, Handley, and Mihelich.? 
In the present investigation, the gamma-ray spectrum of 
Yb'* has been examined with a 100-channel scintilla- 
tion spectrometer and gamma-gamma coincidence meas- 
urements performed. 


EXPERIMENTAL RESULTS 


Samples of erbium oxide enriched to 35.1% in the 
mass number 164 were irradiated with 17- and 24-Mev 
alpha particles. The composition of the remaining 
portion in percentages is 0.2 Er'®, 47.4 Er'®, 9.8 Er'®, 
6.2 Er'®, and 1.5 Er'”®. The atomic number of the 
resulting activity was determined by the identification 
of the thulium AK x ray which was compared with the 
known A x rays of terbium, thulium, ytterbium, 
lutetium, and tantalum, emitted from radioactive Dy'”, 
Yb'®, Tm'”, Hf'”®, and W'*!, respectively. 

The daughter of the 18.5-minute activity was the 
well-established Tm'*’, and its assignment to Yb!® is 
therefore confirmed. However, the half-life of Yb'®’ as 
determined by following the decay of the two gamma 
peaks and the A x ray for five half-lives with a 100- 
channel scintillation spectrometer is (17.7+0.2) 
minutes. 

The gamma-ray spectrum of Yb'® is shown in the top 
curve of Fig. 1 as observed with a 12- X 2-inch NaI(Tl) 


TABLE I. Gamma-gamma coincidence information 
for the activity of Yb'®’. 








K x-ray 106 113 176 

K x-ray 4 yes 7 yes yes yes 
106, 113 yes yes yes ves 
176 yes yes no no 


1T. H. Handley and E. L. Olson, Phys. Rev. 94, 968 (1954). 
? B. Harmatz, T. H. Handley, and J. W. Mihelich, Phys. Rev. 
114, 1082 (1959). 





crystal and a 100-channel analyzer. The thulium K 
x ray and gamma rays with energies of 106, 113, and 
176 kev are seen. The 106-kev gamma ray is weaker 
than the 113 but its existence is clearly shown by coinci- 
dence measurements. No gamma rays with energies 
greater than 200 kev were observed nor was any 
annihilation radiation. This substantiates the conclusion 
that no positron emission occurs in the decay of Yb'*7) 
The relative numbers of cqunts in the spectral distribu- 
tions of the observed radiations are 100: 38: 8=A x ray: 
106 and 113y: 176y. The relative number of A x rays 
can be corrected for fluorescence by division by 0.935.' 

Table I is a summary of the gamma-gamma coinci- 
dence information obtained for the activity of Yb'® 
with a coincidence circuit of resolving time 27= 1.5 usec. 
The lower curve in Fig. 1 shows the gamma-ray spec- 
trum in coincidence with the 176-kev gamma ray. This 
spectrum shows the 106-kev gamma ray which is largely 
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$A. H. Wapstra, G. J. Nijgh, and R. Van Lieshout, Nuclear 
Spectroscopy Tables (North-Holland Publishing Company, 
Amsterdam, 1959). 
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RADIOACTIVE 


obscured by the 113-kev gamma in the noncoincidence 
spectrum. The existence of the 106-kev radiation is also 
shown by the self-coincidence of the 106-113 kev peak. 

Nine transitions have been observed in the conversion 
electron spectrum and some multipole orders assigned.’ 
A tentative assignment of £1 was made to the 113-kev 
transition. The gamma-ray spectrum substantiates this 
assignment and also leads to the conclusion that the 
176-kev transition is also £1. It is estimated from the 
gamma-ray and coincidence spectra that the 106-kev 
gamma is about one-third as strong as the 113-kev 
gamma ray while the respective numbers of conversion 
electrons observed in reference 2 are in about the inverse 
ratio. The ratio of the number of 113- to 176-kev gamma 
rays observed in this investigation is the same as that 
calculated from the data of reference 2 and the internal 
conversion coefficients calculated by Rose,‘ when both 
transitions are assumed to be £1. 


TABLE IT. Relative number of transitions, V;, gamma rays, V,, 
K-converted transitions, Vx, and multipole orders, M. O., for the 
gamma-ray energies of Yb'*’, E,, expressed in kev. The data are 
obtained from the results of this investigation and Harmatz et al.* 
and Rose.” 


E, M. O. N; N, N, 
K x-ray 7920 7920%4 
(10.4) (M1+£2) 3180 0 
25.8 (MW1+ 2) 165 2 0 
37.1 M1(15%)+E2(85%) 105 2 0 
62.9 M1(994+%)+E2(<1%) 2670 175 2100 
106.1 M1(97%)+£2(3%) 2970 7508 1830 
113.3 El 2490 19804 420 
116.5 E2 250 85 60 
131.9 E2 200 90 50 
150.4 (E1) 55 50 5 
176.2 F1 485 4554 30 


* See reference 2. 

> See reference 4. 

¢ Corrected for fluorescence. 

4QObserved in the gamma-ray spectrum of this investigation; all others 
are calculated. 


DISCUSSION 


The multiple order assignments for the 37.1-, 1006.1-, 
113.3-, 116.5-, and 131.9-kev transitions are made in 
reference 2, that of the 176.2 is based on the above 
arguments, and that of the 150.4 follows from the level 
scheme. The 10.4-kev transition has not been observed 
but its existence follows from the level scheme. The 
admixture percentages shown in Table II have been 
calculated from the data of references 2 and 4 as have 
the relative numbers of transitions, gamma rays, and 
K-converted transitions. 

The proposed energy level scheme for the decay of 
Yb'® is shown in Fig. 2 with the calculated transition 


*M. E. Rose, /nternal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 
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l'1c. 2. Proposed energy level scheme for the decay of Yb!*. 


probabilities and branching ratios for electron capture. 
The branching ratios were determined by supplying 
enough electron capture transitions to each level to 
balance the difference between the numbers of transi- 
tions from and to the level. The relative number of K 
x rays observed in this investigation is just the number 
necessary to account for all of the electron capture 
transitions to the levels of Tm!'® and all of the K x rays 
resulting from K conversion of the transitions in Tm'* 
as obtained by summing the numbers in the last column 
of Table II. This implies that essentially all of the 
disintegrations of Yb'® are by K capture. Figure 2 
shows the intrinsic and rotational level assignments in 
the structure of Tm!'® and for the ground state of Yb'®. 
The high percentage of electron capture from the ground 
state of Yb'® to the 293-kev level of Tm'® is consistent 
with the assignment of the same asymptotic quantum 
numbers to these two levels. The decay of the 5/2- 
ground state of Yb'*? by K capture to the 7/2+ and 
7/2— intrinsic levels of Tm!'® is consistent with the fact 
that there are no other observed levels to which this 
decay can occur. L capture to the 5/2+ rotational level 
is not expected to occur because of the difference be- 
tween the asymptotic quantum numbers as well as the 
strong A capture competition to the two intrinsic levels. 
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In the usual shell-model procedure, the effective Hamiltonian contains only half the sum of the shell-model 
potentials of nucleons in order to avoid counting average pairwise interactions twice. Because of the factor 
one-half, the nondiagonal elements of this Hamiltonian in the harmonic oscillator representation do not 
vanish, but they have been neglected in previous calculations of nuclear deformations by Nilsson and others, 
in which one minimizes total shell-model energy at constant volume. It is here shown in typical cases (without 
taking spin-orbit coupling into account) that the equilibrium deformation is unaltered in second and third 
order and that the fourth-order modification arising from the nondiagonal! elements is very small. The re 
lation of these nondiagonal elements to those of the pairwise interactions is also discussed. 


INTRODUCTION 


HE shell-model potential is to be thought of as a 
function of the position coordinate of one nucleon 
giving the average dependence of the potential energy 
of the entire system on that coordinate. It thus consists 
of a sum over the (4—1) other nucleons: 


V = Li Vij, 
The sum >; V; includes each interaction 2,; twice so 
the average value of the potential energy of the system 
is one-half of this sum. The mean value of the effective 


Hamiltonian 5C.¢ contains this factor 3; 


(a! Kee! a)=(a| > (T:+4V,)! a), 


ji. (1) 


(2) 


and is thus not approximately equal to the mean value 
of the zeroth-order Hamiltonian 


(a!%°|a)=(a|>°.(T:4+V,) | a), (3) 


the difference being made up by the first-order con- 
tribution to the energy 


E,— FE, = E, =(a|K’ | a)=(a|HK—-K| a 


=—(a\3>°:V, a). (4) 


If for V; we take an oscillator potential, the virial 
theorem for the harmonic oscillator, (a,!7;! a, 
=(a;|V;\a;), simplifies the evaluation of (3) and the 
corresponding relation with a minus sign for non- 
diagonal elements, 


(a;|T;|b,)=—(a;|V,\b;) for b:a,, (5) 


assures that the nondiagonal elements of the zeroth- 
order Hamiltonian vanish in the oscillator 
sentation: 


repre- 


(a\K°\b)=0 for ab. (6) 


Because of the factor } in Eq. (2), the corresponding 


nondiagonal elements of the Hamiltonian, (a 5Cog) 5), 
do not thus vanish in this approximation and it is our 
purpose here to investigate their importance in a case 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 


t Now at Marquette University, Milwaukee, Wisconsin. 


of interest. More explicitly, the nondiagonal element 
of the Hamiltonian may be written 
a|>° T:+3 Dd 0,;| 5) 


(a;---aal4 © 14—-¥ Vilbie--ba), (7 


‘a! Hete| b 


in view of Eq. (5). On the assumption that there is an 
approximate simple proportionality between the di- 
agonal and nondiagonal elements; 

(a| >; 0451b)/(a| 305 2, 


—_ J 


;| a) a (a| V; b (a| V;\a (8) 
there would be a systematic tendency for the non- 
diagonal element similar to (7) to vanish if there were 
no factor 4 in the Hamiltonian, but with the actual 
factor } there is no such tendency. 

As a basis for assumption (8), we note that the large 


matrix elements, between states differing in only one 


nucleon function so that (a@|V;/6) does not vanish, 
may be written 
al >; 2;|6 Qy** Qj A4| D5 04; By-+ Bye + By 

Qy° +, 4) 05 4j| Aye By ay 


fo a *b, > f ax, 7 a;*a 
Ei fax a *a, f ax v,;a;*b;. (9) 


Here the symbol a,* is used alternatively as the wave 
function a,;*(x,). The main term is in the third line and 
contains the expression 


(10) 


a J 


. 
> | dx; V;;0;*a; 2V;, 


e 


which defines V; in a no-exchange approximation. This 
term if alone in (9) would lead to the relation (8) as an 
equality. Equation (9) remains a plausible approxi- 
mation because the exchange term in the last line of 
(9) is expected to be considerably smaller, in view of 
the presence of an additional factor a;*b;(x;) having 
the nature of a wave with positive values at some places 
and negative at others, and also because of the can- 
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NUCLEAR DEFORMATION 
cellation of positive and negative terms in the sum over 
j. We have assumed that 6 differs from a in only one 
factor b;~a;. If it differs also in a second factor };¥a; 
the matrix element is much smaller because it contains 
only one term of the sum over j, thus avoiding the 
cooperative buildup that makes V;. There are many 
such small terms but they appear quadratically in 
applications and one may hope they are thus relatively 
unimportant. 

This neglect of the sum of squares of single terms 
compared to the square of a sum is questionable in the 
light of the saturation nature of nuclear forces. If we 
want to use realistic interactions v,;;, with exchange 
properties not sufficiently pronounced to effect satu- 
ration, vj; must have a repulsive core and the per- 
turbation procedure here used is not valid. With this 
procedure we must mock up the saturation properties 
by using appropriate exchange operations rather than 
a repulsive core. Then one nucleon interacts, in effect, 
with only a few others, the sum over many others in 
the second line of (9) is not so much greater than some 
single terms, and the neglect mentioned may not be 
justified. However, the assumption (8) permits a simple 
discussion of deviations expected from the simple 
Nilsson treatment of the nuclear shape, and we wish 
first to examine its consequences. 


EQUIVALENT HAMILTONIAN 


With the approximation (8) the shell-model potential 
V; may be used in place of }°; 2; in calculating non- 
diagonal elements as well as diagonal elements. The 
replacement may then be made in the Hamiltonian 
itself, and we may write an equivalent Hamiltonian 
in the convenient form 
R=> 7.44 d 0,;=He=>d 743> V; (11.1) 

=#>) (7T:4-V)+1> (T.—V)=3 604+ A), (11.2) 
with 

h;=3(T;— Vi). (11.3) 
Vith oscillator functions the diagonal elements ‘of 4, 
vanish, from the virial theorem, and the expectation 
value of 5 is E=2£o, the factor 2 arising from avoiding 
counting the pairwise interaction twice. The same 
telation (5) which makes the nondiagonal elements of 
%° vanish, as stated in Eq. (6), also makes the non- 
diagonal elements of 4; systematically large. The factor 
} mitigates their effect, however, and we shall see that 
the higher-order contributions apparently cause no 
serious trouble in the example to which we now proceed. 


THE MAGNITUDE OF THE COLLECTIVE 
DISTORTION 
Our knowledge of nuclear forces and computation 
methods has not yet proved sufficient to calculate well 
the magnitude of the binding energy of a finite nucleus, 
this being a small difference between large potential 
and kinetic energies. In attacking the problem of 
calculating the equilibrium deformation of a non- 


IN 
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spherical nucleus, one requires not the absolute magni- 
tude of the energy but the change of the energy when 
the shape is altered, so as to be able to minimize it. It 
has seemed reasonable to avoid the problem of the 
saturation properties of nuclear forces, which determine 
primarily the density of nuclear matter, by assuming 
the volume to be kept constant as the shape is varied, 
and then to calculate the energy as the sum of the 
deformed shell-model energies of the occupied single- 
nucleon states. It is the change of total energy with 
change of shape that is then significant. With oscillator 
functions the nucleus has no definite surface and it is the 
volume within equipotential surfaces that is kept 
constant. Since the problem is separable in the Cartesian 
coordinates x, y, 2, the competition between potential 
and kinetic energy is resolved in the same way in each 
direction, and there remains the competition between 
the energies associated with the different directions to 
determine the shape, depending upon how the nucleon 
quantum numbers are distributed between the 
directions. 

This approximation has been used to obtain nuclear 
equilibrium deformations in connection with the 
“cranked model” calculation of the moments of inertia 
of rotating spheroidal nuclei! and in connection with 
determining the parity and angular momentum of low 
nuclear states with spin-orbit coupled nucleon wave 
functions in spheriodal nuclei.? In the latter problem, 
Nilsson employed the equivalent Hamiltonian explicitly 
in the form (11.2), with neglect of the nondiagonal 
elements of /#;. Because of the great interest of his 
results, we wish here to investigate the importance of 
this neglect, and shall find it gratifving that the in- 
accuracy is apparently not serious. The same problem 
arises in very nearly the same way in the simpler 
problem of calculating the deformation for a nucleus 
made of nucleons with no spin-orbit coupling, suitably 
remote from the condition of closed shells in that model 
(in which the magic numbers are 40 and 70, etc., 
rather than 50 and 82), and we confine our attention 
to this model. 

One assumes that the shell-model potential is a three- 
dimensional potential having spheroidal, rather than 
spherical, equipotential surfaces: 


V = diLoo(# +08) +o"), (12) 


with = (Mw»/h)'x, etc. We carry out a perturbation 
theory in terms of shell-model wave functions 
a= ][uai(i)=J]]a, (but antisymmetrized) satisfying 


(50°— E.")pa=0, (H,— Sai)tai(#) =9, 


ios > K,=>> (Ti+) i). E{=)>); &.:=), &;. (13) 

1A. Bohr, Rotational States of Atomic Nuclei (E. Munskgaards 
Forlag, Copenhagen, 1954); D. R. Inglis, Phys. Rev. 96, 1059 
(1954); 103, 1786 (1956); Am. J. Phys. 26, 82 (1958); Nuclear 
Phys. 8, 125 (1958). A. Bohr and B. M. Mottelson, Kgl. Danske 
Videnskab Selskab, Mat.-fys. Medd. 30, 1 (1955). 

2S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, 1 (1955); B. R. Mottelson and S. G. Nilsson, Phys. 
Rey. 99, 1615 (1955). 
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In the oscillator representation the shell-model Hamil- 
tonian K; contains a sum of three terms of the form 
thw(#—d?/d#) and ¢, contains three factors, each 
consisting of a Hermite polynomial and an exponential 
of the form exp(— #/2) where &=cax? and ca= Mws/h, 
which is related to &;=hw(l;+4)+---. The V, ap- 
pearing here is considered to be the average potential 
of one nucleon in the field of all the others and therefore 
the potential which determines the size of the wave 
functions. This size is related to the observed size of 
nuclei by an empirical determination of the parameter 
oa and thus of the &; by means of these equations. 

In calculating expectation values of the equivalent 
Hamiltonian (11.2) 


Retr= Ret’ +Rer’, with 0 


Pp  — 
Neff =4 ,® hi, 


we denote energies on the contracted scale by small e 
rather than large F: 


—_ 3- 
Rest? 40 


and 


-~- 2 ) 1 1 
Ca cE. Ce + ea + €a T 
lor 


obtain 


the first-order correction to the energy we 


€a =(a|K’|a)=>o; (a;| 3h,! a; 


=F Y imn (/mn| T;— V;|lmn)=0, 


vanishing for harmonic oscillator functions. Here /, m 
and are the oscillator quantum numbers in the three 
dimensions, £, n, and ¢. The second-order contribution 
to the energy of the ground state a with the Hamiltonian 


(11.2) is 


a=) | (a|? & hj| a)|?/(ea—ea) 
=) ai Dai! (a: $h;|a;)|? #(Sa— Sa) 


= 2 mn Dduv| (Amr| | Imn)|?/(8xux— Simn). (14) 


The e,° appear directly in the energy denominators, 
but we express results in terms of the &; because these 
are empirically determined. The S¢imn extends over 
occupied nucleon states. The other summation is 
limited only by the selection rules. In this statement 
we conveniently ignore the Pauli antisymmetry as we 
may for a single-particle perturbation, since we thereby 
spuriously include only pairs of terms that cancel one 
another, having matrix elements between the same pair 
of states and denominators of opposite sign. 

The evaluation of the matrix elements involves 
T ;= — (h?/2M)0?/dx?-44 — thw.d?/d#+ +--+ and | 
from Eq. (12) with the matrix elements implied by the 


3 (lmn| h,| \wv)(Awv| hi’ w’v’)N'p’v’ | hd 
com bab ab ee —— 
4 


(Sim — Expr) (Simn 7 


” 


4 c 
ON py )(Gim 
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TABLE I. Coefficients for specific nuclei 
A b; bs C C2 
28 11 17/2 ~ 0.0280 ~0.0479 
180 135 175/2 1.2579 - 1.0961 


following equation relating the u;==4:(&)um(p)ua(¢) 
(which contain normalized Hermite polynomials) : 
(02/08) m= 3{C(1+-1) (14-2) }iuiz2 

+ (21+ 1)ur+(1(1—1) ]§ur 2}. (15) 


rr 


Che choice indicated by the comma refers to the choice 
of the + sign. The selection rules are clearly \=/, /+2, 
etc., with only one of the three quantum numbers 
differing from /, m, n, because /, is a sum of terms in & 
n, and ¢: 


h, (ni /6) >: w:(?+ 07/0). (16 
When the substitution is made in the last member of 
(14), one obtains the same type of nondiagonal con- 
tributions from each of the three dimensions and from 
each occupied state /, m, n: 

3{] +-1)(/+2) —I(l+ 1 ¥ (hws 6)*, 2hwe 


=3(143)hw./18, (17) 


which is just one-eighteenth of the zeroth order con- 
tribution from the same coordinate. Thus we have the 
simple result in second order: 


(€tmn + €imn) = (1—1/18)e’°. (18) 

The equilibrium shape is found by minimizing the 
total energy, de/dw2=0 subject to the volume-con- 
serving ws’w3= constant. This amounts to 


balancing the energy contribution from the ¢ 


condition 
¢ direction 
against those from the ¢ and 7 directions, and the result 
IS 

> (+m+1)/¥ (2n+1) (19) 


independent of any factor common to all directions. 
The equilibrium shape is thus the same in second order 
as in zeroth order though the total energy is altered. 

There is no third-order contribution, e® =0, because 
the third-order perturbation involves products of three 
nondiagonal matrix elements of /;, two of them con- 
taining the ground state and each of them involving a 
jump of a quantum number by 2: one cannot arrive 
back at zero with three jumps of magnitude 2. 

The fourth-order contribution to the energy may be 
written 


DN "| hy | mn 


« 


— yr ) 
er Sarees 


1 lmn| h;| hv) |*| mn| h;| Ny’ v’ 
ee : anne , (20) 
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TABLE II. Energies and equilibrium deformation 
to fourth order.* 


E® | E®/E®| 


A (a3/we)o J? E® (w3/we)4 
28 0.65 99.2 5.5 —0328 0,060  1,0033(w3/w)s 
180 0.77 404.9 225 —12.24 0.544  1.0034(w3/ws)o 


* Energies are all in the unit of Jhws. 


with the sums extending over the sets of Greek indices. 
It is desired to express this in terms of the occupied- 
state quantum numbers /, m, n and the deformation 
factor D=w;/w2. The result is 


e = — (Fhtwe/3*4*){6(+ m*)+ 10(2+ m?) 
+28 (/+ m)+ 24+ 2lm(1+-m-+ 2) —2(/+m+1) 
X (n?-+-n+1)+ D[6n?+9n?-+25n4+11 
— (P+m?+14+-m-+ 2) (2n+1) 
—(—8(P+m?*)nD-+ 8 (1+ m)n?—4(2+m?)D 
+8(/+m) (1—D/2)+8n?+ 8n(1—2B))/(1—D*) 

+8(In+mn+1)/(1+D) }}. 


The corresponding equation in zeroth order is 
c= Shwo{ (l+m+1)+(n+4)D}. (22) 
When the summation over occupied levels is carried 
out for specific nuclei, these equations take the form 
= $ Iwo (b+ 6D), 
e: $hiwe(ci+coo.D+ ees 


(21) 


(23) 


As examples of moderately light and fairly heavy nuclei 
we evaluate these sums for the cases A= 28, in which 
the nucleon configuration is (1s)*(1p)" (1d,2s)", and 
A=180 in which beyond the “no-spin-orbit-coupling 
magic number’”’ 70 we have 40 like nucleons (14,2/,3p)*, 
whereas it takes 84 nucleons to fill this ‘‘shell.”’ In each 
case the last major shell is about half filled, so as to 
provide an example of large distortion. For these ex- 
amples the coefficients in the last two equations are 


| given in Table I. After carrying out the minimization 


with the condition w,.’ws;=constant, in zeroth order 
[as in Eq. (19)] and in fourth order, we obtain the 


| results shown in Table II. One finds that the fourth- 


order correction to the equilibrium shape parameter 


w3/w2 is remarkably small, only 0.3% in each case. 


State 
lm n , «es EE ae Ye a” 
0 O 0 0 O 1 0 O 0 0 O 3 
: Oo © o 08 2 : oe 8 0 2 2 
a | 1 0 9 2 0 1 1 0 O 4 





‘I. Talmi, Helv. Phys. Acta 25, 185 (1952) 
*D. R. Inglis, Phys. Rev. 51, 531 (1937); W. J. Kroeger, Phys. 
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Thus the Hamiltonian (11.2), which is as far as it 
goes the same as used by Nilsson in his interesting 
determination of nuclear shapes, has nondiagonal 
elements, heretofore neglected in that determination, 
which seem to exert practically no influence on the 
shape calculated. As we have seen, there are reasons 
for doubting the adequacy of this simplified Hamil- 
tonian for calculation of such details as the non- 
diagonal elements even though its use may be justified 
for the diagonal elements encountered in the original 
calculation. 

In order to illustrate the nature of the inadequacy 
with as simple an extention of the calculation as 
possible, we here wish to display the roughness of the 
approximation of Eq. (8) as it stands, without intro- 
ducing exchange, for a few specific states of A=28. 
Explicit evaluations of several forms of »;; for harmonic 
oscillator states have been made.* The form 


v4;= exp(—ar;;*) 


(24) 


is perhaps the simplest to use, partly because its 
integrals have been listed explicitly for some cases of 
interest.‘ In the notation there used, the wave functions 
are 


¥=H exp{—}alo(x2*+-y")+0'2"}. 


Thus o and o’ are the parameters expressing nuclear 
size and shape, and the matrix elements are expressed 
in terms of r=o+2 and 7'=o0’+2. Minimization 
without regard to the nondiagonal elements determines 
a shape corresponding to o’/¢=0.65. In Table III are 
listed for comparison the values of 


L=(a| Xj 24j|8)/Aal XZ, rusl a) 


R=(a|»;| b)/(a] 2;| a) 


(25) 


and 


(26) 


for this shape. In order to display the relative in- 
sensitivity to the shape, values are listed for three 
values of o’/o. The values of Z calculated with a non- 
exchange interaction 2,;; are listed in the first of the 
two columns for each o’/c. In the second of the two 
columns are listed in parentheses the values calculated 
using a simple form of exchange operator, 0;;(0.8P¢ 
—0.2P"), mainly space-exchange P* with a little spin- 
exchange P’. For the nonexchange case, we see that 


TABLE III. Comparison of nondiagonal elements in the 2; 7;; and V; approximations for A = 28. 








iL 
lirst values are calculated without exchange, 
values in parenthesis with exchange. R 
o'/o=0.5 0.65 0.8 
0.266 (0.981) 0.263 (0.068) 0.260 (0.058) 0.419 
0.191 (0.093) 0.193 (0.101) 0.194(0.109) 0.269 
0.429 


0.394(0.273) 


0.385 (0.261) 0.375 (0.249) 








Rev. 54, 1048 (1938). 
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there is some degree of correspondence between the 
approximations Z and R, at least enough so that the 
smallest remains smallest and the largest remains 
largest. The same may not be said for the exchange 
case. However, in both cases, the values of Z are 
uniformly smaller than of R; that is, the nondiagonal 
elements calculated with pair interactions are relatively 
smaller than those calculated with V ;. The very small in- 
fluence of the nondiagonal elements of V’, on the shape, 
a third of a percent as indicated in Table II, seems to 
come about largely by cancellations of effects of various 
nondiagonal elements but is still some rough measure 
of the magnitude of the nondiagonal elements. A similar 
calculation based on the pair interactions rather than 
of V; would apparently involve somewhat smaller 
matrix elements, among which there would also be 
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cancellations of some sort. It thus seems plausible to 
take the smallness of the influence calculated with V; 
as an indication that the result calculated with pair 
interactions would likewise be quite small. 

The determination of nuclear shape by minimizing 
the oscillator energies at constant volume is a schematic 
approach which probably owes most of its success to 
the fact that it takes kinetic energies into account toa 
fairly good approximation, at the same time making a 
rough estimate of the change in potential energy which 
is in reality much too complicated to have been treated 
adequately. Our remarks on the effect of nondiagonal 
elements of V; display the effective consistency of the 
approximate treatment. The remarks on_ pairwise 
interactions give an inadequate hint of how this might 
be related to the more fundamental nuclear problem. 
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Fine Structure in the Energy Spectra of Photoprotons from He‘ 


CARMELO MILONE 
Istituto di Fisica dell’ Universita, Centro Siciliano di Fisica Nucleare, Catania, Italy 
(Received June 27, 1960) 


The energy spectra of the photoprotons from Het‘ irradiated with 31 and 32-Mev bremsstrahlung were 
studied by means of nuclear photoemulsions in A/y steps of 0.133 Mev. In the region of the giant resonance 
several peaks have been distinguished. The more evident of these have widths less than 0.5 Mev and are 
located at He‘ excitation energies of 24.7+0.2 and 26.1+0.1 Mev. Previous experiments on the photoproton 
spectra from He‘ could not give evidence of these narrow resonances because the spectra were examined in 
energy steps much larger than the width of these resonances. 

Other types of experiments which have been performed in order to obtain information on the existence 
of excited states in He‘ are discussed. The fact that narrow resonances are distinguished only in the present 





experiment is attributable to the selective nature of the 
the He‘(y,p) reaction coming only from the states of He* having J =1 


I. INTRODUCTION 
HE experiments on the He'‘(y,p) reaction 
performed up to now give the energy spectra 
of the photoprotons from helium in large energy steps: 
Gaerttner and Yeater,! with a bremsstrahlung beam 
of Eymax= 100 Mev, studied the He(y,p) reaction with 
a cloud chamber. The photoproton spectrum js given 
up to £,=30 Mev in AE, energy steps of several Mev. 
Fuller,? with bremsstrahlung spectra having Fymax= 25, 
29, 32, and 40 Mev, studied the same reaction with 
nuclear emulsions. The photoproton spectra are given 
in steps of AE,=1 Mev. Gorbunov and Spiridonov,’ 
with a bremsstrahlung beam of 170 Mev, studied the 
He(y,p) reaction with a cloud chamber located in a 
magnetic field. The energy spectrum of the photo- 

protons is given in AF, steps of several Mev. 

The aim of the present experiment is to study the 
1 E. R. Gaerttner and M. L. Yeater, Phys. Rev. 83, 146 (1951). 

2 E. G. Fuller, Phys. Rev. 96, 1306 (1954). 
3A. N. Gorbunov and V. M. Spiridonov, J. Exptl. Theoret 
Phys. (U.S.S.R.) 33, 21 (1957) [translation: Soviet Phys.-JETP 
6, 16 (1958)]; Comptes Rendue du Congres International de 
Physique Nucléaire Interactions Nucléaires aux Basses Energies 
et Structure des Noyaux, Paris, July, 1958, edited by P 

Guggenberger (Dunod, Paris, 1959), p. 682. 


y,P) process, the most important contribution in 


and T=1. 


He(y,p) reaction in order to obtain photoproton 
spectra with better energy resolution in the giant 
resonance region. The peak of the giant resonance is 
found by Fuller? at E,~26 Mev. According to Reid 
el al“ the excitation function appeared to have a 
maximum in the region of 26 Mev and to decrease more 
rapidly with increasing energy than indicated by 
Fuller. According to Gorbunov e: al.’ the cross section 
reaches the maximum value at 27~28 Mev and de- 
creases with increasing energy less rapidly than 
indicated by Fuller. No evidence for resonances having 
widths less than several Mev has been found. 


Il. EXPERIMENTAL PROCEDURE 


A helium gas target has been irradiated with a 
collimated bremsstrahlung beam of Fymnax=32 Mev 
from the betatron of Turin University. The photo- 
protons have been recorded by means of Ilford C2 
nuclear emulsions 200 » thick placed inside a chamber 
filled with helium gas. Four nuclear emulsions were 
placed parallel to the y-ray beam as shown in Fig. 1. 


»” 


‘J. M. Reid, P. Swinbank, and J. R. Atkinson, Physica 2¢, 
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ENERGY SPECTRA OF 
The mean distance between the target of the betatron 
and the photoplates was 110 cm. The plates were 
developed using the standard technique. The observa- 
tions were made with binocular microscopes using 
55X oil immersion objectives. 

The following measurements were made on each 
track entering the surface of the emulsion: (1) the 
coordinates of the end of the track in the emulsion; 
(2) the angle @ projected in the plane of the emulsion 
between the first 50 » of the track and the direction of 
the y beam; (3) the angle 8 of dip of the track in the 
emulsion. The range of the track in the emulsion was 
obtained from the range of the projection of the 
track in the plane of the plate and the dip of the track 
corrected for the shrinkage of the emulsion. The 
energy of each photoproton was obtained from the 
range in the emulsion, taking into account for each 
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o 2 4 
cm 
C 
Fic. 1. (a) Experimental arrangement; (b) disposition of the 
photoplates. T7'=target of the beatron; Pb=lead collimator; 


C=chamber filled with He; P=nuclear photoplates lin. X 3 in. 
parallel to the y beam; y=collimated y-ray beam from the 
betatron ; p=photoproton. 


track the range Ar corresponding to the length traveled 
in the gas of the chamber. Only tracks that entered 
the plates with a dip angle 8< 30° have been accepted. 
Tracks with 70°<@<110° respect to the y-ray beam 
have been selected. The mean length from the helium 
target to the scanned area of the plate was equivalent 
toa range Ar in emulsion of 16+4 yw for tracks with 
§=90°. 

Another experiment was made at Fynax~31 Mev in 
which the proton tracks were observed in a plate 
placed perpendicularly to the y beam, as in a previous 
work.» Some data of the experiment are summarized 
in Table I. In Table II are summarized the reactions 
that may occur in Het irradiated with 32-Mev brems- 
strahlung. As Table II shows, the contribution of the 
tracks arising from the reactions (c), (d), and (e) is 


5C. Milone, S. Milone Tamburino, R. Rinzivillo, A 
and C. Tribuno, Nuovo cimento 7, 729 (1958). 


. Rubbino, 


PHOTOPROT 


ONS FROM He! 1303 


TaBLE I, Characteristic data of the present He(y,p) experiment 











E ymax (Mev) 31 32 





Plates Orthogonal Parallel to y ray 
to y ray 
Helium gas pressure 2 3 3 3 
(atm) 
Field view at the 170 uw Plate 1 Plate2 Plate 3 
microscope 170 uw 270 w 270 u 
6 angle between y- 90° 90°+20° 90°+10° 90°+20° 
ray beam,and 
photoproton 
Scanned area mm? 320 241 288 306 
Number of accepted 202 664 330 713 


tracks 


negligible in our experiment because the corresponding 
cross sections are very low. The H® and He’ recoil 
nuclei arising from the reactions (a) and (b) give a 
contribution of tracks having a maximum range less 
than 50 yw. Processes different from He‘(y,p) are 
certainly excluded if we limit our analysis to the 
tracks having a total range greater than 60 yu, namely, 
to protons having energy E,>2,6 Mev. 


III. EXPERIMENTAL RESULTS AND DISCUSSION 


The photoproton energy spectrum at 6= 90° obtained 
from the analysis of the plate exposed perpendicularly 
to the ¥ Tays is reported in Fig. 2. Peaks at 3.5-4 Mev 
and 5.5-6 Mev may be seen. From energy and momen- 
tum conservation it may be deduced that the energy 
of the photon is related with sufficient accuracy to the 
energy of the observed photoproton by the relation: 


(4/3)Ep+Er 


= ; 1) 
1+ (2E,/9moc?)* cosé 


where moc’ is the proton rest energy and Er= 19.8 Mev 
the threshold energy for the He‘(y,p) reaction. 

The proton energy spectrum N,(E,), has been 
obtained taking into account for each proton the 
relation (1). The energy spectrum N,(E,) obtained 
from the analysis of the tracks of the protons observed 
in the interval 70°<@<110° is reported in Fig. 3 in 
steps of AL,=0.133 Mev; the correspondence between 
E, and EF, for 6=90° is also reported. This spectrum 
has been obtained from the analysis of accepted tracks 
of protons, observed in three plates exposed parallel 
to the y ray. The three partial results agree within the 





‘TABLE IT. Possible reactions in He* with 32-Mev een seated 








 Paseinela 
E (max) 














energy Cmax 
Reaction (Mev) (Mev) (mb) References 
. (a) Het(y,p)H* 19.8 26 1.8 (a) 
Het(y,p)H* 19.8 27-28 1.8 (b) 
(b) Het(y,2)He® 20.6 27-28 1.6 (c) 
(c) He*(y,d)D 23.7 low yield (b) 
(d) He*(y,pn)D 25.9 50 0.2 (d) 
(e) Bey apm) 28. 1 very low yield (b) 
* See sae z » See reference 3. 
eA. N. Gorbunov and V. M. Spiridonov, J. Exptl. Theoret. Phys. 


(U ~ S.R:) 34, 862 (1958) (translation: Soviet Phys.-JETP 7, 596 (1958) }. 
N. Gorbunov and V. M. Spiridonov, J. Exptl. Phys. (U.S.S.R.) 34, 
866 “i988) (translation: Soviet Phys.-JETP 7, 600 (1958) ]. 
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| Fic. 2. Photopro- 
ton spectrum from 
20 He in AF, steps of 
0.5 Mev at 90° (plat 
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statistical uncertainties. The contribution of proton 
tracks from possible impurities was negligible. 

Several peaks may be seen in the spectrum shown 
in Fig. 3. In the same Fig. 3 is reported in steps of 
AE,=1 Mev the spectrum obtained by Fuller for 
20°<@<160° with 32-Mev bremsstrahlung. A rough 
agreement in the mean behavior of the two spectra 
may be seen. 

In Fig. 4 is reported the differential cross section 
a(y,p) for 70°<@<110° obtained by dividing our 
proton spectrum .V,(#,)—reported in Fig. 3—by the 
bremsstrahlung spectrum .V,(/,,32). 

It is seen from Fig. 4 that the mean behavior of the 
differential cross section at 90°+20° is not in 
agreement with the behavior of the cross section found 
previously by Fuller? and by Gorbunov and Spiridonov.’ 
One should remember that Fuller’s results refer to the 
6 interval from 20° to 160° and the results of Gorbunov 
and Spiridonov refer to all proton angles. In addition 
to this general behavior our data show a fine structure: 
peaks at 24.7+0.2 and 26.1+0.1 Mev may be dis- 
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Fic. 3. Photoproton spectrum from He in AZ, steps of 0.133 
Mev; 70°<6@<110° (plates parallel to the y beam). The cor- 
respondence between F, and E, for 6=90° is reported. The 
statistical root mean square errors are indicated. The legend on 
the left-hand side of the figure should read 0.133, rather than 
0.4/3. 
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tinguished—Figs. 3 and 4. Other peaks may be seen 
around 26.9 and 27.8 Mev. 

The preceding experiments'* on the photoproton 
spectra from He cannot give evidence of the narrow 
resonances found here because the spectra were 
examined in steps much larger than the width of the 
resonances found in the present work. 

Other types of experiments have been performed in 
order to obtain information on the existence of excited 
states in Het: 

(a) T(p,7) 

Rochlin® has studied the energy spectrum of y rays 
with a proton beam of 0.96 Mev, No evidence has 
been found for transitions other than that to the 
ground state of He‘. Experiments on the yield of the 
T(p,y) have been performed with protons up to 2.6 
Mev by Argo et al.,? up to 5 Mev by Willard et al. 
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Fic. 4. Histogram: He(y,p) differential cross section derived 
from the 90°+20° spectrum of Fig. 3 (present work) in arbitrary 
units. Curve (a): He(y,p) cross section in millibarns according to 
Fuller.2 Curve (b): He(y,p) cross section in millibarns according 
to Gorbunov and Spiridonov.’ 


and up to 6.2 Mev by Perry et al.® in AE, steps of 
about 0.1 Mev. A broad maximum around E,=4 Mev 
has been found. No evidence for narrow levels in He! 
has been found. The quoted experiments on the 
T(p,y) yield refer to excitation energies in He‘ from 
about 20 to about 24.4 Mev. 

(b) T(p,n) 

This reaction shows a maximum with [>1 Mev 
around £,=3 Mev.*'°!! According to Baz et al." these 


®R. S. Rochlin, Phys. Rev. 84, 165 (1951). 

7H. V. Argo, H. T. Gittins, A. Hemmendinger, G. A. Jarvis, 
and R. F. Taschek, Phys. Rev. 78, 691 (1950). 

§ H. B. Willard, J. H. Bair, and J. D. Kington, Phys. Rev. 90, 
865 (1953). 

9 J. E. Perry and S. J. Bame, Phys. Rev. 99, 1368 (1955). 

10 N. A. Vlasov, S. P. Kalinin, A. A. Ogloblin, L. M. Samoilov, 
V. A. Siridov, and V. I. Chuev, J. Exptl. Theoret. Phys. (U.S.S.R.) 
28, 639 (1955) [translation, Soviet Phys.-JETP 1, 590 (1955)]. 

1G. F. Bogdanev, N. A. Vlasov, C. P. Kalinin, B. V. Rybakov, 
L. N. Samoilov, and V. A. Siridov, J. Exptl Theoret. Phys. 

U.S.S.R) 36, 630 (1959) [translation, Soviet Phys.-JETP 36(9), 
440 (1959) ], and references quoted here. 
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ENERGY SPECTRA OF 
experiments can be interpreted as indicating the 
system H*+ p to have two broad levels J = 27, isotopic 
spin 7=0 at 22 Mev and J=1-, T=0 about 1-2-Mev 
higher. These experiments have been performed with 
proton beams from 1 to 12 Mev, which correspond 
to excitation energies in Het from about 21 to about 
29 Mev. 

(c) He*(p,p) 

Experiments performed with 32 Mev" and 40 Mev" 
protons give no evidence of excited states in He‘. The 
experiments performed by Selove et al.’ with 95-Mev 
protons could indicate the existence of a broad virtual 
level, or group of levels, with '~10 Mev about 25 Mev 
above the ground state. The proton energy resolution 
was of the order of 1 Mev. 

It is seen that most of the experiments quoted above 
give evidence of broad resonances with a I’ of several 
Mev. None give evidence of the narrow resonances 
found in the present work. It should be noted however 
that of all the quoted experiments only the T(p,7) 
measurements reported by Bogdanov ef al." had 
sufficiently good proton energy resolution (about 0.1 
Mev) and an appropriate He‘ excitation energy 
interval to have given evidence of the resonances 
found here. The fact that narrow resonances are 
distinguished only in the present experiment may be 
due to the relatively good energy resolution employed 
and to the selective nature of the (y,p) process. 

At photon energies in the neighborhood of the giant 
resonance, electric dipole absorption is expected to be 
predominant. Thus in the reaction He(y,p) the most 
important contribution should to come from J/=1 
He** states of 7=1, since the selection rules do not 
allow AT =0 dipole absorption by nuclei with A= 2Z. 

2A. J. Baz and J. A. Smorodinskii, J. Exptl. Theoret. Phys. 
(U.S.S.R) 27, 382 (1954). 

18 J. Benveniste and B. Cork, Phys. Rev. 83, 894A (1951). 


4 R. M. Eisberg, Phys. Rev. 102, 1104 (1956). 
1 W. Selove and J. M. Teem, Phys. Rev. 112, 1658 (1958). 
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These states may be expected in He‘ at excitation 
energies as high as found in the present work (>20 
Mev) because in the nuclei O'*, C”®, and Be® (A=4n 
=2Z) the lower excited states with J=1 and T=1 
are located many Mev above the ground state and the 
corresponding excitation energies are higher for lighter 
nuclei [O'*: E,=13.09 Mev, J=1- (T=1). C®: 
E,=15.11 Mev, 1*(1); #.=17.23 Mev, 1-(1). Be: 
k,=17.64 Mev, 1*(1).]'*'7 In the reaction T(p,n), 
He* states having 7T=0 and T=1 may be excited 
(T transitions 0— 0 and 1—> 1). The fact that peaks 
have been found only in the He(y,p) reaction might 
indicate that transitions involving the states with 
J=1-, T=1 are weak in the T(p,m) reaction in com- 
parison with other transitions. 

We expect that the 7=1 levels distinguished in the 
photoproton spectrum would be also revealed by the 
T(p,y) reaction at proton energies higher than have 
been used in experiments already reported. Also 
experiments on the photoneutron spectra from He 
should give the same indication as the photoproton 
spectra; this experiment is in process. 

It is relevant to note that a level whose width is 
only 100 kev has been found recently at 16.7 Mev in 
He® by means of the He*(,) reaction.'® 
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The relative probability of forming each member of a pair of 
nuclear isomeric states has been compared with theoretical 
predictions in order to learn which nuclear parameters can be 
determined from these data. For thermal neutron capture reac- 
tions, the observed ratios do not give much information about 
the dependence of the nuclear level density on spin, but they are 
consistent with a spin cutoff factor, exp[—(J+4)2/207], where 
o <5. The calculations are sufficiently consistent with experiment 
to make their predictions usable as a guide for assigning spins to 


1. INTRODUCTION 
HE relative probability of forming each state of 
an isomeric pair seems to be governed mainly 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 


the compound states formed in thermal or resonant energy 
neutron capture. For (y,m) reactions, the calculations reproduce 
the energy dependence of the experimentally observed isomeric 
cross-section ratios. In order to obtain quantitative information 
about the spin dependence of the nuclear level density, it is 
necessary to consider reactions where particles are emitted which 
can carry off enough angular momentum to reach many spin 
states of the residual nucleus. 


by the spin differences between the states which decay 
to the isomers and the isomer spins themselves. In the 
many cases (encountered in radioactivity) in which a 
third low-lying state can decay to either of the isomers, 
the well-known preference of the photon transition of 
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low multipolarity is a valuable guide to the spin of this 
third excited state. In as much as the preference for low 
multipolarity is assumed to persist even for the higher 
energy gamma rays emitted in a gamma-ray cascade 
(e.g., following neutron capture), the relative formation 
of the isomeric states is an indication of the spins both 
of the states participating in the cascade and of the 
initial state. The existence of a multistep cascade tends 
to broaden the distribution of spins of the states par- 
ticipating but a qualitative connection between the 
relative formation probability of the isomers and the 
spin of the initial state persists. Inferences from the 
isomeric ratio for neutron capture have in some cases 
been used to decide which isomeric level has a spin close 
to that of the capturing state.'~* 

The purpose of the present work is to show the degree 
to which the isomeric ratio can give quantitative or 
semiquantitative information about the dependence of 
the energy level density on spin and the spins of the 
initial compound states formed in a nuclear reaction. 
In view of the lack of information about the detailed 
description of nuclear states at high excitation energy, 
and the complexity of the de-excitation processes, any 
calculation must be rather crude. Various workers‘ 
have performed calculations relating isomeric ratios to 
the initial angular momentum deposited in the nuclear 
reaction and the final isomer spins. In this and a com- 
panion paper’ a more detailed treatment of the de- 
excitation process has been attempted in order to relat« 
isomeric cross-section ratios more quantitatively to th 
spin dependence of the nuclear level density and the 
multiplicity and multipole character of the gamma-ray 
cascade. 

Among the important factors which determine the 
isomeric ratio are: (1) the spins of the compound nuclear 
states, (2) the number and types of steps in the de- 
excitation of the compound state; this depends on the 
excitation energy, (3) the angular momentum carried 
away at each step, (4) the probability of forming states 
of different spins during each step of the cascade, and 
finally (5) the spins of the isomeric states. 

It has been suggested! that if the energy of the neu- 
trons which are captured is increased so that capture 
occurs into many levels of all possible angular momenta, 
the isomeric cross-section ratio om/o, might approach 
limit the ratio of the “statistical weights” 


as a 


1 E. Segr® and A. C. Helmholz, Revs. Modern Phys. 21, 271 
(1949). 

2M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 

3E. der Mateosian and M. Goldhaber, Phys. Rev 
(1957). 

4L. Katz, L. Pease, and H. Moody, Can. J. Phys. 30, 476 (1952 

5 J. W. Meadows, R. M. Diamond, and R. A. Sharp, Phys. Rev 
102, 190 (1956). 

6S. M. Bailey, University of California Radiation Laboratory 
Report UCRL-8710, April 1959 (unpublished). 

7™R. Vandenbosch and J. R. Huizenga, following paper [Phys. 


Rev. 120, 1313 (1960) ]. 


108, 766 
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(27 m+ 1)/(27,4+-1). In view of the above discussion the 
reason why this should be expected is not clear. 


2. NEUTRON CAPTURE 


In order to make any detailed calculations more 
specific assumptions have to be made in terms of the 
general considerations outlined above. 


(1) It is assumed that for thermal or resonant energy 
neutrons only s-wave neutrons are captured, so that 
the spin of the capturing state in the compound nucleus 
is given by J+}, where J is the spin of the target 
nucleus. 

(2) The average number of steps in the gamma-ray 
cascade (the gamma-ray multiplicity) has been meas- 
ured*~ for quite a few nuclei and is approximately 
3 to 4. The multiplicity has been kept as a variable in 
the calculations, although the calculations are in general 
consistent with the measured multiplicity. 

(3) The gamma-ray cascade is believed to consist 
mostly of dipole radiation."-" In the bulk of the cal- 
culations pure dipole radiations have been assumed, 
although a few calculations for quadrupole radiations 
have been performed and will be mentioned later. It 
has been assumed that levels of both parity are present 
in equal number, so that the parity changes have not 
been followed in the cascade process. The parity of the 
initial compound state and of the final isomeric states 
might become important if one makes the more re- 
strictive assumption of electric dipole radiation. How- 
ever, this effect would be largely washed out if the dis- 
tribution about the average number of gamma rays per 
cascade is broad enough so that there are approximately 
equal numbers of cascades with even and odd numbers 
of transitions. 

(4) Of the different factors that have to be taken into 
account, the relative probability of forming states of 
different spins is most model dependent. 

The total radiation width for emission of dipole radiation 
from a state of spin J, and initial excitation energy B 
can be written as"! 


S p'(B—E) 
ie cf AEBS SS dE, (1) 
0 p(J.,B 
where C is constant, /(/,B,/.,Js) is a model-dependent 


*>C. O. Muehlhause, Phys. Rev. 79, 277 (1950) 

*T. E. Springer and J. E. Draper, Bull. Am. Phys. Soc. 4, 
35 (1959) } 

L. V. Groshev, A. M. Demidov, V. N. Lutsenko, and V. I. 
Pelekhov, Proceedings of the Second United Nations International 
Conference on the Peaceful Use of Atomic Energy, Geneva, September, 
1958 (United Nations, Geneva, 1958), Vol. 15, Paper P/2029. 

1 A. G. W. Cameron, Can. J. Phys. 35, 666 (1957). 

2 V.M. Strutinski, L. V. Groshev, and M. K. Akimova, Nuclear 
Phys. 16, 657 (1960). 

13 B. B. Kinsey and G 

1956). 

4B. B. Kinsey, Handbuch der Physik, edited by S. Fliigge 
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ISOMERIC CROSS-SECTION 


factor, & is the transition energy of the radiation, 


Jet 
p (B—E)= & e(J,B—E) 


|Jc—1] 


is the total density of levels at excitation energy B— FE 
which are accessible to the initial state (spin J.) by 
emission of dipole radiation, and p(J.,B) is the density of 
levels of spin J, at an excitation energy B. Since we are 
concerned only with the relative probability for decaying 
to different spin states, the constant C and the level 
density factor p(J.,B) can be ignored. 

The factor f(£,B,J.,J,) should take into account the 
giant resonance and other specific properties of the 
matrix elements connecting the states involved in the 
transition. Because of the complexity of the nuclear 
states at these excitation energies and our lack of a 
detailed description of these states, the factor 
f(E,B,J.,J,) has been taken as unity in most of our 
calculations. The variations in the nuclear matrix ele- 
ments are assumed to have been averaged out by con- 
sidering a sufficiently large number of initial and final 
states of the nucleus. The factor p’(B—£) contains the 
spin dependence of the nuclear level density. The spin 
distribution is predicted theoretically to be of the 
form'>:'® 


p(J)« p(O)(2J+1) expl— (J+3) 20" |, (2) 

















Fic. 1. Illustration of the theoretically predicted spin depend- 
ence of the nuclear level density for selected values of the param- 


eter ¢. Ny is the relative level density for levels with spin J. 
16 H. A. Bethe, Revs. Modern Phys. 9, 84 (1937). 
16 C, Bloch, Phys. Rev. 93, 1094 (1954). 
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Taste L. Examples of spin distributions after emission of NV, 
dipole radiations from compound states of J=1, 3, and 5 for 
selected values of the parameter c. 


Initial state J=1 


> 0 1 2 3 4 5 6 7 8 
N,=1 
o=3 0.14 0.37 0.49 
o=5 13 0.34 0.53 
o=~x 0.11 0.33 90.56 
N,=2 
o=3 0.09 0.37 0.36 0.18 
a=5 0.07 0.33 0.37 0.23 
ca=x 0.06 0.31 0.37 0.26 
N,=3 
ao=3 0.08 0.30 0.38 0.19 0.05 
a=5 0.06 0.26 0.37 0.23 0.08 
o=x 0.05 0.23 0.35 0.26 O11 
Initial state J =3 a 
j— 0 1 2 3 4 5 6 7 8 
N,=1 j : 
o=3 0.35 0.36 0.29 
gu 0.28 0.34 0.38 
o=x 0.24 0.33 0.43 
N,=2 
o=3 0.10 0.25 0.38 0.20 0.07 
o=5 0.06 0.19 0.36 0.26 0.13 
o= 0 0.05 0.16 0.33 0.29 0.17 
N,=3 
o=3 0.02 0.110 0.27 0.31 0.21 0.07 0.02 
o=5 0.01 0.06 0.20 0.29 0.27 0.13 0.04 
o=x 0.01 0.05 0.16 0.24 0.28 0.17 0.09 
Initial state J=5 io Py = Par 
J — 0 1 2 3 4 5 6 7 8 
N,=1 as 
o=3 0.47 0.33 0.20 
o=5 0.34 0.34 0.32 
o=@ 0.27 0.33 0.40 
N,=2 
o=3 0.19 0.32 0.33 0.13 0.03 
o=5 0.11 0.23 0.35 0.22 0.09 
o=& 0.07 0.18 0.34 0.26 0.15 
N,=3 
o=3 0.07 0.20 0.32 0.25 0.13 0.03 0.00 
o=5 0.63 0.11 0.24 0.28 0.22 0.09 0.03 
c= 0.02 0.07 0.18 0.26 0.26 0.15 0.06 


where p(/) is the density of levels with spin J, p(0) is 
the density of levels with spin zero [p(0) contains most 
of the dependence of the nuclear level density on ex- 
citation energy |, and o is the parameter which charac- 
terizes the distribution in spin. Theoretically, o° is 
proportional to the product of the moment of inertia 
and the nuclear temperature. Figure 1 shows the form 
of this distribution for various values of o. The most 
probable value of the spin J is o—}. Although the 
limiting form of p(J)= (2/+1)e(0) for c= @ has often 
been assumed for cases where high spins are not expected 
to be encountered, the “‘2/+1 law” must break down 
for large values of J. In all the calculations described 
here, the parameter o has bten assumed to be constant, 
independent of excitation energy. 

It can be shown" that the total radiation width [Eq. 
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TABLE II. Comparison of experimental and calculated isomeric cross-section ratios for thermal neutron capture. The results of the 
calculations are only shown for selected values of the parameters V, and c. The experimental errors are often lower limits as they do 
not include uncertainties in the decay schemes. Unless otherwise indicated the experimental data is taken from Hughes and Schwartz. 


Chigh spin/Ctotal 
Calculated 





Target J,-=I-} J,-=I+4 
spin Competing N,=3 N,= N,=5 N,=3 N,=4 N,=5 
Target I levels Experimental a=3 o=3 o=5 o=3 a=3 o=5 
Ge™* 0 1/2—7/2 0.18+0.05° 0.26 0.37 0.54 
Ge’ 0 1/2—7/2 0.47+0.14> 
Se?s 0 1/2--7/2 0.06+0.03 
Se*® 0 1/2--7/2 0.09+0.04 
Zn*8 0 1/2—9/2 0.09+0.02 0.13 0.23 0.38 
Kr* 0 1/2—9/2 0.37+0.17 
Se 0 1/2—9/2 0.07+0.05 
Cd! 0 1/2—11/2 0.11+0.04 0 0.09 0.21 
Sn!” 0 3/2—11/2 0.007 +0.007 0 0.04 0.13 
Sn! 0 3/2—11/2 0.006+0.004 
Sn!*4 0 3/2—11/2 0.02+0.01 
Te™ 0 3/2—11/2 0.10+0.05 
Te! 0 3/2—11/2 0.10+0.06 
Cel 0 3/2—11/2 0.087+0.036 
Cel88 0 3/2—11/2 0.012+0.010 
Hg'% 0 5/2—13/2 0.044+0.008° 0 0 0.022 
0.32+0.064 
Pd 0 §/2—11/2 0.019+0.0044 0 0 0.04 
Rh" 1/2 2-5 0.08+0.03 0 0 0.08 0 0.05 0.15 
Ag!” 1/2 1—6 0.03+0.01 0 0 0.08 0 0.05 0.15 
Br” 3/2 2-5 0.25+0.06 0 0.05 0.15 0.11 0.14 0.28 
[r'9 3/2 1—4 0.54° 0.18 0.25 0.41 0.37 0.42 0.56 
Ta!#! 7/2 5-8 0.0004! 0 0 0.012 0 0.01 0.05 
Cs}38 7/2 5-8 0.10 
0.09+0.02« 
Co* 7/2 2-5 0.56-++0.09 0.28 0.30 0.47 0.66 0.50 0.66 
Sc 7/2 4-7 0.45+0.20 0 0.01 0.07 0.05 0.06 0.18 
In"s 9/2 1—5 0.75+0.14 0.71 0.65 0.76 0.91 0.83 0.89 
In"™3 9/2 ‘5 0.97 be 03 
— ).37 
Eu! 5/2 0-3 0.81" 0.76 0.76 0.83 0.90 0.88 0.92 
* Neutron Cross Sections, compiled by D. J. Hughes and R. B. Schwartz, Brookhaven National Laboratory Report BNL-325 (Superintendent of Docu- 
ments, U. S. Government Printing Office, Washington, D. C., 1958), 2nd. ed. and Suppl. No. 1 
» See reference 3. 
¢ See reference 7. 
4M. L. Sehgal, H. S. Hans, and P. S. Gill, Nuclear Phys. 12, 261 (1959). 
¢ G. Sharf-Goldhaber and M. McKeown, Phys. Rev. Letters 3, 47 (1959). 
! See reference 23. The decay scheme information does not exclude the possibility that the peting levels have spins 6 and 9 rather than 5 and 8. 


*C. T. Bishop and J. R. Huizenga (unpublished results). 
» R. Hayden, J. H. Reynolds, and M. C. Inghram, Phys. Rev. 75, 1500 


(1) ] is independent of the J value of the capturing 
state if f(E,B,J.J7) is set equal to unity and o in 
Eq. (2) is ©. In fact, one has to have a very low o 
value (less than 3) and a high capturing spin state be- 
fore the exponential cutoff of the spin dependence be- 
comes important. Thus, total radiation widths cannot 
give much information about the parameter a, but cer- 
tain cases of low capturing spin do show the existence 
of the pre-exponential 2/+1 factor in Eq. (2)."4"7 


A. Sample Calculation 


The calculations are performed in the following way 
for dipole emission. The relative probabilities for a com- 
pound nucleus of spin J to decay to states with spin 
7+1, J, and J—1 are determined by the level density 
tractor (2/,;+1)exp[— (J;+4)*/20*] for the particular 
spin states. An example of the spin distribution after 


L. M. Bollinger and R. E. Coté, Bull. Am. Phys. Soc. 5, 
294 (1960). 


1949 


the emission of the first gamma ray can be seen in the 
first line of Table I. Each spin population then can 
emit another radiation and feed three spin groups again. 
Examples of the spin distribution after various numbers 
of gamma-ray de-excitations are shown in Table I for 
selected values of the initial compound spin /, and the 
parameter a. It is assumed that the excited nucleus just 
prior to the last gamma de-excitation chooses to feed 
the metastable or ground state depending on which 
transition has the smaller spin change. For example, 
let us assume o=3 and consider a compound nucleus 
with spin J.=3 which emits three gamma rays before 
the final (fourth) gamma ray decides to populate either 
a spin 2 metastable state or a spin 5 ground state. 
States which after the third gamma-ray de-excitation 
have spins 0, 1, 2, or 3 will populate the spin 2 state 
and states with spin 4 or greater will populate the spin 
5 state. From Table I we see that the population of 
the spin 2 state will be 0.70 and the population of the 
spin 5 state will be 0.30. 
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ISOMERIC CROSS-SECTION 


B. Comparison with Experiment 


Most of the experimental data in the literature on 
jsomer cross-section ratios for thermal neutron capture 
was reported before detailed decay scheme data were 
available, and is therefore of qualitative rather than 
quantitative significance. Table II presents the available 
experimental data and for comparison predictions of 
the calculations for selected values of the parameters 
g and N,, the number of gamma rays in the gamma 
cascade. It can be seen from this table that much of 
the experimental data can be approximately reproduced 
assuming an average number of gamma rays of three 
or four and values of the parameter o of 3 to 5. The 
results compiled in Table II serve to illustrate that 
matching calculated and experimental isomer cross- 
section ratios for thermal neutron capture does not 
allow a precise determination of ¢. The isomeric cross- 
section ratios are much more sensitive to the parameter 
a for reactions induced by energetic particles which 
produce compound nuclei of higher angular momentum, 
or in reactions in which neutrons (which can carry more 
angular momentum and sample more spin states) are 
emitted.’ 

The best available check of the internal consistency 
of these calculations is obtained by a comparison with 
some isomeric cross-section ratios measured’* for thermal 
and resonant energy neutron capture in Eu'®, Eu'* has 
a nuclear spin of 3, so that s-wave neutron capture can 
give compound nuclei with spins J/=2 or J=3. The 
experimental data are summarized in the first part of 
Table III. The cross-section ratios seem to fall into 
two groups, consistent with the hypothesis that one 
group corresponds to spin J=2 for the compound nu- 


TasLe III. Comparison of experimental* and calculated 
isomeric cross-section ratios for different resonances in Eu!®!, 
Assuming the thermal neutron cross section to be due only to 
the —0.011 and +0.327 ev resonances (not completely correct), 
absolute cross section ratios have been obtained from a normaliza- 
tion factor obtained from the average of Wood’s relative ratios* 
for the —0.011 and +0.327 ev resonances and the absolute 
ratio® for thermal neutron capture. The errors listed refer only 
to the relative ratios. The predicted values were calculated 
assuming V,=4. 


Experimental 


Resonance energy (ev) o1;~0/ (o;~0+a7~3) 
—0.011 0.22+0.03 
+0.327 0.17+0.02 
+0.461 0.10+0.01 
+1.055 0.07+0.03 

Calculated 
Compound o1=0/ (91-0-+01-3) 
spin o=3 o=4 o=5 c= x 
2 0.24 0.20 0.18 0.18 
3 ).12 0.08 0.07 0.05 


* See reference 18. 


+R. Hayden, J. H. Reynolds, and M. C. Inghram, Phys. Rev. 75, 1500 
(1949). 


1’ R. E. Wood, Phys. Rev. 95, 453 (1954). 
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TaBLE IV. Comparison of experimentally determined and 
calculated intensity ratios for the /=6 to J=4 and J=4 to J=2 
transitiens in Er'®§ and Hf!”8. A small correction for internal 
conversion has been made to the gamma-ray intensity data.* 
Both the experimental and calculated intensities for the J=4 to 
7] =2 transition include the population from the de-excitation of 
the J =6 level. 








Experimental 


Int.(6+ — 4+) 


Int.(44+ — 2+) 


Resonance 
energy (ev) 





Ess Thermal 








0.13+0.02 
0.47 0.15+0.04 
0.58 0.11+0.04 
6.0 0.08+0.03 
Hits Thermal 0.3340.05 
1.10 0.09+0.05 
2.38 0.30+0.08 
Calculated 
Int.(6+ — 4+)/(Int.(4+ — 2+) 
o=3 o=5 c= % 
J=3 0.08 0.11 0.15 
J=4 0.18 0.28 0.35 





* See reference 22. 


cleus and the other group corresponds to spin J= 3. The 
second part of Table ITI summarizes the calculations, 
which not only reproduce the absolute value of the 
cross-section ratios, but for a particular ¢ also reproduce 
the variation with the spin of the compound system.” 
A similar study of the isomeric ratios for resonant en- 
ergy neutron capture in In™® has been performed by 
Domanic and Sailor.” They report that the ratio of 
the high spin isomer to the low spin isomer is approxi- 
mately 3.5 times larger for the 1.456-ev resonance than 
for the 3.86-ev resonance. Calculations similar to those 
presented above for Eu'® predict a ratio of 2.9 for N,=4 
and ¢=4 if the spin associated with the 1.456-ev reso- 
nance is J =5 and with 3.86-ev resonance is J=4. These 
spin assignments are in agreement with those determined 
recently for these resonances by Stolovy.” It can be 
seen that in favorable cases this type of calculation can 
distinguish which of the two possible compound nucleus 
spin states contributes most to the thermal neutron 
capture cross section. 

It is interesting to compare the results of these cal- 
culations with some recent experimental measurements 
of the relative population of different rotational levels 
in deformed nuclei.” Even-even deformed nuclei exhibit 


8 Recently there appeared a preliminary report [A. Stolovy, 
Bull. Am. Phys. Soc. 3 294 (1960) ] assigning spin values to the 
capturing states for resonant capture in Eu’, Dr. Stolovy has 
informed us that recent work [R. M. Bozworth and J. H. Van 
Vleck (to be published)] indicates that the magnetic behavior of 
Eu at low temperatures is not well enough understood to determine 
the direction and magnitude of the field at the nucleus. Thus 
Dr. Stolovy feels that his measurements indicate only that the 
0.461-ev and 1.055-ev levels have the same spin while the negative 
and 0.327-ev levels have the opposite spin. 

2 F. Domanic and V. L. Sailor, Phys. Rev. 119, 208 (1960). 

21 A. Stolovy, Phys. Rev. 118, 211 (1960). 

2 C. A. Fenstermacher, J. E. Draper, and C. K. Bockelman, 
Nuclear Physics 10, 386 (1959). 
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a simple pattern of rotational energy levels built upon 
the ground state with a spin sequence, /=0, 2, 4, 6, 
etc. These states de-excite by emission of quadrupole 
radiation to the next lower state rather than by cross- 
over transitions. The possibility that there may be 
transitions between rotational levels built upon vibra- 
tional states have been neglected in the calculations. 
Table IV lists the intensity ratios for the J=6 to J=4 
and J=4 to J=2 transitions for capture in Er'® and 
Hf'77, both of which have J= 3. In doing the calculations 
it was assumed that levels with spin greater than 5 
populated the 6+ or higher rotational levels, spin 5 
levels divided between the 6+ and 4+ levels, spin 4 
levels decay to the 4+ rotational level, and spin 3 
levels divide between the 3+ and 4+ rotational levels. 
It was also assumed that there were three gamma rays 
per capture before transitions within the rotational 
band. The calculations are summarized in Table IV. 
The calculations fit the data nicely if all the resonances 
in Er'® and the 1.10-ev resonance in Hf'”? produce J =3 
compound states while thermal and 2.38-ev neutrons 
capture in J=4 compound states of Hf'*. It might be 
remarked that one does not expect all resonances cap- 
turing into states of the same spin to have exactly the 
same intensity ratios, as nuclear levels are not com- 
pletely characterized by spin and excitation energy. 


C. Discussion of Certain Specific Aspects 
of the Analysis 


(a) Dependence on the Average Number of Gamma Rays 


N,, and the Dispersion in the Number 
of Gamma Rays per Capture 


If one of the isomeric states has a spin value which 
is quite different from that of the capturing state, the 
calculations predict rather different results depending 
on the average number of gamma rays per cascade. 
The entries in Table II for nuclei with competing levels 
of J=3/2 and J=11/2 are an example of this effect. 
The observation that Sn™!, Sn, and Sn™5, which have 
a closed proton shell, and Ce, which has one less 
neutron than the 82 neutron closed shell, appear to 
have abnormally low isomeric cross-section ratios sug- 
gests a lower level density and a smaller number of 
gamma rays per capture for these nuclei. However, with 
the uncertainties in the experimental data and the ab- 
sence of measurements for N, for these nuclei, such 
observations are rather tentative. 

The fact that, in a given nucleus, all captures may 
not give the same number of y rays does not in general 
appreciably change the calculated results. There are a 
few cases, particularly Ta, for which the isomer having 
a high spin, far removed from the spin of the capturing 
nucleus, has a very low yield.” Such exceptionally low 
yields (¢72s/oTot01~0.0004) enables one to estimate a 
limit for the distribution about the average in the 


23 A. W. Sunyar and P. Axel (private communication ). 


AND 





R VANDENBOSCH 


number of y rays emitted (or alternatively the contri- 
bution of quadrupole radiation, [see (b) below ]). If 
o> 3, which seems quite likely for this mass region (see 
reference 7), then less than 20% of the captures have 
5 or more gamma rays in their cascade. 


(6) Contributions due to Radiation of Higher 
Multipolarity than Dipole 


It has been assumed for most of the calculations that 
only dipole emission occurs, with the exception of the 
final transition which has to decide whether to go to 
the ground or metastable state. The very low yield of 
the high spin isomer for capture in Ta!*!, mentioned 
above, enables an estimate of the contribution of quad- 
rupole radiation, as quadrupole emission can change the 
spin by two units for each gamma-ray transition as com- 
pared with only one spin unit change for dipole radia- 
tions. If we assume that o>3 and that V,=4, the model 
predicts that less than 1% of the cascades are pure 
quadrupole, or considering another of the many pos- 
sibilities, that if the first two transitions are dipoles 
then less than 10% of the third transitions are quad- 
rupole. It seems reasonable therefore to consider the 
cascade to consist only of dipoie radiations. 


(c) Competing Levels 


It is assumed that the last gamma ray transition in 
the cascade chooses between populating the metastable 
or ground state. Occasionally there is an energy level 
between the metastable and ground state, usually hav- 
ing a spin value intermediate between the spins of the 
two isomers. In these cases it is assumed that the com- 
peting spins are that of the intermediate level and that 
of the metastable state. (See for example the discussion 
in the following paper’ on the Hg"? decay scheme.) 
It is conceivable that there may be an unknown level 
of intermediate spin just above the metastable state 
which decays by a crossover transition to the ground 
state. If such a state is far away from other more excited 
states and might therefore be strongly populated in the 
cascade process, a perturbation may arise which is not 
taken into account in the calculations. One can only 
hope that in most nuclei such states are not populated 
in a high percentage of the cascades. 


(d) Applicability of the Statistical Model 


For the model described here to be appropriate one 
must assume that a very large number of levels are 
present so that many different cascade paths are avail- 
able. If such a situation exists the gamma-ray energy 
spectrum should show a broad, featureless distribution 
as exhibited by the gamma-ray spectrum of neutron 
capture in europium.” Certain nuclei, for example some 

*L. V. Groshev, A. M. Demidov, V. N. Lutsenko, and V. I. 
Pelekhov, Atlas of y-ray Spectra from Radiative Capture of Thermal 


Veutrons, translated from the Russian by J. B. Sykes (Pergamon 
Press, New York, 1959) 
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ISOMERIC CROSS-SECTION 
of the isotopes of iron and lead, exhibit gamma-ray 
spectra with a prominent line structure with most of 
the de-excitation occurring through a few high-energy 
transitions. The calculations described here are not 
appropriate for such cases where a statistical description 
is not valid. 


(e) Improbable Processes (Small Branches) 


As was brought out under the discussion under (a) 
and (b) above, the calculations are most sensitive to 
some of the less well understood details when one of 
the products is produced in very low yield. Thus, one 
does not expect as quantitative agreement when the 
observed isomeric ratios are either very high or very 
low. 


(f) Model Dependence of the Transition Probability 


In the form in which we have written the radiation 
width above, the model dependence of the transition 
probability, apart from the level density factor, is con- 
tained in the factor f(E,B,J.,J;). This factor was set 
equal to unity in most of our calculations. However, 
more specific models, for example the single particle 
model, predict a J dependence of this factor.**-?? Sample 





0.40 


0.30 








0.10 











re) pt 1 1 L 1 4 
12 14 16 18 
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Fic. 2. Comparison of the experimental (dashed line) and cal 
culated (solid line) isomeric cross-section ratios o;~5/(o7-1+¢7~5) 
for the Br*(y,n) reaction. Experimental data taken from reference 
4. A nuclear temperature of 0.6 Mev was used in the calculations. 


* J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 626. 

*®M. Deutsch, Contribution to Experimental Nuclear Physics, 
— by E. Segre (John Wiley & Sons, Inc., New York, 1959), 
fol. IIT. 

7S. A. Moszkowski, Phys. Rev. 89, 474 (1953). 
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Fic. 3. Comparison of the experimental and calculated isomeric 
cross-section ratios o).3/(o7~4+o7<7/2) for the Se®(y,") reaction. 
Experimental] data taken from reference 32. A nuclear temperature 
of 0.6 Mev was used in the calculations. 


calculations were made where {(£,B,J.,Js) was arbi- 
trarily assigned a J dependence of 2/;+1 (a somewhat 
stronger dependence than predicted by the single par- 
ticle model**’). One finds that the experimental iso- 
meric ratios are now reproduced by values of the param- 
eter o which are one or two units smaller than those 
deduced if f(£,B,J.,J;) is set equal to unity. It is 
shown in the following paper, that in reactions where 
particles are emitted any J dependence of the gamma- 
ray transition probability is relatively unimportant. 


3. PHOTONEUTRON REACTIONS 


A few determinations of isomeric cross-section ratios 
have been reported for (y,7) reactions.*:-® An attempt 
has been made to treat these reactions using the con- 
siderations developed in this and the following paper. 
It has been assumed that all of the gamma-ray absorp- 
tion proceeds by electric dipole absorption. If the target 
is even-even, this always results in formation of a com- 
pound nucleus with J/.=1. If the target has nonzero 
spin, the distribution in J, is assumed to be divided 
between J,.=/—1, J.=J, and J.=I+1 in the propor- 
tions 2/.+1, by reasoning similar to that for the 


28... Katz, R. G. Baker, and R. Montalbetti, Can. J. Phys. 
31, 250 (1953). 

22 J. Goldemberg and L. Katz, Phys. Rev. 90, 308 (1953). 

% P. Axel and J. D. Fox, Phys. Rev. 102, 400 (1956). 

J. D. Fox, Ph.D. thesis, University of Illinois, 1960 (un- 
published). 

# FE, Silva and E. J. Goldemberg, Anais acad. brasil. cienc. 28, 
275 (1956). 
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Fic. 4. Comparison of the experimental and calculated isomeric 
cross-section ratios o7~;/(o07-1+0/~5) for the In"*(y,n) reaction. 
Experimental data taken from reference 29. A nuclear temperature 
of 0.6 Mev was used in the calculations. 


particle-induced case discussed in reference 7. The neu- 
tron emission is also treated as described in reference 
7. The results of the calculations are compared with 
the experimental results in Figs. 2, 3, 4, and 5. The 
calculated curves for the (y,z) reactions induced in 
Br*!, Se®, and In", were all computed using a constant 
nuclear temperature of 0.6 Mev, suggested by tempera- 
tures determined from inelastic scattering of neutrons. 
If the temperature is taken to be 1.0 Mev, the calculated 
values change by less than 10%. For the closed shell 
nuclei Zr® and Mo” a constant temperature of 1 Mev 
was chosen. The calculations do not have much meaning 
at the threshold or for the first few Mev above the 
threshold as there are not enough levels present for a 
statistical treatment. The region just above the thresh- 


AND 


cross-section ratios o/~9/2 
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Fic. 5. Comparison of the experimental and calculated isomeric 
(o7.4+o7~9/2) for the Zr™(y,n) and 
Mo" (+,m) reactions. Experimental data taken from reference 31, 
\ nuclear temperature of 1.0 Mev was used in the calculations. 


old has been treated using a somewhat different model 
by Axel and Fox.®.*! 

As can be seen in Figs. 2-5, the dependence of the 
isomeric cross-section ratios with photon energy is very 
well reproduced in all of the cases. This may be taken 
as an indication that o does not vary strongly with 
excitation energy. The variation in the values of ¢ 
indicated to fit the data is much larger than would be 
expected, but as no estimates of the experimental error 
in the Br, Se, or In cross-section ratios have been re- 
ported, it is probably premature to attach much sig- 
nificance to the variations in «. Since isomeric ratios 
for (ym) reactions are not as sensitive to details of 
the gamma-ray cascade such as the contribution of 
quadrupole radiations, reliable isomeric cross-section 
ratios for 


tion al 


y,n) reactions may reveal valuable informa- 


yout the parameter o. 
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Isomeric Cross-Section Ratios for Reactions Producing the Isomeric Pair Hg'®7:1°’™+ 
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Excitation functions and isomeric cross-section ratios were determined for the Au'7(p,n) and Au'®7(d,2n) 
reactions. Isomeric cross-section ratios were also determined for the Hg™*®(n,y), Hg'®*(d,p), Hg'®8(m,2n), 
Hg?"8(a,an), and Pt(a,xm) reactions. Those reactions for which compound nucleus formation predominates 
are treated by a statistical model. In this treatment the compound state is characterized by angular mo- 
mentum and excitation energy. The analysis yields a value of 4+1 for the parameter o which characterizes 
the dependence of the nuclear level density on angular momentum. Relatively small amounts of angular 
momentum are transferred in reactions which proceed predominantly by a direct interaction mechanism. 
Such reactions, therefore, give a larger yield of the isomer with spin closer to that of the target nucleus. 


1. INTRODUCTION 


HE purpose of the present work was, (1) to make 
detailed and extensive measurements of the iso- 
meric cross-section ratios for the same isomeric pair 
produced in a large variety of reactions and (2) to ex- 
plore quantitatively the significance of some of these 
results in terms of the angular momentum transfer in 
the initial interaction and the modification of this 
angular momentum by the sampling of the spin de- 
pendence of the nuclear level density by particle and 
gamma-ray emission. Such analyses of the experimental 
cross-section ratios yield valuable information on the 
spin dependence of the nuclear level density, especially 
if one considers reactions where particles are emitted 
which can carry off enough angular momentum to reach 
many spin states of the residual nucleus. 
The distribution in spins is predicted theoretically!” 
to be of the form 


p(J)=p(0)(2J +1) expl— (J +3)?/207], (1) 


where p(/) is the density of levels with spin J, p(0) is the 
density of levels with zero spin, and a is the parameter 
characterizing the distribution function. Little is known 
experimentally about ¢, although some information is 
available from counting of states** and from analysis 
of angular distributions.® 


2. EXPERIMENTAL PROCEDURE 


A summary of the different types of irradiations per- 
formed appears in Table I. 

For the Au'?(p,7), Au'®7(d,2n), and Pt(a,1m) excita- 
tion function measurements, thin metallic foils (0.1 to 
0.6 mil) were placed between aluminum degrading foils 
of known thickness. The foil stacks were exposed to the 
deflected beam of the Argonne 60-in. Cyclotron. The 


t Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

'H. A. Bethe, Revs. Modern Phys. 9, 84 (1937). 

*C. Bloch, Phys. Rev. 93, 1094 (1954). 

°C. T. Hibdon, Phys. Rev. 114, 179 (1959). 

‘T. Ericson, Nuclear Phys. 11, 481 (1959). 

5 T. Ericson and V. M. Strutinski, Nuclear Phys. 8, 284 (1958), 
and A. C. Douglas and N. Macdonald, Nuclear Phys. 13, 382 
(1952). 


target holder served as a Faraday cup and the current 
collected was integrated with an uncertainty of less than 
2%. Range measurements were made with an absorber 
wedge to determine the energy of the beam particles. 
Mean ranges were converted to particle energies using 
the proton range-energy measurements of Bichsel.*:’ 
Range-energy curves for deuterons and helium ions were 
constructed from the proton ranges using the assump- 
tion that the energy loss —dE/dx has the same velocity 
dependence F(v) for different particles, so that 
R=M/7F(v). 

The targets used for the determination of isomeric 
cross-section ratios in the Hg'*(d,p) and Hg"*(a,an) 
reactions were prepared by slurrying HgS powder onto 
an aluminum plate with a solution of Zapon in acetone. 
After the acetone evaporated, the Zapon held the HgS 
powder firmly enough to enable mounting in a target 
holder and subsequent removal from the target holder 
after irradiation. The target material used in the study 
of the Hg'*(d,p) reaction was enriched in Hg"*, 

The irradiation for the measurement of the isomeric 
cross-section ratio for the Hg'®*(n,y) reaction was per- 
formed in the thermal flux of the Argonne Reactor CP-5. 
Mercury of naturally occurring isotopic abundance was 
irradiated in the form of mercuric sulfide. The 14.1-Mev 
neutrons in the Hg'®*(,27) reaction were obtained from 


TABLE I. Summary of conditions for measurements of 
relative production of Hg"? and Hg™, 


Number 
of Energy 
Target Material Reaction energies range 
Au!7 Foil (p,n) 5 7.3-10.4 Mev 
Au’? Foil (d,2n) 20 7.2-21.4 Mev 
Pt Foil (a,xn) 6 18.4-27.3 Mev 
Hg HgS (n,y) 1 thermal 
Hg HgS (n,2n) 1 14.1 Mev 
Hg" HgS (d,p) 1 11 Mev 
Hg HgS (a,an) 1 41 Mev 


® H. Bichsel, Phys. Rev. 112, 1089 (1958). 
7H. Bichsel, R. F. Mozley, and W. A. Aron, Phys. Rev. 105, 
1788 (1957). 
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Fic. 1. Principal features of the Hg"’, Hg'*?" decay scheme 
the T(d,n)He' 
target material. 
The foils irradiated for studying the Au'’(p,n) and 
Pt(a,«n) reactions were counted without any chemical 
purification after the irradiation. Because of the large 
amount of Au'* produced by the Au'*’(d,p)Au'®* reac- 
tion, the foils from deuteron irradiations were dissolved 
and the gold was extracted into ethyl acetate. The 
mercury was electrodeposited onto silver foils for count- 
ing. For the Hg'*(d,p) and Hg"*(a,an) measurements 
radiochemical purific ations involving anion exchange, 
solvent extraction and sulfide precipitations were per- 
formed toremove gold, thallium, and lead contaminants. 
The radiations of the Hg'”’ isomers were detected with 
i 3X3 sodium iodide (Tl activated) crystal connected 
with a multichannel pulse-height analyzer. The decay 
scheme® of the Hg'*’ isomers is very complicated and 
considerable care must be exercised in interpreting the 
gamma spectrum. The decay scheme is illustrated 
outline in Fig. 1. Two lines are prominent in the spec- 
trum, one at approximately 75 kev and one at 134 kev. 
The line at 134 kev is attributed to a transition of 24-hr 
Hg’ decaying to Hg'*’. The line at approximately 
75 kev arises from several processes: (1) K x rays arising 
from vacancies from the 3% electron capture branch of 
24 hr Hg’, (2) K x rays from internal conversion of 
the 134- and 164-kev transitions in the decay of Hg'*’”, 


reaction, and mercuric sulfide was the 


TABLE IT. Isomeric cross sections for the 
Au? (p,n)Hg'?5™™ reaction. 


Proton 

energy T [13/2 Ol —1/2 

(Mev) (mb) (mb) Of =13/2/C1 1/2 
7.3 0.4 1.8 0.22+0.02 
8.5 3.3 14.2 0.23+0.02 
9.4 10.7 41.1 0.26+0.02 
99 19.9 64.3 0.31+0.03 
10.4 26.8 74.9 0.36+0.03 





§D. Strominger, J. M. Hollander, and G. T 
Modern Phys. 30, 585 (1958). 


Seaborg, Revs 
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(3) A x rays from the electron capture decay of 65-hr 
Hg"’, (4) K x rays from internal conversion of the vari- 
ous transitions in the daughter Au'’’, and (5)77-key 
gamma rays oe the decay of the first excited state of 
daughter Au’, At poor geometry (sample close to crystal) 
one obtains A x-ray-A x-ray and Ax-ray-77-kev sum 
peaks which cannot be resolved from the 134-kev gamma 
ray. In order to minimize the magnitude of the sum peaks 
in counting the 134-kev gamma, the 
7o geometry. 


samples were 
Even so, a small correction 
was made for the sum peak contribution. 

The absolute number of disintegrations of Hg'*”™ may 
be obtained from the 134-kev photopeak intensity and 
the measured conversion coefficient’ of the transition, 
It is also possible to calculate the Hg'*’” contribution to 
the A x-ray peak from the known K/Z ratios and the K 
conversion coefficients of the two transitions.’ When 


counted in a 3.7¢ 


TABLE III. Isomeric cross sections for the 
Au!?(d,2n) Hg?9™™ reactions. 


Deuteron 


energy Of 13/2 Tl m1/2 

Mev (mb (mb) o! o/o1 
7.2 0.3 0.9 0.33+0.03 
8.4 3.0 8.6 0.35+0.03 
95 17.6 44.3 0.40+0.04 
10.8 66 129 0.51+0.05 
11.1 102 207 0.49+0.05 
12.0 125 202 0.62+0.06 
12.3 205 344 0.60+0.06 
13.9 278 339 0.82+0.08 
14.3 250 242 1.03+0.10 
14.7 296 303 0.98+0.10 
15.6 286 262 1.09+0.10 
16.5 251 203 1.24+0.15 
16.5 241 196 1.23+0.15 
17.9 200 160 1.25+0.15 
18.4 156 104 1.50+0.15 
19.4 134 119 1.13+0.15 
19.7 120 89 1.35+0.15 
1.0 eee oe 1.15+0.10 
21.1 92 68 1.35+0.15 
21.4 94 90 1.04+0.15 


this contribution is subtracted, the remainder of the 
75-kev peak is due to 65-hr Hg'’. Since the K to L 
electron capture ratio is not known for Hg'*’ and some 
of the conversion coefficients for transitions in the 
daughter Au’ are not very well known, it is not possible 
to obtain the absolute disintegration rate of Hg™ 
directly. Two experiments were performed in which the 
75-kev peak of Hg'’ was observed to grow in from the 
decay of Hg'*’™. By appropriate rearrangement of the 
growth and decay equation one obtains an expression 
which, when plotted as a function of time, gives a 
straight line whose intercept gives the ratio of the de- 
tection efficiency for the two periods. Thus by using the 
known efficiency for Hg" it is possible to obtain the 
absolute efficiency for detecting Hg"?. Two values for 
the constant relating the two efficiencies were obtained, 
and the average of these measurements was used in 
ig all of the data obtained in this work. As an 
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ISOMERIC CROSS 
incidental result, if one combines the measured relative 
efficiency with what is known about the decay scheme, 
it is possible to estimate the K/L+M electron capture 
ratio. This ratio was found to be approximately 0.6 and 
is rather sensitive to uncertainties in conversion 
coefficients. 


3. EXPERIMENTAL RESULTS 


The isomeric cross-section ratio produced by thermal 
neutron activation of Hg™® was found to be o,,/c, 
=0.044+0.008. This result is in serious disagreement 
with a recent measurement by Sehgal ef al.? The reason 
for this discrepancy is not obvious, but possibly may be 
attributed to the fact that the gamma-ray resolution in 
the present experiment was much better enabling a more 
accurate determination of the intensity of the rather 
small 134-kev photopeak. 

The Au'’(p,2) and Au'7(d,2n) cross sections are 
tabulated in Tables II and III. The uncertainty in the 
projectile energy is +0.5 Mev and the uncertainty in the 


TABLE IV. Isomeric cross-section ratios for 
Pt (a,xn) Hg!?."™ reactions. 


Helium ion 


energy O J =13/2/F1=1/2 
18.4 0.35+0.04 
20.6 0.67+0.07 
22.7 1,00+0.10 
24.7 1.47+0.16 
25.4 1.59+0.25 
27.3 2.5 +0.4° 
* Probably includes contribution of Hg! from Pt!(a,37) reaction which 
becomes energetically possible at this energy. 


absolute value of the cross sections is estimated to be less 
than 20%. The isomeric cross-section ratios are known 
somewhat more accurately. The Pt (a,«2) Hg"? cross- 
section ratios are tabulated in Table IV and illustrated 
in Fig. 2. The three isotopes Pt™, Pt!®, and Pt'®* were 
present in approximately equal abundances in the 
natural platinum targets which were used. The principal 
reactions leading to the isomers are the Pt'™(a,y), 
Pt! (a@,2n), and Pt!%*(a,3n) reactions. The threshold for 
the Pt'“(a,3)Hg" reaction is approximately 25 Mev. 
The experiments were not extended to energies appre- 
ciably above this threshold because the Hg! activities 
interfere with the detection of the Hg’? activities. 

The isomeric cross-section ratios for the Hg!®8(,2m), 
Hg"*(a,1), and Hg'*(d,p) reactions are tabulated in 
Table V. When two values are listed two separate 
measurements have been made. 

4. STATISTICAL MODEL CALCULATIONS 

It can be seen from the data in Tables II-IV that as 
the projectile energy is increased, and thus the angular 
momentum in the compound nucleus is increased, the 


*M. L. Sehgal, H. S. Hans, and P. S. Gill, Nuclear Phys. 12, 
261 (1959). 
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Fic. 2. Isomeric cross-section ratios, o7213/2/(07e1/2+o7-13/2), 


for the Pt (a,*m) reactions leading to Hg’ and Hg’ as a 
function of helium ion energy. 


relative yield of the high spin isomer increases. This 
results in an interesting displacement of the Au'®’(d,2n)- 
Hg'**™ excitation function relative to the Au'®?(d,2n)- 
Hg'*’* excitation function, as may be seen in Fig. 3. A 
statistical model has been used to calculate the effect of 
initial angular momentum on isomer yields, and to 
deduce information about the dependence of the nuclear 
level density on angular momentum. 

The first step in this approach is the calculation of the 
distribution of the angular momentum, J,, of the com- 
pound nucleus. This is given by'®" 





o(J.E)=er > > 


S I—s| l=|J 


T(E), (2) 


I+s Jets 


where A is the deBroglie wavelength of the incoming 


TABLE V. Isomeric cross-section ratios for various 
reactions producing Hg!797™, 


Projectile energy 





Reaction (Mev) 1 =13/2/F1=1/2 
Hg'"* (n,y) thermal 0.044+0,.008 
Hg" (d, p) J 0.15 +0.03 

\11 0.16 +0.03 
Hg"®8(a,an) (41 0.9 +0.1 

41 1.0 +0.1 
Hg’ (n,2n) 14.1 08 +0.1 


10 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 
J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952). 
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Fic. 3. Excitation functions for the Au"7(d,2n)Hg™™ (solid 
symbols) and Au'’(d,2m)Hg'’? (open symbols) reactions as a 
function of deuteron energy. The circles and triangles refer to 
two separate runs. 


projectile, s is the spin of the projectile, 7 is the spin of 
the target nucleus and 7;(£) is the barrier transmission 
coefficient of a particle with orbital angular momentum / 
and energy E. The distributions in J, for two deuteron 
energies are illustrated in Fig. 4. This expression is valid 
only for capture of particles, as the derivation requires 
the assumption that the level density of the compound 
nucleus does not affect the distribution of J, values 
formed in the compound nucleus. It is thought that the 
matrix element for reaching a given state J, of the 
compound nucleus from the target nucleus ground state 
is inversely proportional to the density of states with 
angular momentum J=/,. One can think of the single 
particle strength between initial and final states being 
diluted according to the number of final states it is 
spread out over. 
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Fic. 4. The distribution in angular momenta J of the compound 
nucleus for two different deuteron bombarding energies. 
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After calculating the distribution function for the 
angular momentum J, of the compound nucleus, one 
must examine the modification of this distribution fune- 
tion by emission of neutrons and finally gamma rays. 

The relative probability for a compound state with 
angular momentum J, to emit a neutron with orbital 
angular momentum / leading to a final state with angu- 
lar momentum J; is given by 


Pee: 


>: T, (42), (3) 
J 


S 


Jg+} 
P(J ) x p(J;) ba 


S=|J;—}| | 


where 7,(£) is the barrier transmission coefficient for a 
neutron with orbital angular momentum / and energy E. 
The probability of populating a final state with spin 
J; by particle emission from a compound state of spin 
J., given by Eq. (3), depends on the level density factor 
p(J;) which is given by Eq. (1). It should be mentioned, 
however, that Eq. (3) does not contain a factor com- 
parable to the 2/+1 term in the numerator of Eq. (2) 
which arises from considerations other than level den- 
sity. For «=, which has sometimes been assumed, 
p(J;) is directly proportional to 2/;+1 [see Eq. (1)] 
and Eq. (3) resembles the form of Eq. (2) even though 
the 2/+1 factors have different origins. In view of the 
complexity of character of both the initial and final 
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Fic. 5. Comparison of the experimental (open circles) and calcu- 
lated isomeric cross-section ratios, 7 7213/2/(o7<1/2+07~<13/2), for the 
Au'®7(p,n) reaction. The solid line curves were calculated for two 


values of the spin-dependence parameter o and a constant nuclear 
temperature of 1 Mev for the emitted neutrons. The dashed curves 
were calculated assuming the nuclear temperature for the emitted 
neutrons varied with excitation energy as predicted by the de- 
generate Fermi gas model. 
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ISOMERIC CROSS-SECTION 


states, we have assumed that the matrix elements con- 
necting the initial state of the compound nucleus and 
the final states following neutron emission are on the 
average equal. 

The calculations are performed by allowing each com- 
pound state J, to emit a neutron whose transmission 
coeflicient 7; is taken as that for a neutron with an 
energy corresponding to the mean kinetic energy given 
by evaporation theory. This approximation was checked 
by breaking the neutron spectra up into four energy 
groups and carrying out the calculations individually 
for each group. It was found that using the average 
neutron energy was a surprisingly accurate approxima- 
tion. The resulting distribution of spins is calculated for 
several choices of the parameter o. If a second neutron is 
to be evaporated, the process is repeated. After neutron 
emission is energetically forbidden, the gamma-ray 
cascade is followed according to the procedure outlined 
in the preceding paper” and the relative populations of 
the two isomers are calculated. The number of gamma 
rays assumed to be emitted depended on the residual 
excitation energy following neutron emission (deter- 
mined by assuming that all neutrons carried away the 
mean kinetic energy) and varied between one and four 
gamma rays per cascade. 

In deciding whether the last gamma-ray transition 
populates the ground or metastable state, the J=5/2 
state lying between the 7=1/2 ground state and the 
I=13/2 metastable state must be considered. It is 
assumed that states with J>11/2 populate the meta- 
stable state, states with J<7/2 populate (directly or 
through the /=5/2 state) the ground state, and states 
with J=9/2 populate both the isomeric and ground 
state. 

The transmission coefficients for both the incoming 
and outgoing particles have been calculated on the 
basis of a square well nuclear potential with a radius 
R=1.5X10-" At cm. The calculations of Feshbach 
et al.® have been used for the charged particles and the 
calculations of Feld et al. for the neutrons. Because of 
the unavailability of transmission coefficient calcula- 
tions appropriate for the helium ion bombardments of 


TaBLe VI. Comparison of caiculated and experimental! isomeric 
cross-section ratios for the Hg'*8(,2m) reaction. 


Hg"8(,2n) 0 1=13/2/ (0 11/2 +O 1 13/2) 
Experimental 0.44+0.05 
Calculated o=3 o=5 

Case A 0.32 0.60 
Case B 0.35 0.63 


% J. R. Huizenga and R. Vandenbosch, preceding paper [Phys. 
Rev. 120, 1305 (1960) ]. 

%H. Feshbach, M. M. Shapiro, and V. F. Weisskopf, Atomic 
Energy Commission Report N YO-3077, 1953 (unpublished). 

4B. T. Feld, H. Feshbach, M. L. Goldberger, H. Goldstein, and 
V. F. Weisskopf, Atomic Energy Commission Report NYO-636 
1951 (enpabliahed). 


RATIOS FOR 1317 


H gi96,197m 





1.00 T T T T T T 


0.90 F © Experiment © 


Calculated T=1.0 


-~--— Calculated a=6 7 





0.80 


o=0 


0.70 


0.60 


0.50 


a 
Fel t [F139 


0.40 


0.30 


0.20 





0.10 F 4 











fe) ! i it y | 
6 8 10 12 14 16 18 20 
DEUTERON ENERGY (Mev) 


Fic. 6. Comparison of the experimental (open circles) and calcu- 
lated isomeric cross-section ratios o7233/2/(o1.1/2+@1=13/2) for the 
Au7(d,2n) reaction. The solid line curves were calculated for 
two values of the spin-dependence parameter o and a constant 
nuclear temperature of 1 Mev for the emitted neutrons. The 
dashed curves were calculated assuming the nuclear temperature 
for the emitted neutrons varied with excitation energy as pre- 
dicted by the degenerate Fermi gas model. 


platinum, no calculations have been performed for this 
system. 

The calculations have been performed for two as- 
sumptions about the energy dependence of the nuclear 
level density. A dependence of the form p(E) « exp(E/T) 
(Case A) where E is the excitation energy, gives rise to a 
nuclear temperature T independent of excitation energy. 
The dependence predicted by the Fermi gas model 
p(E) « exp[2(a£)*] (Case B) corresponds to a nuclear 
temperature given by T=(E/a)*. The choice of the 
energy dependence of the level density affects the calcu- 
lations only in the mean kinetic energy carried off by the 
neutrons and to a lesser extent in the number of gamma 
rays in the final gamma-ray cascade (any dependence of 
o on temperature has been neglected). Calculations were 
performed for Case A with a nuclear temperature 
T=1.0 Mev and for Case B with the parameter a=6. 
It can be seen from Figs. 5 and 6 and Table VI that the 
calculations are rather insensitive to the choice of the 
dependence of the level density on excitation energy. 
The calculations have also been found to be rather in- 
sensitive to the absolute value of the nuclear tempera- 
ture. As was mentioned in the previous paper, a slight 
ambiguity may arise from the model dependence of the 
S(E,B,J.,J;) factor in the expression for the radiation 
width [see Eq. (1), preceding paper |. The results of the 
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Fic. 7. Comparison of the calculated isomeric cross-section 
ratios for two assumptions about the J dependence of the 
f(E,B,J.,J;) factor in the expression for the radiation width [see 


Eq. (1), preceding paper and discussion in text of this and pre- 
ceding paper ]. The solid line was computed assuming /(£,B,J.,Js) 
is equal to unity, and the dashed line was computed assuming 
((E,B,J.,Js) is proportional to 2J;+1. 


calculations shown in Figs. 5 and 6 and Table VI have 
been obtained with the assumption that the factor 
f(E,B,J.,J;) is equal to unity. The results derived with 
this assumption have been compared in Fig. 7 with 
those derived from the somewhat arbitrary assumption 
introduced in the preceding paper that f(£,3,/.,J,) is 
proportional to 2/;+1. The general result is that o is 
reduced by one unit or less for the latter assumption, so 
that uncertainties of this nautre in treating the gamma- 
ray cascade do not seriously affect the choice of o. 
Two important conclusions can be drawn from the 
comparison of these calculations with the experimental 
results. In the first place, it is seen that the same value 
of o is obtained irrespective of whether the reaction 
leading to the products is a (p,m), (d,2m), or (m,2n). This 
provides evidence in support of the compound nucleus 
model, if one characterizes the compound nucleus by its 
angular momentum J, as well as its excitation energy. 
Secondly, it is seen that analysis of isomeric cross-section 
ratios can provide information about the spin depend- 
ence of the nuclear level density. The value of « deduced 
here, o=4+1 for mass number A~200, is similar to the 
values of ¢ which have been deduced!:® for A <60. Other 
than those derived in the accompanying paper, there 
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have not been any determinations of o for 4>060 re- 
ported. Since o?= T9/h?, we obtain an effective moment 
of inertia for A~200 from the determination of 7. With 

=4 and T=1 Mev, the ratio of the effective moment 
of inertia to the rigid body moment of inertia is 
about 0.1. 

It has been assumed throughout the calculations that 
o is independent of excitation energy. As can be seen 
from Figs. 5 and 6, the o determined for different bom- 
barding energies is rather constant, indicating that the 
assumption is a good first approximation. Since at a 
fixed bombarding energy the de-excitation processes 
sample the level density at several different excitation 
energies, a more detailed analysis than given here is 
required to obtain quantitative information on the vari- 
ation of o with excitation energy. There is some indica- 
tion from Fig. 6 that o may increase slightly with excita- 
tion energy, but it would seem to be a weak dependence, 

5. DIRECT INTERACTIONS 

The low value, o»,/o¢,=0.15, of the isomeric cross- 
section ratio for the Hg'**(d,p) reaction is not surprising, 
as this reaction is known to proceed primarily by a 
stripping mechanism. This mechanism does not require 


that the full angular momentum brought in by the. 


deuteron be transferred to the residual nucleus, as the 
proton carries away much of the incident energy. 

The isomeric cross-section ratio for the Hg'®*(a,an) 
reaction is rather interesting and enables one to say 
something about the mechanism of this reaction. The 
observed ratio, ¢»/o,=0.95, is much too large to be 
accounted for by dipole or quadrupole Coulomb excita- 
tion followed by evaporation of a neutron. The isomeric 
cross-section ratio to be expected for inelastic scattering 
where both the alpha particle and the neutron are 
evaporated from a compound nucleus is somewhat more 
difficult to predict, but might be expected to be rather 
large. A direct interaction mechanism in which a neutron 
is knocked out from the surface of the nucleus does not 
seem likely in view of the low ratio of the (a,ap) to 
(a,an) cross sections in this mass region.'®:'® Perhaps a 
more likely mechanism is a direct interaction mecha- 
nism in which the alpha particle transfers a portion of 
its kinetic energy and angular momentum to the nu- 
cleus which then evaporates a neutron. 


ACKNOWLEDGMENTS 


The authors are indebted to W. J. Ramler and the 
members of his cyclotron group for performing the 
cyclotron irradiations, and to Harvey Casson for the 
14.1-Mev neutron irradiation. Helpful discussions with 
P. Axel and H. Warhanek are gratefully acknowledged. 


18 R. Vandenbosch (unpublished). 
Foreman, Jr., Bull. Am. Phys. Soc. 5, 270 (1960). 


6 BOM 





PH \ 





citi 


(19. 
3 


(19 
Res 
Mo 
109 








re- 
lent 
Vith 
lent 


hat 
een 
om- 
the 
it a 
sses 
tion 
e is 
ari- 
ica- 
‘ita- 
nce, 


OSS- 
ing, 
ya 
uire 


the. 


the 


an) 
say 
The 
» be 
‘ita- 
eric 
ring 
are 
10re 
ther 
[ron 
not 
) to 
DS a 
sha- 
n of 
nu- 


the 
the 
the 
vith 
ged. 








PHYSICAL 


REVIEW VOLUME 


120, 


NUMBER 4 NOVEMBER 15, 1960 


Ni°*(n,p)Co** Cross Section for Neutrons of Energies between 2.2 and 3.6 Mev 


L. GonzALez, J. RApApoRtT,* AND J. J. vAN LoeF 
Instituto de Fisica y Matemdticas, Universidad de Chile, Santiago, Chile 
(Received July 1, 1960) 


The relative cross section for Ni®*(n,p)Co®* has been measured by an activation method for neutron 
energies of 2.2 to 3.6 Mev. The absolute cross section at 3.55-Mev neutron energy is found to be 195+30 mb 
by comparing the intensity of the 810-kev gamma ray of Co®* with the amount of Si*! formed in the P*"(n,p)Si*! 
reaction, which has a previously known cross section of 96.2+9.0 mb. The cross section rises from 140 mb 
at 2.2 Mev to a maximum value of 214 mb at 3.0 Mev. Observed cross sections are compared with the pre- 
dictions of the statistical theory of nuclear reactions by using a square well potential and a diffuse edge 
potential. In neither case could a satisfactory agreement with experimental data be obtained. 


INTRODUCTION 


[‘ this paper we report on the cross section of the 
Ni°*(n,p)Co** reaction for neutrons of energies be- 
tween 2.2 and 3.6 Mev. This work is part of a research 
project to investigate the (,p) cross sections of medium- 
weight isotopes at this range of neutron energies.' 
Besides nuclear theory, these cross sections are of in- 
terest for fast neutron detection, threshold detectors, 
and reactor design. 

Previously, a reaction cross section of 30+3 mb has 
been measured by Robinson and Fink? for pile neutrons, 
but no other data are reported at neutron energies 
below 14 Mev. A few authors* determined the reaction 
cross section at 14-Mev incident neutron energy. 

The reaction Ni®*(n,p)Co** has a positive Q value of 
0.39 Mev ‘ and the product Co** decays with a half-life 
of 71.3 days.’ The decay of the Co®** ground state con- 
sists of 15% positron emission and 83% of K capture 
to the 0.81-Mev first excited state of Fe®*. The remaining 
2% electron capture leads to the 1.66-Mev second ex- 
cited state which for 25% decays directly to the ground 
state. 

We have measured the relative yield of the reaction 
Ni®8(n,p)Co®’ through the 810-kev gamma ray of Fe®®. 
The absolute cross sections are obtained by comparing 
the Co®* activity with the amount of Si*! formed in the 
P"(n,p)Si= reaction which has a cross section of 
96.2+9.0 mb at 3.56-Mev neutron energy.*® 


EXPERIMENTAL PROCEDURE 


The experimental equipment and procedure was the 
same as described by Rapaport and van Loef.! The ex- 
citation function was obtained by placing six nickel sam- 

*Now at Massachusetts Institute of Technology, Cambridge, 
Massachusetts. 

1 J. Rapaport and J. J. van Loef, Phys. Rev. 114, 565 (1959). 

2B. L. Robinson and R. W. Fink, Bull. Am. Phys. Soc. 1, 40 
(1956). 

3D. L. Allan, Proc. Phys. Soc. (London) A70, 195 (1957); 
K. H. Purser and E. W. Titterton, Australian J. Phys. 12, 103 
(1959). 

* Nuclear Data Sheets (National Academy of Sciences, National 
Research Council, Washington, D. C.) 

5D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 

®J. A. Grundl, R. L. Henkel, and B. L. Perkins, Phys. Rev. 
109, 425 (1958). 


ples at various angles around the d-D neutron source, 
and irradiating them simultaneously for twenty-four 
hours in order to get sufficient Co activity in each 
sample. The neutron energy range from 2.2 to 3.6 Mev 
was covered in steps of about 200 kev by irradiations 
at 400- and 600-kev incident deuteron energy. The 
neutron yield during the irradiation, monitored by both 
a long counter and a Hornyak type scintillator, was 
kept constant within 5%. 

The integrated neutron flux at each deuteron energy 
was obtained by the simultaneous irradiation of the 
nickel samples, and a red phosphorus sample of about 
80 mg/cm? thickness placed on top of the Ni at the 
zero-degree position. After each period of eight hours, the 
irradiation was interrupted for a few minutes in order to 
replace the irradiated phosphorus sample by a new one. 
The 2.65-hour activity, Si*, formed by the P*(n,p)Si*™ 
reaction, was measured with a calibrated 27 proportional 
flow counter. The variation in absolute activity of the 
three phosphorus samples belonging to the same ir- 
radiation was 5% or less, in agreement with the monitor 
data. 

The irradiated samples were disks of 99.9% pure 
nickel, 2.5 cm in diameter and 1 cm thick. They were 
held at 6.0 cm from the target in an arrangement similar 
to that described previously. 

The Co** activities were determined through the 
photopeak intensity of the 810-kev gamma ray in a 


TaBLeE I. Cross sections for Ni®8(",p)Co*. 





Relative 
angular Initial 
iad distribu- counting 
Source from tion of Neutron rate Ni%*(n,p)Co* 
reaction neutron source energy (counts/ cross section 
D(d,n) He® source (measured) (Mev)* min)> (mb)e 
Ea =600 kev o° 1.00 3.55 +0.10 1373 195 +12 
30° 0.72 3.40 +0.13 1145 212415 
60 0.41 3.04 +0. 690 214415 
90° 0.27 2.58 +0.19 409 175+13 
120° 0.28 2.22 +0.16 296 142+10 
Ea =400 kev 0° 1.00 3.27 +0.09 684 172421 
30° 0.71 3.15+0.12 555 188 +23 
60° 0.43 2.88 +0.14 361 200 +24 
90° 0.29 2.53 +0.14 228 178+21 
120° 0.31 2.23+0.13 182 138+17 








® The neutron energy spread at the sample due to target thickness and 
angular spread. 

b Counting rate at the photopeak corrected for background. The time of 
counting was chosen such as to get a statistical error less than 2%. 

© Standard deviations are relative. See text. 
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Fic. 1. Experimental cross sections of the Ni®8(”,p)Co** re 
action in mb as function of neutron energy in Mev. Relative 
standard deviations are indicated. 


calibrated 4.4 cm in diameter and 5-cm long NalI(T1) 
scintillation spectrometer. A typical gamma-ray spec- 
trum consists of photopeaks of the 0.51-Mev annihila- 
tion radiation and the 810-kev gamma ray, respectively, 
and a backscattering peak at about 200 kev. 


RESULTS 


The results of the irradiations are given in Table I. 
The Ni®8(n,p)Co®® absolute cross section of 1.95430 
mb at £,=3.55 Mev has been based on the absolute 
cross section for the P*(n,p)Si* reaction at 3.56-Mev 
neutron energy measured at Los Alamos.® The normali- 
zation of the neutron flux in the forward direction at 
Ea=400 kev with that at Eg=600 kev was based on 
comparing the activities of the phosphorus samples, and 
interpolating the P*!(”,p)Si* reaction cross section from 
the data of Grund ef al. 

In Table I the energy spread is indicated for each 
neutron energy; this spread arises from the target 
thickness and from the angular spread caused by the 
sample diameter. Also tabulated are the measured 
relative angular distributions used at each deuteron 
energy. 

Corrections for gamma-ray attenuation, neutron self- 
absorption, and multiple scattering in the nickel sample 
have to be considered. The gamma-ray attenuation was 
experimentally determined by using thin sources of Cs'*? 
and Zn, respectively, each 2.5 cm in diameter, on 
top of the NaI(Tl) crystal with nickel absorbers of 
different thickness in between. The variation of the 
counting efficiency of the crystal with distance of the 
source was taken into consideration. Interpolation be- 
tween the results obtained for the 0.67- and 1.12-Mev 
gamma rays gave us the attenuation of the 0.81-Mev 
gamma ray of Co’. The neutron self-absorption was 
calculated based on the total neutron cross section for 
nickel. The correction factor, defined as the ratio of 
the observed yield to the true yield, was 0.47 for nickel 
of 10 mm thickness. The multiple scattering correction 
for this sample thickness was estimated to be less than 
4% at 2-Mev incident neutron energy and less than 
9% at 3.5 Mev. 


RAPAPORT, 
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Small corrections have been applied to all data for 
counter background and effects due to a slight displace- 
ment of the beam. No corrections were considered 
necessary for backscattering from the sample-holding 
ring, or for the effect of degraded neutrons from wall 
scattering. 

Counting statistics (2% or better), uncertainties in 
the angular distributions, absolute flux determinations, 
and geometry have all been taken into account in as- 
signing relative standard deviations to the Ni°®(,p)Co* 
reaction cross section. The results are shown in Fig. 1 
where the experimental cross sections with their relative 
standard deviations are given as function of neutron 
energy. The standard deviation in the absolute cross 
section includes the efficiencies of the counters, and the 
absolute error in the cross section of the P*!(n,p)Si® 
reaction at 3.56-Mev neutron energy. 

No half-lives other than that of Co®* 
The measured half-life is 68+3 days (probable error) 


were observed. 


which is in agreement with the value given by Sea- 
borg et al.® 


DISCUSSION 


In Fig. 2 the cross sections reported in this paper are 
shown together with those measured by Robinson and 
Fink? for pile neutrons with an average energy of 1 Mev, 
and by Allan, and by Purser and Titterton* at 14 Mev. 
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Ni58(n,p)Co® reaction. Experimental data: a Robinson and Fink, 
@ this work, Allan, gm Purser and Titterton. Excitation func- 


tions calculated with the following assumptions : -—-— square-well 
potential with ro=1.50 fermi (experimental level densities used), 

diffuse-edge potential (experimental level densities used), 
- - square-well potential with r9>=1.50 fermi, with the Wein- 
berg and Blatt expression® applied for level densities 
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Ni**(#,;0)Co** 


Our reported Ni®*(,p)Co** cross sections are consistent 
with a continuously varying excitation function. 
Cross-section calculations were made at this labora- 
tory by applying the statistical theory of nuclear reac- 
tions.’ Two different types of nuclear potential were 
used and the resultant excitation functions are given in 
Fig. 2 by dotted curves. The upper of the two refers 
toa diffuse-edge potential with the parameters proposed 
by Woods and Saxon,* and the lower to a square-well 
potential with ro>= 1.50 fermi. Experimental level den- 
sities were used, which were slightly different from those 
described in an earlier paper.’ In spite of the fact that 
diffuseness of the nuclear potential enhances the cross 
section considerably, the predicted cross sections are 
far too small at neutron energies below 3 Mev. In an 
attempt to obtain a better fit between observed and 
calculated cross sections, the exponential level density 
formula based on a degenerate Fermi gas model was 


Ty. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952). 
®§R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
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applied to Co®* and Ni®* in a form suggested by Wein- 
berg and Blatt.’ Energy corrections were used to take 
account of both the pairing energy of the even number 
of protons and neutrons, and the proton shell closure 
in Ni®*. Recently, Kaufman” has successfully applied 
the formula to calculate (p,a), (p,2p), and (p,pm) cross 
sections for Ni®* near threshold. The correction terms 
indicated by Kaufman were used to calculate 
Ni®8(n,p)Co®* cross sections for a square-well potential 
and ro= 1.50 fermi, the result of which is given by the 
full curve in Fig. 2. Although the agreement with the 
experimental points is somewhat better, the calculated 
excitation function has a very different slope. In con- 
clusion it can be stated that no satisfactory explanation 
can be given for the observed cross sections. 
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A (2.1+0.3)-sec activity was observed when vacuum distilled 
magnesium was bombarded with 8-Mev He’ ions. Half-life studies 
using NaI(TI) scintillation counters yielded evidence that this 
activity was due to the decay of a positron emitting isotope with a 
maximum kinetic energy greater than 3.5 Mev. The features of 
gamma-ray spectrum with the exception of a weak line at 824+15 
kev could be understood in terms the decay characteristics of 
known radioisotopes. An internally consistent argument based 
on the known decay characteristics of reaction products that may 
be expected from energy considerations, the results of half-life 
studies, experimental gamma spectra, and nuclear systematics can 


I. INTRODUCTION 
YREN and Tove' observed an activity with a 
half-life of 1.7 sec after bombarding aluminum 
targets with protons. Bombardments were made at pro- 
ton energies of 23, 50, 80 or 100, 130, and 180 Mev. 
Twenty-three Mev was reported to be “the lowest 
energy at which the activity appears in appreciable 
amounts.” The activity was attributed to the decay of 
Si** produced in the reaction Al?’ (p,2m)Si**. Recently the 
ground-state Q value for the reaction Mg**(He*,n)Si?® 
has been measured.? The mass excess of Si** is given 
t Work supported in part by the U. S. 
Commission. 
1H. Tyren and P. A. Tove, Phys. Rev. 96, 773 (1954). 
?F. Ajzenberg-Seiove and K. L. Dunning, Bull. Am. Phys. Soc. 
5, 36 (1960). 
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be made to support the conclusion that the (2.1+0.3)-sec half- 
life is that of Si®* produced in the reaction Mg™(He?,m)Si**, and a 
consistent decay scheme can be proposed. The ground state of 
Si**(0+-) decays by the emission of two positron groups to excited 
states of Al**, The most intense transition, Ey>=3.76 Mev, is to the 
0.228-Mev state (0+) of Al**. The second transition, Eyp=2.94 
Mey, is tor the 1.05-Mev state (1+) of Al?*. The 1.05-Mev and 
0.228-Mev states are then connected by a (824+15)-kev gamma 
transition. The energies of the positron transitions are derived 
irom the known levels of Al** and the Si?*-Al?* mass difference. 


as 0.47+0.09 Mev. Using this value, the calculated 
Q value for the reaction Al?’(p,2n)Si?* is —18.9 Mev. 
This indicates that the 23-Mev protons used were 
above the threshold energy. The published informa- 
tion concerning the decay of Si®* gives little in- 
formation concerning the radiation detected and the 
characteristics of the spectra. In addition, there have to 
date been no reports of experimental results either in 
agreement of disagreement with results and interpreta- 
tion of Tyren and Tove. Two recent compilations of 
nuclear data* cite the observation but present no ad- 
ditional experimental information that has any direct 

’D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 

4P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 


(1957). 
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Fic. 1. The floor plan of the cyclotron experimental area and 
the experimental arrangement for measuring the half-lives and 
gamma-ray spectra of short-lived isotopes. 


bearing on the assignment and/or observation of the 
1.7-sec activity. 

Using the mass excess for Si*® of 0.47+0.09 Mev,’ 
the Si?*— Al?* mass difference is calculated to be ~5.01 
Mev. It follows that Si®* should beta decay to Al’. 
The present investigation was undertaken in an attempt 
to observe the Si?* activity by bombarding magnesium 
targets with the He’ ions from the Purdue University 
37-in. cyclotron. 


II. EXPERIMENTAL EQUIPMENT AND PROCEDURE 
A. The Pneumatic Target Transfer System 


A schematic diagram of the position of the pneumatic 
target transfer system, the rabbit system, relative to 
the cyclotron and other accessories is shown in Fig. 1. 
This system transports the targets attached to a 35 g 
target carrier, the rabbit, between the bombardment 
and counting positions, a distance of approximately 
19 ft. The minimum rabbit travel time from the bom- 
bardment to the counting position is ~0.15 sec. In 
this investigation a transit time of ~0.25 sec was used. 
The rabbit system is the one described elsewhere® which 
has been extensively modified. The modifications re 
sulted in increased versatility, shorter transit times, 
and improved over-all reliability. Control, programing, 


®R. P. McLean, Master of Science thesis, Purdue University, 
Lafayette, Indiana, August, 1958 (unpublished) 
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and timing is accomplished electronically. The transfer 
system itself is integrated with the circuit configurations 
used in half-life measurements as well as a gamma-ray 
scintillation spectrometer. The system may be operated 
automatically in any given number of identical cycles 
or in a one-shot mode as is dictated by the requirements 
of the experiment. 


B. The Gamma-Ray Spectrometer 


The gamma-ray detector consisted of a 3 X3-in. 
Nal(Tl) crystal optically coupled with Dow Corning 
200 silicone fluid to a magnetically shielded DuMont 
6363 photomultiplier tube. A stacked cathode follower 
of conventional design was used to drive 30 ft of cable. 
The detector was positioned in a lead cave having a 
minimum 2-in. lead wall thickness and was lined witha 
copper-cadmium absorber. The gamma radiation from 
the magnesium targets was incident on the scintillation 
crystal through a tapered lead collimator which also 
had a graded absorber lining. In the standard counting 
position, the crystal to source distance was approxi- 
mately 10 cm. Provision was made for interposing var- 
ious absorbers between the source and detector. The 
pulses from the detector were passed to the linear ampli- 
fier of a 256-channel differential pulse-height analyzer. 

The energy calibrations of the gamma-ray spectrom- 
eter were made using gamma radiations from Mn*, 
Zn®, Sn!!3, Cs!87, Na*, In", and Bi’. The over-all in- 
ternal consistency of the gamma-ray energy calibrations 
was about 1%. The resolution obtained with this spec- 
trometer system and counting geometry was ~9% for 
the 0.662-Mev gamma-ray associated with the decay 
of Cs'*7, Well known gamma-ray spectra were measured 
in the standard geometry and compared with those 
obtained in a geometry where scattering is less likely. 
No pronounced differences in the spectra were found. 
This result supports the conclusion that the heavy 
shielding and counting geometry did not cause major 
distortion in the measured spectra. 

The 256-channel analyzer could be gated on for 
various periods of time through external circuitry that 
was in turn controlled by signals derived from the ar- 
rival of the rabbit in the standard counting position. 
Consequently, it was possible to measure the gamma 
spectrum of a target for an accurately known interval 
of time starting at any selected time greater than 0.25 
sec after bombardment. A spectrum could be accumu- 
lated over a large number of cycles or on a one-shot 
basis. A Co gamma source was attached to a rabbit 
and spectra were measured using various cycling pro- 
grams. Comparisons among these spectra and the spec- 
trum measured with the source stationary in the stand- 
ard counting position were made. No major differences 
were found, supporting the conclusion that the timing 
schedule and/or gating could lead to no troublesome 


distortions in the pulse height distribution. 
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DECAY 


C. The Half-Life Measuring System 


The gamma-ray detector and the counting geometry 
used in the half-life measuring system is the same as 
was described above, (see Sec. II-B). However, in this 
case the pulses from the stacked cathode follower were 
passed to an A-1 linear amplifier. The amplified pulses 
were then passed into a combination integral and single- 
channel differential discriminator. The discriminator 
provided shaped constant amplitude pulses correspond- 
ing to both the integral and differential spectra as de- 
termined by the variable base-line and window-width 
settings. Either the integral or differential pulses were 
fed into the modified and reprogramed control and 
computer sections of a 256-channel, magnetic-core- 
memory, pulse-height analyzer.® The input-pulses were 
scaled in the data register for a predetermined time 
interval at the end of which the count was stored at a 
given address in the memory. The count scaled during 
the next interval of time was stored at the next address 
in the memory. This sequence continues, stops and/or 
resets as is dictated by the external program and rabbit 
control. The time interval for each time-channel was 
determined by prescaling the output of a crystal con- 
trolled Tektronix 180-A Time-Mark Generator. A 24- 
usec period at the end of each time interval is required 
for information storage. The data stored in the memory 
can be printed on tape using the normal print-mode of 
the analyzer. 


D. Magnesium Targets 


The targets were essentially cylinders (2-in. diameter 
X#-in. height) of vacuum distilled magnesium. The 
spectroscopic analysis of the magnesium was as fol- 
lows: Al<0.,001%; Ca<0.001%; Fe<0.0015%; Mn 
<0.001%; Ni<0.0005%; Pb<0.001%; Si<0.01%; 
$n <0.01%; Zn ~ 0.006%; and N ~0.0045 to 0.0050%. 
The isotopic constitution of the targets is presumably 
the isotopic abundance of natural magnesium: 
Mg", 78.9%; Mg*®, 10.13%; and Mg*®, 11.7%.’ A series 
of four similar targets and programed bombardments 
were used to avoid the build-up of relatively long-lived 
activities. The various targets could be interchangeably 
mounted on three different target carriers. The rabbits 
alone were checked for radioactivity which could lead 
toa misinterpretation of the experimental results. Only 
after continuous use for extended periods of time was 
activity found due to the rabbit itself, and even then 
the activity was so weak that its effect was negligible. 


E. The He*® Beam 


The 14.5-Mev, external He* beam of the Purdue Uni- 
versity 37-in. cyclotron was focussed by a set of quad- 


®R. W. Schumann and J. P. McMahon, Rev. Sci. Instr. 27, 675 
(1956). 

71959 Nuclear Data Tables, edited by K. Way (Superintendent 
of Documents, U. S. Government Printing Office, Washington 
D. C., 1959), p. 66. 
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rupole magnets; collimated; passed through a 1-mil 
aluminum window, 1.5-in. of air, 2-mil Mylar window; 
and was recollimated before impinging on the magnes- 
ium target. The nominal beam energy in this geometry 
was about 8 Mev. A beam-stopping shutter was actu- 
ated by the rabbit control system and determined the 
length of the bombardment period. In the arrangement 
used in these investigations no provision was made to 
accurately’measure the beam current. 


III. EXPERIMENTAL RESULTS AND DISCUSSION 


The reactions which are energetically allowed when 
a magnesium target with its three stable isotopes is 
bombarded with 8-Mev He’ ions are numerous. The 
multiplicity of reaction products itself complicated the 
search for an activity which could be assigned to the 
decay of Si?*. In Table I, the pertinent data concerning 
some of the possible He*-induced reactions and reaction 
products are shown. The approximate Q values have 
been obtained from a recent tabulation® except where 
specifically noted otherwise. The relevant character- 
istics concerning the decay of the reaction products 
were obtained from recent complications of nuclear 
data.** The tabulated information is presented solely 
for the purpose of convenient reference in the discussions 
to follow. Only one of the listed reactions can be clearly 
ruled out by energy considerations, the reaction 
Mg**(He’,t)Al**. The half-life of Al is ~2.1 sec. As 
will be seen later it is extremely fortunate that this 
activity can be excluded from consideration, since the 
activity assigned to Si®® in these investigations has a 
period of ~2 sec. 

Examination of Table I reveals that a number of the 
product radioisotopes have half-lives which are short, 
1 to 137 sec, emit strong position groups with end-point 
energies in the range from 2.8 to 3.76 Mev, and have 
only very weak gamma rays, if any, associated with 
their decay. These features serve to complicate the 
consistent and unambiguous interpretation of the re- 
sults of the various experimental approaches used in 
these studies. 

A series of half-life measurements were made by 
counting the amplified pulses from a 3X3-in. NaI (TI) 
crystal in a differential pulse-height interval corres- 
ponding to a 460 to 600 kev gamma-ray energy interval. 
A 1,;-in. Lucite absorber was placed between the de- 
tector and the target. The magnesium target was bom- 
barded for 1 sec with ~8-Mev He’ ions. The travel 
time from bombardment to counting position was 0.25 
sec, and the activity measurements were started 
promptly when the target reached the counting position. 
Each experimental measurement represented the num- 
ber of counts accumulated in a 0.1-sec time interval. 
At the end of 25.6 sec, 256 time channels, the data 


8V. J. Ashby and H. C. Catron, Table of Nuclear Reaction Q 
Values (Office of Technical Services, Department of Commerce, 
Washington, D. C., 1956), 
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approximate Q values,* reaction products, and their pertinent decay features.» ¢ 
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TaBLeE I. Summary of some of the possible He*-induced reactions using magnesium targets along with 


Q value Gamma radia- 
Target Reaction Product (Mev) Half-life point (Mev) tion? (Mev) 
Mg” (78.8%) (He?,y) Si?? +13.29 4.46 sec 3.76 None 
(He®n) Siz6 +0.13° 1.7 sec? ? ? 
26, 26m rf 6.55 sec 3.21 None 
(He’,p) os rane 5X 104 yr 1.14 1.14, 1.830’, 2.9707 
(He?,d) ARs ~$22 7.62 sec 3.24, 1.63W 1.61W 
(He,t) Als — 14.07! 2.09 sec 
(He3,«) Mg”™ +4.04 11.9 sec 2.97 None 
Mg*® (10.1%) (He?,y) Sirs 423.23 Stable -9 - 
(He?,n) Si? + 6.06 4.46 sec 3.76 None 
(He?,p) Ap? +11.64 Stable ne wi 
26, 26m . 6.55 sec 3.21 None 
(He*,d) Apes +0.82 5X 108 yr 1.14 1.14, 1.83’, 2.97W 
(He',t) A}*5 —4.30 7.62 sec 3.24, 1.63W 1.61 
(He3,a) Mg* +13.24 Stable ee tee 
Mg” (11.1% (He’,y) Si” +20.59 Stable 
(He*,n) Si? +12.12 Stable . vee 
(He, p) APs +8.25 2.28 min 2.87 1.78 
(He?,d) A? +-2.75 Stable vee vee 
A126, 26m _anz 6.55 sec 3.21 None 
(He?) Al setae 5104 yr 114 1.14, 1.831, 2.97W 
Mg? +-9.46 Stable 


(He',c) 


* See reference 8. 
» See reference 3. 
© See reference 4. 


¢ See reference 2 


was printed out of the analyzer memory and the ap- 
paratus was reset to continue following the decay for 
another 25.6 sec. This program was repeated until the 
source activity was comparable to the background rate. 
A 2.50.2 min activity was observed, presumably due 
to Al**. This assingment to Al?8, 4;=2.28+0.02 min,’ 
is supported by measurements of gamma-ray spectra to 
be discussed later. In addition, conventional decomposi- 
tion of the decay-curves yielded activities with half- 
lifes of 7.90.3 sec and 2.1+0.3 sec. Since the energy 
interval under observation bracketed a large fraction 
of the full-energy peak for the 511-kev annihilation 
radiation, all those positron emitting isotopes produced 
by the He*® bombardment contributed to the observed 
activity. In the He* bombardment there was enough 
energy available to produce the isotopes Al”, 7.6 
sect-t-8; AP™, 6.6 sec*!*; Si*’, 4.5 sec'*-"; and Mg”, 


*P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 

”S. A. Cox and R. M. Williamson, Bull. Am. Phys. Soc. 
(1956). 

" H. Bradner and J. D. Gow, Phys. Rev. 74, 1559(A) (1948) 

2 J. L. W. Churchill, W. M. Jones, and S. E. Hunt, Nature 172, 
460 (1953). 

3S. E. Hunt, W. M. Jones, J. L. W. Churchill, and D. A. 
Hancock, Proc. Phys. Soc. (London) A67, 443 (1954). 

4D. W. Green, J. C. Harris, and J. N. Cooper, Phys. Rev. 96, 
817(A) (1954). 

16. Katz and A. G. W. Cameron, Phys. Rev. 84, 1115 (1951). 

®R. N. H. Haslam, W. N. Roberts, and D. S. Robb, Can. J. 
Phys. 32, 361 (1954). 

7D. R. Elliot and L. D. P. King, Phys. Rev. 60, 489 (1941). 

1®R. G. Summer-Gill, R. N. H. Haslam, and L. Katz, Can. J. 
Phys. 31, 70 (1953). 

 W. A. Hunt, R. M. Kline, and D. J. Zaffarano, Phys. Rev. 95, 
611(A) (1954). 
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f Not produced with 8-Mev He 


4 W indicates that the radiation 


11.9 sec. The analysis of the decay-curves yielded 
a half-life of 7.90.3 sec which was most likely a 
composite of the activities indicated above. In parti- 
cular, the features of the decay of the two aluminum 
isotopes are so nearly identical that even in the absence 
of Mg’ and Si?’ it would be practically impossible to 
accurately determine their relative contribution to the 
7.9-sec activity. It should be emphasized that the pur- 
pose of these investigations was to observe the decay 
of Si?* and determine the characteristics of this decay. 
Toward this end, the length of bombardment and gen- 
eral counting program were set such that the features 
of the decay of Si®* could be studied under the most 
favorable experimental conditions possible with the 
facilities at hand. Similar measurements with an in- 
creased bombardment time and 1-sec time channels 
show very clearly the presence of a (4.3+40.3)-sec activ- 
ity and another presumably composite activity of 
9.3+0.3 sec. On the other hand, in these particular 
measurements the presence of a shorter-lived activity 
was barely visible. 

In Table II the program used in a series of half-life 
measurements of a slightly different type is presented. 
The data in each time channel at the end of a cycle 
represented all those amplified pulses from a 3X3-in. 
Nal (TI) crystal which were larger than a predetermined 
minimum size, an integral count, and were accumulated 
in 0.1-sec time-channels. There was no absorber between 

*”M. G. White, L 


A. Delsasso, J. G. Fox, and E. C. Creutz, 


Phys. Rev. 56, 512 (1939). 

2 Q. Huber, O. Lienhard, P. Scherrer, and H. Waffler, Helv. 
Phys. Acta 15, 33 (1943). 

2}. I. Boley and D. J. Zaffarano, Phys. Rev. 84, 1059 (1951). 
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the target and the detector in these measurements. 
In this type of measurement the target was bombarded 
once each cycle and the data was not removed from 
the analyzer memory after each cycle. Measurements 
were made with the integral discriminator level at 
settings corresponding to gamma-ray energies of 2.8, 
3.8, and 4.0 Mev. In each instance, the presence of a 
short-lived activity was clearly evident. The relatively 
poor counting statistics as well as other experimental 
factors are included in the estimated probable error for 
each measurement. The discriminator levels and meas- 
ured half-life values were 2.8 Mev, 2.1+0.2 sec; 3.8 
Mev, 2.2+0.3 sec; 4.0 Mev, 2.1+0.2 sec. Since the 
only strong gamma radiation present is annihilation 
radiation, it may be concluded that there is an isotope 
produced in the He*® bombardment which decays such 
that either Hy or (/o+0.511) Mev is greater than 
4.0 Mev. ; 

A half-life of 2.1-+0.3 sec is assigned to! the short- 
lived activity produced in the bombardment of mag- 
nesium targets with 8-Mev He’ ions. This value is 
based on a study of all the various half-life measurements 
made during the course of this investigation. The as- 
signed error is a limit of error determined from statistical 
considerations as well as an appraisal of both the ex- 
perimental techniques and the methods used to analyze 
the experimental! data. 

In Fig. 2 are shown gamma-ray spectra, corrected 


for background, measured from two different magnes- 
ium targets after He* bombardment. These spectra were 
measured using a 3X3-in. NaI(T1) crystal with a 3-in. 
Lucite absorber over the target. The pertinent details 
concerning the programing of the two measurements 
are shown in Table III. The beam intensity was not 
accurately monitored during the two runs, therefore 
quantitative comparisons cannot be made. The pro- 
graming of Run A, a prompt measurement, would tend 
to favor the observation of those radiations associated 
with short-lived isotopes. It is seen in the A spectrum 
that there is a large amount of bremsstrahlung with a 
prominent peak at 510+15 kev corresponding to the 
full-energy peak of the annihilation radiation. In ad- 
dition, weak peaks are seen at 824+15, 1008+15, and 
1766+-25 kev. The programing of the Run B would 
tend to favor the observation of radiation associated 
with the longer-lived reaction products. The B spectrum 


Tase II. Cycling and counting program for half-life measure- 
ments as determined using an integral counting arrangement. 








Bombardment period 1.5 sec 
Rabbit travel time 0.25 sec 
Total counting time 25.6 sec 
Counting interval/time channel 0.1 sec 
Number of time channels 256 

Total cycle time 32 sec 


Total number of cycles 42 
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Taste III. Timing schedule used in the prompt and delayed 
measurements of gamma-ray spectra from magnesium targets 
after He* bombardment. 


Run A Run B 

Bombardment time/cycle 1 sec 1 sec 
Rabbit travel time 0.25 sec 0.25 sec 
Delay between arrival at counting 

position and start of counting 

period 0 90 sec 
Counting time/cycle 10 sec 10 sec 
Cycle period 110 sec 110 sec 
Number of cycles 26 26 


shows a marked reduction in bremsstrahlung, a strong 
line at 500+15 kev, and a prominent peak at 1725425 
kev. The interpretation, consistent with the assigned 
error is that the peaks measured at 1766+ 25 kev in the 
A run and 1725425 kev in the B run are one and the 
same. The energy calibration was made using sources 
more comparable to the source intensity encountered 
in Run A and the time lapse between the calibration 
and the Run A was the shortest. For these reasons 
the energy measurement of 1766+25 kev is believed 
to be more reliable. This conclusion is further supported 
by the low value of 500+15 kev measured for the an- 
nihilation radiation full-energy peak in Run B. The 
peaks at 824 and 1008 kev in the A spectrum do not 
appear in the B spectrum. It may be concluded that 
these weak peaks are either associated with the short- 
lived activities or summing due to the greater effective 
source intensity in Run A, estimated to be a factor of 
ten greater than in Run B. 

The (1766+25)-kev peak is assigned to the gamma 
transition from the 1.78-Mev state of Si? to its ground 
state. The 1.78-Mev state of Si** is populated by the 
electron decay of Al’*(Ao=2.89 Mev, t;=2.28+0.02 
min’4), The results of the half-life measurements 
discussed previously are consistent with this assignment. 
The measured gamma-ray energy 1766+25 kev is con- 
sistent with the two best energy determinations 
1782+10 kev** and 1769+10 kev.?° 

The small peak at 1008+15 kev in the A spectrum 
is interpreted as a sum-line arising from the accidental 
coincident detection of two unrelated annihilation 
quanta. This conclusion is supported by the absence 
of this line in other measurements at reduced beam 
intensity and consequently reduced effective source 
intensity. 

In order to facilitate the remaining discussion, in 
Fig. 3 is shown the level structure of Al** as compiled 
by Endt and Braams.‘* The source of the remainder of 
the figure will be apparent from the text to follow. The 
ground state of Si*®, an even-even nucleus, would be 
expected to have zero spin and even parity. The Q value 


23 A. V. Cohen and P. H. White, Nuclear Phys. 1, 73 (1956) 

* H. T. Motz and D. E. Alburger, Phys. Rev. 86, 165 (1952). 

2° R. K. Sheline, N. R. Johnson, P. R. Bell, R. C. Davis, and 
F. K. McGowan, Phys. Rev. 94, 1642 (1954). 
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for positron decay from the ground state of Si*® to that 
of Al?® is 3.99 Mev as calculated using the mass excesses 
of Si?* and Al*®, The spin and parity of the ground state 
of Al’* is known to be 5*, consequently one would not 
expect a transition which is this highly forbidden to 
compete with the allowed transition which is possible, 
In particular, positron branching to the 0+, 0.228-Mey 
state of Al’* is expected. It has been argued and sup- 
ported with evidence that the 2.1+0.3 sec activity is 
associated with positron decay for which either /y or 
(/29+0.511) Mev is greater than 4.0 Mev. An allowed 
positron transition (AJ=0, no) to the 0+, 0.228-Mey 
state of Al?® would have £y>=3.76 Mev which would be 
consistent with this requirement. Furthermore, the small 
peak at 0.824+0.015 Mev (see Fig. 5) may be interpreted 
as the full-energy peak of a gamma transition between 
the 1.052-Mev state*® and 0.228-Mev state of Al*, 
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Fic. 3. Level structure of Al?* as compiled by Endt and Braams‘ 
and the proposed decay scheme of Si?* based on the results of the 
present investigation. See the text for details. 


These two states have been observed to be connected by 
a gamma transition?” which means that if 0+ is ac- 
cepted as the spin and parity of the 0.228-Mev state 
then 0+ cannot be the assignment for the 1.052-Mev 
state. Since no other gamma transitions are apparent 
in the experimental spectra, a second positron branch, 
E-o= 2.94 Mev, from the ground state of Si?* to the 1.052- 
Mev state of Al*® is suggested. A probable spin assign- 
ment for the 1.052-Mev level of 1+ has been made on 
the basis of intensity considerations.‘ A positron group 
populating the 1.052-Mev state, an allowed transition 
(AJ =1, no), followed by a 0.824-Mev gamma transition 
to the 0+, 0.228-Mev state would be consistent with 
the assignment of 1+ for the 1.052-Mev state, and the 
experimental results. 


26 C, P. Browne, Phys. Rev. 95, 860 (1954). 
27 L. L. Green, J. J. Singh, and J. C. Willmott, Proc. Phys. Soc. 
(London) A69, 335 (1956). 
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DECAY. 


The nuclei Mg**, Al*®, and Si*® are in the same charge 
multiplet and the positron decay of the 0+, 0.228-Mev 
state of Al?* to the 0+ ground state of Mg’® is well 
known.‘ The analogous transition in the Si®® decay is 
the one connecting the 0+ ground state of Si** and the 
(+, 0.228-Mev state of Al’®. On the reasonable assump- 
tion of the charge independence of nuclear forces the 
comparative half-life of the two transitions should be 
the same and the square of the Fermi matrix element 
for the 0+ —> 0+ transition has a model-free value of 
2. Using these facts along with the half-life, 6.55 sec,' 
and end-point energy, 3.2 Mev,‘ for the Al? decay; 
the measured Si?® half-life, 2.1 sec, and end-point en- 
ergy, 3.76 Mev’; the experimental ratio of the beta 
decay coupling constants, ~1.22; and the tabulated 
f functions the branching ratio and the square of the 
Gamow-Teller matrix element of the 2.94-Mev tran- 
sition in Si*® may be calculated. The branching ratio 
is 1.46 with the 3.76-Mev transition more intense in 
agreement with the qualitative experimental results. 
The calculated square of the Gamow-Teller matrix ele- 
ment is 2.63. A value of 2.8 was obtained when a j-7 
coupling model was assumed. The calculated partial 
log ft values are 3.51 and 3.22 for the 3.76-Mev and 
2.94-Mev transitions, respectively. 

The observation of this relatively weak activity with 
a measured half-life of 2.10.3 sec could be explained 
by the presence of Ne!*, Ey~3.2 Mev, t= 1.60.2 sec.”8 
It was not unlikely that a thin surface layer of MgO» 
be present on the magnesium targets. The reaction 
0'6(He* 7) Ne’, O= — 2.96 Mev, could then be expected. 
It follows then that the subsequent positron decay of 
F'8, 431.87 hr, should be observed. The fact that a 
1.87 hr activity was not observed suggests that the 
effect is small. To obtain more evidence to support the 
conclusion that Ne!* was not responsible for the 2.10.3 
sec activity, a pure water target was bombarded with 
He’ ions. An activity having a measured half-life of 
1.6+0.3 sec, presumably due to Ne'’, was clearly seen. 
It should be recalled that the short-lived activity as- 
sociated with the magnesium targets was observed when 
radiation of energy greater than that associated with 
the Ne'® decay was counted. The gamma spectra meas- 
ured from water targets after He* bombardment showed 


% J. D. Gow and L. W. Alvarez, Phys. Rev. 94, 365 (1954). 
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no structure that would lead to a misinterpretation of 
the spectra from the magnesium targets. Reasonable 
estimates of the oxygen available for the production 
of Ne!® in the magnesium targets, and a comparison 
of the yields of the short-lived activity in the case of 
the water and magnesium targets lead to the conclusion 
that there is insufficient oxygen available on the magnes- 
ium targets to account for the 2.1+0.3 sec activity. 


IV. CONCLUSIONS 


In the preceding section supporting experimental 
evidence has been presented for the following conclu- 
sions: (1) A radioisotope with a half-life of 2.1+0.3 sec 
is produced in the bombardment of pure magnesium 
targets with 8-Mev He’ ions. (2) The observed half- 
life of 2.10.3 sec is that of Si?* produced in the reaction 
Mg**(He',7)Si?®. (3) Among the decay modes of the 0+ 
ground state of Si?* there are two positron branches. 
One positron transition, £)=2.94 Mev, populates the 
1+, 1.05-Mev state of Al’* followed by a (0.824+0.015)- 
Mev gamma transition to the 0.228-Mev state. A sec- 
ond positron branch, £)>=3.76 Mev, more intense than 
the one above, connects the ground state of Si?* to the 
0.228-Mev state of Al?*. These conclusions are shown 
graphically in Fig. 3. The positron end-points are not 
a result of measurements in this investigation but de- 
pend on a knowledge of the levels of Al?* and the Si?®-Al’* 
mass difference. 
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Measurements of mean lives of the first excited states of a number of odd-A nuclei have been carried out 
with the intention of obtaining more accurate information on magnetic transition probabilities than is at 
present available. Most of these mean lives are in the range of 2—2010~™ sec, and for this measurement 
a special timing apparatus has been devised which consists of a microwave beam pulsing system and a 
beta-ray spectrometer and cavity combination which acts as a microwave shutter. In four cases the 
exponential decay could be determined directly ; these were the first excited states of Lu!”5, Hf!”, and Ta!*', 
and the 118-kev level of Tm'*. The results for these levels are: r(Tm!®) = (9.040.4) X10-™ sec, 7 (Lu!) 


= (14.641)X10™™ sec, 7(Hf'”)=(5.4+0.4) X10" sec, and 


r(Ta!*!) = (6.0+0.5)X10™ sec. Lifetime 


measurements were also carried out for the first excited states of Hf!’’, Re!®>, and Re!8’. The limitations and 
scope of this method of measuring lifetimes are discussed. 


INTRODUCTION 


HE determination of M1 transition probabilities 
between rotational levels in odd-A nuclei is 
important because according to current theories! the 
M1 transition probabilities, together with the magnetic 
moment of the ground state (or any other level in the 
rotational band) essentially determine the value of 
gr—the gyromagnetic ratio of the rotational motion. 
A systematic measurement of ge throughout the region 
of rotational nuclei would be of interest, in particular 
in relation to gyromagnetic ratios of even-even 
rotational nuclei. An even more fundamental problem 
is whether the description of the static moments and 
transition moments throughout the rotational band in 
terms of two parameters ge and gg—the gyromagnetic 
ratio of the nucleon configuration—is actually valid. 
The electric quadrupole moments do indeed conform 
quite well to such a description in terms of a single 
parameter (Qo, and the individual levels and transitions 
differ only in their geometric rotational properties. 
However, until the nature of the rotational motion is 
more clearly understood one cannot be certain that 
similar relations actually hold for M1 transitions as 
well. It is, for example, conceivable that the nuclear 
configuration changes slightly from one level to 
another. These changes may be small enough not to 
affect the collective quadrupole moment and yet have 
an appreciable effect on ge which then would not be a 
constant of the band. It seems that in any case the 
constancy of gg is a much more rigorous proof of the 
purity of the collective motion than the constancy of 
Qo and for this reason we expect the measurement of 
magnetic dipole moments to provide a more sensitive 
means for the detailed investigation of the structure 
of rotational nuclei than electric quadrupole moments. 
It is therefore of prime importance to investigate 
directly the consistency of the description of all 
1A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 


Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 
* G. Goldring and G. T. Paulissen, Phys. Rev. 103, 1314 (1956). 


magnetic dipole quantities in terms of gr and gg, for 
example by measuring M1 transition probabilities for 
different transitions. Measurements to date 
indicate that for several nuclei the M1 transition 
probabilities for the transition from the first excited 
state to the ground state and from the second excited 
state to the first excited state are indeed consistent 
with one fixed value of (ge—ga)*. However, in most of 
these measurements the M1 transition probability is 
deduced from the £2 transition probability and the 
mixing ratio 6’=#2/M1, and these measurements are 
not accurate enough to be conclusive, because in order 
to determine the mixing ratio 6, all these measurements 
rely on the determination of some quantity x (e.g., 
anisotropy in the angular distribution of y rays, total con- 
version coefficient, K/Z ratio) which has different and 
well known values for pure £2 and M1 transitions and 
which in mixed transitions has a mean value, weighted 
according to the relative amounts of M1 and £2. # 
can be determined from the measured value of x by 
means of the relation: 


two 


62x (2 )-+x(0) 


x (6?) = ——_——_F, 
For the K/L ratio & has to be replaced by 6* 


a P nec 
*= 9 f 





az(M1) 


where a, are the L-conversion coefficients for pure 
transitions. 

Most of the transitions in the odd-A nuclei are 
predominantly M1, with 6<1 and one sees that in 
this case: 

di? 1 x0) da 


~ 


6 &x(«@)—x(0) x’ 


and therefore the sensitivity of this type of measurement 


3 J. de Boer, M. Martin, and P. Marmier, Helv. Phys. Acta 32, 
377 (1959). In this paper previous work is also summarized. 
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Fic. 1. Schematic drawing 
of the apparatus. (1) #-ray 
spectrometer; (2) target; (3) 
electron counter; (4) x-ray 
counter; (5) energy modulating 
cavity; (6) beam pulsing 
cavity; (7) line stretcher for 
phase adjustment between 
cavities; (8,9) unilines; (10) 
meters for cavity outputs; 
(11) interferometer for check- 
ing the phase between the 
cavities; (12) double stub 
transformer; (13) magnetron; 
(14) deflection magnet; (15) 
beam chopping slit; (16) slit 
for energy stabilization; (17) 
50 cycle/sec deflection plates. 





becomes very low. It is obviously preferable to measure 
some quantity in which the contributions from £2 and 
M1 transitions add (instead of being averaged). The 
transition probability itself (or its inverse—the mean 
life) is such a quantity, for we have: 


or 





T Ty,M1 


where a is the total conversion coefficient and 7,4; is 
the partial mean life for M1 emission. For low & a 
measurement of 7 is an almost direct determination of 
Ty,m1: the value 6? has to be known only roughly. 

Lifetime measurements in these transitions have not 
so far been carried out because the transitions are 
rather fast, 10-'-10-" sec, and beyond the range of 
direct electronic measurements. In the present paper 
anew method is described which has been developed 
for the measurements of these short lifetimes. In this 
method the necessary high time resolution is achieved 
by means of a microwave beam pulsing and timing 
device. 

Similar measurements, based on the same timing 
devices have been carried out previously* with radio- 


‘A. E. Blaugrund, Phys. Rev. Letters 3, 226 (1959). 
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active sources. In those measurements severe limitations 
had to be faced which were largely overcome in the 
present beam pulsing measurements. 

Transitions from the first excited state to the ground 
State were investigated in Lu'”5, Hf'?7, Hf'”®, Ta!, 
Re'®>, and Re'*’, and the 110-kev transition in Tm.'* 
It is hoped that in future measurements the lifetimes 
of higher excited states can be determined, thus 
making it possible to check the constancy of (gr—ga)? 
within a rotational band. 


EXPERIMENTAL ARRANGEMENT 


The general experimental arrangement is shown in 
Fig. 1. The target nuclei are excited by Coulomb 
excitation with protons of 2.5 Mev from a 3-Mev High 
Voltage Engineering Corporation Van de Graaff 
accelerator. The proton beam passes through a micro- 
wave cavity, shown in detail in Fig. 2(a). The cavity 
is fed from a CW magnetron of 80 watts operating at 
2450 Mc/sec. The electric field in the cavity is con- 
centrated in the central region, between the post and 
the membrane and it produces a transverse force on 
the protons. The width of the post is such that the 
time it takes the protons to pass over it is slightly 
less than one half period (7 =40.8X10™" sec). It was 
found that when about 30 watts are dissipated in the 
cavity the deflection has an amplitude of 10~* radian. 
After the beam pulsing cavity, the beam passes through 
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Fic. 2 (a) Cross section of 
the beam-pulsing cavity. (b) 
Cross section of the electron- 
modulating cavity. 
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the deflection magnet and on to a vertical slit 1 mm 
wide which chops the modulated beam. After that the 
beam hits the target. The length of path traversed by 
the protons between the deflection cavity and the 
target is 230 cm. The radiation coming off the target 
is time-analyzed by a shutter device which has already 
been briefly described elsewhere.* The shutter consists 
of a lens-type 6-ray spectrometer which is set to accept 
conversion electrons from the required transition and 
a microwave cavity which is located between the target 
and the spectrometer and which modulates the energy 
of the electrons. The spectrometer has a momentum 
resoltuion of 1% and a transmission of 2.2°%. The 
electron-modulating cavity is fed from the same 
magnetron as the beam-pulsing cavity. When dis- 
sipating 30 watts this cavity produces a modulation of 
the electron energy with an amplitude of about 4 kev. 
The electron-modulating cavity is shown in detail in 
Fig. 2(b). The modulation throws most of the electrons 
out of focus except those which go through the cavity 
at the time when the microwave field is zero. The 
electrons which are recorded therefore have a definite 
phase with respect to the pulsed beam and therefore a 
time scale is established. 

The decay of the excited state can be investigated if 
one counts electrons in the spectrometer as a function 
of the relative phase between the oscillations in the 
two cavities. In actual practice the phase was kept 
constant to ensure stable microwave operation and 
the variable time delay was achieved by changing the 
proton velocity. Only very small changes are required 
since a relative change of 4X10-* in velocity already 


(b) 


covers a complete period. In most of the cases in- 
vestigated in this work, the mean life was not much 
smaller than the microwave period and one therefore 
finds that excited nuclei produced by a given beam 
pulse have not all decayed by the time the next beam 
pulse hits the target. There are other unfamiliar 
properties of this type of time measurement which 
derive from the fact that both the beam pulse and the 
detector time-window have a repetition rate of 2/T 
(rather than 1/7). In order to elucidate these points, 
a detailed analysis of the beam and counter modulating 
technique is given in the next section. 


ANALYSIS OF MODULATION SYSTEM 


Let x be the coordinate of the beam movement in 
the plane of the beam chopping slit. We define a 
function g(x)dx, “the beam profile,” as the current 
falling between x and x+<dx if the center of gravity of 
the current distribution is at «=0. If the beam position 
is modulated with angular frequency w and amplitude 
b then the current falling at time / between x and x+dx 
will be given by 


f(x,Ddx=g(x—b sinat)dx. 


The current passing through a slit which extends 


from «= —D/2 to x=D/2, in the time / is given by 


D/2 
1(1) f g(x—b sinwt)dx. 
D/2 


We now define a function G(«)—the “apparent beam 
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profile” as 


D/2 
G(x)= f g(x’ +x)dx’, 
-D/2 


and we get 
i(t)=G(—6b sine). (1) 


If in particular the amplitude of modulation 6 is much 
larger than both the beam diameter and the slit width 
then z(t) will represent a train of current pulses spaced 
by time intervals 37. 

Turning now to the spectrometer modulation we 
consider first the case of prompt radiation, i.e., radiation 
emitted immediately after the excitation of the nucleus 
(r=0). 

The momentum spectrum of the electrons as 
measured in the spectrometer is S(p): the number of 
electrons counted if the spectrometer is set to the value 
p, and if one unit of charge has fallen on the target. If 
a modulation gsin(w!—g) is applied to the electron 
momentum, where ¢ is an arbitrary phase, the in- 
stantaneous spectrum at a time / will be given by® 


Si(p,t)=S(p—q sin (wl— ¢)). 


If in particular S(p) represents a well-defined line 
with a peak at fo, and if g is large compared to the 
electron linewidth, then S;(fo,f) represents a train of 
electron bursts passing the modulating cavity at times 
t= (ka+¢)/w, where k is an integer. 

If now the beam is modulated too, the number of 
electrons in the time interval (¢---f+dt) will be 
proportional to i(¢)d¢, and in particular the number of 
electrons of momentum in the time interval (¢- - -¢+-d/) 
is given by 


n(t)dt=i(t)S;(p,)dt=G(—6 sina!) 
XS(p—q sin(wl—¢))dt. (2) 


The quantity which is actually measured is the integral 
of n(/) over time keeping ¢ constant. We introduce a 
time 0, very long compared to both T and 7, and define 


1 8/2 
N(p,¢) =- f G(—5b sinat)S(p—gq sin(wi— ¢g))dt. (3) 

0 4_62 
This is the number of electrons counted in unit time if 
the spectrometer is set to the momentum #, and the 
phase angle is ¢. 

If we consider G(x) to be a very narrow function 
which differs from zero only very close to x=0, then 
for a given p, N(p,¢) will be a periodic function of ¢ 
which in any period closely resembles the function 
S(p). For example for small ¢ we have 


NV(p,¢)~S(p— qe). 


The microwave cavity actually modulates the energy rather 
than the momentum of the electrons, however if the modulation 
is small, i.e., g<p then the energy change is proportional to the 
momentum change and there is no difference between energy 
and momentum modulation. 
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Even if G(x) has a finite width this resemblance 
between S(p) and V(p,¢) (as a function of ¢) will be 
preserved; G(x) will merely broaden the spectrum. 
There is, however, an important difference between 
the two functions, namely: no matter what shape the 
function S(p) has, V(p,¢) will be a symmetric function 
of ¢. For if we calculate V(p, — ¢) from (3) we get 


9/2 
G(—6 sinwt)S(p—q sin (wt+ ¢))dt, 
—6/2 


N(p, ia ¢)=- 
8 


and if we now introduce: t’/=2/w—t we get 


0/2+4/ we 


N(p, — 9) =- f G(—6} sinwt’) 
—O/2+2/w 


XS(p—¢ sin (wt’— ¢))dt!/=N(p,¢). (4) 


As indicated by the proof—the symmetry is a 
consequence of the fact that both the beam and the 
“shutter” recur every m radians. If the beam modulation 
is modified in some way so that the beam recurs only 
in 2x intervals, the symmetry is lost [unless both G(x) 
and S(p+) are symmetric functions ]. 

The function V(p,¢) is evidently periodic in ¢ with 
period 27. We now investigate whether it also has the 
period x. From (3) we get 


1 6/2 

N(p, e+) =- f G(—6 sinwt)S(p+gq sin (wt— ¢))d?, 
8 4_o/2 

and we have 


Nip, ¢+m)=N(p,¢), (S) 


if either G(x) or S(p+x) (or both) are symmetric 
functions of x. 

It will be shown later that the symmetry property 
(4) and the x periodicity (5) are of great importance 
for the analysis and interpretation of the measurements. 

We now turn to the discussion of “delayed” radiation, 
i.e., radiation which after its initiation by the proton 
beam decays exponentially with mean life r. 

In analogy to (2) we get for the number of electrons 
of momentum # in the time interval (t- - -t+dt): 


Nw,-(t)dt=S(p—q sin(wt— ¢)) 


1 
x- f G(—6 sinw(t—?t’) edt’, (6) 


ad | 


where we have labeled » by both the decay constant 
and the modulation frequency. In a similar manner 
we get for the “yg spectrum”’—the integral of ,,,-(t): 


1 p92 1 poet 
Nur(p,¢) =- f No, (t)}dt=— dt 
-0/2 


0 ~0/2 


x f G(—b sinw(t—#’))e-t* 
‘ xS(p—q sin(wl—y))dt’. (7) 
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Fic. 3. Schematic drawing showing the relationship 
between No,-(~,¢) and N.,-(p,¢). 


Introducing the new variable ¢’ defined by y’= g—al’, 
we get 

e e (e-¢’)/wr 
Nue(,9)= f N(p,e}— 


ae WT 


dg’, (8) 


where N(p,g) is the function defined by (3). The 
significance of V(p,¢) becomes clear if we let 7 tend 
to zero. Since limz.of(s)/x=6(z), where f(z)=0 for 
z<Oand f(z)=e-*'* for z>0, we get: Nu.o(p,¢)=V(p,¢) 
and therefore 

e~(e-#") wr 


¢ 
Nw.e(,0)= f N.o(9,e'-———d¢'. (9) 


nie wT 





Na.o(p,g) is the “prompt” response curve—the ¢ 
spectrum which would have been obtained for r=0. 
Equation (9) is very similar to the formulas commonly 
used in delayed coincidence work, with the important 
exception that instead of time measured in units of r 
we have here a phase measured in units of wr. As a 
consequence of this we can also write Eq. (8) in the 


form: 
e~ (e-#") wr 


? 
Ven(de)= f No,-(p,¢’)———_ —d¢’. (10) 


WT 


Here No,-(p,¢) is the response curve for the same 
target which produces N,,,,(,¢) if the modulation is 
carried out with frequency w — 0, all other parameters 
remaining the same. In other words—since only the 
product wr is significant for the folding of V.,,(~,¢) 
into N(p,¢g), we can reproduce the prompt response 
by reducing either 7 or w; the relevant criterion being 
that wr<1. 

The significance of (10) lies in the fact that No,,(p,¢) 
can easily be measured by carrying out an experiment 
with low modulation frequency. It should be noted 
that for any given 7 the function No,,(p,¢) determines 
the function N..,(~,¢) completely, without any 
arbitrariness, normalization, etc. The measurement of 


a 








Fic. 4. The ratio R of the maximum value to the minimum 
value of Nu,-(p,¢) if No,-(p,¢)=N exp(— ¢*/a*). R is given asa 
function of wr for different values of a. 


both No,-(~,¢) and N.q,-(p,¢) therefore determines r+ 
uniquely and rigorously. 

For the practical determination of + from the double 
measurement there are several possibilities, some of 
which will be discussed later on. At this point we wish 
only to point out some general properties of the relation 
between No,,(p,¢) and Vu,+(p,¢). 

In Fig. 3 are shown very schematically the functions 
Na.r(p,¢) generated from a function No,,(p,¢), by two 
different values of r. We note that V.,,(p,¢) has one 
maximum and one minimum in each range of 2. The 
positions of these extrema are determined by a theorem 
which is a very simple extension of a theorem due to 
Newton.® Differentiating V.,,(p,¢) in Eq. (10) we get 

INus(p,¢) 1 1 
————=—WNo,+(p,¢)-—Nw,+(P,9); 


dy wT WT 
and at an extremum 


No,+(, Gexte.) = No.2 (P, Pextr } (11) 


which means that both the maxima and the minima of 
Nu,+(p,¢) lie on No,+(p,¢). 

The ratio R of the maximum values of .V.,,(p,¢) to 
the minimum values depends on 7 and can therefore be 
used as a direct measurement of 7 if the dependence of 
7 on R is known. The function 7(R) depends, of course, 
on the shape of No,-(p,¢). We analyze in detail the 
case where No,,(p,¢) is given by a Gaussian: 


No.+(p,¢) =N exp(— ¢, a’), 


where we assume that p corresponds to the maximum 

of a peak in the spectrum S(), since this corresponds 

to the procedure adopted in the measurements. 
N.,r(p,¢) is given in the interval (—2/2.../2) by 


N wr (P,¢) 
g a Ze tier 
= vere 14-0 -—)+ — =} (12) 
a wr 1—e"*/+" 


where N’= NV (ay/2/2wr) exp[(a/2w)?] and (ca) is the 
~ 6T. D. Newton, Phys. Kev. 78, 490 (1950). 
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error integral (2/1/72) Jo” exp(—.*)dx. In the derivation 
of (12) the further assumption has been made that ar. 
The value of R for the function (12) is given in Fig. 4 
as a function of wr for various values of a. 

The analysis of r in terms of R in the simple manner 
described above is of course possible only if the “x 
periodicity” [Eq. (5) ] is valid. 


PHASE RESOLUTION AND DUTY CYCLE 


The phase resolution r, of the modulating system is 
defined as the full width at half maximum of the 
function No,,(~,¢), if p corresponds to the peak of 
some electron line. The phase resolution depends on 
one hand on the amplitude of the oscillation—the 
quantities 6 and gq, and on the other hand on the line- 
widths—the width of the function G(x) [which is 
made up of the size of the slit D and the size of the 
beam spot as given by the function g(x) ] and the width 
of S(p)—the spectral line. If the full width at half 
maximum of G(x) is denoted by Ax and that of S by 
Ap and if these widths are narrow: 


Ax/bK1, Ap/q<1, 


then we have 
re= {ay (Ax/b)?+a,(Ap/q)"} i, (13) 


where a», dg are numerical constants depending on the 
shape of the distributions. If in particular both G(x) 
and S(p) are Gaussian then one gets from Eq. (13) 


re= ((Ax/8)*-+ (Ap/a)?9). 


A quantity closely related to the phase resolution is 
the duty cycle d.. For the beam cavity this is defined 
as the ratio of the average modulated current on the 
target to the unmodulated current, and for the spec- 
trometer cavity it is defined as the ratio of the counting 
rate in the spectrometer with and without electron 
energy modulation, assuming the spectrometer setting 
to correspond to the peak of an electron line. In our 
arrangement these two duty cycles were equal as this 
appears to be the most advantageous combination. In 
what follows the term duty cycle will be used for this 
common value. 

The duty cycle most suitable to the experiment is 
determined by a compromise between two consider- 
ations: to improve the phase resolution the duty cycle 
has to be decreased, whereas high counting rates 
require a large duty cycle. Considerations of counting 
rates are more critical in this type of measurement than 
in conventional beam pulsing experiments in the 10° 
sec range’ for two reasons: 


(13a) 


(a) The method of timing by means of phase vari- 
ation requires that the measurement at each phase 


‘point be carried out separately, whereas with electronic 


timing devices it is possible to cover the complete 


™M. Birk, G. Goldring, and Y. Wolfson, Phys. Rev. 116, 730 
(1959), 
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time spectrum simultaneously. In other words, the 
counting rate is proportional to the square of the duty 
cycle. 

(b) The targets have to be thin enough to avoid 
excessive momentum spread of the conversion electrons. 
Our targets were 5-10 kev thick for protons of 2.5 
Mev, producing electron momentum spreads of the 
same order as the resolution of the 6-ray spectrometer. 


The duty cycle adopted throughout the experiment 
(with one exception mentioned later in the text) was 
1/7. The operational details corresponding to this 
value are those mentioned earlier, with 30-watt dis- 
sipation in each cavity. 

The duty cycle is closely connected with the phase 
resolution; if Ax/b«1, Ap/q<1, and if G(x) and S(p) 


are Gaussian, then 
rg= 2(2m In2)'d.=4,15d.. (14) 


For d.=1/7 one gets r,=0.59. 


TIME RESOLUTION 


In a modulation measurement with angular frequency 
w, the phase resolution r, gives rise to a time resolution 
F% 5 

ri=r,/w. 

If in addition to the broadening due to the finite 
duty cycle there is a broadening caused by imperfect 
timing in any part of the system represented by a 
normalized function f(/), then this will produce an 
additional time uncertainty 7, equal to the width of 
f(t) which is independent of w, and the over-all time 
resolution R, will then be a function of both r, and *;. 
For Gaussian distributions in particular: 


Ri={(r9/w)? +729}, (15) 
and this in turn is equivalent to an over-all phase 
resolution R, given by 

Re= {re +wF?}}. (16) 


Under these conditions the measured function N,,,,(p,¢) 
is different from the function N.,-(p,¢) defined in 
Eq. (7). Instead of Eqs. (9), (10) one gets the relations: 


e-(e-e’ lar 


..(b,9)= f R.d,0°}———de, KO) 


where q 
7 o , ¢ 
Na(pe)= f R(s0f( ==) 


o WwW @ 


(18) 


and 


No-(p,¢) = Nor(p@). 


For Gaussian distributions N4,0(p,¢) has a total width 
R,={r2+w7 2}, whereas for No,-(p,¢), Re=Te- 

In our experiment a time broadening f(#) was 
produced by variation in the transit time of the protons 
between the two cavities. The transit time ¢ is given 
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by //v where / is the distance traversed by the protons 
between the cavities and v the velocity of the protons. 
We have 

dt/t=dl/l—dv/v. 


In our arrangement ¢ was ~10~’ sec, and therefore 
(writing 7,’ for dt) 


7,! = (dl/l—dv/v)10-7 sec. (19) 


Equation (19) gives the time spread produced by 
variations in the path length and velocity of the protons. 

The velocity spread in the proton beam entering the 
deflection cavity is due to the limited energy stability 
of the accelerator. The energy spread in our experi- 
ments was AE/E=0.0015, producing a velocity spread: 
Av/v=0.0007. This gives according to Eq. (19) a time 
spread of 7X 10-" sec, which is large enough to preclude 
the possibility of accurate measurements in the range 
of 10-" sec. In order to decrease this spread, we make 
use of the fact that after a proton enters the deflection 
magnet the velocity of the proton determines its path 
and therefore also / as a function of v. Assuming an 
infinitely narrow beam the geometry of the system can 
now be adjusted in such a way that the function /(v) 
will satisfy the equation : 


dl/l—dv/v=0. 


This condition is satisfied to a first approximation if 
the target is set at an angle a to the proton beam. For 
a 90° deflection magnet tana= 1+/,/(p+L), where /; is 
the distance between the deflection cavity and the 
magnet, p the radius of curvature in the magnet, and 
L the distance from the magnet to the target. With 
such a tilted target (which also implies a tilted 
spectrometer) one may expect a greatly reduced 7/’. 
There is, however, a limit to this reduction because the 
dependence of the proton path on » is completely 
determined only if the proton beam is strictly parallel. 
As a result of the finite extension of the diaphragms, 
scattering, and space charge effects protons of the same 
velocity may move along different paths or vice versa, 
protons along the same path may have different 
velocities. If Ax is the beam width at the position of 
the target determined by these aberrations, then the 
additional time spread introduced is 


?,/’ = (Ax/l) tanaX 10~’ sec. 
Combining 7,’ and 7,’ one gets 


#,(v) = (7,2+7,')! 


if l 2 4 
=| (tana—1-—) As?+ Ax? tana] xX 10-7 sec, 
l pt+l 


where As is the width of the stabilizing slit. This 
expression is minimum for 


cota=—_——( 1+— 


L+p ~) 
h+L+p\ As] 


DAR, 





AND GOLDRING 

In the present arrangement the parameters were /;= 60 
cm, L+p=140 cm, and Ax/As~0.3. For these dimen- 
sions one gets a=52°. For practical reasons the tilting 
angle was chosen 45°. For this value of @ one gets 


?,(v) ~2.310—" sec. 


A spread in / is also produced by the finite size of 
the beam as it enters the deflection magnet. In principle 
the broadening #,(/) produced by this spread can also 
be reduced to zero by a proper spacing between the 
tilted target and the focal point of the beam in the 
plane of deflection. The position of this “transverse” 
focal point is however exceedingly difficult to establish 
and therefore the geometrical adjustment can be 
carried out only very approximately. In any case 
?,(/) is expected to be rather small and we believe that 
it is not bigger than 0.5X10-" sec: 


F.(l) <0.5X10-" sec. 


Finally there is the spread produced by the magnet 
itself. The magnetic field is stabilized to +5X10- 
producing a time spread: 


7,(mag)~10~"' sec. 


Combining the various spreads, we get for the over-all 
time uncertainty : 


7,= {7,(v)?+7,(1)?+7,(mag)?}i~2.6X10-" sec. (20) 


The value given in (20) is only a rough estimate, 
since the optical properties of the beam on which #; 
depends are neither well known nor properly controlla- 
ble. The proton beam optics constitutes indeed the 
essential limitation on the accuracy and the scope of 
measurements of the type presented here. 

The longitudinal components of the electric field 
produced in the deflection cavity modify the energy 
distribution of the protons within the beam.’ This 
energy spread as well as all other energy variations in 
the proton beam before the magnet are compensated 
for by the combination of deflection magnet and 
tilted target. 


TARGET PREPARATION 


The targets were prepared by evaporation of 
separated isotopes in the form of oxides on nickel 
backing of 125 wg cm™*. The evaporation was carried 
out by placing the target material in a small graphite 
cup and bombarding it with 10-50 ma of electrons 
accelerated to 5 kv. The targets proved completely 
stable under proton bombardment with currents up 
to 1 wa. On analysis in the 8 spectrometer no broadening 
of the lines (and only a very insubstantial shift) could 
be detected after 50 hours of bombardment. The 
targets were 100-200 wg cm™ thick. 





$ T. K. Fowler and W. M. Good, Nuclear Instr. 7, 245 (1960) 
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DESCRIPTION OF THE MEASUREMENTS 


Tm!69 


The 8 spectrum of Tm!® is shown in Fig. 5. The 
peak corresponds to K-conversion electrons from the 
110-kev transition. The “background“ is largely due 
io 6 rays. Such a large background would make the 
modulation measurement rather insensitive and there- 
fore two Nal crystal counters were placed behind the 
target and set to record K x-rays in coincidence with 
the electrons. The total efficiency of these counters 
was ~8%. It is evident from Fig. 5 that the back- 
ground is very much reduced by this arrangement. 
The reduction is caused by the fact that in this range 
of electron energies the 6-ray electrons come mainly 
from outer shells and the K x-rays coincidence require- 
ment discriminates against them very efficiently. 

A measurement of the prompt phase distribution 
function No,-(po,¢) [or rather Nyoor,(po,¢)] was 
carried out by setting the spectrometer to the peak 
value fo and modulating the spectrometer current 
sinusoidally with 50 cycles/sec. At the same time the 
proton beam was swept with the same frequency by 
applying a sinusoidal voltage to a pair of deflection 
plates. The beam pulsing and the spectrometer modu- 
lation were both adjusted to duty cycles d.=1/7 
[see Figs. 8, 9(a), 9(b) ]. The 50-cycle/sec modulation 
differs from the microwave modulation in two respects: 
(a) The spectrometer setting is changed in the 50 
cycle/sec modulation, keeping the electron energy 
constant, rather than modulating the electron energy 
and keeping the spectrometer current fixed. This 
difference is obviously of no consequence. (b) The 50- 
cycle/sec modulation is linear in the momentum 
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Fic. 5. Electron spectrum from a Tm'® target in the neighbor- : 
hood of the K-conversion line of the 110-kev transition from the 
118-kev level to the 8.4-kev level. The curve marked “coincidence” 
shows the spectrum of electrons in coincidence with K x-rays. 


p=potg sinwt, whereas the microwave modulation is 
linear in the energy of the electrons. It has alrady been 
pointed out that these two procedures are equivalent 
if the amplitude of modulation is small. Figure 6 shows 
the curve obtained for the number of (coincidence) 
counts as a function of phase angle. The counts were 
taken for a fixed number of single counts in the x-ray 
counter. The symmetry with respect to the peak 
[Eq. (4)] and the m periodicity [Eq. (5)] (both the 
current distribution function and the conversion line 
spectrum were symmetric) are evident from the figure. 
In particular we note that as a consequence of the 
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symmetrization the background is constant (independ- 
ent of ¢), although the background in the spectrum 
proper S(p) (Figs. 5, 8) is asymmetric. 

The “delayed” phase distribution function N,,, (po, ¢) 
(w= 24 X 2.45 X 10° rad sec~') was measured by applying 
the microwave fields to the beam and to the electrons. 
The 50-cycle/sec and the microwave modulations were 
matched by setting the amplitudes of oscillation to the 
same duty cycle. The microwave phase was controlled 
by changing the field of the deflection magnet (and 
thereby the velocity of the protons) and the counts 
were again taken for a fixed number of single x-ray 
counts. In Fig. 6 the number of coincidence counts, 
both prompt and delayed, are given per 10° single 
x-ray counts. The only arbitrariness in the relation of 
the two distribution functions is, in practice, the 
relative phase for the two oscillation frequencies. It is 
almost impossible to establish by a direct measurement 
the phase relationship between the two measurements. 
In a series of measurements comprising several transi- 
tions one could in principle establish the phase 
relationship once and for all in one case, by fitting 
the distribution functions, and then use this as a 
standard. 

In Fig. 6 the phases were fitted by making No,,(po,¢) 
go through the minima of N.,,(po,¢) as required by 
Eq. (11). The maxima of N..,-(po,¢) do not quite 
coincide with No,,(po,¢) but are at slightly larger 
distances from the minima. This shows that the “true 
prompt” distribution N.,0(o,¢) is slightly wider than 
the 50-cycle prompt distribution No,,(po,¢) [see Eqs. 
(16), (17), and (18)]. The complete measurement 
required about 50 hours, with a mean modulated beam 
current of 0.3 wa. 

We now turn to the question of the determination of 
rt from the measurements. The background can be 
subtracted very accurately from N,,,(po,¢) because it 
is independent of w and therefore equal to the back- 
ground of No,.(po,¢) which, as we have seen, is quite 
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unambiguously defined. After subtracting the back- 
ground from both N.,,(po,¢) and No,,(pe,¢) one could 
attempt to unfold the exponential decay curve from 
N.u,(po,¢) and No,+(po,¢) with the aid of Eqs. (17), 
(18) or use some equivalent method like the deter- 
mination of the ratio R of the maximum value of 
N..,-(po,¢) to its minimum value. All such procedures 
are essentially inaccurate because the relation between 


No,+(po,¢) and the “true prompt” distribution function 
N...0(po,¢) is not known well enough. However, we 
notice that the function No,+(po,¢) is zero over an 
appreciable range of phases (equivalent to ~8X 10-" 
sec). In this range Nu,-(po,¢) should be strictly ex- 
ponential: e~*/*". In Fig. 7, Nu,-(po,¢) is drawn on a 
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Fic. 8. The effect of the electron momentum modulation on 
the spectrum of the K-conversion line of the 110-kev transition 
in Tm'®, The duty cycle is the ratio of counts with and without 
modulation with the spectrometer setting at the peak value po, 
and is seen from the figure to be ~1/7. 


logarithmic scale (after background subtraction), and 
the exponential decay is quite evident. The value of 
the mean life + is found from a least-squares fit to be 
(9.0+0.4)10~-" sec, in close agreement with an earlier 
measurement [7=(9.0+1.4)X10-'. sec] carried out 
with a two-spectrometer coincidence arrangement.‘ 
The determination of the mean life directly from the 
exponential decay is a very satisfactory procedure, 
primarily because no detailed knowledge of the prompt 
distribution function is required, but also because 
quite generally this is the most straightforward and 
dependable way of measuring decay constants. 

The time delay in Fig. 6 is determined by the relation 
di=—(Il/v)(dv/v), where / is the length of the path 
traversed by the protons between the two cavities and 
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» is the proton velocity. The period of the measured 
function N..,-(po,¢) is found, as expected, to be 7/2, 
where T is the period of the microwave oscillations 
(T=40.8 X10" sec). 

It is an attractive feature of this type of time 
measurement that it is possible in principle to calibrate 
the time scale directly by means of the microwave 
period, if the period of N..,-(po,¢), ¢r, is used as a 
phase standard: gr=z. 

In order to clarify the effect of the microwave 
modulation on the electron spectrum, the spectrum of 
the K line of the 110-kev transition in Tm'® 
(coincidence counts vs spectrometer current) is shown 
in Fig. 8 with and without microwave modulation. 
The modulated spectrum is represented by the function 


Sul P) : 
1 ~ 8/2 
Sm(p) =—- Si(p,t)dt, 
0 


~0/2 


where S,(p,/) is the instantaneous spectrum [see 
Eq. (2) ], 
Si(p,t) = S(p—q sin(wt— ¢)), 


and S(p) is the unmodulated spectrum. ¢ is an arbitrary 
phase in this case, and S,(p) is independent of ¢. ° 

There is a correlation in the modulated spectrum 
between the spectrometer setting p and the microwave 
phase. If we neglect the width of S(p) and assume 
S(p)~6(po), we find that electrons counted at the 
setting p have gone through the cavity at a phase ¢’ 
given by 


p=potgsing’, 


where we have put ¢’=wi—g, so that ¢’=0 at the 
moment the accelerating field is zero. 

The sharpness with which the phase is defined—the 
phase resolution—is essentially determined by the 
ratio of the momentum resolution Ap to the amplitude 
of modulation g. 

The effect of the modulation on the proton beam is 
similarly illustrated in Figs. 9(a), 9(b), representing 
the current passing the beam chopping slit as a function 
of slit position. In practice the slit was fixed and the 
change in position was simulated by applying a 
variable deflection field to the beam. Figure 9(a) 
represents the apparent beam profile G(x) [see Eq. (1) ] 
and Fig. 9(b) is the profile of the modulated beam 
Gm(x) : 

1 @/2 
Gm (x) aa G(x—b sinw/)dt. 


—6/2 


The beam position coordinate x is again correlated 
with the microwave phase and the sharpness of the 
phase definition is determined by the ratio of the width 
of G(x) (which is a combination of the beam width 
and the slit width) and the amplitude of modulation 0. 
The over-all phase resolution r, (the width of the 
“prompt” curve in Fig. 6) is a combination of the phase 
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(b) 


Fic. 9. (a) The apparent beam profile G(x). The oscillogram 
was obtained by feeding to the vertical plates of an oscilloscope 
a signal which is proportional to the current falling on a plate 
placed behind the beam chopping slits, and to the horizontal 
plates a signal proportional to the field which deflects the beam 
across the slit. (b) As in (a), with proton beam modulating cavity 
in operation. The duty cycle is the ratio of currents with and 
without modulation with zero deflection field [peak position in 
(a) and minimum position in (b)]. For the currents represented 
by Figs. 9(a), 9(b) the duty cycle is found to be ~1/7. 


broadening in both the proton beam and the electron 
momentum modulations. 


Lu", Hf'**, Ta!*! 


The mean lives of the first excited states of Lu!”, 
Hf'”, and Ta'*' were measured and analyzed in the 
same manner as Tm'®, The decay curves are shown 
in Figs. 10, 11, and 12 and the results are summarized 
in Table I. 

With the values of the mean lives of the levels of 
Tm'®, Lu!”®, Hf, and Ta'*' well established, an 
attempt was made to analyze the time resolution of the 
apparatus in some detail. The ratios R for Tm, Hf, Lu, 
and Ta were found to be 3.0, 2.0, 5.8, and 4.1, respec- 
tively. From these values of R one can, with the aid of 
Fig. 4, determine the mean lives, provided the time 
resolution R; is known. With the assumption that R, 
is completely given by the width of the “prompt” 
distribution function No,-(p,¢), one has Ri=r,/w=5.3 
X10-" sec, and with this value of R; one gets values 
for the mean lives which are consistently too high. 
If, on the other hand, one tries to determine the value 
R, which will give the correct values for the mean lives 
one finds R,=6.1X10-" sec. With this value of R; the 
calculated values for all three mean lives are within 
10% of the measured values. From Eq. (15) we now get 


F,= (321) X10 sec. (20a) 


The error 1X10~" sec reflects the uncertainty in the 
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value of R,. This value of 7; is in good agreement with 
the estimate made in (20). The value R,;=6.1*10-" 
sec is also consistent with the spacings of the minima 
and maxima in the delayed distribution function 
for Tm'®, 


Re!®, Re!8’ 


The prompt and delayed distribution function for 
the first excited state in Re'*® is shown in Fig. 13. For 
Re!®? almost identical functions were obtained. These 
levels are evidently much shorter lived than all the 
levels discussed before. One cannot hope to observe 
the exponential decay of such fast transitions, nor can 
the ratio R be used for a determination of r because R 
is too large and too uncertain. From the slope of the 
delayed distribution functions an upper limit for the 
lifetimes can be established. In this way one obtains 
for both isotopes r<2.4K10~" sec. The width of the 
delayed distribution functions is 6.310~-" sec. This 





—» COUNTS 
‘ 
\ 








fe) 2 4 6 8 10 12 14x10" "sec 
——+» TIME DELAY 





Fic. 11. The exponential decay of the 122-kev level of Hf'”. 
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Pa Fic. 10. The exponential decay 


\/ | of the 113-kev level of Lu!”. 


KC 12 13x10"sec 


constitutes an absolute upper limit for the width of 
the true prompt distribution function N..0(p,¢)- In 
particular one gets an upper limit for the inherent time 
spread: 7,£3.5X10-" sec, where the limiting value 
3.5X10-" sec corresponds to 7(Re)=0. The estimate 
of #, given in Eq. (20a) is consistent with this limit. 


Hf!’ 


The magnetic transition probabilities in Hf!” are 
known to be small® and therefore the mean life of the 
first excited state is expected to be rather long. Another 
consequence of the small value of the ratio M1/E2 is 
that the ratio of A to LZ conversion is smaller than in 
the transitions previously discussed, which were all 
predominantly M1. It therefore turned out to be 
preferable in this case to work with L-conversion 
electrons (without the coincidence arrangement) rather 
than with K-conversion electrons as above. At the 
energy of the L-conversion line the number of 6-ray 
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Fic. 12. The exponential decay of the 136-kev level of Ta!®. 
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electrons is insignificant and no appreciable background 
is observed in the electron spectrum. However, modu- 
lating Z-conversion electrons has the drawback that 
only a limited phase resolution can be achieved: On 
the one hand, there are three L lines, introducing a 
finite ‘“‘width” and on the other hand the modulation 
amplitude cannot exceed the spacing between the L 
lines and the M lines. There is therefore a limiting 
phase resolution which for Hf!” is ~0.6, corresponding 
to a time resolution of ~4X10~" sec. In our measure- 
ment the over-all phase resolution was found to be 
0.95, corresponding to a time resolution of 6.1 10~" 
sec. The duty cycle was in this case 3 (instead of 1/7 in 
the other measurements). 

The prompt and delayed distribution functions for 
the first excited level in Hf!”’ are shown in Fig. 13. In 
this case the background had to be deduced from the 
unmodulated electron spectrum. It is obvious from the 
figure that the microwave period is too short for this 
transition, and only a rough estimate can be made. 
Assuming again that the inherent instrumental time 
resolution is 3X10~"' sec we get for the over-all resolu- 
tion: Re=7X10-"' sec. With this value one gets from 
the ratio R (R=1.13) corresponding to the line drawn 
out in Fig. 14: r= (70+8)X10~" sec. The error is due 
to the limited accuracy of the present evaluation of the 
function R(wr) in the region 7>T7. The line in Fig. 14 
is extremal in the sense that R is certainly not larger 
than 1.13 but it may well be smaller and therefore the 
value for 7 derived above can only be taken as a lower 
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Fic. 14. The functions No, -(po,¢) (“prompt”) and Nz, +(po,¢) 
(“delayed”) for the 113-kev transition in Hf!"". po is the spec- 
trometer setting corresponding to the peak of the L-conversion 
line. 


limit : 
7>60X10-" sec. 


From the Coulomb excitation cross section*® one gets 
the partial lifetime for E2 as rg2= (60+20)10-" sec. 
The ratio &=E£2/M1 is therefore large. In this case 
(of large 6) the lifetime measurement is equivalent 
to a measurement of the B(E2) value (e.g., by Coulomb 
excitation methods). The determination of B(M1) 
necessitates in both cases an exact evaluation of the 
mixing ratio &. 


DISCUSSION OF THE RESULTS 


The results of the lifetime measurements are 
summarized in Table I. In this table are also given the 
values of the K/L ratio which were measured for all 
the nuclei investigated except Ta'* and Re’®’, in which 
the L-conversion electrons have energies too high for 
our spectrometer. Previous measurements of K/L 
ratios® are rather inconsistent and the present measure- 
ments are also in disagreement with at least parts of 
previous sets of measurements. The values of o? were 
determined from the K/L ratios given in column 4. 
For Ta'*! and Re'’? for which measurements of & have 
not been carried out, & was computed from Coulomb 
excitation data on B(E2) values. 

The B(M1) values given in the seventh column of 
Table I were computed from the measured mean lives 


®T. Huus ef al., Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 30, No. 17 (1956); E. M. Bernstein and E. H. Lewis, 
Phys. Rev. 105, 1524 (1957); E. M. Bernstein, Phys. Rev. 112, 
2026 (1958). 
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TABLE I. Summary of results. r and K/L are the values measured in the present work. & is the ratio 2/M1 computed from the 
measured values of K/L. B(M1) are the reduced M1 transition probabilities in units of (eh/2Mc)?. The values gr, gq were computed 
according to Bohr and Mottleson*, from the values of B(/1) derived from the lifetime measurements and the magnetic moments g 
of the ground states. The errors quoted include the experimental errors in the measurements of B(M1) and xz. 





1 2 3 4 5 6 7 8 9 10 11 
Transition Mean life 6? =E2/M1 a B(M1) B 
energy rin trom from trom from from 
Nucleus in kev 107"! sec K/L K/L Sliv and Band> r B(E2) and 6? Noya et al.¢ gr 20 
Tm! 110 9.0+0.4 65 +0.5 <0.04 2.45 0.121 +0.006 > 0.08 0.205 +0.02 0.26 +0.064 —2.25+0.14¢4 
Lu! 114 14.6+1 3.2 +0.3 0.18 +0.06 2.74 0.060 +0.005 0.085+0.03 2.0 +0. 2¢ 0.31 +0.05 0.65 +0.06 
Hf? 113 > 60 0.42 +0.1 > 10 ?.32 <0.0025 <0.0025 0.61 $0.03 0,20 40.04 0.17 +0.02 
Hf"? 122 5440.04 4.5 +0.6 0.083 40.015 31 0.162+0.013 0.20+0.08 0.47 +0.03 0.28 40.015 0.19 +0.01 
Ta'™ 136 6.0+0.5 tre 0.20 +0.01! 1.86 0.110+0.010 0.12 +0.05 2.3406 0.31 +0.015 0.77 +0.005 
Ress 128 <2.4 4.0 +0.5 0.13 +0.04 2.60 > 0.28 0.14 +0.05 3.1433 +0.0006 <0.6 <1.5 
Res? 134 <2.4 eee eee 2.16 > 0.285 vee 3.1755 +0.0006 <0.6 <1.5 
* See reference 1. > See reference 10. ° See reference 12. 
4 The decoupling parameter bo which appears in the analysis of K =} bands is here assumed to be 0.1. This value was derived from experimental results 
given in references 4 and 11. ; 
e A. Steudel, Naturwissenschaiten 49, 371 (1957). {E. M. Bernstein (private communication). 
«L. H. Bennet and J. I. Budnik, Bull. Am. Phys. Soc. 5, 417 (1959). Assuming 6? to be the same as for Re!*5, 
through the relation: DISCUSSION OF THE METHOD 


In conclusion, we would like to comment on the 
1 16r1/EF,\*/ eh \? a method here described as a whole, its scope and 
--—-(~) (—) (1+e)(1+8)B(M1). (21) limitations. The most severe limitation is the require- 
ment of conversion electrons which means that only 
low-lying levels and only medium and heavy nuclei 
can be investigated in this manner. In this region of 
nuclear levels, only those decaying by M1 radiation 
are fast enough to be outside the range of convenient 
electronic delay measurements and the M1 radiations 
have mean lives in the range of 0.5 10~''-20 10—"' sec. 
The determination of M1 transition probabilities for 
low-energy transitions in medium and heavy nuclei is 
therefore the natural task for microwave timing 
devices. The present system is limited to measurements 
must be replaced by: //r. The branching ratio J was jn the range 54010" sec; the upper limit is deter- 
computed from the measured branching ratio 6’ for y mined by the microwave period and could easily be 


The conversion coefficients a were taken from Sliv." 
The decay of the 118-kev level in Tm'® is complex: 
Most of the decays are through the 110-kev transition 
and a small fraction are pure £2 crossover transitions 
to the ground state. The relation between B(M1) and 
the total mean life + must be modified in this case to 
take into account the crossover transitions. If we 
denote by / the branching ratio: number of 110-kev 
transitions/number of all transitions, then 1/7 in (21) 


transitions": }b’=0.9, and from the conversion co- raised if required. The lower limit is determined by the 
efficients for the two transitions.'° over-all time resolution and this in turn is limited by 

The B(M1) values given in the eighth column were the inherent time spread due to the finite size of the 
computed from the measured values of & and the B(E2) Proton beam spot. The inherent time spread can quite 
easily be reduced by a factor of two if the power in the 
beam deflection system is increased thereby reducing 
the flight path. Beyond that any improvement in 
resolution would require improved beam optics. The 
over-all time resolution also depends on the phase 
resolution and this is essentially determined by the 
microwave period, because the duty cycle is limited by 
evaluated if the B(M1) value of one transition and the requirements of counting rate. It therefore seems 
static magnetic moment of one level are known. The _ likely that for the very fast M1 transitions, 0.5—2 10~" 


values in reference 3. 


The accuracy of the B(M1) values for the higher 
transitions is as yet not good enough for a rigorous test 
of the description of the levels in terms of a rotational 
band. However, if one assumes that gre and go are 


constant throughout the rotational band, they can be 


values gr, ga in Table I are calculated from the measured sec, an entirely new short-wave modulation system 
values of + and the values of the magnetic moments Would have to be devised. 
of the ground states." 


ACKNOWLEDGMENTS 


0. A. Sliv and I. M. Band, Leningrad Physico-Technical Our sincere thanks are due to Mr. M. Loebenstein 


Institute Report, 1956 and 1958 (translation: Reports 57 ICC K1 


and 58 ICC LI issued by Physics Department, University of for the design and construction of the electron- 
Illinois, Urbana, Illinois (unpublished))]. bombardment evaporation unit, and to Mrs. S. Held 

a oe peg mo ng loon’ Chiewial g 33 {or the spectroscopic analysis of our targets during all 
(1959). a ’ ; the stages of testing and target preparation. 








PHY 


I‘ 
1 
frag 
indt 
Grif 
hav 
by | 
latt 
the 
He* 
wor 
mer 
ext 


mer 
of 

sepi 
pre 
cur’ 
syst 
Gri 
ins 
obt 
but 
the 
at 1 
is ¢ 
emi 
the 


Ene 


Inst 


Vol 
‘ 








the 
uted 
Its wy 


i4¢ 
06 
02 
Ol 
005 


‘sults 


the 
and 
‘ire- 
nly 
clei 
1 of 
Lion 
ient 
ions 
sec, 
for 
i is 
ling 
nts 
ter- 
be 
the 
by 
the 
uite 
the 
‘ing 
in 
The 
lase 
the 
by 
ems 
() —Il 
tem 


tein 


[eld 
all 





PHYSICAL REVIEW 


VOLUME 120, 


NUMBER 4 NOVEMBER 15, 1960 


Fission of Gold by Carbon Ions* 
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Angular distribution and kinetic-energy spectra of fragments, and cross sections for fission of gold with 
68- to 124~-Mev C! ions have been obtained by observation of the fragments in two types of detectors, gas 
scintillation chambers and silicon p-n junctions. From the parameters used to fit the angular distributions 
to the theoretical curves of Halpern and Strutinski, we have obtained the average excitation energy of the 
fissioning nucleus at the time of fission. This quantity is approximately 25 Mev, which is nearly independent 
of bombarding energy, suggesting that fission is preceded by the emission of several particles from the com- 
pound nucleus. The fission cross section increases from a value of 100 mb at 68 Mev to 1.28 b at 124 Mev. 
Over this range of bombarding energies, the total fragment kinetic-energy release rises from 142+6 to 
146+6 Mev. At all bombarding energies, the variation of laboratory-system kinetic energy of the fragments 
with laboratory-system angle indicates full momentum transfer by the bombarding particle to the fissioning 


system. 


I. INTRODUCTION 


N 1955, Bohr proposed a model which explained the 

then existing data on angular distributions of 
fragments from low-energy photon- and _neutron- 
induced fission of heavy elements.' More recently, 
Griffin? and, independently, Halpern and Strutinski* 
have extended Bohr’s model to include fission induced 
by higher energy particles. The treatment used by the 
latter authors has been rather successful in explaining 
the angular distributions of fragments from 43-Mev 
He‘-induced fission of several heavy elements.’ in this 
work it was of interest to test these theoretical treat- 
ments by studying the fission of nuclei formed with 
extremely large angular momenta by heavy-ion 
bombardment. For large values of the angular mo- 
mentum of the compound nucleus (I) and small values 
of the projection of I along the direction of the 
separating fragments, Halpern and Strutinski’s model 
predicts angular distributions that follow a 1/sin@ 
curve in the region around 90 deg (center-of-mass 
system) and fall below 1/sin@ near 0 and 180 deg. 
Griffin’s predicted angular distributions are similar but 
in some cases go above the 1/sin@ curve. The parameters 
obtained by fitting the experimental angular distri- 
butions with theoretical curves were used to estimate 
the average excitation energy of the fissioning nucleus 
at the time of fission. By obtaining this quantity, one 
is able to determine an average number of particles 
emitted prior to fission. Fairhall ef a/. have interpreted 
their results as indicating that for compound nuclei 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Present address: Department of Chemistry, Massachusetts 
Institute of Technology, Cambridge, Massachusetts. 

*A. Bohr, in Proceedings of the International Conference on the 
Peaceful Uses of Atomic ~—— Geneva, 1956 (United Nations, 
New York, 1956), Vol. 2, p 

ed, J. Griffin, Phys. io “Lis, "107 (1959). 

37. Halpern and V. Strutinski, in Proceedings of the Second 
United Nations International Conference on the Peaceful Uses of 
Atomic Energy, Geneva, 1958 (United Nations, New York, 1958), 
Vol. IS.p . 408. 

"| Coffin and I. Halpern, Phys. Rev. 112, 536 (1958). 


with Z<90 produced in helium-ion bombardments, 
I',/T’, (ratio of level width for fission to that for neutron 
emission) increases with excitation energy at least to 
approximately 35 Mev.® Therefore, they suggest that 
most of the fission observed from the compound nuclei 
at these excitation energies must occur before neutron 
evaporation reduces the excitation energy and fission 
probability. 

In addition to the angular distributions, we have 
also obtained information on the total fragment kinetic- 
energy release and on the cross sections for fission of 
gold with carbon ions at energies between 68 and 124 
Mev. The results of some of the early phases of this 
study have been reported elsewhere.*® 


II. EXPERIMENTAL PROCEDURES 


Carbon-ion beams were obtained from the Berkeley 
heavy-ion linear accelerator (Hilac), a resonant-cavity 
machine that accelerates heavy ions to 10.4 Mev/ 
nucleon. Angular-distribution experiments were per- 
formed in the vacuum tank shown in Fig. 1. During 
the experiments, the tank was connected to the Hilac 
vacuum system in which pressures were of the order of 
5X10-* mm Hg. The targets, consisting of approxi- 
mately 200 ywg/cm? of gold vaporized onto 0.1-mil 
aluminum backing foil, were oriented at 45 deg to the 
beam, with the gold facing toward or away from the 
beam when fragments were observed at backward or 
forward angles, respectively. The energy of the carbon 
ions was varied by placing aluminum degrading foils 
in the beam path ahead of the vacuum tank. The 
resulting particle energies were determined by use of 
the range-energy curves of Walton.’ Before striking the 
target, the beam passed through two }-in. diam 


5 A. W. Fairhall, R. C. Jensen, and E. F. Neuzil, in Proceedings 
of the Second United Nations International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1958 (United Nations, 
New York, 1958), Vol. 15, p. 452 

*G. E. Gordon, A. E. Larsh, and T. Sikkeland, Phys. Rev.'118, 
1610 (1960). 

7 John R. Walton, Lawrence Radiation Laboratory, University 
of California (unpublished data, 1959). 
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collimators, 4 in. apart. Beam particles were collected 
in a Faraday cup at the rear of the vacuum tank. A 
simpler arrangement, in which a gas scintillation 
counter was fixed at 90 deg to the beam, was used for 
experiments in which it was necessary to observe 
fragments only at 90 deg to the beam. 

The gas-scintillation technique has been discussed 
by several authors.*~ Fragments entered the gas 
scintillation chamber through a 0.03-mil nickel window, 
which was supported by a grid that transmitted 49° 
of the impinging particles. The scintillating gas, argon, 
was flushed through the chamber at 1 atm. “Tygon”’ 
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Fic. 2. Electronic system used with the solid-state detectors 

8 A. Sayres and C. S. Wu, Rev. Sci. Instr. 28, 758 (1958). 

°C. M. Huddleston, in Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, New York, 1958), Vol. 14, p. 298 

R.A. Nobles and R. B. Leachman, Nuclear Phys. 5, 211 
(1958). 


paint and dipheny] stilbene served as the reflector and 
wavelength shifter, respectively. 

The solid-state detectors were made by diffusion of 
n- or p-type impurities into one face of a silicon wafer 
containing an excess of the opposite type of impurity."” 
A more detailed account of the properties of these 
detectors is given elsewhere." 

The electronic system with the solid-state 
detectors is shown in Fig. 2. The same system was used 
with the gas scintillation chambers, except that pulses 
from the photomultiplier tube were fed directly into’the 
cathode follower. The pulse generator was used to 
check the gain and noise level of the system and to 
make corrections for coincidence losses. A signal from 
the Hilac electronic system could be used to trigger the 
pulse generator during the 2-msec bursts of particles. 

A Cf spontaneous fission sample was used to 
calibrate the detectors. A typical kinetic-energy 
spectrum of Cf*® fission fragments obtained with a 


used 


solid-state detector is shown in Fig. 3. Energies corre- 
sponding to the peaks of the Cf*® spectrum were taken 
from the time-of-flight data of Fraser and Milton." 
Corrections for energy loss in the detector windows 
were made with the help of the fragment range-energy 
data of Fulmer'® and Schmitt and Leachman.'® Correc- 
tions for self-absorption in the targets were determined 
empirically by bombardment of targets of various 
thicknesses. 

Figure 4 shows a typical fragment-kinetic-energy 


1 William Hansen, Lawrence Radiation Laboratory, University 
of California (private communication, 1959). 

2S. S. Friedland, J. W. Mayer, and J. S. Wiggins, Nucleonics 
18, No. 2, 54 (1960). 

8 A. E. Larsh, G. E. Gordon, and T. Sikkeland, University of 
California Radiation Laboratory Report UCRL-9240, May, 1960 
to be published). 

“4 J. S. Fraser and J. C. D. Milton, in Proceedings of the Second 
United Nations International Conference on the Peaceful Uses of 
Atomic Energy, Geneva, 1958 (United Nations, New York, 1958), 
Vol. 15. p. 216. 

16 Clyde Fulmer, Phys. Rev. 108, 1113 (1957). 

‘6H. W. Schmitt and R. B. Leachman, Phys 

1956 


Rev. 102, 183 
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spectrum obtained at 90 deg to the beam with a gold 
target bombarded with 93-Mev C® ions. The large 
number of counts at the low-energy end of the spectrum 
resulted from pileup of pulses produced by scattered 
beam particles and other light particles. Individual 
pulses from these light particles were clearly distinguish- 
able from the pulses produced by fission fragments, 
because the sensitive counting regions of both types 
of counters could be made slightly longer than the 
range of the densely ionizing fission fragments. Thus, 
the lighter particles deposited only small amounts of 
energy in the counting region. However, “pileup” of 
several of the small pulses in the electronic system 
could result in pulses of the size produced by the fission 
fragments. This difficulty became serious only at 
forward angles less than about 40 deg. At those angles, 
a logarithmic subtraction of the pileup background was 
often necessary. The gas scintillation chamber was 
mechanically limited to angles between 17 and 163 deg. 
The physically smaller solid-state detectors could be 
used between 8 and 172 deg. 


Ill. EXPERIMENTAL RESULTS 


The fragment kinetic-energy spectra obtained at 
various angles to the beam were integrated, corrected 
for coincidence loss, and normalized to the same number 
of beam particles in order to obtain fragment angular 
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lic. 4. Spectrum of fragment kinetic energies from fission of 
Au? induced by 93.3-Mev C® ions. Observed at 90 deg to the 
beam with a solid-state detector reverse-biased by 9 v. 


distributions in the laboratory system. Two of the 
angular distributions are shown in our earlier report.® 
We have assumed that the peaks of the kinetic-energy 
distributions represent the energy per fragment when 
symmetric division occurs. From the change in energy 
of the peak with laboratory-system angle, we were 
able to obtain a value for the ratio 9, given by 


nucleus in the beam direction 





velocity of the fragment in the center-of-mass system 


The values for » obtained in this way are listed in 
Table I. These values have been used in transforming 
the laboratory-system angular distributions into the 
center-of-mass system. Within our limits of error, this 
procedure yields angular distributions that are sym- 
metric about 90 deg in the center-of-mass system. The 
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Fic. 3. Spectrum of fragment kinetic energies from spontaneous 
fission of Cf**. Observed with a solid-state detector reverse-biased 
by 9 v. 


resulting angular distributions obtained with 123.3-, 
93.3-, and 72.4-Mev C” ions on Au” are shown in 
Figs. 5 to 7. The statistics on the points obtained at 
72.4 Mev are poor owing to the small fission cross 
section and large elastic-scattering cross sections at 
that energy. 

Two types of experiments were done to obtain the 
fission cross sections as a function of bombarding 
energy. All fragment angular distributions were 
obtained at the energies indicated above. At closely 
spaced intervening energies, fragments were observed 
only at 90 deg to the beam. It is assumed that the 
integration factor from the angular-distribution experi- 
ments varies smoothly with bombarding energy. The 
absolute fission cross sections were obtained by relating 
the number of fragment counts to the number of 


TABLE I. Values of the quantity 7. 





Laboratory 


energy of From lab For full 
carbon ion energy vs lab momentum 
(Mev) angle transfer 
123.3 0.223+0.01 0.218 
93.3 0.188+0.01 0.191 
0.169 


72.4 0.164+0.01 
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Fic. 5. Center-of-mass angular distribution of fragments from 
fission of Au”? induced by 123.3-Mev C” ions. The solid curve 
represents Halpern and Strutinski’s theoretical angular distribution 
with p= 10 (see text). 


elastically scattered carbon particles observed at small 
angles to the beam (~30 to 60 deg). At these angles it 
is assumed that, for 72.4-Mev C® particles on gold, the 
scattering cross sections are equal to those calculated 
according to the Rutherford formula. The fission cross 
sections obtained by this procedure are shown in 
Fig. 8. 

We have also obtained the most probable fission- 
fragment kinetic energy as a function of the bombarding 
particle. This quantity increases from a value of 
71+3 Mev with 70-Mev C®” ions to 7343 Mev with 
124-Mev C” particles. With the assumption of sym- 
metric binary fission, this result indicates a rise in total 
fragment kinetic energy release from 142+6 to 146+6 
Mev over the range of bombarding energies. The values 
of the most probable fragment kinetic energy have 
been used to calculate the values of 7 corresponding to 
full momentum transfer by the bombarding particle to 
the fissioning system. The results of these calculations, 
given in Table I, indicate that the 7 values derived from 
the dependence of fragment kinetic energies on 
laboratory-system angle are consistent with full mo- 
mentum transfer at all three bombarding energies. 


IV. INTERPRETATION OF RESULTS 
The fragment angular distribution have been com- 
pared with theoretical curves calculated according to 
the treatments by Griffin’ and by Halpern and 
Strutinski.' In the region between approximately 105 


Fic. 6. Center-of-mass angular distribution of fragments from 
fission of Au’ induced by 93.3-Mev C® ions. The solid curve 
represents Halpern and Strutinski’s theoretical angular distribution 
with p=7.2 (see text) 


and 160 deg (and the corresponding forward angles), 
the points obtained with 123.3-Mev C™ particles on 
gold lie slightly above the 1/sin@ curve. This feature is 
in agreement with the Griffin curves. Near 180 deg, the 
experimental angular distributions exhibit some 
tendencies toward the curvature predicted by Halpern 
and Strutinski, rather than the linear shape given by 
Griffin’s equations. With our limits of error, it is not 
possible to rule out either of the theoretical treatment. 
However, this is not too important as there is no 
fundamental difference between them, and the end 
results—the derived excitation energies at the time of 
fission—are nearly the same regardless of the treatment 
used. We have used Halpern and Strutinski’s method 
in our interpretations because it should be more 
applicable to the large angular momenta and excitation 
energies present in the compound nuclei that were 
formed in our experiments. 

In Figs. 5 to 7, we have shown the Halpern-and- 
Strutinski curves that best fit the experimental data. 
The parameter p is equal to J,2/4K,? where J is 
approximately the maximum angular momentum of 
the compound nuclei, and Ko is the mean value of the 
projection of the angular momentum of the fissioning 
nucleus along the direction of the separating fission 
fragments (see reference 1). We have estimated J,” 
from the compound-nucleus-formation calculations of 
Thomas, assuming the square-well potential with a 
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radius parameter of. 1.5X10-" cm.'? In accord with 
Halpern and Strutinski, we assure that there is no 
change in the angular momentum of the compound 
nucleus if small particles are evaporated prior to fission. 
From the resulting value of Ky? and the curve of 
reference 1 (Fig. 2), we determine the value of the 
quantity (E..—E,), where Ex is the excitation energy 
of the fissioning nucleus, and Ey is the height of the 
fission barrier. The fission-barrier heights have been 
estimated by using the equations of Pik-Pichak'* and 
Hiskes"’ for fission of rotating nuclei. In this framework, 
the fission-barrier height is equal to the energy difference 
between the stable rotating nucleus and the fissioning 
nucleus at the saddle point. The calculated fission 
barriers are of the order of 10 to 15 Mev and seem 
reasonable when compared to those calculated according 
to Swiatecki’s method that involves the difference 
between actual ground-state masses and a smooth mass 
surface.” The results of this analysis of the angular- 
distribution data are given in Table IT. 
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Fic. 7. Center-of-mass angular distribution of fragments from 
fission of Au? induced by 72.4-Mev C® ions. The solid curve 
represents Halpern and Strutinski’s theoretical angular distri- 
bution with p=6 (see text). 


T. D. Thomas, Phys. Rev. 116, 703 (1959). 

8G. A. Pik-Pichak, J. Exptl. Theoret. Phys. (U.S.S.R.) [trans- 
lation: Soviet Phys.-JETP 7, 238 (1958). ; 

® John Hiskes, Lawrence Radiation Laboratory, 
—— (private communication, 1 

W. J. Swiatecki, Lawrence Radiation Laboratory, University 

“ California (private communication). The fission-barrier 
calculations are similar to those used in the systematics of 
spontaneous-fission half lives, W. J. Swiatecki, Phys. Rev. 100, 
937 (1955). 
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Fic. 8. Cross section for fission of Au’ induced by C® 
ions as a function of bombarding energy. 


From the results presented in Table II, it would 
appear that fission occurs at about the same average 
excitation energy regardless of the excitation energy 
of the original compound nucleus. This observation 
implies the evaporation of a higher average number of 
particles prior to fission with increasing bombarding 
energy. For example, at the highest bombarding energy, 
this treatment of the angular-distribution data indicates 
that the following sequences of particles could be 
emitted before reaching the average fissioning nucleus: 
7n; pon; a5n; padtn; 2a3n. These results are consistent 
with Blann’s radiochemical mass-yield data for fission 
of gold with carbon ions.”! 

Unfortunately, there are two possible effects that 
make this interpretation somewhat uncertain. According 
to both theoretical treatments, the fission probability 
is independent of the angular momentum of a nucleus! *; 
however, Pik-Pichak’s calculations indicate that I',/T, 
is an increasing function of angular momentum.'* If 
this is true, fission takes place with higher relative 
probability from the high-spin nuclei than from those 
in low-spin states. Thus, the average angular momentum 
of the fissioning nuclei may be considerably larger than 
the average angular momentum of all the compound 
nuclei, Also, it has been suggested that the value of 
K@ for a given value of (E..— Ey) may be lower in the 
astatine region than among the heavier elements.” 
Such as effect could arise from the influence of the 
closed shells of 82 protons and 126 neutrons. Both 
effects would tend to cause the angular distributions 
to be more anisotropic than predicted strictly by the 
Halpern and Strutinski model. Consequently, this 


21H. Marshall Blann, thesis, University of California Radiation 
Laboratory Report UCRL-9190, May, 1960 (unpublished). 

2 R. Vandenbosch and J. R. Huizenga, in Nuclear Reactions 
[North-Holland Publishing Company, Amsterdam (to be pub- 
lished) ], Vol. 2. 
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Taste IT. Quantities obtained from the angular-distribution data 
for fission of gold with carbon ions. 


Ex of 
initial 
comp. Calc.* 
Ec" nucl. Pex — Ey Ey | 
(Mev) (Mev) ? Tn? Ki (Mev) (Mev) (Mev) 
123.3 986 10 4000 115 13.5 8-13 21.5-26.5 
93.3 71.4 7.2 2530 S73 12 10-16 22-28 
72.4 51.6 6 1118 46.6 9 11-14 20-23 


* Calculated according to references 18 and 19. Includes lowering of 
barrier due to rotation. Upper and lower limits refer to nuclei having the 
lowest and highest values of Z2/A energetically obtainable by emission of 
particles prior to reaching the observed value of Eex — Ey. 


would yield values for (E..—y,) that are too small. 
This trend would tend to cancel any errors introduced 
as a result of the assumption that the angular mo- 
mentum of the compound nucleus is not reduced by 
evaporation of particles prior to fission. 

To obtain information about the probability of 
fission, we have divided the fission cross sections shown 
in Fig. 8 by the cross sections for compound-nucleus 
formation, geomp, calculated by using a square-well 
nuclear potential with a radius parameter of 1.5 10-" 
cm.'? The resulting values of o7/geomp are plotted as a 
function of excitation energy of the initial compound 
nucleus in Fig. 9. If P'y/T'r (I'r is the total level width) 
remained constant with increasing excitation energy, 
o;/Tcomp WOuld increase at the higher energies because 
there are more stages in the chain of de-exciting nuclei 
at which fission could compete with other decay modes. 
From the experimental results, one can infer that above 
about 70 Mev, I'y/I'r decreases with increasing exci- 
tation energy. This observation is at least in qualitative 
agreement with the results of the angular-distribution 
experiments. 

A note of caution should be added. It is certainly not 
clear that the calculated cross sections for compound- 
nucleus formation are correct. Whereas the 7 values 
that we obtain for fission of gold with carbon ions are 
consistent with the concept of formation of a compound 
nucleus, preliminary measurements in the uranium- 
plus-carbon system indicate that, at higher bombarding 
energies (290 Mev), the average forward momentum 
of the fissioning system is considerably less than that of 
the bombarding particle.” Such an effect could arise 
if fission were, in some cases, the result of reactions in 
which not all of the bombarding particle entered the 
target nucleus. On the other hand, the total fission 
cross sections for uranium (but not gold) at bombarding 
energies between 70 and 124 Mev are in agreement with 
the calculated cross sections for compound-nucleus 
formation. These two observations suggest that the 
cross sections calculated for the formation of compound 
nuclei (by using the square-well nuclear potential with 


%3 A. E. Larsh, G. E. Gordon, T. Sikkeland, and J. R. Walton, in 
Proceedings of the Second Gatlinburg Conference on Reactions 
between Complex Nuclei, May, 1960 (to be published). 
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radius parameter of 1.5X10~" cm") are larger than 
the observed cross sections for fission by compound 
nuclei. Although in noncompound-nucleus reactions 
excitation energy sufficient to cause fission may be 
deposited in the nucleus formed by bombardment of 
uranium the intermediate state formed in these reactions 
with gold targets may not have enough excitation 
energy or sufficiently large atomic number to undergo 
fission with appreciable probability. From the results 
of a study of fission of Bi** carbon and oxygen ions 
induced by Britt and Quinton have also suggested that 
the calculated cross sections for the formation of 
compound nuclei are too high.” 

The interpretations of the results of the angular- 
distribution and cross-section measurements suggest 
that fission resulting from carbon bombardment of 
gold occurs at low excitation energies following the 
emission of several nucleons. Three possible explana- 
tions for the apparent decrease in fission probability 
at high excitation energies are: 

(a) Charged-particle emission. One expects the compe- 
tition from charged-particle evaporation to increase 
rapidly with excitation energy.®> This effect has been 
observed by Quinton ef a/. who found a ratio of approxi- 
mately two alpha particles (in addition to protons) per 
three fission events when Au’? was bombarded with 
160-Mev O'* ions.”® 

(6) Mass-number dependence of fission probability. 
Many authors have observed an increase in I'y/T’, with 
decreasing mass number for a given atomic number.” 
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Fic. 9. Reduced fission cross section (¢//acomp) for Au’? bom- 
barded with C” ions as a function of excitation energy of the 
initial compound nucleus. 

*H. C. Britt and A. R. Quinton, in Proceedings of the Second 
Gatlinburg Conference on Reactions Between Complex Nuclei, May, 
1960 (to be published). 

25 T. Doe Strovsky, Z. Fraenkel, and G. Friedlander, Phys. Rev. 
116, 683 (1959). 

76 A. R. Quinton, H. C. Britt, W. J. Knox, and C. E. Anderson 
(to be published 

27 R. H. Goeckermann and I 
(1949), 

28 R. Vandenbosch and G. T. 
(1958). 


Perlman, Phys. Rev. 76, 628 


Seaborg, Phys. Rev. 110, 507 
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In work not reported here, we have measured the 
fission cross sections of platinum (enriched in Pt'®) 
bombarded with nitrogen ions to produce an initial 
compound nucleus of At?”. For the same initial exci- 
tation energy, the value of o¢/¢eomp is lower than the 
corresponding value in the gold-plus-carbon system, in 
which the initial compound nucleus, At®®, is three 
neutrons lighter. Also, the cross sections for neutron- 
evaporation reactions decrease in going from the 
compound nucleus At?” to At?” (from Pt!%*+N") to 
At™.*! Both trends are in agreement with the notion of 
increasing relative fission probability with decreasing 
mass number of the compound nucleus. 

(c) Angular momentum and level densities. The 
calculations of Ericson and Strutinski indicate that at 
some given excitation energy, E.x, the density of levels of 
spin j is proportional to (2j7+1) exp[—/?j(j+1)/2/T], 
where J is the moment of inertia, and T is the nuclear 
temperature, which is given by (10E,./A)!.™ At very 
low excitation energies, this model predicts small 
probabilities for states with spins of the order of the 
average value of those formed in the initial interaction 
between the bombarding particle and the target 
nucleus. In the early stages of evaporation of particles 
from the compound nucleus, the excitation energy, and 
thus the density of high-spin states, is large. Therefore, 
it is expected that in early stages of the evaporation 
process, the average angular momentum of the com- 
pound nucleus may be reduced by only small amounts.* 
Thus it is possible that particle evaporation may 
proceed to an excitation energy only slightly above 
the neutron binding energy while retaining most of the 
angular momentum of the initial compound nucleus. 
Emission of neutron will be greatly hindered because 
of the small density of high-spin states in the residual 
nucleus and the decreasing probability for transmission 
of neutrons through the nuclear surface with higher 
orbital angular momentum.™ Because of the hindrance 
of neutron emission in the final stages of de-excitation, 


*®R. Vandenbosch and J. R. Huizenga, in Proceedings of the 
Second United Nations International Conference on the Peaceful 
Uses of Atomic Energy, Geneva, 1958 (United Nations, New York, 
1958), Vol. 15, p. 284. Most of the available data on fissionabilities 
are summarized in this paper and in reference 22. 

® A. W. Fairhall and E. F. Neuzil, University of Washington 
(to be published). Data and analysis of cross sections for fission 
of lead isotopes with helium ions are given by I. Halpern, in Annual 
Review of Nuclear Science (Annual Reviews, Inc., Palo Alto, Cali- 
fornia, 1959), Vol. 9, p. 245. 

“T. D. Thomas, R. M. Latimer, G. E. Gordon, and G. T. 
Seaborg, Lawrence Radiation Laboratory, University of California 
{unpublished data, 1959). 

® T. Ericson and V. Strutinski, Nuclear Phys. 8, 284 (1958). 

%T. D. Thomas, Brookhaven National Laboratory (private 
communication, 1960). Preliminary calculations by Thomas based 
on the Ericson-Strutinski level-density expressions indicate that 
the first neutron emitted from an At® nucleus excited to 99 Mev 
and having 66h of angular momentum reduces the average spin 
value by about 1 unit of h. It should be noted that in this calcu- 
lation, the value of J was assumed to be equal to the rigid-body 
moment of inertia of the nucleus. 

4 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952). 
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the probability for fission (a process in which large 
amounts of angular momentum can be easily carried 
off) may be greatly enhanced over its value for low-spin 
states, other conditions being the same. Pik-Pichak’s 
predicted decrease in fission barriers with increasing 
angular momentum would also contribute to this 
trend.'® 

We feel that these three trends produced the ob- 
served results of fission at low excitation energies. 
However, it is not possible, on the basis of our results 
alone, to determine the relative importance of the three 
factors. 

The value obtained for the total fragment kinetic- 
energy release agrees well with Terrell’s correlation of 
energy release with Z?/A! of the fissioning nucleus.” 
The angular-distribution experiments indicate that the 
average excitation energy at which fission occurs is 
approximately independent of bombarding energy. 
Thus, our data do not provide a check on the variation 
of kinetic-energy release with excitation energy of the 
fissioning nucleus. The slight increase in kinetic-energy 
release with bombarding energy is apparently the result 
of emission of a larger average number of neutrons prior 
to fission. Thus, fission at higher bombarding energies 
occurs from nuclei that are more neutron-deficient and 
have larger values of the quantity Z?/A}. 


V. SUMMARY 


In summary, we find that the shapes of the theo- 
retical angular distributions predicted by Griffin® and 
Halpern and Strutinski! agree well with those of the 
fragment angular distributions that we have deter- 
mined for fission of gold with carbon ions. It should be 
noted, however, that for gold bombarded with 123.3- 
Mev C®, the points between approximately 105 and 
160 deg (and the corresponding forward angles) in 
the center-of-mass system lie slightly above a 1/sin@ 
curve. This is in better agreement with Griffin’s 
predictions than those of Halpern and Strutinski. 

The anisotropies of the angular distributions and the 
fission cross sections as functions of bombarding energy 
are consistent with the occurrence of fission at low 
average excitation energies (about 25 Mev) following 
evaporation of particles from the initial compound 
nucleus. This observation is explained on the basis of 
(a) an increase in probability for charged-particle 
evaporation with increasing excitation energy, (b) an 
increase in relative fission probability with decreasing 
mass number for a given atomic number, and (c) 
hindrance of neutron evaporation at low excitation 
energies as a result of angular-momentum and level- 
density effects. Our data do not suffice to determine the 
relative importance of the three effects. 

At all bombarding energies, we find that for reactions 
that lead to fission, the full momentum of the carbon 
ion is transferred to the gold target nucleus. From this 


35 James Terrell, Phys. Rev. 113, 527 (1959). 
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result, it is inferred that fission results only from 
reactions in which a compound nucleus is formed from 
the carbon particle and the gold nucleus. This obser- 
vation is in contrast to those in the uranium-plus-carbon 
system, in which, at higher bombarding energies 
(290 Mev), there is incomplete momentum transfer 
in some of the reactions that lead to fission.” 

The slight increase in fragment kinetic-energy 
release with increasing bombarding energy is attributed 
to an increase in the average number of neutrons 
evaporated prior to fission. Thus, the fissioning nuclei 
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produced in the higher energy bombardments have 
higher values of the quantity Z?/A' and would be 
expected, on the basis of Terrell’s correlation of kinetic 
energy release with Z*/A!,** to yield higher kinetic 
energies. 


ACKNOWLEDGMENTS 


The authors wish to thank Robert Latimer for his 
assistance in the cross-section experiments. We would 
also like to acknowledge the assistance of the Hilac 
crew. 


NUMBER 4 NOVEMBER 15, 1960 


Disintegration of Te’!® 
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The disintegration of Te has been studied with the help of magnetic spectrometers and scintillation 


counters. Two half-lives are observed 


one of 4.70.3 days and one of ~16 hours. These represent the decay 


from two isomeric states. The isomeric transition is not observed because of the strong competition from 
the decay to states of Sb". The 4.7-day disintegration occurs by electron capture and exhibits gamma rays 
of the following energies: 0.153, 0.270, 0.930, 1.10, 1.22, and 2.12 Mev. The following coincidences are ob 
served: (2.12, 0.270), (1.22, 0.930, 0.153), (1.10, 0.270). The K/(ZL+M) ratio for the line at 0.153 Mev is 
7.85 and for the line at 0.270 Mev is 5.77. The 16-hour isomer exhibits positrons of end-point energy 0.627 
Mev; and two gamma rays of energy 1.76 and 0.645 Mev. A disintegration scheme is given. 


INTRODUCTION 


HE disintegration of Te' has, up to the present, 
been the subject of very little definitive study. 
Lindner and Perlman,' in studying the spallation pro- 
ducts of antimony, showed that Te'’ decayed with one 
half-life of 16 hours and a second of 4.5 days indicating 
that two isomeric states were involved. They showed 
that the 4.5-day Te activity is the parent of the 39-hour 
Sb". Beyond this very little information was obtained. 
The Nuclear Data Sheets? quote Dropesky and Fink, 
in unpublished work, as having established that there 
are no strong positrons with the 16-hour activity and 
that the 4.5-day activity has associated with it a gamma 
ray of 0.56 Mev. In view of the small amount of informa- 
tion on this radioactive nucleus and since it lies in the 
region of isomeric states involving the /j1/2, d3;2, and 
Sij2 Configurations, the present writers undertook an 
investigation of Te’. 


PREPARATION OF SOURCES 


In order to prepare Te'”’, tin was bombarded by 22- 
Mev alpha particles in the Indiana University cyclotron. 


*Supported by the Joint Program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1M. Lindner and I. Perlman, Phys. Rev. 73, 1124 (1948); 78, 
499 (1950). 

2 Nuclear Data Sheets, edited by C. L. McGinnis (Publications 
Office, National Academy of Sciences, National Research Council, 
Washington, D. C.). 


In most cases tin metal was used containing, of course, 
all the stable isotopes of tin. Certain confirmatory ex- 
experiments were performed by bombarding separated 
SnO, (92.60% Sn"'*) obtained from the Stable Isotopes 
Division of the Oak Ridge National Laboratory. Since 
the yield was much better when metallic tin was bom- 
barded, this was the usual target. Of the many possible 
radioactive tellurium isotopes that can be obtained from 
(a,z) and (@,2m) reactions on ordinary tin, most have 
long lives and well-known spectra. Interference from 
these was slight and could be corrected for. The 6-day 
Te!’ with its 3.5-min Sb"* daughter is the only tellurium 
isotope that could be troublesome. 

Metallic targets were treated by cutting off a thin 
layer (1-5 mils) on a milling machine and dissolving 
the tin metal in 12V HCl. The resultant solution was 
diluted to 3N in HCl and Te and Sb carriers added. 
Tellurium metal was precipitated by the usual procedure 
of adding SO, and hydrazine hydrochloride. The Te 
metal was centrifuged, washed and redissolved in dilute 
HNOs. More Sb carrier was added and the cycle was 
repeated. The sources were prepared by evaporation of 
the nitrate. Sources made from the oxide were prepared 
by fusing with KHF», diluting and allowing the tellur- 
ium to deposit electrochemically on copper. The tellur- 
ium was then dissolved and further purified by the 
SO, method. In cases in which sources were to be used 
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in a permanent field spectrometer, tellurium was elec- 
troplated onto a thin copper wire from an HF solution. 


APPARATUS 


Various types of apparatus were used to study the 
radiations from Te"®. The gamma rays and their rela- 
tive intensities were measured with the help of a 
Nal(T1) scintillation spectrometer. The NaI (TI) crystal 
measured 3 inches by 3 inches and was used in connec- 
tion with a 5-inch Dumont Type 6364 photomultiplier 
tube. The crystal had been previously calibrated for 
intensity measurement for the particular geometrical 
arrangement used.’ The pulse-height distribution was 
displayed on a 100-channel analyzer. 

A magnetic lens spectrometer was used to measure 
the positron distribution and the energies and intensities 
of internal conversion electrons. A permanent field pho- 
tographic recording magnetic spectrograph was em- 
ployed to measure the lower energy internal conversion 
lines. 

Finally, coincidences between gamma rays and be- 
tween positrons and gamma rays were investigated with 
the help of various types of coincidence counting ar- 
rangements. For gamma-gamma coincidence measure- 
ments, two 13-inch by 13-inch NalI(T1) crystals were 
used. Positrons were measured with the help of an 
anthracene crystal. Two types of coincidence circuits 
were used. The first was a standard “fast-slow” coin- 
cidence circuit of resolving time +=0.1 usec which 
could be used either to record coincidences between 
two single-channel scintillation spectrometers or to 
display, on a 100-channel analyzer, the spectrum in 
coincidence with a given gamma ray (or positron group) 
selected by a single-channel analyzer. 

The second type of coincidence circuit was constructed 
using two RCA 6810-A fourteen dynode tubes. The 
pulse which was fed to the fast coincidence circuit was 
taken from the anode, put through a limiter, clipped, 
and then into a fast coincidence circuit. The pulses for 
which energy selection was desired were taken from the 
seventh dynode, passed through a linear amplifier and 
single-channel pulse-height analyzer into a triple coin- 
cidence circuit, into which the pulses from the fast 
coincidence circuit were also fed. If the 100-channel 
analyzer was to be used to display a spectrum which is 
in coincidence with a given gamma ray, the analyzer 
was placed in one leg of the slow coincidence circuit. 
A single-channel analyzer, in the other leg of the slow 
system, was set on the gamma ray of interest. The gate 
of the 100-channel analyzer was then opened by a coin- 
cidence pulse which resulted from the output of the 
fast coincidence circuit and the slow pulse from the 
single-channel analyzer.‘ The resolving time of this cir- 
cuit was approximately r= 15 muysec. 





*See A. C. G. Mitchell, C. B. Creager, and C. W. Kocher, Phys. 
Rey. 111, 1343 (1958). 

‘See, for example, R. E. Bell, R. L. Graham, and H. E. Petch, 
Can. J. Phys. 30, 35 (1952). 
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Tell? 


Taste I. Energies, relative intensities, and 
half-lives of gamma rays of Te", 
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conversion lines Scintillation spectrometer 
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THE EXPERIMENTS 
The Gamma Rays 


The energies of the various gamma rays were meas- 
ured with the help of a permanent field photographic 
recording magnetic spectrograph, a magnetic lens spec- 
trometer and a scintillation spectrometer using a 100- 
channel analyzer. The half-lives of the lines were de- 
termined from the data of the magnetic lens and the 
scintillation spectrometer. Finally, the relative intensi- 
ties of the gamma rays were determined with the help 
of the scintillation spectrometer. The results of the in- 
vestigation are shown in Table I. The results given 
there were obtained when ordinary metallic tin was 
bombarded by alpha particles so that lines owing to 
other long-lived tellurium activities were present. These 
served as checks on the energy calibration of the perma- 
nent field and the magnetic lens spectrometers. The 
relative intensities were taken early enough in the run 
so that the lines arising from long-lived activities made 
a negligible contribution. 

It will be seen at once that two of the lines—those 
at 0.645 and 1.76 Mev—have a half-life of 15-20 hours. 
The remainder have a half-life of approximately 5 days. 
As far as these experiments are able to ascertain there 
seems to be no growth or decay of one system from the 
other. This implies at once that the lifetimes of the 
isomeric states involved are governed to a large extent 
by their several transition probabilities to states of Sb" 
rather than by the gamma-ray lifetime for isomeric 
transitions in Te". A similar situation exists to a greater 
or less extent in several Te isomers.’ In Table I, the 
intensities of the 0.645 Mev and 1.76 Mev are shown 
relative to each other, while the lines of the long half-life 
are shown relative to the line at 1.22 Mev. Figures 1(a) 
and 1(b) show a scintillation spectrum taken shortly 
after bombardment. The line at 2.1 Mev has also been 
seen in measurements of photoelectrons from a uranium 
radiator in a magnetic lens spectrometer showing that 
this line as seen on a scintillation spectrometer is not 
caused by pileup. 


The Particle Spectrum 


As mentioned earlier, the particle spectrum was in- 
vestigated in a magnetic lens. In addition to internal 


—68T, Alvager and G. Oelsner, Arkiv Fysik 12, 319 (1957). 
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Fic. 1. (a) Scintillation spectrum of Te up to 0.700 Mev. 


(b) Scintillation spectrum of Te! from 0.500 Mev to 2.1 Mev. 


conversion lines, two positron groups were found. Of 
these, the higher energy group showed a half-life of 5.6 
days and an end-point energy of 2.7 Mev. A low-energy 
group, end-point energy 0.627 Mev, was also seen. 

The high-energy group shows a log f/=7.9, and the 
end-point energy is much too hight to be in agreement 
with the beta-ray systematics for Te''’. If this group is 
ascribed to the 3.5-min Sb!''* in equilibrium with its 
parent Te''’, formed by an (a@,2) reaction, the end- 
point energy and log ft value (5.6) are in reasonable 
agreement with previous information on Sb'!*. Experi- 
ments to be described below show that this is indeed 
the case. 

In addition to the high-energy positron group, one 
of lower energy was also found. The analysis of this 
group was carried out in the usual manner after correct- 
ing for the contributions from the high-energy long- 
lived group. The positrons of this group exhibited a 
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half-life of approximately 13 hours. This value was ob- 
tained after corrections for the long-lived group and is 
not considered to be very accurate. A Fermi plot is 
shown in Fig. 2. The end-point energy of this spectrum 
is 0.627+0.002 Mev. 

Since the half-lives of Te" (5d) and Te'!® (6d) lie 
so near together, experiments were designed to disen- 
tangle these two activities. In the first place, the use 
of the enriched SnOz2 (92.6% Sn™*) covered with enough 
nickel foil to cut down the energy of the alpha-particle 
beam below the threshold for the (a@,2) reaction yielded 
activities of too low intensities to work with. It was 
therefore decided to irradiate metallic tin, mill off five 
portions each approximately 0.001 inch thick and 
measure these on an anthracene scintillation counter. 
The ratio of the number of positrons at 900 kev to 
that at 250 kev was studied as a function of the depth 
below the surface. At the same time a check on the 
relative intensities of the 1.22- and 0.153-Mev gamma 
rays was made. The results are shown in Table IT. 

It will be seen from the table that the intensity of 
the high-energy positron group decreases rapidly with 
respect to the low-energy group as a function of depth 
below the surface, indicating that it is produced by an 
(a,2) reaction. The relative intensities of the two 
gamma rays are the same within the limit of error for 
the activity produced on the surface and that produced 
at a depth of about 0.004 inch. 


Coincidence Measurements 


Many gamma-gamma coincidence experiments were 
carried out using one or more types of the coincidence 
counting apparatus described above. We consider first 
the gamma rays from the 5-day isomer. 

If the single-channel analyzer in one arm of the coin- 
cidence circuit were set on the gamma ray at 2.12 Mev 
and those gamma rays in coincidence with this were 
displayed on the 100-channel analyzer, it was found 
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that only the line at 0.270 Mev was in coincidence. 
Figure 3 shows the coincidence spectrum up to 0.4 Mev. 

Figure 4 shows the result of setting the single-channel 
analyzer on the peak of the line at 1.22 Mev and dis- 
playing the coincidence spectrum from 0.7 Mev to 1.2 
Mev. It will be seen that there is a line at 0.930 Mev in 
coincidence with that at 1.22 Mev. Figure 5 shows that 
portion of the low-energy region which is in coincidence 
with the 1.22-Mev line. It will be seen that the line at 
0.153 Mev is in strong coincidence with that at 1.22 Mev. 
Supplementary experiments have shown that the weak 
peak at 0.270 Mev arises from two factors—a small 
contribution from the coincidences between Compton 
electrons of the 2.12-Mev line and the 0.270-Mev line 
and a larger contribution from the high-energy tail of 
the 1.10-Mev line in coincidence with that at 0.270-Mev. 
If the setting of the single-channel analyzer was moved 


to the low-energy side of the 1.22-Mev line and placed . 


at an energy corresponding to 1.1 Mev, the coincidence 
line at 0.270 Mev was observed to increase markedly 
and that at 0.153 Mev to decrease. The above coinci- 
dences were confirmed by setting the single-channel 
analyzer on the various low-energy lines and observing 
the high-energy lines in coincidence with them. The 
results of the coincidence experiments are given in 
Table III. 

In regard to the radiations from the shorter lived 
isomer it was found that the 1.76-Mev and the 0.645- 
Mev gamma rays were not in coincidence. Positron- 
gamma coincidence experiments performed with a source 
which had been prepared in such a way that the (a,2m) 
process had a very small yield showed no coincidences 
between positrons of the 0.627-Mev group and either 
the 0.645-Mev, 1.76-Mev or the 0.153-Mev gamma ray. 


TABLE II. Relative intensities of positrons and gamma rays as 
a function of depth below surface. 





Ratios Relative intensities 
Approximate 900-kev of gamma rays 
depth below 8*/250- 1.22 0.153 
surface (mils) kev Bt Mev Mev 
Cut 1 0 0.237 100 103 
Cut 2 1 0.195 
Cut 3 2 0.162 
Cut 4 3 0.132 
Cut 5 4 0.093 100 111 


TABLE III. Results of coincidence experiments 
on the 5-day isomer. 


In coincidence 


Gamma ray with gamma 








(Mev) rays (Mev) 
2.12 0.270 
1.22 0.930, 0.153 
1.10 0.270 
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1.22 Mev (region 0.7 to 1.2 Mev). 


Internal Conversion Coefficient of the 
0.645-Mev Gamma Ray 


The internal conversion coefficient of the 0.645-Mev 
line of the short-lived isomer was measured by a com- 
parison method as follows. The number of internal con- 
version electrons of the 0.645-Mev line and those from 
a standard Cs'‘*’ line were measured in the magnetic 
lens spectrometer. The intensities of the respective 
gamma rays were then measured on a calibrated scintil- 
lation counter.’ The value of the internal conversion 
coefficient for the 0.645-Mev line is arr=4xX10 
(+10%). This is to be compared with theoretical values 
of ao(K+L)=3.9X10- and 6,(K+L)=4.9X10-. The 
experiments are not good enough to differentiate be- 
tween a, and f; but it is clear that this line cannot have 
either an £3 or M3 character. Since the 0.645-Mev 
gamma ray is of M1 or £2 character, the state from 
which it comes must be of short life compared to the 
resolving time (10-7 sec) used in the positron-gamma 
experiments. The lack of coincidence between positrons 
and the 0.645-Mev line cannot be accounted for by a 
long-lived state. 
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Fic. 5. Gamma rays in coincidence with the gamma ray 
at 1.22 Mev (low-energy region). 


DISCUSSION OF RESULTS 


From the information obtained in these experiments 
it is possible to give a reasonable description of the 
decay of the long-lived state together with an energy 
level diagram for the product nucleus and also to infer 


C 





REAGER, AND NAINAN 


the disintegration characteristics of the short-lived 
state. 

Consider the long-lived state. From the data given 
in Table I for the various lines associated with this 
decay, a value for the half-life of 4.7.0.3 days is caleu- 
lated. From the relative intensities of the gamma rays 
and the results of the coincidence experiments a tenta- 
tive energy level scheme for Sb"'® can be drawn and 
is shown in Fig. 6. From the disintegration scheme and 
the relative intensities of the gamma rays the relative 
probability per disintegration of exciting the various 
levels can be calculated. These are shown on the dia- 
gram. It will be seen at once that the level at 1.37 Mey 
has the highest probability of being populated and that 
the ground state and first excited levels are very weakly 
populated. 

The product nucleus 5:Sb''’ has one proton outside 
a closed shell. Sb’ has a ground-state configuration 
3+ and Sb”, $+. The 3+ and }* states lie close together, 
For Sb" the level order would presumably be® 3+, }*, 
3+, 3*. The present experiments are not detailed enough 
to give definite information on these predictions. Never- 
theless, the following considerations suggest that the 
level assignment for the first three states may be 
correct. Nainan’ has found that the half-life of the 
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Fic. 6. Tentative decay scheme 
2 for Te. For the 5-day activity 
1.37 / 2me the relative intensities .of the 
/ gamma rays are given in paren- 
| theses, with the intensity of the 
| 1.22-Mev gamma ray=100. The 
| fraction per disintegration is given 
9 a in square brackets. 
1.10 Mev I. ev 
2!) (100) ah 
(0.12) Co, 
(%+)/ 
/ 
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0.627 Mev 
0.270 then 
0.153 0.270Med 0.153 Mev —(%+) 
(54) (rte) y 
re) £0.32) £0,673 i (5% +) 
Sb 38h 
* J. H. D. Jensen, Beta- and Gamma-Ray Spectroscopy, edited by K. Siegbahn (North Holland Publishing Company, Amsterdam, 
1955), p. 415 ff. 
7T. D. Nainan, Bull. Am. Phys. Soc. 5, 239 (1960). 
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state at 0.153 Mev is 0.84X10~ sec which is in agree- 
ment with an M1(10%)+£2(90%) mixture for the 
0.153-Mev transition. The present authors have meas- 
ured the K/(L+M) ratio for this line and obtain 
K/(L+-M)=7.85. This is to be compared with theoret- 
ical values of M1=8.35 and E2=3.48. Thus it would 
appear that the 0.153-Mev line is a mixture of M1 and 
E2 which would agree with a transition 3+ to $+. The 
K/(L+M) ratio for the line at 0.270 Mev has also been 
measured in these experiments and has been found to 
be 5.77, which is to be compared with theoretical values 
of M1=5.32 and E2=4.16. Such an M1+ £2 mixture 
would be in agreement with a transition 3+ to $+. How- 
ever, K/(L+M) ratios are not very sensitive functions 
of the multipole order in this region and it will be neces- 


sary to carry out directional correlation experiments to 


make a final decision. Such experiments are in progress 
in this laboratory. 

As mentioned in the foregoing, the radiations from 
the 16 hour activity consist of a positron group of 0.627- 
Mev end-point energy, a strong gamma ray of energy 
0.645 Mev and a weak one of 1.76 Mev, none of which 
are in coincidence. These radiations were found in both 
the experiments using ordinary metallic tin and those 
using SnO, enriched in Sn"®, Since both the 5-day and 
the 16-hr activities decay independently and since no 
growth of the one from the other has been found sug- 
gests that the probability of transition from the two 
Te states to Sb is considerably greater than that of the 
isomeric transition in Te and in addition that the 0.645- 
Mev and 1.76-Mev gamma rays are in Sb'”. 

By using figures for the ratio of the relative number 
of internal conversion electrons of the 0.645-Mev line 
to the number of positrons of the low-energy group 
measured in the magnetic lens, the figures for the in- 
ternal conversion coefficient and the relative intensity 
of the two gamma rays, it is possible to obtain a rough 
set of values for the relative transitions from the 16-hr 
state. These are shown in Table IV. Using these figures 
the value of log ft for the positron transition is 6.9 and 
for the transition to the 0.645-Mev state is 5.2. It would 
appear, therefore, that the transition to the 0.645-Mev 
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TABLE IV. Relative intensities of transitions from the 16-hr state. 








Relative Percent of 
Radiation intensity disintegration 
0.645-Mev y 100 0.90 
1.76-Mev y 5 0.05 
Positrons 5 0.05 


state is allowed and that the positrons are once for- 
bidden or / forbidden. 

The systematics of the isomers of Te suggest® that 
the /iij2 state lies considerably higher than the 51/2 
ground state and that the d3,2 state lies close to the 
hy1/2 state, insuring a transition of long life—possibly 
around 200 days. Such a long half-life could not compete 
with the 5-day electron capture and hence the gamma 
ray arising from the isomeric transition would be ex- 
tremely weak. The weak positron group from the 16-hr 
state having a log ft=6.9 would be consistent with a 
transition to a $+ state but not to a §+ ground state. 
Actually the measured half-life of the state at 0.270 
kev appears to be somewhat shorter than the other 
states associated with the 5-day decay, which could be 
accounted for by a contribution from the weak 16-hr 
positron activity. The allowed nature of the transition 
to the state at 0.645 Mev would suggest that this state 
is the 3* state of Sb’. The suggested features of the 
decay of the 16-hr state are incorporated into Fig. 6. 
If this scheme is correct the 51/2 state of Te would lie 
1.92 Mev above the ground state of Sb"® and the hi1/2 
at greater than 2.39 Mev. This would give an 4j1/2-51/2 
energy difference of 400-500 kev. 
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(p,t), (d,t), and (a@,t) reactions have been investigated throughout the periodic table by bombarding 
stacked metal foils and determining directly the tritium produced in the reaction. In the (a,f) reactions, 
there is conclusive evidence that most of the tritons are produced with high energies, thus indicating the 
presence of direct interaction processes. The curve representing the integrated cross section vs Z of the target 
rises with decreasing Z. This, and the appearance of low-energy peaks in the individual excitation functions 
of low-Z targets indicate that at low and intermediate values of Z the relative number of low-energy tritons 
increases. These tritons are probably the product of a compound-nucleus mechanism. For the (p,¢) and (d,/ 


reactions the same compound-nucleus and direct-interaction effects are noticed 


INTRODUCTION 


N a previous paper it has been shown that helium-ion 

bombardments of heavy elements (Z=80 to 92) at 
intermediate energies (E<50 Mev) produced measur- 
able quantities of energetic tritons.' Such reactions, of 
necessity, have been interpreted as direct interactions 
between the helium ions and the target nuclei. 

In the present work the investigation of the integrated 
cross sections of the (a,f), (d,/), and (p,¢) reactions has 
been extended to light and intermediate elements. It 
will be shown that the presence of high-energy tritons 
arising from the (a@,/) reaction is not a peculiarity of the 
heavy-element region but is quite general throughout 
the periodic table. It will also be shown that even for the 
lightest elements studied (Z~12) the direct interaction 
mode of the (a,/) reaction is able to compete appreciably 
with the compound-nucleus mode. 

For the (p,/) and (d,t) reactions the evidence for 
direct interactions is not as clear-cut as for the (a,/) 
case. However, there are strong indications that such 
a mechanism plays a preponderant role in the reaction. 

Finally, even though the study of integrated cross 
sections precludes a very detailed interpretation of the 
reactions, it is hoped that it will provide a useful back- 
ground for the further study of these reactions about 
which so little is known. 


EXPERIMENTAL 


The experimental procedure for these studies has al- 
ready been discussed elsewhere.'~* It consisted essenti- 
ally of the bombardment of stacked metal foils with 
beams of the desired particles. The foil stacks were 
thick enough to stop the most energetic product tritons 
The targets were water-cooled. The bombardment was 
followed by thermal extraction of the tritium produced 

* This work was done under the auspices of the U. S. Atomix 
Energy Commission. 

t Chemistry Department, University of Texas, Austin, Texas 

1W. H. Wade, J. Gonzalez-Vidal, R. A. Glass, and G. T. 
Seaborg, Phys. Rev. 107, 1311 (1957). 

2R. L. Wolfgang and W. F. Libby, Phys. Rev. 85, 437 (1952 


3L. A. Currie, W. F. Libby, and R. L. Wolfgang, Phys. Rev 
101, 1557 (1956). 


in the target. The tritium activity was measured with 
a proportional counter. 

For the helium ion bombardments, 1-mil foils of 
natural magnesium, aluminum, titanium, iron, nickel, 
copper, zinc, silver, cadmium, indium, tin, platinum, 
and lead were used. For cobalt and antimony, which are 
unavailable as foils, disks 100 mils thick were bom- 
barded. The same thicknesses and isotopic mixtures as 
above were used in the case of deuteron bombardments 
of aluminum, copper, zinc, silver, cadmium, tin, and 
lead. Five-mil foils of natural aluminum. copper, zinc, 
silver, cadmium, tin, and lead were employed for the 
proton bombardments. The metals were analyzed spec- 
troscopically for interfering impurities. The amounts 
of these were found to be negligible. 

As stated above, triton production by the three 
bombarding particles employed is quite general over 
the entire periodic table. For this reason, it was impos- 
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sible to vary the beam energy by placing degrading 
foils in front of the target without introducing an ex- 
traneous source of tritons. Thus, only maximum-energy 
beams were available to the foil stack (48-Mev helium 
ions, 24-Mev deuterons, and 32-Mev protons). 


RESULTS 


As mentioned in the experimental section, it was only 
possible; to use maximum-energy beams for the bom- 
bardments. This made it impossible to obtain true cross 
sections and, thus, true excitation functions since, as 
will be shown, tritons found in one foil of the stack 
may have originated in another one because of their 
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Fic. 2. (a) Apparent excitation function for the Al?’(d,t)AP* re- 
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Ag!®6, 108 reaction. 


long range. “Apparent” cross sections for each foil were 
calculated on the basis of thin-target approximations 
as if the beam were incident on each foil in which tritons 
were detected. Summation of these apparent cross sec- 
tions over total foil depth can be made to give the triton 
yield per incident bombarding particle. 

To avoid repetition, only a few representative graphs 
showing the variation of apparent cross section with 
target depths are shown (Figs. 1 to 3). Generally, there 
appear on the abscissa of each graph three markings, 
designated R, Q, and B. Point R indicates the end of 
the range of the incident beam, and B and (Q indicate 
the position at which the incoming beam has been 
degraded to its classical Coulomb-barrier energy and 


PRODUCING 


NUCLEAR REACTIONS 








Cross section, o (mb) 








nf A... pf 4. = 
100 200 300 400 500 600 700 800 


o 
T 


| / 


J BQR 3 
nF 
a SS 1 mM ath L 
° 


200 400 600 800 1000 1200 I400 i600 











Thickness (mg/cm?) 
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reaction. (b) Apparent excitation function for the Cu® ®(q,t)- 
Zn™. 6 reaction. (c) Apparent excitation function for the Au’?- 
(a,t)Hg™ reaction. 


an energy corresponding to the reaction threshold, 
respectively. 


(p,t) Cross Sections 


Figure 1 shows the variation of apparent cross section 
vs target thickness for (p,/) reaction in target elements 
in the light and heavy regions of the periodic table. 
The triton distributions are quite broad; all the tritium 
appears in foils where the beam energy is sufficiently 
high to surmount the Coulomb barrier and to satisfy 
the threshold requirements of the reaction. 


(d,t) Cross Sections 


Figure 2 represents the same type of curves for (d,/) 
reactions. Here, however, the triton distribution is, in 
general, somewhat narrower than in the previous case. 
Another new feature is that in some cases tritons appear 
after the beam no longer has enough energy to overcome 
the classical potential barrier or even after the beam 
has too little energy to provide for the Q of the reaction 


[Fig. 2(b)]. 
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TABLE I. Integrated cross sections for (p,t) reactions. 


Integrated cross 
section (mb) 


Tritons per 


Element incident proton 


AF" (3.55+0.36) X 10°® 1.54+0.16 
Cu (4.20+0.42) x 10-5 2.61+0.26 
Zn (3.25+0.33)X 10-5 2.21+0.22 
Ag (2.31+0.23) xX 10-5 1.83+0.18 
Cd (3.04+0.30) x 10-5 2.46+0.25 
Au? (4.03+0.40) x 10-5 4.11+0.41 
Pb (5.11+0.51)x10~5 5.28+0.53 
Th (7.3540.74) X 10-5 7.7340.77 
Us (6.50+0.65) x 10-5 6.91+0.69 


(a,f) Cross Sections 


The (a,/) case shows some very interesting features. 
From the shape of the apparent excitation functions, 
the periodic table can be divided into three regions. 
First, there is a light-element region [Fig. 3(a)] of 
which only two cases have been studied, magnesium 
and aluminum. Their excitation functions are character- 
ized by a peak occurring in foils in which the beam 
still has high energy and a long “tail” extending well 
beyond the point which the beam has been completely 
degraded. 

Second, there is a region of medium-weight elements 
[ Fig. 3(b)] extending from about titanium to the 
neighborhood of silver. The characteristic of this region 
is the appearance of two peaks, a first peak similar 
to that of the preceding region and a second peak 
which appears in foils that the beam has never reached. 

Figure 3(c) represents a typical case of the third 
region for a heavy nonfissionable element. Here only 
one peak is in evidence; it always appears at a target 
depth greater than the beam range. 

Since the minimum in the second region appears 
roughly in the middle of the stack of foils and since 
this place is the most likely to loose tritium by diffusion 
because of thermal effects during bombardment, it was 
thought necessary to make sure that heating was not 
the cause of the observed doubly peaked excitation 
functions. This was accomplished by bombarding a 
stack whose total thickness corresponded only to that 
of the minimum of the excitation function. If the mini- 
mum was not real, it should disappear under these 


Tas.e II. Integrated cross sections for (d,ft) reactions. 


Tritons per Integrated cross 


Element incident deuteron section (mb) 
Al? (7.2340.72)x 10-5 8.01+0.80 
Cu (5.83+0.58) x 10-5 10.52+1.05 
Zn (6.00+0.66) x 10~° 12.55+1.26 
Ag (1.97+0.20) x 10~5 4.65+0.47 
Cd (3.6540.37)x10~° 8.73+0.87 
Sn (6.35+0.64) 10° 15.68+ 1.60 
Au? (5.04+0.50) 10° 15.41+1.54 
Pb (7.10+0.71)*10~° 22.05+2.20 
Th (11.4 +1.10)x 10-5 36.9 +3.70 

6 30.9 +3.10 


us (9.45+0.95) X10 
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conditions. A typical result of these checks is repre- 
sented in Fig. 3(b) by the points enclosed in squares, 
As can be seen, this evidence confirms the reality of the 
minimum. 


Integrated Cross Sections 


The integrated cross sections in millibarns for (p,) 
and (d,/) reactions are shown in Tables I and II. These 
tables also show the yield of tritons per incident particle 
for all reactions studied. The integrated cross sections 
are plotted as functions of nuclear charge in Figs, 
4 and 5. 

Table III shows the same type of data for (a,f) re- 
actions. For this case, the apparent excitation functions 
from the first and second regions of the periodic table 
can be roughly analyzed into two components, a com- 
ponent corresponding to low-energy tritons, which will 
be later identified with tritons emerging through a com- 
pound nucleus mechanism, and a component corre- 
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Fic. 4. Integrated cross section in mb for the (),t) 
reaction vs atomic number Z. 


sponding to high-energy tritons, which will be identified 
with tritons produced by direct interactions. For the 
intermediate region, the resolution of the excitation 
functions was carried out by assuming the second peak 
to have the same shape as an average peak for 
the heavy region. This average peak was normalized, 
in peak height, to the observed second peak for the 
intermediate region. The shape of the first peak of the 
intermediate region was then obtained by subtraction 
of the forward part of this normalized peak from the 
excitation function. For the light region, the analysis 
was made by assuming the real shape of the peak to 
be symmetrical so that the high-energy component could 
bo obtained by subtraction from the total excitation 
function. The integrated cross sections associated with 
each of these components are tabulated in Table III 
and plotted in Fig. 6. In all the tables and corresponding 
graphs, previously reported values have been included 
for comparison.! 
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DISCUSSION 
Apparent Excitation Functions 
(a,t) Reactions 


The most striking result seen upon examination of 
the apparent cross sections for tritium production as 
a function of target thickness in the (a@,/) reaction is 
that most of the triton yield is found in foils that the 
beam does not reach. This observation can have only 
one interpretation: Tritons must be emitted in the 
forward direction with velocities comparable to those 
of the helium ions. The lower energy-degradation rate 
of the tritons causes them to travel farther than the 
helium ions and, hence, be deposited in foils that the 
latter cannot reach. 

However, in some regions of the periodic table at 
least, there is an appreciable contribution of low-energy 
tritons. The peak observed in the light-element region 
requires this interpretation since the peak occurs quite 


TABLE III. Integrated cross sections for the (a,t) reaction. 








Compound 





Tritons per nucleus Direct inter- 
incident helium Total cross cross sec- action cross 
Element ion section (mb) tion (mb) section (mb) 
Mg (3.35 +0.34) K1075 7.6640.77 4.05+0.41 3.61 +0.36 
Al? (7.04 +0.70) K10-5 14.40+1.4 6.22 +0.62 8.18+0.82 
Ti (3.74240.37) X10-§ 12.3341.2 tee tee 
Fe (2.28 +0.23) X10~6 8.21 +0.82 1.87 +0.19 6.34 40.63 
Co* (2.53 40.25) X10~5 8.98 +0.90 tee tee 
Ni (1.37 40.14) K10~* 5.32 +0.53 1.02 +0.10 4.30 +0.43 
Cu (2.56 +0.26) K10~5 9.574+0.96 1.57+0.16 8.00 +0.80 
Zn (1.85 +0.19) K1075 7.68 +0.77 tee tee 
Ag (1.92 +0.19) K10~5 9.62 +0.96 0.25 +0.03 9.37 +0.94 
Cd (0.99 +0.10) K107§ 5.31 +0.53 §.31+40.53 
In''6 (1.65 +0.17) X1075 8.40 +0.84 8.40 +0.84 
Sn (1.35 +0.14) K10~5 7.51+40.75 7.51+0.75 
Sb (1.86+0.19) K10°§ 10.03+1.0 10.03 +1.0 
Pt (1.68 +0.17) K10~5 11.48+1.1 11.48+1.1 
Au? (1.28 +0.13) X10~5 8.63 +0.86 8.63 +0.86 
Pb (1.12 40.11) K107§ 8.18 +0.82 8.18+0.82 
Th (1.56+0.16) KX10~5 =11.55+41.2 11.55+1.2 
Uss (1.23 +0.12) K10-5 9.26 +0.93 9.26 +0.93 


early in the foil stack, showing that the tritons stopping 
in this region did not have long ranges and, hence, must 
have had small energies. The most likely mechanism 
for the production of low-energy tritons is a compound- 
nucleus process. Such a mechanism should produce a 
predominance of tritons with energies in the neighbor- 
hood of their classical Coulomb barriers. 

Even though compound-nucleus tritons should be 
emitted roughly isotropically in the center-of-mass sys- 
tem, the velocity of the center of mass in the laboratory 
system is such that the tritons will tend to move, in 
general and especially in the light elements, in a forward 
direction. The loss of low-energy tritons at the front 
of the foil stack is estimated to be a small fraction of the 
compound-nucleus contribution and even a smaller part 
of the direct-interaction contribution. Of course, as the 
beam gets degraded, the forward component of velocity 
due to the motion of the center of mass becomes smaller, 
but by then the distance that the tritons have to travel 
to get out of the stack has increased, so the losses are 
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Fic. 5. Integrated cross section in mb for the (d,t) 
reaction vs atomic number Z. 


minimized. These effects can be seen qualitatively to 
tend to accumulate low-energy tritons at the beginning 
of the stack. The exact position of the low-energy peak 
will depend on the shape of the true excitation function, 
the triton energy spectrum, and the compound-nucleus 
differential cross section, all of which are unknown. 

It must also be noted that a great part of the reactions 
leading to the emission of tritons by a compound 
nucleus (especially at the beginning of the foil s‘ack) 
will leave the residual nucleus sufficiently excited to 
emit other particles and thus are actually (a,/x) 
reactions. 

The second peak of the intermediate region, the peak 
of the heavy-element region and the tail of the light- 
element region, all of which occur after the beam has 
been compietely degraded, must be produced by high- 
energy tritons and indicate a predominant direct-inter- 
action mechanism for the reaction. 
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The fact that production of tritons by the compound- 
nucleus mode is never large in comparison with that 
by direct interaction could perhaps be understood in 
terms of an unfavorable competition with neutron and 
proton evaporation. 


(p,t) and (d,t) Reactions 


The interpretation of the apparent excitation func- 
tions for (p,f) and (d,f) reactions is not as clear-cut as 
in the case of the (a@,/) reactions, because of the longer 
range of protons and deuterons in comparison with 
helium ions. 

All of the (,/) cross section occurs in foils in which 
the beam has enough energy left both to overcome the 
classical electrostatic barrier and to furnish the Q of 
the reaction. 

In the case of the (d,/) reaction there is, however, 
some evidence for high-energy tritons. For most cases, 
tritons are observed in foils in which the beam cannot 
overcome the Coulomb barrier. Furthermore, studies of 
(d,/) direct interactions are well known.‘ 


Integrated Cross Sections and Tritons Yields 
(p,t) Reactions 


Not many workers have studied (f,/) reactions in 
great detail. However, there seems to be good, if frag- 
mentary, evidence that at low Z the compound-nucleus 
mechanism plays a very important role in the produc- 
tion of tritium by proton bombardments. Cohen and 
Handley® studied (p,¢) reactions in a few light elements 
using proton energies ranging from 14 to 22 Mev. They 
concluded that direct-interaction processes, i.e., double 
pickup of two neutrons by the proton, were important 
only when the target element has two neutrons outside 
of a closed shell. Calculations from their data® of the 
inherent probability of triton emission, together with 
compound nucleus considerations shows this probability 
to be not much less than for the emission of protons 
and neutrons. 

Currie, Libby, and Wolfgang* studied (,/) reactions 
at much higher energies (450 and 2040 Mev) for a 
series of elements ranging from aluminum to lead. They 
found again that the compound-nucleus mechanism 
plays a significant part in the reaction. They were 
successful in showing that the experimental triton mul- 
tiplicities at 450 Mev follow roughly the theoretical 
compound-nucleus multiplicities from aluminum to iron 
but not beyond’; at 2040 Mev the disagreement starts 
at a lower Z. Beyond this last point of agreement, the 
cross section increases again, suggesting that a different 
mechanism takes over. 

Figure 4 shows the results of the present work for 
(p,t) reactions. The cross sections are expressed as 

4H. C. Newns, Proc. Roy. Soc. (London) A65, 916 (1952). 

2 L. Cohen and T. H. Handley, Phys. Rev. 93, 514 (1954). 


E. B. Paul and R. L. Clark, Can. J. Phys. 31, 267 (1953). 
K. J. LeCouteur, Proc. Phys. Soc. (London) A63, 259 (1950) 
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tritons per incident proton and are plotted against Z 
of the target material. The curve exhibits a behavior 
similar to that described by Currie ef al.’ at much higher 
energies. The shape of the curve could be interpreted 
then, as follows: The reaction proceeds by two contribut- 
ing mechanisms, compound-nucleus processes and direct 
interactions. Owing to Coulomb-barrier effects,’ the 
compound-nucleus processes can be expected to be 
relatively more important at low Z and to decrease 
in importance as Z increases. Then the relative im- 
portance of the direct-interaction processes increases 
and finally takes over. Direct interactions are considered 
to take place mostly on the rim of the nucleus.“ 
Therefore, the cross section for direct interactions could 
be expected to increase roughly as the nuclear radius, 
Accordingly, the expected shape of the integrated cross- 
section curve as a function of Z would be a decrease 
followed by a levelling off and, finally, an increase of 
the cross-section values. Such is the behavior observed. 
Kundu and Pool were able to explain satisfactorily 
the behavior of (¢,p) reactions by a double neutron 
stripping of the triton.” On the basis of the principle 
of detailed balance in nuclear reactions,‘ it would there- 
fore be expected that double pickup of two neutrons 
by a proton is an important component of the direct- 
interaction mechanism. If this is true, the neutron-to- 
proton ratio should be another important factor in 
determining the shape of the curve representing the 
(p,t) integrated cross section vs Z, since a greater abun- 
dance of neutrons on the nuclear surface should tend to 
make the pickup process more probable. 


(d,t) Reactions 


Deuteron induced reactions have been the subject of 
extensive theoretical treatments by Peaslee,'* Newns,' 
Butler,* and others. Experimental studies of the (d,/) 
reactions seem to indicate that for low Z and low bom- 
barding energy (<3 Mev), the bulk of the (d,é) reaction 


can be accounted for by compound-nucleus pro- 
cesses.'°-'? However, at higher energies the work of 


Vogelsang and McGruer'® shows that, at a bombarding 
energy of 14.8 Mev, direct-interaction processes are 
quite important for Na* and that the triton angular 
distributions of the reaction can be accounted for by 
Butler’s treatment. Wolfgang and Libby have demon- 
strated that in beryllium up to 7.7 Mev the probability 


8 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1957). 

9S. T. Butler and O. H. Hittmair, Nuclear Stripping Reactions 
(John Wiley & Sons, Inc., New York, 1957). 

1 A. B. Bathia, K. Huang, R. Huby, and H. C. Newns, Phil 
Mag. 43, 485 (1952). 

11S. T. Butler, Phys. Rev. 106, 272 (1957). 

2D. N. Kundu and M. L. Pool, Phys. Rev. 73, 22 (1948). 

3 T). C. Peaslee, Phys. Rev. 74, 1001 (1948). 

4S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 

18 W. F. Vogelsang and J. N. McGruer, Phys. Rev. 109, 1663 
(1958). 

16 J. B. Marion and G. Weber, Phys. Rev. 102, 1355 (1956). 

17 T, Resnick and S. S. Hanna, Phys. Rev. 82, 463 (1951). 
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URVEY OF T- 


for the (d,/) reaction is comparable with the probabilities 
for the (d,p) and (d,e) reactions and as large asthat 
for (dz) reactions.? Harvey studied (d,t) reactions in 
Au’? and found evidence for the direct-interaction 
mechanism.'* Butler® and Newns" consider that (d,f) 
reactions, when proceeding by a direct-interaction 
mechanism do so by a pick-up process. 

It could be expected, then, that since the same factors 
involving the compound-nucleus and direct-interaction 
processes are present in the (d,t) and (f,/) reactions, 
the shape of the cross-section curves vs nuclear charge 
should closely resemble one another. This is shown in 
Figs. 4 and 5. This similarity in shape points towards 
similarly shaped true excitation functions. Furthermore, 
since a single pickup should be easier than a double 
pickup, the cross section for (d,/) reactions should be 
greater than the cross section for (p,/) reactions, as is 
the case in this work. 


(a,t) Reactions 


From the evidence given previously in the section 
dealing with the apparent excitation functions for (a,f) 
reactions, it is known that, at low Z, compound-nuclear 
processes seem to play an important part in contributing 
to the total (a,/) cross section. 

The (a,/) integrated cross section as a function of Z 
is plotted in Fig. 6, which also breaks the data into 
compound- and noncompound-nucleus contributions. 
The compound-nucleus part can be seen to decrease 
rapidly with Z as expected from compound-nucleus 
theory.* The noncompound-nucleus part seems to re- 
main roughly constant throughout the periodic table, 
showing, perhaps, a slightly increasing trend. The fact 
that no final rise in the integrated cross-section curve 
is shown as for (p,/) and (d,/) reactions is not surprising, 
since the mechanism for the direct-interaction com- 
ponent of the reaction and the electrostatic dependence 
are quite different. Consequently, the shapes of the true 
excitation functions of the (a,/) reaction can be expected 
to differ substantially from those of the (p,/) and (d,/) 
reactions. 

In several regions (magnesium to aluminum, iron to 
zinc, and silver to antimony) of the (a,/) probability 
curve where it was possible to obtain metal foils of 
consecutive Z, odd-even Z effects were noticed. The 
cross sections for the odd-Z isotopes are, in general, 


18 J. A. Harvey, Can. J. Phys. 31, 278 (1953). 
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higher than for the even-Z ones. This phenomenon may 
be connected with the extra pairing energy in the cap- 
ture of a proton by an odd-Z nucleus. 

It must also be realized that when isotopic mixtures 
were used as targets, it is not at all evident that all 
isotopes of a given element contribute equally to the 
reaction. Quite the opposite, there is evidence that dif- 
ferent isotopes contribute in vastly different amounts 
to the over-all cross section.'® 

At least two direct-interaction processes seem possible 
for the (a,/) reaction. One is a knock-on reaction, the 
other a stripping process. For the heavy elements, (a,/) 
cross sections are larger than (a@,p) cross sections.”?! 
The (a,p) reaction is usually thought of as a knock-on 
reaction.**-* In which case, if the (a,/) is also a knock-on 
reaction, its cross section should be smaller than the 
(a,p) cross section, because the configuration x-p for 
the target nucleus should be more probable than a y-/ 
configuration in the heavy-element region. Therefore, it 
would appear that in the heavy-element region the 
direct-interaction component of the (a,/) reaction is 
mainly the stripping of one proton from the helium 
ion. However, in the light-element region the situation 
is more complicated. Here, in certain cases where the 
triton reduced widths are quite appreciable, as in some 
odd Z isotopes, a knock-on mechanism may be an im- 
portant contributor to the direct-interaction part of the 
process. These considerations seem to be in line with 
the observed odd-even Z effect of the integrated cross 
sections. 

A study of the differential cross section of the (a,/) 
reaction in several elements will be published shortly.” 
The mechanism of the reaction will be discussed there 
in greater detail. 
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Assuming the stripping process to take place mainly at the nuclear surface, expressions are derived for 
the differential cross sections for the processes in which one, two, or three nucleons are stripped from an 
incident «@ particle by the target nucleus. Comparison between the derived formulas and experimental data 
was carried out for the (He?,p) and (a,p) reactions and shows fairly good agreement. 


INTRODUCTION 


ECENT experimental work with projectiles heavier 
than deuterons seems to indicate that stripping 
mechanism plays an important role in the rearrange- 
ment reactions caused by these projectiles. The recent 
experimental work on (a,f),'! (He’,p),? (a,d),° (a,p),* 
and (a,n)® are examples of heavy projectile reactions 
in which the angular distribution of the outgoing 
particles in each case shows strong similarity to the 
patterns produced by the usual theories of deuteron 
stripping.® 
The theory of the two-nucleon stripping process’: 
was discussed previously and fairly good agreement 
with experiment was obtained, which may suggest that 
reactions such as (He’,p) and (a,d) could contain large 
contributions from the stripping mechanism. 
In the present work the stripping of one, two, or 
three nucleons from an a particle is considered. The 


* This research was supported by the Office of Ordnance 
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first Born approximation method is used for the calcu- 
lation of the stripping differential cross section, together 
with the surface stripping assumption introduced first 
by Bhatia ef al.6 Assuming the stripping process to 
take place at the nuclear surface, the radial coordinates 
of the captured particles may be put equal to the 
nuclear radius in the integrand of the stripping matrix 
element.’ This assumption is justified by the agreement 
between experimental data and the theoretical formulas 
for the deuteron stripping,® and also for the stripping 
of He’ and a particles as will be shown later, in the 
present work. 

For the purposes of simplification, the Coulomb 
effects of the interacting particles will be neglected, 
and also the nuclear interaction between the outgoing 
particles and the residual nucleus will not be taken into 
account. The derived formulas will hence be considered 
applicable when the energies of the incident particles 
are well above the Coulomb barrier. 

The (a,f) reaction is considered in Sec. I and an 
expression is derived for the differential cross section. 
In Sec. II, the two-nucleon stripping from an a particle 
is derived by making the surface stripping assumption 
and the derived expression is compared with the 
corresponding formula derived before. This may show 
the actual effect of the interaction potential on the 
form of the differential cross section. In Sec. III, an 
expression is derived for the differential cross section 
for the process (a,p) in which three nucleons are 
stripped from the incident a@ particle, using the surface 
stripping assumption. Section IV contains a discussion 
of the derived formulas and comparison with experi- 
mental data. 

In Appendix I, a general expression is given for the 
differential cross section of the stripping process of an 
incident @ particle, in terms of the spatial scattering 
amplitude, taking into account the spins of the inter- 
acting particles. 

In Appendix II, 
the previously derived expression for the two-nucleon 


a discussion is included concerning 
— process. 


* In the work of Bhatia et al. on the stripping of deuterons, this 
replacement was done only in the factors of the integrand which 
represent the incident wave. This partial replacement is aiso used 
in Sec. I of the present work, while complete replacement is 


adopted in Secs. II and IIT. 
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SINGLE AND 


II. (a,t) REACTION 
The differential cross section for the i(a,/) f stripping 
reaction, according to the first Born approximation, 
may be written as 
MAM .* k; 


| 





do=—— |I}?), (1) 
4rht k, 
where 
M *= [M.M f/ (M.4+M;) |, 
M.*=(M.Mi/(M.4+M.,)], 
ka= (2M ,*E,)'/h, 
and 


ki= (2M *E,)'/h; 


E, and £; are the energies of the incident and outgoing 
particles. The quantity (| /|*) is formed from the matrix 
element 


I= [verb exp[ —ik,- ry ]o*(r:) V (1p, Ey (E) 
Xexplike:tale(raldédr, (2) 


by taking the square of its amplitude, then averaging 
over spin projections in the initial state and summing 
over spin projections in the final state, i.e., 


1 
(7\*)= en dj ) ly |? 
[2J (i)+1] miu s) mle 
In Eq. (2) re=m—(M,/My)rp; o(r:) and ¢(ra) 
represent the internal wave functions of the triton and 
a particle, respectively; & represents the collective 
coordinates of the target nucleus 7; and 


d-e= dt n(1)dT p(1)dTp (2)d%p 


[See Fig. 1(a).] 

The process of capture of the proton p from the 
incident @ particle will be assumed to take place close 
to the surface of the target nucleus, whose radius is 
denoted by R. This assumption implies that the major 
contribution to the integral in Eq. (2) comes from a 
small range of r, close to R, and so in the factors of 
the integrand which represent the incident wave, one 
may replace r,=(rpOp,¢p) by R=(R,),¢,) and 
obtain 


I= f expl—iherelot(ro(rR) 
Xexp[ik.: (R+3r,)/4 } 
x | fore V (rp, )Wi(E)r 2dr dé | 


Xdrncydtayydtpay. (3) 
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The expression in brackets in (3) is a function of the 
angular coordinates of » and may be expanded as 
follows: 


— 


4 * 
> A i pym(p) ! up)? (Qs) ? 
l(p) m( p 


where 


A 1p) m(p) 


i { V/*(ty8) V (tp EWi(E) Vi ™™” pdt dé. (4) 
Using this expansion, Eq. (3) becomes 


j= & 


Angymcn  expl—ike re ]e* eR) 
l( p)m(p) . 
Xexp[ika: (31% +R)/4]Vicpy™(Qyp)*dQ, 
X dr pdt yd nc. (S) 


Introducing the coordinate o defined by r;=R+o, the 

exponent of the integrand of (5) becomes 

Rg —_ tka: (3r,+R) 4—ik,-[r.—- (M, M;R] 
=iQ-R—iK-o, (6) 

where Q=k.— (M,/M,)k,, K=k.—2ka. 


The Gaussian form will now be assumed for the 





Fic. 1. The stripping of « particles by target nuclei: Figure 1 (a) 
shows the single-particle stripping, where the particle p is cap- 
tured, and the Hi particle is going out. In 1(b) the deuteron gs 
is going out while the nucleons p and n are captured. Similarly 
1(c) shows the three-particle stripping, where p(2) is the only 
outgoing particle. The symbols m, m2, p1, 2 in the figure appear 
in the text as (1), (2), p(1), (2), respectively. 








internal wave functions of the @ and ¢ particles, i.e., 


o(r:)=Ne expl—y? D 1:77] 


iXx~)j 
=N exp[—y2(2w+ 30") ], (7) 


where “=fop(1), V=fnciyncz) [see Fig. 1(a)], and the 
normalization constant NV,.= (24v3/2")y,°. Also 


¢(ra)= Nai exp[ —ya?(8u?/3+ 20°+ 3p’) |, (8) 


where the normalization constant V.= (1024v2/z°)y,.. 

Using Eqs. (6), (7), and (8), the integral in Eq. (5) 
is divided into four separate integrals over dQ), do, 
du, and dv. Carrying out these integrations with 


feevinm”@,)tda, 
= 41 PT 4a (21(p) +1) }8j icp) (QR)4mcp),0, 


ni} kK? 
f exp[ —iK- 9— 3.29" }dpe=——— exp| - | 
1 


VSYa" aya" 


one gets 


K? 
[= T exp| -——| > i A xp)t! p) 


127.” U(p) 
X[21(p) +1 ]4 jr» (QR), (9) 


where the constant factor T=7.6725/y/y,3"/(y2 
+iy?). 

The values of y. and y; may be taken as 1/ya= 1/7; 
=4.510-" cm. as this is found to give reasonable 
values for the binding energies of the a particle and 
the triton.” In Eq. (13) the spherical Bessel function 
jt») (QR) is related to the standard notation" F),,)(QR) 


used in the literature by 
jp (OR) =F vp) (OR)/OR. 
From Eqs. (A7) and (13) one gets 


MAM,* k, (2J(f)4+1)?° 


acre ore > > 


4h k, 202) (i)+1] 


Kk? 
xexp| -—| LX Au jun*(QR), 
67.75 U(r) 


MFM,* k, (2) (f)+1)P? 


“4h ke 22 (i) +1] 


K2 
xexp| — ¥ Anup ?Fup2(OR)/C2R2, (10) 


Oya" l(p) 


for the differential cross section for the (a,/) stripping 
0 J. Irving, Phil. Mag. 42, 338 (1951); T. Muto and T. Sebe, 
Progr. Theoret. Phys. (Kyoto) 18, 621 (1957). 

G. Breit, reference 6, p. 338. 
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reaction. A formula similar to (10) was used by Holm- 
gren ef al.” for the interpretation of their data on 
C(He*,a)C”. Equation (15) is also similar to that of 
deuteron stripping, which was found to represent 
Yntema’s results' on the (a,/) reaction fairly well. 
Equation (4) for the factor A implies the following 
selection rule: 
J(f)=J(i)+1(p) +4, 

together with the parity conservation rule. 

III. TWO-NUCLEON STRIPPING 


In this section the process in which two nucleons are 
captured from the incident a particle will be considered. 
The (a,d) stripping reaction was studied before,* and it 
will be seen that the present result, derived on the 
basis of the surface stripping assumption (or approxi- 
mation), will be quite comparable with the previous 
one. The matrix element may be written in this case 


as [see Fig. 1(b) ]. 
[= f aryaeadts ¢(ra) 


Xexp[l—ika-ra lWys* (Erptn) VatV >) 
Xexplika-tale(raWi(E)dE, (11) 
where rv =ra—[(M,+M ,)/M, JR, where 
R=}(r.+rp). 


Introducing now the surface stripping approximation, 
one may replace rp=(rp,0p,¢p) and ra=(Tn,On,¢n) by 
R,,= (Ro,8p,¢p) and R,=(Ro,8n,¢n) in the integrand of 
(11), which may then be written as 


I= f died, exp[ —ika-ra ]¢(ra) ¢(ra) 


XexpLik.: (R,+R,+2r.)/4 | 


| f vs" ERR.) (Vat Ve vs(Edk (12) 


The expression in the brackets of (12) is a function 
of the angular coordinates and may be expanded as 
> im Arficmtcp) (Ro) Yi" (Q)*, where Q is the angular 
coordinates of the center of mass of the captured 
particles p and n; 


Lip) Un) L 
a 
m(p)min)\m(p) m(n) M 


V icp)” (Op¢p) V cny™ n (OnGn), 


¥,™(Q)= 


where the bracket symbol on the right-hand side 
denotes the Wigner vecior-addition coefficient." 


2 Holmgren et al., reference 2 
‘3G. Breit, reference 6, p. 115 
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SINGLE AND MULTIPLE 
The internal wave functions of both the a particle 
and deuteron will also be approximated here by the 


Gaussian form. Hence 
o(re) = Nad expl—7? E riz, 
i<j 
where 7;; is the distance between the two particles 7 
and j, and summation extends over i and j from 1 to 


4 with the condition that i< 7. Adopting the notation 
[see Fig. 1(b) ] w=rpn, v=1qs, and p=ry,, one gets 


4 
p "i= 


wy 


2u*+2v?-+-4 0". (13) 


The exponent in the integrand of Eq. 
written as 


ika: (R,+R,+ 2r,) ‘4—tka- te = iQ- R—iK-o, (14) 


where Q=k.—(M;/M,)ka and K=ka—}k.. To carry 
out the integration in (12), using (13) and (14) one 


(12) may be 


-may effect a coordinate transformation from rp-r, and 


to o, R, u, and v. 


ry (i.e., 7. and 7r;) 
becomes!4 


The integral (12) 


l=Sim Ax func (Re) { dedudvdR 


Xexp[iQ-R—iK- o— y.2(2u?+ 20?+-4p*) 


—yav? |V.™ (Q)* 
=T exp[— K?/16y7.7 
X¥Er Avi*#(2L+1)!F ,(QRo)/ORo. (15) 


Squaring (15) and employing Eq. (A7) one gets for 
the differential cross section for the (a@,d) stripping 
reaction 


MaM,* kal 2J(f) +1)? 
4rh* k, 3[2I(i)+1] 
Xexp[— K?/8y.?] 2 AF (QRo)/@Re’, (16) 
L 





do= 


where 
1 6R,? (1ya*ya*)? 


3(1+-ya?/27")! 





ficnytcp (Ro). 


A similar procedure for (He*,p) using the surface 
reaction approximation leads to the following ex- 





“In deriving the result (15), the spherical Bessel function 
ju(QR)=F 1(QR)/QOR, being a slowly varying function of R, is 
_ outside the integral over R at the value R= Rp (see reference 

17). For more accurate calculations one may replace F',(QRo)/QRo 
in Eq. (15) by (3/QRo') fo®e Fi (QR)RdR. The spherical Bessel 
function F , (ORo), ‘Ro, for a given L, could be expressed in terms 
of trigonometric functions and the integral be easily evaluated. 
This applies also to similar formulae in Secs. II, III, and reference 
8. Adopting this approximation, the multiple stripping formulas 
would look similar to those of lump stripping discussed in Ap 
pendix IIT. 
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° 
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Fic. 2. Comparison between the form factors of the two- 


nucleon stripping formulas, (1) [2 exp(—K?/32y*)+exp(—K?2/ 
87?) P, (2) exp(—K?/1672), and (3) exp(—K?/4,2) based on the 


surface reaction assumption. 
pression for the differential cross section: 
My*M* ky (2J(f) +17? 
42h ky, 202 (i) +1] 
R2 





do= 





xen] —— |= AF 2(QRo)/QRé, (17) 


where 


T = (0.832? Ro®/n°) ficnyicp (Ro), 
Q=k,-— (M;/M,)kp, K=k,—}k,. 


Equations (16) and (17) are similar to the corre- 
sponding expressions derived in reference 8, except for 
a slight difference in the value of the form factor. This 
difference may be largely due to the special form of the 
interaction potential (the delta-function form) intro- 
duced in the earlier work. To get an estimate of this 
difference, Eq. (17) may be compared with the corre- 
sponding previous expressions*® 


do™{2 exp[— K*/32y,? ]+exp[— K?/8y,2 ]} 


XLr |Axr|*F2(QRo)/PRe’, (18) 
or simply (see Appendix IT below) 
do~~exp[ — K?/16y,?] 1 |Ax|*F2(QRo)/GRe. (19) 


Figure 2 shows a plot for the form factors of Eqs. (17), 
(18), and (19) for the reaction Be*(He*,p)B" for the 
first excited state protons and for E,=4.5 Mev (See 
Fig. 4). While a slight difference is observed between 
the form factors of Eqs. (18) and (19), the form factor 
of Eq. (17) decreases more rapidly at large (backward) 
angles. Taking into account the fact that the stripping 
contributions are mostly peaked in the forward angles 
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(due to the behavior of the function Fz(VRo)/QRo 
especially for small values of L) the difference might be 
relatively small. 

The form factors for the (a,d) reaction corresponding 
to (18) and (19) are!® [4.6 exp(— K?/48y7.”)+exp(— K° 
16y.”) ? and exp[— K?/24y,’]. 

The allowed values of L may be deduced from the 
matrix element giving the value of the expansion 
coefficient A z, i.e., 


J(f)=J()+1L4+}+4+3, 


together with the conservation of parity rule which 
requires |L! to be even or odd according as the parity 
of the final state f is the same or different from that 
of the initial state 7. 


III. THREE-NUCLEON STRIPPING 


For definiteness the (a,p) reaction will be considered 
where three nucleons are captured by the target 
nucleus.'® The matrix element for such a reaction, 
adopting the first Born approximation, runs as [see 
Fig. 1(c) | 


[= { AF p(1ydF p(x) dE n (1) dE (2d E 


Xexpl—ikp-rp W,*( Er p(y ln(ylnc2) ) 


XVaatVawtV pay) explika:ta ]o(raWi(E). (20) 

The point s in Fig. 1(c) represents the center of mass 
of the three particles p(1), 2(1), and n(2) captured by 
the target nucleus. The internal wave function of the 
a particle may be written as 


¢(ra)= Na) expl—ya?(8u?/3+ 20° + 3p?) J, 


where 4#=fqn(2)) V=f%pu)n),) P=fep(2), and Na is a 
normalization constant whose value is given before 


[See Eq. (8) ]. The exponent of the integrand in (20) is 


v= —ik,-ry +ika: (tpc2)+3R)/4 


, Moayt+MawtMae 
== iy: (ry) neater R) 
M, 


+ik,: (Tp » +3R 4 
=iQ-R—iK-o, (21 


where Q=k,—(M,/M,)k,, K=k,—}k,, and R is the 
radius vector defining the center of mass ‘‘s” of the 
three captured particles. 

According to the surface reaction assumption the 
coordinates faci), Fp), and fp) may be replaced by 


'®Tn calculating the factor 4.6, account is taken of the fact, 
pointed out in footnote 7 in reference 8, that the ratio between 
the effective interaction between p and d to that between / and 
n is 1.5. 

16 J. Sawicki, Nuclear Phys. 6, 575 (1958); G. R 
Phys. 3, 275 (1958). 


Satchler, Ann 
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Riv, Rpcy, and Ry, and one has, for the 
over & in (20), 


integral 


fv r*( ERp, KR, 1,Rnz) ( Vnut Vnet V py Wie(E)dE 


=P Axcfitaaitpmittncy) (Ro) Vi (Q)*, 
LM 


(22) 


where {2 in (22) represents the angular coordinates of 
the vector R. Changing now the coordinates in (20) 
from pci), Fpc2), nc) ANd Fac) to u, Vv, o, and R, and 
using (22) one gets" 


I=T exp[ — K?/12y.7 ] 
X>do 1 Ari*(2L+1)!F 1(ORo)/QRo, (23) 
where 


T = (64(29)*/3 J R°f ttncyyetpcyietnc) (Ro). 


Squaring the expression (23) and using (A7) one gets 
for the differential cross section 


M,*M,* k,(2J(f)+1]T? 
da - 


4r?h* ky 22S (i)+1] 


Xexp[— K2/6ya2] Ep AF 2(ORv)/ORe. (24) 


rom the value of the expansion factor A, as given 
by Eq. (22), one gets the following selection rule 


J(f)=J(i)+L4+44+44}, 


(25 


together with conservation of parity rule which gives 
another restriction to the allowed values of L. 


IV. DISCUSSION 


Comparing Eqs. (10), (16), and (24) one observes 
the similarity between the expressions for the dif- 
ferential cross section for the three different stripping 
processes for the a particle. When a single nucleon is 
stripped from the projectile and is being captured into 
a specified nuclear level with a given value / of the 
orbital angular momentum, then one generally gets 
for the differential cross section a single term, 


doexp[ — K?/6ya2 JF 2(ORo)/Re. (26) 


On the other hand, when two nucleons are stripped 
from the projectile and are captured into two levels 
with orbital angular momenta /(1) and /(2), then one 
has, according to (16), 


doexp[ — K? Sy." yo A LF 1*(QRo) Ro, (27) 


where now a summation over L is implied over the 
values from /(1)—1(2) to 1(1)+/(2). The coefficient 
A, in (27) gives the probability amplitude that the 
final nucleus is composed of a core with angular mo- 
mentum J; and a proton-neutron system with total 
angular momentum L. All terms with different L have 
to be added, unless forbidden by parity conservation 
or by other selection rules as those implied by the 
collective properties of some nuclei.** 
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Similarly, when three nucleons are stripped from a 
given projectile and captured into the individual levels 
I(1), (2) and (3), one gets Eq. (24) which contains the 
same sum shown in (27). The orbital angular mo- 
mentum quantum number Z can take all values implied 
by the relation L=1(1)+1(2)+1(3). 

Thus when fitting is achieved by some values of L, 
one may perhaps be able to determine the values of the 
orbital angular momenta of the single-particle /(7)’s. 
On the other hand, one may also be able to determine 
the parity of the final state when the parity of the 
initial state and the even or odd character of L (obtained 
by fitting the experimental data) are known. 

Considering the formulas given in Sec. II, one may 
notice that if the experimental data are peaked in the 
forward direction (i.e., at small forward angles), then 
the difference between the formula derived here and 
that derived before* (see Appendix IT) is not large. If, 
on the other hand, experimental data show sizeable 
contribution at intermediate angles, in addition to the 
forward angle contribution, then although fitting could 
be obtained, the values of the factor A, for the large 
angles may be different in both cases. Fitting and also 
the values of the quantum numbers J will not, in 
general, be affected by this difference. 

In Appendix III the differential cross sections for 
(a,d) and (a,p) stripping processes are given for the 
cases when the captured particles are complex, i.e., a 
deuteron and a triton, respectively. Apart from the 
possible change in the corresponding values of the 
constant “y, these formulas have the same form as those 
derived above. Hence one may deduce that in the 
present approximate treatment, using the first Born 
approximation method, both mechanisms give rise to 
similar results. 

However, in the above formulas, one has to sum over 


30 


20 


Differential Cross Section (mb/ster.) 








80 
6 (c.m.) 


Fic. 3. The differential cross section of the second excited state 
protons in the center-of-mass system as a function of angle at the 
energy 3.75 Mev for C®(He?,p)N™ [R. S. Johnston et al. Phys. 
Rey. 109, 884 (1958) ]. The solid curve is derived from Eq. (17) 
as do = [exp (— K2/4y?) ](54.95F 2+57.0F 2)/@R.?. 
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Fic. 4. The center-of-mass differential cross sections for the 
ground, first and second excited state proton groups from the 
Be®(He?,p)B" reaction as a function of center-of-mass angle at 
4.5 Mev incident He* energy. The experimental points are those 
of E. A. Wolicki et al., Phys. Rev. 116, 1585 (1959). The solid 
lines represent the theoretical formulas (29), (30), and (31) given 
in the text. 


all possible values of Z, while in the latter picture one 
value of LZ is only required. Moreover, for the (a,p) 
reaction the selection rule in the latter, complex particle 
capture, is 


J(f)=IJ(i)+1L4}, (28) 


as compared with the selection rule (25) given above. 

The selection rule (28) is the same as that implied 
by the direct knockout process as developed by Austern, 
Butler, and McManus," which was used by Herrmann 
and Pieper‘ for the interpretation of their data on the 
(a,p) reactions. Satisfactory fit was not obtained for 
all cases considered. Since the selection rule (28) allows 
only some of the values implied by the rule (25), it is 
clear that better fitting could be obtained when using 
the latter. Moreover, the cases for which better fitting 
is obtained by (25) may favor the mechanism of three- 
nucleon stripping over the H* capture from the incident 
a particle. 

Figures 3 and 4 show a comparison between the 
theoretical formula (17) and some of the recent experi- 


17N. Austern, S. T. Butler, and H. McManus, Phys. Rev. 92, 
350 (1953). 
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Fic. 5. Angular distribution in the c.m. system of protons from 
the ground-state transition in B"(a,p)C" at alpha-particle energies 
of 4.9 and 7.0 Mev, respectively. The experimental points are 
those of P. von Herrmann and G. F. Pieper [Phys. Rev. 105, 1556 
(1957) ]. The solid lines are representations of Eqs. (33) and (34) 
in the text. 


mental observations.’ For the reaction C”(He*,p)N'4 
shown in Fig. 3, the selection rule may be written as 
I1+=0++L+43+4, which suggests that LZ should be 0 
or 2. The solid line in Fig. 3 represents do= exp(— K” 
4y") (54.95F ?+57.0F.”)/0?Ro? where Ro was taken as 
6.0 10-8 cm. 

Figure 4 shows similar calculations for the reaction 
Be’ (He',p)B", for the ground, first, and second excited 
state protons. The selection rules and allowed values 
of L for these states run respectively as follows'*: 


i , 1 
—=—+L+-+-, therefore L=0 or 2 
s 2 2 
(ground state) ; 
a x 1 
=—+L+-+-, therefore L=0 or 2 
2 22 
(first excited state) ; 
, i 
—=—+L+-+-, therefore L=2or4 
a 3 2 2 
(second excited state). 
18 F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
(1959). 


L 
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Fitting the experimental data for the first two levels 
was achieved by the following values: 
do =0.69+ [exp(— K?/ 47") ][3.68F ?(QRo)/Q@*Re*], (29 
where Ro=6.0X10-" cm and 0.69 represents the iso- 
tropic contribution due to the compound nucleus 
formation ; and 
[exp(— K?/4y") J[5.61F ? (QR) 

+57.88F 7(OR») | OPRe’, 


da 
(30) 


with Ro=6.0X 10- cm. 
For the second excited state protons, the solid line 
in Fig. 4+ represents the relation 


do (31) 


0.54+ exp(— K?/472)[10.17F2(QORv)/O’RE], 


with Rop=7.4X10-" cm. The value 0.54 represents also 
the contribution due to compound nucleus formation. 
Che dotted line together with the solid line for angles 
greater than 50°, for the second excited state, represent 


0.54+ Lexp(— K?/4y*) ][1.74F ? (QRo) 
- 10.17F 2 (QRo) | PR’, 


do= 


(32) 


which shows better fitting than Eq. (31) alone. This 
better fitting with L=O and 2 suggests that the spin 


of the second excited state of B" may be 3~ rather than 


5 


Figure 5 shows the angular distribution in the center- 
of-mass system of protons from the ground-state tran- 
sition in B'"(a,p)C at alpha-particle energy (lab. 
system) of 4.9 and 7.0 Mev, respectively. The experi- 
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Fic. 6. Angular distribution in the c.m. system of protons from 
the ground-state transition in P#(a,p)S* at alpha-particle 
energies (lab. system) of 7.0 Mev. The experimental points are 
those of P. von Herrmann and G. F. Pieper EPhys. Rev. 105, 1556 
(1957)]. The solid line is a representation of the theoretical 
formula (35) given in the text. 
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mental points are those of von Herrmann and Pieper.‘ From this comparison one observes a general agree- 
The selection rule for this case is ment between the formulas derived above and the 
experimental data considered. 


Ie Y 28 
-=3++L+-+-+., 
2 733 
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+28640F;7)/C?Re’, (33) 


suggesting that LZ could be 1, 3, or 5. Fitting of the 
experimental data for the 4.9 and 7.0 Mev is given, 
respectively, by 


APPENDIX I 
and 


do=[exp(— K2/6y2) ][949F 2+ 4026F 2 It is rage in a given nuclear reaction the 
A TREO a particle is decomposed into two particles c and a, 

+20670F )/QRe?. (34) where the first particle (which may be one or more 

The value of Ry was taken as 3.9X10-" cm in both nucleons) is captured by the target nucleus 7 and the 
cases. second, a, is the outgoing particle. Assuming ¢ to 
Similarly one sees in Fig. 6 the angular distribution represent a spin wave function, one may write the spin 


in the center-of-mass system of protons from the wave function of thea particle as 





ground-state transition‘ in P*(a,p)S* at alpha-particle : 
energy 7.0 Mev (lab. system). The selection rule c a O 
vom Z,( )e-t(e9009(a) 
1* L. @.4 we)w(a) \(c) pla) O 
-=0++L+-+-+-., 
2 aa228 (— )eta(a) 
as oe =2, — ga“ (c) pat (a). (Al) 

suggests that L=O or 2. Fitting, which is represented ua) (2a+1)! 


by the solid line in Fig. 6, was obtained by 

do= 48-+[exp(—K2/6y°)] Let era" and ern bis the spin wave functions 
of the initial and final nuclei and L be the orbital angular 

momentum vector of the captured particle c; then in 

where Ry=7.6X10-% cm. The value 48 on the right- the usual approximation for such problems, the com- 

hand side represents the isotropic contribution arising plete wave function of the residual nucleus may be 


X (1000F 2+ 2270F22)/Q2Rz, (35) 


from the compound nucleus mechanism. written as 
7G) =e s s £L FU ' 
gs* (Ee) a ee i)u(ec),m(s)M ( = : )( . : Jena(éon L™ (Q) oa iy" (&) GorB& (c), (A2) 
pli) plc) p(s)7 \p(s) M w(f) 


where ¢yz,(éc) is the radial wave function of the final nucleus. The matrix element for the (a,a) reaction may be 
written as 


sail J eine (Ec)* exp[—ika- ta }e(a)* ea"? V (Ee) 95" (E) (a) expLika-ta ld, (A3) 


where g(a) and g(a) are the internal wave functions of the outgoing (a) and incident (a) particle. Substituting 
from (A1) and (A2) into (A3) one gets 


. + ———(" a’ s )( : + ”) 
~— LeMute) (2a’+1)9 Ai’) —p(a’) w(s)7 \u(s) M u(f) 
x f enti" exp[—ika: ra |¥2™ (Q)* 9(a)*V (Ee) gj)" (&) op (a) exp[tka-Ta dt 


(—)o’+a(o’) J (1’) a’ Ss RY Z J(f) 
: —( )( )rcjtsm) (A4) 
LeMu(s) (2a’+1)# \y(i’) —pla’) w(s)7 \u(s) M_ p(f) 
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The differential cross section for the stripping process 
(a,a) may now be written as 


1 ka 
do =——-M ,*M,*—{|1\?); 
4h ka 


(A5) 


M*, k represent the reduced mass and wave propa- 
gation vector of the corresponding particle, and (|/|*) 
represents the stripping amplitude averaged over spin 
projections in the initial state and summed over spin 
projections in the final state, i.e., 


1 
(\Z|)}=————-  5_—s|M |. (A6) 
[2J(i)+1] uli’) wa’) u(s) 
From (A4) and (A6) one gets 
2I(f)+1 
(| T|?) ——_———— — —I?(fLsM). (A7) 


~ P27 (@) +1] (Qa’ +1) tow 20-41 


I(f{LsM) is the amplitude calculated when spin wave 
functions are not taken into account. One observes 
from this consideration that in the stripping of a 
particles, the spin wave functions simply introduce a 
constant factor and thus do not affect the angular 
distribution. 


APPENDIX II 


In this Appendix some remarks will be mentioned 
about the scattering amplitude given before® for the 
two-nucleon stripping reaction. The notation and 
argument of Gerjuoy'® and reference 8 will be adopted. 
The total Hamiltonian for the (a,d) reaction may be 
written as 


H= Tat Tt Tt Vat V >t Vn 


+VaptVaptVan, (A8) 

and the complete wave function ¥ satisfies 
(H—E)¥=0. (A9) 

A solution of (A9) was written in the form 
V=Yo—G(VatVnatVpatVnp)¥,  (A10) 


where (Tg+7Tnt7p+VintV,—E)¥o=0, and G is the 
outgoing Green’s function 


‘/ , / 
G(fa,¥a 3 Tnjln 3 ¥pTp ) 


=>) g(E—A) G(Fn,FpA)E(En Kp ,)A*. (A11) 


The wave functions ¢(A) form the complete set of 
eigenfunctions of the neutrons and protons in the field 
of the initial nucleus, 


(TatT pt VintVp—A) ¢(fpFnA) =. 


The choice of the solution (A10) was done so that one 
may use the independent-particle wave function repre- 
sentation for ¢(fp,TnA). 


(A12) 
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However, one may consider the following solution 
in which the interaction V,, between the captured 
proton and neutron is taken into account: 


V=po—G(VatVnat V pa)¥, (A13) 


where 
( Tat Tt T >t Vat V ot Vap— i Wo=0. 
The function g(r ,rn,A) of (A12) will be a solution of 


(TrtT pt+}VintVptVnp—A)¢' (ptn,d)=0. (Al5) 


(A14) 


Following the same procedure used in reference 8, one 
gets the following expression for the stripping ampli- 
tude, according to the first Born approximation method: 

1 2M, 


T _ - 


J drate,ate, exp[ —ika-ra | 
4dr fh 


Xe" (tp tardy) *(VnatVpaba. (A16) 


This gives for the differential cross section, if one uses 
aS an approximation (in this procedure) the inde- 
pendent-particle representation for ¢’(rp,tn,A,)*, 
Ma*M.* ka 2J(f)+1 
4r'h* ka 3[ 2S (i) +1] 


Xexp[— K?/24y°] © A2F2(ORo)/O2R2, (A17) 
L 


do= (2.4V oRo)*y 


with a similar expression for (He’*,p) except that the 
form factor becomes 


exp[ — K?/16y,? ]. 


Comparison between (A18) and the earlier derived form 
factor [2 exp(— K?/32y*)+exp(— K?/8y*) ? is shown 
in Fig. 2. Small difference is observed even at large 
angles so that one may use the simpler results (A17) 
and (A18) for the comparison with the experimental 
data. 


(A18) 
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APPENDIX III 


It might be of interest to consider the possibility 
that the @ particle in the process of stripping is dis- 
sociated into two deuterons or a triton and a proton 
with the former particle in each process being captured 
by the target nucleus while the latter escapes. This 
would be similar to those from deuteron 
stripping. For the a, d process the matrix element in 
the first Born approximation method may be written as 


process 


ins fecanae exp[ —ika- ra ¥s(ER)*V (RE) ¢(ra)pilE) 
XexpLik.: (R+r.)/2], 
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SINGLE AND 
where rz and R refer to the coordinates of the outgoing 
and captured deuterons. Assuming the Gaussian form 
for the internal wave function of the @ particle and 
using the relation (13) above, one may write ¢(rq) 
=c exp —4y’p" |, where the binding energy constant 
ymay have now a different value from that considered 
above. c is a constant factor. Following the same 
method used in Sec. I above, one gets for the (a,d) 
differential cross section 


doexp[ — K?/8y"] 1 AVF 2 (ORo)/Q?Re’. 


This has the same form as Eq. (16) above. 
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Carrying out the same calculation for the (a,p) and 


using the following form for the internal wave function 


¢(ra)=c expl—3y’p"], see Fig. 1(c), one gets for the 


differential cross section the value 


do&Xexp[ — K?/6y7] HALF 2(ORo)/@Re, (A19) 


which is also of the same form as Eq. (24) above. The 
value of y may be different in both cases. The selection 
rule, associated with (A19), for the allowed values of 
L will be 

J(f)=J(i)+L+}, 


instead of Eq. (25) above. 
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Angular Distributions of the Be’(d,n)B'® Neutrons 
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The angular distributions of neutrons to the ground state and to the first excited state of B™ in the 
reaction Be®(d,n) B' have been studied at incident deuteron energies of 1.41 Mev, 1.88 Mev, and 2.35 Mev. 
A proton recoil spectrometer utilizing a xenon gas scintillation trigger was developed to study this problem. 
This spectrometer operated with a resolution of the order of 7% at the neutron energies involved in this 


reaction. 


The analysis of the data in terms of a direct interaction mechanism indicates that the results are consistent 
with an interpretation which indicates that the majority of the neutrons emitted at bombarding energies 
below the Coulomb barrier originate in the Be® target nucleus. 


I. INTRODUCTION 


HEN considering the general physical problem 

of nuclear stripping, the Be® nucleus is unique. 

Deuteron stripping has in general been thought of as 

a consequence of the low binding energy of the proton 

relative to the neutron; a low binding energy implying 

an extended wave function and thus a large average 
separation of the nucleons. 

The Be® nucleus not only has a lower binding energy 
for the last neutron, but in addition this particular 
neutron is in a P state. Thus the average separation of 
the last neutron from the Be’ core is even greater than 
the average extension of the deuteron. Thus one! should 
expect that the outer neutron would be stripped off 
quite readily. 

In spite of the fact that the reaction is of fundamental 
interest, only a limited number of experiments’* have 
been performed to study these neutrons. The major 
experimental difficulty has been that the Be*(d,n)B"” 


1G. E. Owen and L. Madansky, Phys. Rev. 99, 1608 (1955). 
*F. Ajzenberg, Phys. Rev. 88, 298 (1952); J. S. Pruitt, C. D. 
Swartz, and S. S. Hanna, Phys. Rev. 92, 1456 (1953); L. L. Green, 
J. P. Scanion, and J. C. Willmott, Proc. Phys. Soc. (London) 
A68, 386 (1955) ; A. I. Shpetny, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 423 (1957) [translation: Soviet Phys. JETP 5, 357 (1957) ]. 
*G. C. Neilson, J. T. Sample, and J. B. Warren, Fast Neutron 
Physics (Interscience Publishers, New York, to be published). 


reaction results in neutron groups of relatively low en- 
ergy and groups which are relatively close in energy. 
When one considers this fact along with the presence 
of a high background of gamma rays, it is apparent 
that high-resolution neutron spectroscopy associated 
with low background rates is required. 

The previous work?* was done utilizing photographic 
plate techniques, and in one case a time-of-flight method 
was used to measure the first excited state group.’ This 
earlier work performed at low energies indicated the 
possibility of stripping from the Be® nucleus. 

The results to be reported here were extended to 
higher energies with better statistics. In addition to the 
angular distributions, the total cross sections for the 
ground and first excited state transitions were measured. 
The detector used was a recoil proton telescope em- 
ploying a gas scintillator as the trigger. This instrument 
will be described. 


II. EXPERIMENTAL ARRANGEMENT 


The neutron spectrometer used in these experiments 
was of the same type as developed by other experi- 
menters,‘ with the exception of the trigger mechanism. 
The conventional telescope employs a trigger which 


4C.H. Johnson, Fast Neutrons Physics (Interscience Publishers, 
New York, to be published), Chap. IIC. 
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requires the proton recoils to pass through two propor- 
tional counters that are between the radiator and the 
detector. Signals from these counters are used to operate 
a slow coincidence circuit whose output gates a multi- 
channel pulse-height analyzer on which signals from the 
detector are displayed. The use of proportional counters 
as discriminators has several undesirable features. The 
response times are different for protons passing at dif- 
ferent distances from the center wire, and also, the 
sensitive volume of the trigger is large, which enhances 
the accidental rate. 

In this experiment, the proportional counters were 
replaced by photomultiplier tubes that detected the 
scintillations produced in xenon during the passage oi 
the recoil protons.>~7 

Figure 1 is a cross-section view of the counting cham- 
ber which was bored from a brass block. The reflecting 
tubes were constructed from thin-walled aluminum 
tubing and were closed off with a mirror made by evap- 
orating a thin coating of aluminum on a microscope 
slide cover. The reflecting surfaces as well as the photo- 
multiplier tube faces were coated with a thin transparent 
layer of about 80 ug/cm? of quater phenyl which acted 
as a wavelength shifter, since the rare gas scintillations 
are mainly in the ultraviolet. 

Aside from their use as reflectors, these tubes served 
to reduce and isolate the volume of gas to which each 
photomultiplier tube is sensitive. 

Since rare gas scintillations are very susceptible to 
the poisoning effects of contaminants, it was essential 
to use a continuously operating gas purification system. 





5 A. Sayres and C. S. Wu, Rev. Sci. Instr. 28, 758 (1957). 
®R. A. Nobles, Rev. Sci. Instr. 27, 280 (1956). 
7 J. A. Northrop and R. A. Nobles, Nucleonics 14, 36 (1956). 
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The system used was very similar to that employed 
by Wu and Sayres in which the gas is purified by passing 
it over hot calcium metal turnings. Figure 2 is a block 
diagram of the system used including the freeze-out 
tube for recovering the xenon. 

The hydrogenous radiator consisted of a circle of 
polyethelene nominally one mil thick and having a }- 
inch diameter. It was mounted on a thin tantalum sheet 
by gentle heating so that it defines its own area.® The 
tantalum sheet is connected to a shaft that can be 
rotated externally. In this way the tantalum may be 
brought between the polyethylene and the detecting 
crystal, and the background determined. The mass-to- 
area ratio of the particular radiator used was found to 
be 2.22+0.11 mg/cm’. 

The detector was a f-inch by a 20-mil CsI (Th) crystal 
mounted on a small glass light pipe. This in turn was 
coupled to an RCA 6342A photomultiplier tube using 
silicone oil as the optical coupling. A tantalum exit 
aperture having a §-inch diameter was mounted just in 
front of the crystal and thus defined the beam diameter. 

In Fig. 5 a block diagram is shown of the elecironics. 
RCA 6810A photomultiplier tubes were employed to 
detect the rare gas scintillations. The tube bases were 
of standard design but had a large anode resistance in 
order to stretch the pulses to about 7 usec. The outputs 
from the tube bases were fed into Hamner N-301 ampli- 
fiers that have integral pulse-height discriminators. The 
output from the latter are then used to trigger the coin- 
cidence circuit. Essentially, this circuit is that of Fisher 
and Marshall,’ although for this experiment it was used 
as a slow coincidence circuit with a resolution of about 


§ A. Galonsky and C. H. Judish, Phys. Rev. 100, 121 (1955). 
9 J. Fisher and J. Marshall, Rev. Sci. Instr. 23, 417 (1952). 
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2 usec. The coincidence pulse triggers a multivibrator 
which in turn gates a 100-channel pulse-height analyzer. 
The efficiency of the telescope can be calculated from 
the radiator composition, radiator thickness, and the 
over-all geometry. Corrections must be made for the 
efficiency of the coincidence circuitry and for counting 
losses encountered because of dead time in the electron- 
ics. The geometric corrections of Bame ef_al.'° were also 
applied. 

The gas scintillation circuitry was tested for efficiency 
by allowing protons from the reaction B'(d,p)B" to 
pass through a thin foil covering a hole in the face of 
the counter. The counting rate was then determined 
with and without the coincidence circuit in operation. 
With the Xenon pressure adjusted so that the protons 
lost about 600 kev in the gas, the efficiency was found 
to be 96.4%. This energy loss corresponds to that used 
in the actual experiment. Further tests were conducted 
in which the gas pressure was held constant and the 
discriminator settings varied, and also in which the 
discriminators were held constant and the gas pressure 
varied. These tests showed that moderate changes in 
either the gas pressure of discriminator settings pro- 
duced no appreciable change in the coincidence circuit 
efficiency. 

Counting losses arising from dead time in the elec- 
tronics have been estimated and indicate further cor- 
rection of about two percent. 

Consideration has been given to other possible losses 





0S. J. Bame, Jr., E. Haddad, J. 
Smith, Rev. Sci. Instr. 28, 997 (1957). 
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in efficiency such as attenuation and inscattering by 
the front face of the counter and multiple scattering 
by the gas and apertures. In both cases estimates of 
these effects were found to be negligible. 
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, 
average value obtained by these methods was 
0.171+0.035 mg/cm’. 
sas | Ill. EXPERIMENTAL PROCEDURE 
L The deuterons used in this experiment to obtain the 
L angular distributions and yield curves were obtained 
F . | from the Johns Hopkins University 3-Mev Van de Graff 
1S0F | ( accelerator. The accelerator was calibrated by observing 
\ . ° = 7 e 
le Pp \ the resonance yield of 6-7 Mev gamma rays from the 
.s reaction PS ( pry) yi6 using fluorine targets made by 
= Tf P | evaporating a thin layer of ZnF on a copper backing. 
" { le s Monitoring of the beam was accomplished using an 
= | , . . e ‘ = ° 
@ \ | Eldorado Electronics Company CI-100 current inte- 
a \ J grator. This instrument reads both the instantaneous 
z \ beam current, which averaged about 10 microamperes, 
2 \ 4 and the integrated beam current or total charge. 
\ | 
\ le - 
| t al 3 
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Fic. 4. Pulse-height spectrum of the proton recoils corresponding } 7% yy! } j 
to transitions to the ground state and first excited state of B"” | : ; 
These data were taken at a deuteron bombarding energy of t i ¥ 
1.88 Mev with the counter at 90° relative to the beam axis Nea 
» | ty 
a 5 + 
The Be® targets were made by evaporating high- F 
purity beryllium onto a five-mil copper backing. Their 3 
. . . e . =< 
thickness was determined using the method of Fowler ‘ 
et al."' A further check is obtained by measuring the ’ 
. . . . bic 
full width at half maximum of the thin target yield ls 


curve of the resonance in the reaction Be*(p,y)B". The 
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Fic. 5. Ground-state angular distribution at iz=1.41 Mev. 


 W. A. Fowler, C. Lauritsen, and T. Lauritsen, Revs. Modern 
Phys. 20, 236 (1948). 
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lic. 6. Ground-state angular distribution at -,=1.88 Mev 


After carefully positioning the counter at a given 
angle, Xenon at an average pressure of 320 mm of Hg 
was admitted to the counting chamber. In order to 
insure that the efficiency of the coincidence circuit would 
remain constant as the angle was varied, the gas pres- 
sure was reduced slightly as the counter was moved 
to larger angles. The variation in pressure was such that 
the average energy loss of the recoiling protons was 
constant. 


On completing the count at a given angle, the radiator 
was rotated so that the tantalum backing was between 
the radiator and the detecting crystal. The deuterons 
were again permitted to strike the target, and in this 
way the background counting rate was determined. 
After completing the background count, the xenon was 
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ANGULAR DISTRIBUTIONS 
frozen out and the system was evacuated to insure 
against the buildup of contaminants. 

The same general procedure was used to obtain the 
yield curves, except that the angle remained fixed at 
30° while the bombarding energy was varied. 

In all cases rechecks were made at several of the angles 
or bombarding energies to insure that the results were 
consistent. 


IV. EXPERIMENTAL RESULTS 


The data were obtained in the form shown in Fig. 4. 
The two peaks corresponding to the ground-state and 
first excited state transitions are reasonably well separ- 
ated; however, the final unfolding of the peaks was 
performed by using the tail of the line from the first 
excited state and the leading edge of the line from the 
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Fic. 7. Ground-state angular distribution at Ey=2.35 Mev. 


ground-state transition to provide the over-all line 
shape. 

The angular distributions are shown in Figs. 5-10. 
Table I gives the integrated total cross section, while 
Table II exhibits the yield curves for the neutrons 
emitted at 30° as a function of deuteron bombarding 
energy from 0.846 Mev to 2.35 Mev. 


V. DISCUSSION AND ANALYSIS 


The data were analyzed on the basis of a nuclear 
stripping formalism." The forward peaks are consistent 


2 G. E. Owen and L. Madansky, Phys. Rev. 105, 1766 (1957); 
T. Fulton and G. E. Owen, Phys. Rev. 108, 789 (1957); ¢ 
Owen, L. Madansky, and S. Edwards, Phys. Rev. 113, 
(1959). 
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Fic. 8. First excited state angular distribution at Ez=1.41 Mev. 


with an assignment of an orbital momentum capture 
of 1,=1. In the backward direction the fit utilizing a 
core capture angular momentum of /,=0 is best at the 
lower bombarding energies. The tendency of the data 
to turn down at the larger angles, especially for the 
ground state at 1.88 and 2.35 Mev, can possibly arise 
from increased amounts of core capture angular mo- 
mentum of /,=2. 

Using a j-j coupling scheme for the captured proton 
and deuteron in their respective modes, with the total 
angular momentum of B" as 3, the final computed 
angular distribution for transitions to the ground state 
of B" according to the theory of reference 12 is, 


do /dQ« | AiCyGp(Ki)F (Ai R)) |? 
—0.669A;A0C 1 CoGpGyF pF x coss 
+ |AcCoGu(Ko)Fu(keR2) |*; 


where 8 is the angle between k; and Kz, and k,. Ci, 
Co, Gp, Fp, Gu, and Fy are defined in a previous paper.” 
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Fic. 9. First excited state angular distribution at Ez=1.88 Mev. 
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Fic. 10. First excited state angular distribution at Ey=2.35 Mev. 


The differential cross section for transitions to the 
first excited state has a similar form with the exception 
that the interference term has a coefficient of —0.730 
instead of —0.669 as in the case of the ground-state 
transition. In this case the total angular momentum 
of the excited B" is taken as 1. 

The use of /.=0 rules out the Be*® core having a spin 
of zero which may seem a little unsatisfactory. How- 
ever, the generally accepted value of zero for the spin 
refers to a free Be* nucleus, and the assumption that 
the Be® spin of } is formed from the simple coupling 
of the last p; neutron to a zero spin core is based on 
an extremely simplified version of the shell model that 
can neither predict the correct magnetic moment nor 
the correct energy levels. Also, pure J-J coupling is not 
believed to be completely accurate in the case of very 
light nuclei. 

A more realistic picture of the Be® nucleus and also 
the final state B’ nucleus is obtained by using an inter- 
mediate coupled individual particle model in which the 
total spin and energy levels depend on all the nucleons. 
With such a model, it seems plausible that at the time 
of breakup, the core could have a spin of two. 

The general trend of the angular distribution data 
seems to be an increasing ratio of the forward to back- 
ward component as the bombarding energy is increased. 
This is consistent with the results of other workers, 
in particular, Pruitt, Swartz, and Hanna,’ who obtained 
angular distributions for the two states of interest at 
Ea=0.945 Mev having a large backward component, 
and Ajzenberg,? who obtained very pronounced forward 
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peaks at 3.39 Mev, although these data go only to 80 
degrees. 

With respect to the yield curves, it is interesting to 
note that the dip at a bombarding energy slightly 
greater than one Mev occurs at about the same energy 
as a reported resonance in the Be*(d,d) Be’ elastic scat- 
tering cross section. This suggests that the “peak” in 
the (d,z) yield curve may not be a compound nucleus 
resonance at all but is simply the result of the (d,n) 
yield being depressed by the enhanced probability for 
elastic scattering. 

The results indicate that the interpretation in terms 
of a two-mode direct interaction is a plausible one. 
The increase of the relative amount of deuteron stripping 

TABLE I. Total cross sections for the ground-state and first 


excited state transitions. These cross sections were obtained by 
numerical integration of the angular distributions. 


o in millibarns 


o in millibarns 


ka in Mev for ground state for first excited state 
1.41 71+21 102+30 
1.88 79+23 101+30 
2.35 74422 87425 


TABLE II. Yield as a function of deuteron bombarding energy. 
These data were obtained at a fixed angular setting of the counter. 
The angle between the counter and the beam axis was 30 degrees. 


da /dQ in 
millibarns/steradian 


do /dQ in millibarns/ 
steradian for first 


Ea in Mev for ground state excited state 
0.846 3.70+0.16 4.05+0.15 
0.940 5.48+0.19 5.86+0.18 
1.04 2.3140.12 4.64+0.16 
1.13 2.71+40.13 6.44+0.19 
1.22 5.94+0.19 9.65+0.23 
1.50 7.73+40.22 11.02+0.25 
1.69 8.69+0.23 11.10+0.26 
1.88 8.75+0.24 10.23+0.25 
2.35 8.26+0.23 10.23+0.24 


as the energy is increased is of course quite consistent 
with the picture of the Be® system as one which should 
exhibit stripping to the same or even greater extent 
than the deuteron. The analysis presented is based upon 
a Born approximation ; therefore, no attempt should be 
made to consider the small details of the fits. At best 
the Born approximation can indicate that the direct- 
interaction picture is consistent with the experimental 
results. The final test of the validity of the analysis in 
terms of a direct interaction must arise from a more 
detailed distorted-wave calculation. 
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Inelastic Diffraction Scattering* 
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The method of distorted waves Born approximation is shown to be equivalent to the first-order adiabatic 
method for the calculation of inelastic scattering. The flexibility of the distorted waves method is indicated 
and tested by numerical calculation for a simplified model. The calculations treat the inelastic scattering of 
alpha particles from strongly absorbing nuclei, and are directly comparable to the adiabatic calculations 
considered by Blair in Fraunhofer approximation. Good agreement is found at forward angles. Coulomb 
wave functions are used, and the energy difference between initial and final states is taken into account. 
Comparison is made to a few representative experiments and good agreement is found. 


I. INTRODUCTION 


ANY strong inelastic scattering transitions of 
nuclei obviously are surface direct reactions, on 

the evidence of their rapidly-varying oscillatory angular 
distributions.' Such rapid variation with angle indicates 
the importance of large impact parameters. In addition 


the oscillations of the angular distributions often are. 


very regular, and this seems to agree with some of the 
results for surface reactions, as found in plane wave 


| Born approximation.? Further evidence that the strong 


inelastic scattering transitions take place at the nuclear 
surface is found in the property that they mostly seem 
to involve collective excitations,’ probably of vibrations 
and rotations of the surface. It should be possible to 
understand reactions which have such well-defined 
properties, and to understand their relationships with 
other sorts of direct reactions. 

Unfortunately, the clearest oscillatory angular dis- 
tributions generally appear in experiments with pro- 
jectiles which are strongly absorbed, such as alpha 
particles. Although inelastic scattering of such pro- 
jectiles almost certainly occurs at the nuclear surface, 
the plane-wave Born approximation calculation also 
certainly is not applicable. Distorted wave Born ap- 
proximation (DWB) and the adiabatic method instead 
are applied to understand these reactions. 

The DWB method‘ is the most widely accepted pro- 
cedure for treating direct reactions, and gives a rather 
unified view of them. In this method the initial state of 





* Work done at Sarah Mellon Scaife Radiation Laboratory and 
supported by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

t National Science Foundation Cooperative Graduate Fellow. 

1 For example: P. C. Gugelot and M. Rickey, Phys. Rev. 101, 
1613 (1956); A. I. Yavin and G. W. Farwell, Nuclear Phys. 12, 1 
(1959); G. B. Shock, Phys. Rev. 114, 310 (1959). 

*N. Austern, S. T. Butler, and H. McManus, Phys. Rev. 92, 350 
(1953); D. M. Brink, Proc. Phys. Soc. (London) A68, 994 (1955); 
8. Hayakawa and S. Yoshida, Progr. Theoret. Phys. (Kyoto) 14, 
1 (1955); Proc. Phys. Soc. (London) A68, 656 (1955). 

+B. L. Cohen, Phys. Rev. 116, 426 (1959); also see J. S. Blair, 
reference 7. 

*W. Tobocman, Phys. Rev. 115, 98 (1959); M. Gell-Mann and 
M. L. Goldberger, Phys. Rev. 91, 398 (1953); C. A. Levinson and 
M. K. Banerjee, Ann. Phys. 2, 471 (1957); A review is given by N. 
Austern, Fast Neutron Physics, edited by J. B. Marion and J. L. 
Fowler (Interscience Publishers, New York, 1960), Vol. II, 
Chap. V, 


a nucleus is described by »,, say, and the final state by 
vy, and the transition amplitude for inelastic scattering 
from state 7 to state f is given by 


T 55= (xs | Vl 0x.). (1) 
The cross section is 
(do ;,/dQ) = (M/2mh?)?(ks/ki)>d av| T si \|?. (2) 


Here x ;“* and x ;™ are the exact wave functions for the 
motion of the projectile with respect to the nucleus; 
they are eigenstates of the optical model interaction 
between the projectile and the target. Thus 

[- (h?, 2M)V+U jx i, 7' = Fy xis, (3) 
where LU’ is the optical interaction. The potential V 
causes the transition, but does not influence the “dis- 
torted waves” x; and x; For excitations of the 
surface V is that part of the optical potential caused by 
deformation of the nucleus from its equilibrium shape,?'* 
while U is the equilibrium part of the optical potential. 
Slight generalizations of these equations are used when 
other direct reactions are treated. 

Accurate DWB calculations are laborious. Simplified 
considerations® suggested that for the more strongly 
absorbed projectiles such calculations would not even 
agree with experiment, that oscillatory angular dis- 
tributions would not be obtained. This difficulty led 
Blair’ to stress the adiabatic method,*® already intro- 
duced by Drozdov and Inopin® to study inelastic 
scattering. 

In the adiabatic method T ;; is calculated in two steps, 


5D. M. Chase, L. Wilets, and A. R. Edmonds, Phys. Rev. 110, 
1080 (1958). 

6S. T. Butler, N. Austern, and C. Pearson, Phys. Rev. 112, 1227 
(1958). 

7J. S. Blair, Phys. Rev. 115, 928 (1959). 

8D. M. Chase, Phys. Rev. 104, 838 (1956). 

*S. I. Drozdov, J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 734 and 
736 (1955); [translation: Soviet Phys.-JETP 1, 591 and 588 
(1955) ]; S. I. Drozdov, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 786 
(1956) [translation: Soviet Phys.-JETP 3, 759 (1956)]; S. I. 
Drozdov. J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1288 (1958) 
[translation : Soviet Phys.-JETP 7, 889 (1958) ]; S. I. Drozdov, J. 
Exptl. Theoret. Phys. (U.S.S.R.) 36, 1875 (1959) [translation: 
Soviet Phys.-JETP 9, 1335 (1959)]; E. V. Inopin, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 31, 901 (1956) [translation: Soviet 
Phys.-JETP 4, 764 (1957) ]. 
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a division being made on the basis that the wave func- 

tion of the target nucleus. initially v;(a@), responds slowly 

to the perturbation V. First the elastic scattering 

amplitude /(6,¢,a@) is computed for each fixed value of 

the internal variable a, i.e., for each of the variety of 

possible nuclear shapes. Th? gives 


£(0,6,«) = (M/2rhe) far o*{U(n)+V(r0)Wi?, (4) 


where ¢,; is a plane wave, and y;‘* (r,@) is the scattering 
eigenstate of {U'+V}. In the next step an integral over 
a is computed, and 


T y= (2ah?/M)(vs| f(0,6,a) | 0;) 
=(06;|U+V (ra) |v). 


Evidently the exact evaluation of Eqs. (4) and (5) is 
even more difficult than the corresponding DWB calcu- 
lations, because the eigenfunction y;‘* (rq) is difficult 
to compute, and must be computed for each a. Closed 
form expressions for {(¢,8,a) have been obtained for an 
important limiting case, however, for the small-angle 
scattering of particles of small wavelength by nuclei 
with small deformations.’ Most (a,a’) results are for 
cases not too far from this ‘“Fraunhofer’’ limit, so it is 
helpful that simple approximate formulas can be ob- 
tained. Encouraging agreement with experiment is 
found. Unfortunately, it does not seem practical to use 
the adiabatic method for much more accurate calcula- 
tions than these. 

Actually, in the limit of small deformations the 
adiabatic method is formally identical with the DWB 
method. Thus, let 

y,' H=y H+ Ay, 


and let it be understood that in Ay only the terms first 
order in V shall be carried. Then because v; and 2; are 
orthogonal, Eq. (5) becomes to first order 


T y= (0767| V | vx) +(096,|U|vdy). 


The difficulties of the adiabatic method are concerned 
with the calculation of AY. The DWB method instead 
eliminates consideration of Ay by an exact transforma- 
tion! which introduces the distorted final wave x ;“~. 
The transformation converts the expression of Eq. (6) 
to identically that of Eq. (1). 

It is helpful that a return to the DWB method for 
alpha-particle inelastic scattering has become possible. 
This restores a unified treatment of the direct reaction 
theories. It becomes clear that the angular distributions 
of (a,«’) reactions must be almost independent of the 
mode of excitation, so that collective modes and single 
particle modes must differ primarily in their absolute 
cross sections. The inherent similarity between (a,a’) 
and all other surface reactions, such as (a,p) also is 
clarified. One further advantage is that it is easier to use 


(5) 


(0) 


1 This is discussed by Gell-Mann and Goldberger, reference 4. 
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accurate wave functions in the DWB method than in 
the adiabatic method, so several physical phenomena 
omitted before can now be studied. Thus, DWB is more 
general than the adiabatic method. 

If generality is not required the adiabatic method 
offers important advantages for the particular problem 
of inelastic scattering, and gives simple closed form ex- 
pressions for the region of small scattering angles. For 
this region it predicts absolute cross sections, and shows 
the relationship between the elastic and inelastic scat- 
tering cross sections. In principle these results all should 
be available from DWB, but not so easily. 

The earlier suggestions of failure of the DWB method 
were indicated by a “‘semiclassical”’ model,® based upon 
the use of WKB wave functions, and exhibiting results 
resembling those of physical optics. For surface reactions 
the model predicts that oscillatory angular distributions 
occur if there is interference between outgoing particle 
beams which have traversed widely separated parts of 
the surface. Such beams have different path lengths, so 
have different phases. The model limits the “‘active” 
regions on the surface, those which the particle beams 
may traverse, by relating these regions to the quantized 
angular momentum transferred in the reaction. Dis- 
agreement with experiment then is demonstrated by 
observing that the “active” regions on the surface 
generally are so placed that strong absorption of the 
particle beams by the nucleus limits one beam much 
more than the other, so suppresses their interference. 
Oscillations in the cross section thereby are suppressed. 
Fortunately, although the semiclassical model was de- 
rived from the quantum mechanical DWB expression, 
the derivation breaks down if distortion is very strong. 
The derivation selects ‘“‘active” regions in the DWB 
integral by a stationary phase technique, this technique 
selecting the important parts of the integrand. Now, the 
basis of selection ought to become more stringent as the 
integrand becomes complicated by the enhancement of 
distortion, if the semiclassical model is to retain its 
accuracy. However, the regions of stationary phase be- 
come dominant in the integral only in the limit doth of 
large momentum transfer and large angular momentum 
transfer. In the applications of interest the angular 
momentum transfer never is large enough to select 
“active” regions in the presence of strong distortion. 
Thus the semiclassical model gives false indications of 
the nature of DWB results. 

The purpose of the present paper is to exploit the 
equivalence between the adiabatic and DWB methods. 
In Secs. II and III an abbreviated sort of distorted 
waves calculation is formulated, and detailed compari- 
sons with the Fraunhofer calculations of Blair are made. 
The consequences of changing the physical assumptions 
are investigated, and are seen to be important in many 
cases. The cross sections are also studied at large angles, 
where the Fraunhofer method breaks down. 

Section II describes in detail the assumptions used to 
obtain wave functions for the DWB computation, and 
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| the nature of the computation. The results of computa- 





tion are given in Sec. III, along with discussion of their 
sensitivity to the assumptions. Comparison with ex- 
periment is given in Sec. IV. 


II. DESCRIPTION OF THE CALCULATION 
(a) Cross Section Formula for L=2 Excitation 


In this section we consider in detail the calculation in 
distorted wave Born approximation of the transition 
amplitude for inelastic scattering. Equations (1) and (2) 
already present a formal statement of the method and 
indicate how the cross section is computed. These ex- 
pressions now will be spelled out more fully, and the 
approximations under which numerical calculations are 
made will be described. 

Angular distributions computed by the distorted 
waves method are notably insensitive to the nature of 
the nuclear excitation they represent. Rotational excita- 
tion, vibrational excitation, single-particle excitation, all 
give much the same angular distribution. Glendenning" 
has particularly emphasized this result for the case of 
surface reactions. For such reactions the expression for 
the cross section splits exactly into two factors: One 
factor depends on the model for the reaction, carries the 
selection rules, and determines the total cross section; 


| the other factor involves the distorted wave functions 


x and x; and determines the angular distribution. 
Because of this convenient factoring it is necessary to 
conduct detailed computations only for any one reaction 
model; then the cross section for any other model is 
obtained by multiplication by a suitable constant. Such 
multiplicative constants already appear in the papers of 
Blair,’ of Glendenning," and of Goldfarb and Johnson.” 
The present discussion will emphasize the convenient 
special case of the excitation of a permanently deformed 
even-even nucleus from the J=0 ground state to the 
first J=2 state. This case will be treated in detail, in 
order to give meaning to the discussion of normalization 
of the cross section at the end of this section. 

In T;; in Eq. (1) the interaction V simply is the 
deformed part of the total optical potential. It is ob- 
tained to first order by differentiating the optical 
potential with respect to the deformation parameter of 
the surface,° on the assumption that the strength of the 
potential depends only on the distance from the surface, 
[(r—R(6’) ]. Here R is the effective nuclear radius, given 





in terms of the coordinate angles (6’,6’) with respect to 
the body-fixed principal axes of the nucleus. This radius 


is 


R=R[1+6Y2°() ], (7) 


| where 8 is the usual deformation parameter. Then the 
first-order term of the optical potential is found to be 


V (r,6") =BRo¥ 2°(0’) (dU /dr). 


(8) 
es "N. K. Glendenning, Phys. Rev. 114, 1297 (1959). 
; 


®L. J. B. Goldfarb and R. G. Johnson (to be published). 
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The optical wave functions x,“ and x /“~ are written in 
space-fixed coordinate axes. It is convenient to take the 
direction of the incident beam as the polar axis of the 
space-fixed system. The initial wave function and the 
complex conjugate of the final wave function may then 
be written in partial wave expansion as 


xi (ki) =[(40)1/kr ] 


xy i'(21+1)he**' f, (Rin) V PQ), 


(9a) 
i=0 
Vv 
ys *(k;, r)= (4x/k yr) > i Vet’ fu (Ryn) 
=) m’=—l’ 
XV" (0,0)¥r"*(@). (9b) 


In Eqs. (9) the symbols k; and k; are the incident and 
outgoing propagation constants, the corresponding inci- 
dent and outgoing energies being 


E;=h?k 2/2M, E;s= h?k ?/2M, 


in center-of-mass coordinates, with M the reduced 
mass of the system. The angle between k; and k; is 9, 
the scattering angle. The wave functions are arranged to 
meet the asymptotic boundary conditions 

x? —> e+ outgoing scattered waves, 


r—7e 


x — > e*- + incoming scattered waves. 
roe 
Equation (9b) is obtained from the usual time-reversal 
equation 


x' )*(k,r)= xP(- k, r). 


It is especially seen from the discussion of Breit and 
Bethe that this equation holds without modification 
even though the optical potential U is made complex.’ 
The same result is found by Biedenharn.'® 

Both the radial functions f,(ki,r) and fi(k;,r) satisfy 
the differential equation 


[—d/dr?+1(l+1)r?+ (2M /h*)U (r) 
+ (2kn/r)—k* )fi(k,r)=0. (10) 
The Coulomb parameter 1 is 
n=ZZ'Me/h*k, 


where Z is the charge number of the target and Z’ that 
of the projectile. The boundary conditions satisfied by 


fi are that it vanish at r=0, and that asymptotically 


asr— @ 
fi (i/2)(Hi*—mA). (11) 


13 The distorted waves method achieves an interesting improve- 
ment on the adiabatic method in that it is not necessary for FE; to 
equal Fj. 

MG. E Breit and H. A. Bethe, Phys. Rev. 93, 888 (1954). 

It may be rein to observe that the basic orthogonality 
integral, a Silky) frlk’ fdr = $05 (k — k’), does not involve the 
operation of complex conjugation. 

16 L. C. Biedenharn, Nuclear Phys. 10, 620 (1959). 
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The quantity ; is the diagonal S-matrix element for the 
channel in question, as defined by Blatt and Weisskopf.'’ 
It assumes the value n,;= 1 if there is no interaction, and 
otherwise is given in terms of the phase shift as 
ni=exp(2i6,). Generally |n:| <1 because L’ is complex. 
The function H;(kr) is that defined by Hull and Breit'® 
to be the Coulomb analog of ikrh,“ (kr), where /,"” is 
the outgoing spherical Hankel function.'* In terms of the 
regular and irregular radial Coulomb functions of Breit, 


H (kr) =G,(kr) +iF (kr), 


where asymptotically 
F,— sin, 
Gi— cosh, 
and 


6,:=kr—n |n(2kr) — (lr/2) +01, 
o,=argl(/+1+ in). 


The method for computing the Coulomb wave functions 
is discussed in the Appendix. 

The only remaining wave functions which must be 
known in order to compute 7; are the nuclear wave 
functions v; and vy. These express the orientation of the 
ellipsoidal nucleus with respect to a space-fixed coordi- 
nate system. In the ground-state band the ellipsoid has 
no spin about its symmetry axis, so v7; and vy, are just 
spherical harmonics giving the orientation of the axis. 
Thus 

v1;>= Y°(6;,02), 
vs= YY," (6,82), 


(12) 


where (6,02) are the orientation angles with respect to 
the space-fixed frame. 

To compute the transition amplitude, it is convenient 
to re-express the interaction of Eq. (8) in terms of the 
space-fixed coordinates, in place of the body-fixed 
coordinates. Through use of the addition theorem for 
spherical harmonics it follows that 


V (7,0’) =BRo(dU /dr) (4%/5)' >, Vo"*(Q) V2" (01,02). (13 


This expression and the wave functions are substituted 
into Eq. (1), giving 


T ¢:=BRo(4/5)) ¥ (v¢| V2"(01,02) | 2) 


(xs! Y.“*(Q) (dU /dr) | x; (14) 


Equation (14) displays the factoring of the transition 
amplitude, mentioned earlier. Any other reaction model 
for quadrupole excitation must involve the same spheri- 
cal harmonics as do the two factors of Eq. (14). 
Changing the model tends only to change the first factor 
and thus only to change a normalization coefficient. The 
second factor of Eq. (14) involves an integration over r. 

17 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), Chap. VIII. 

18M. H. Hull, Jr., and G. Breit, Encyclopedia of Physics, edited 
by S. Fliigge (Springer-Verlag, Berlin, 1959), Vol. 41, Part 1, 
p. 410 


wh. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, New York, 1955). 
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This integration does influence the angular distribution 
and may be somewhat model-dependent. Nevertheless 
for all surface reactions, as the present case is seen to 
approximate, the integration emphasizes only a limited 
range of r, and therefore a single characteristic angular 
distribution is‘ obtained. Expressions corresponding to 
Eq. (14) are obtained for other cases, and for other 
values of angular momentum transfer, by suitably 
changing the indicated spherical harmonics in Eq. (14), 
and by changing the normalization.?""':" 

The result of performing the various integrations in 
Eq. (14) is found to be 


TM =4mBRok kj) Di!" (21 +1)hewlertor 


oe 
XTivVv-™ (0,0)Coo0!’?"C_armo!’24, (15) 
Iw= | (dU /dr) f ifvdr. (16) 
The notation used for Clebsch-Gordan coefficients is 


ij2J — 


Cm mom (JiJomymy| JM). 


To obtain the differential cross section, T;;" of Eq. (15) 
is squared and summed over values of M, the final state 
spin projection. No average over initial states need be 
performed, as the ground state has spin zero, and in the 
absence of spin-orbit coupling the projectile spin cancels 
out. Then 


(do -;/dQ) = 


(B?Ro E;Es) (ky ‘k;) 


K 2 aml & 8! (P+ iptetorteor 
M=0,1,2 og 


(i 


vw wo! 2t\2 


<liv Vy M(©,0)Coo0!’2'C 


€v 2—d60. 


Numerical evaluation of Eq. (17) is done most easily | 


if the invariant formalism”? for summing over M is not 
used, as that procedure eventually leads to a complicated 
multiple sum. Instead, the double sum over /, /’ is best 
performed numerically for each value of M, and this 
result squared and summed over M. The Clebsch- 
Gordan coefficients limit / in Eq. (17) to the small set of 
values /=/', or l’+2. Using suitable approximations for 
Tiv, to be discussed below, Eq. (17) has been pro- 
grammed for the University of Pittsburgh IBM 650 
computer. The running time for a typical case is ten 
minutes. 


(b) Approximation of Radial Integrals 


If (dU /dr) were a delta function the difficult radial- 


integrals J; of Eq. (16) would be easy to compute. The 
result would be 
Tiv=Vofiloi fr (es), (18 


*” J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 258 
1952). 
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where pi,s=:,-Ro denotes the argument of /; at the 
nuclear surface. (The f; are functions of the product kr 
if r> Ro.) Analysis of the actual radial integrals is given 
in Sec. II(c), below, and in the Appendix. It will be seen 
that replacing the integral by a constant multiple of the 
value of the integrand at some “surface” radius is ap- 
proximately correct within the range of values of J’ 
which contribute strongly to the cross section. Also, it 
will be seen that at the radius which is important the 
radial wave functions already are accurately asymptotic. 
These approximations are suitable for testing the dis- 
torted waves method and for showing its more important 
improvements upon the Fraunhofer approximation’ to 
the adiabatic method. Upon introducing the approxima- 
tions in Eq. (17) the result becomes 


(da s;/d2) = BR? (V 02, E,E;) (k;/R;) 
xX LY ew! d& i" (2’+1)betortor f,(p;) 


M=0,1,2 iu’ 


X fr (os) ¥v™(O,0)Coo0!?'C_arao’"|*. (19) 
It will be seen in Sec. II(c) that the parameter Vo varies 
with energy, such that (Vo?/ £;£,;) tends to be constant. 
It is Eq. (19) which was programmed for the computer. 

The radial functions f; need to be evaluated at the 
nuclear surface, where the optical potential already is 
very weak, so that the asymptotic form of f:(p) given 
in Eq. (11) is valid. Hence, the problem of obtaining the 
radial functions reduces to the evaluation of the diagonal 
S-matrix elements 


ni=cie'*', (20) 


where c; and &; are the modulus and phase of the com- 
plex quantity 7,. This can be accomplished by inte- 
grating the differential equation, Eq. (10), from r=0 to 
r= Ry and matching the solution to the asymptotic form 
given by Eq. (11) at r=Ro, thus determining 7;. This 
procedure was used for a few cases where optical po- 
tentials were available.” 

For convenience in testing the distorted waves theory 
it was desirable to circumvent the difficult optical- 
model calculations, and to assume various simple 
analytic expressions for the 9;. One simple expression 
which is valid in the limit of short wavelength and 
strong absorption is the sharp-cutoff model” of Bethe 
and Placzcek. The sharp-cutofi model assumes 4;= 0 for 
l<p, corresponding to complete absorption; and as- 
sumes n= 1 for /> p, corresponding to no interaction. A 
somewhat better assumption has been used by McIntyre, 
Wang, and Becker** who write 


ci= {1+exp[(e—l)/Al]}-, (21a) 
£=£(1fexp[(l—p)/Al]}. (2b) 


1 We are indebted to Dr. R. Bassel for supplying us with these 
calculations. 

"This model has been used extensively by Blair. See J. S. 
Blair, Phys. Rev. 108, 827 (1957). 

% J. A. McIntyre, K. H. Wang, and L. C. Becker, Phys. Rev. 
117, 1337 (1960). 
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The quantities & and Al are to be regarded as free 
parameters which are adjusted to fit the elastic scat- 
tering. If necessary, A/ and p need not be the same in 
(21a) and (21b) and p need not be equal to kRo; 
however, we have not used this freedom. By employing 
the “smoothing” procedure of Eq. (21), McIntyre et al. 
are able to obtain excellent fits to several elastic scat- 
tering experiments involving alpha particles. However, 
it must be emphasized that there is no theoretical 
justification for the functional form of Eq. (21). Another 
“smoothing”’ form is 


o=0; 


=$[1+(/—p)/241); 


&:=§; l<p—2dl 
= (£/2)[1—(l—p)/2A1); 
p—2Al<l<p+2Al 
1>p+2al, 


(22) 
=1; =0; 


and represents linear interpolation in the modulus and 
phase of the S-matrix elements, over an interval of 4A/ 
centered at /=p. This form is somewhat simpler than the 
McIntyre form and consequently was used for most of 
the calculations to be reported. For the same value of 
Al, the two “smoothing” forms have the same slope at 
/=p. In his analysis of the elastic scattering of 40-Mev 
alpha particles on Ag, McIntyre finds a reasonable fit 
using A/~ 1.0. To extrapolate this result to other cases, 
it seems reasonable to relate A/ to the surface thickness 
of the nucleus. Since optical-model calculations have 
shown the surface thickness to be rather constant, we 
set Al= 1.0 for all 40-Mev problems and modify A/ by a 
factor (£/40)! for other energies. The phase is known 
to be small for Ag (about 8°) and hence is safely set to 
zero for light elements. The effects of these assumptions 
are investigated in detail in Sec. III. 


(c) Discussion of Radial Integrals : 
Normalization 


The distorted waves calculation would be straight- 
forward if a correct optical potential were used, such as 
that given by Igo,*4 and if (dU/dr) and the eigenfunc- 
tions f; and fy were computed consistently from the 
optical potential. For convenience we instead use the 
approximate Eq. (18) for the radial integrals. It is 
necessary to judge how this approximation affects the 
angular distributions, and what the best value of the 
parameter Vo should be. It will be concluded that Eq. 
(18) gives an angular distribution which is reliable 
throughout the forward hemisphere, and that V» should 
be chosen by normalizing to the differential cross section 
of the adiabatic theory’ at zero degrees scattering angle. 
This conclusion will be possible only for nuclei which 
behave rather accurately as black obstacles. 

The approximate Eq. (18) assumes that the relative 
values of the radial integrals are the same as the relative 
values of the products ff, of the radial wave functions 
at the interaction radius Ro. To the extent that this is 


* G. Igo, Phys. Rev. 115, 1665 (1959), 
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wrong the manner in which the terms of the /, /’ sum 
combine must be wrong, and the angular distribution 
must be affected. Inspection of the sum shows that only 
the few terms for which /’~J) really are large, however, 
and that towards forward angles these terms add in 
phase. Only in the backward hemisphere is there ap- 
preciable destructive interference in the sum and only 
there are the results at all sensitive to the assumptions. 
These observations are true both in the exact theory and 
with the approximate Eq. (18), and are the reason why 
Eq. (18) leads to results which are valid in the forward 
hemisphere. 

It is easy to see that the exact J;y of Eq. (16) is large 
only for /’~J, near the classical cutoff. Thus for 
’21+3, there is very little penetration of the wave 
functions into the region of the potential, so 7;, is very 
small. The approximate Eq. (18) agrees with this fact, 
whatever value V» may have. For /’<J)—3, the values 
of J; are small for another reason: The very low partial 
waves experience nearly complete absorption. This 
means that there is little back scattering of the inward 
propagating radial wave, that “impedance matching” is 
very good, that a WKB treatment must be very accu- 
rate. Thus for the low partial waves 


-if [e—-2MUh2 


—1(+1)r-*— 2k", (24) 
The integrals 7,7 tend to average to zero if the wave 
functions f; have such an oscillatory form.*® The ap- 
proximate Eq. (18) does not give very small values for 
the J, for the low partial waves, but because of the 
oscillations of f; and fy, the values it does give tend to 
have random phase. As a result the small angular 
momenta do not contribute to the cross section.”® 
Both the adiabatic theory and the distorted waves 
theory thus are best at forward angles; indeed the 
Fraunhofer approximation of the adiabatic theory is 
based on an expansion about O=0°. We will now make 
use of these facts to normalize the distorted waves cross 
section to the adiabatic cross section at O=0°. (By 
comparing cross seclions the uncertainties of the indi- 
vidual /;y are averaged out.) Of course, neither theory 
should agree well with experiment at 0 =0°, because of 
the Coulomb excitation which both omit. However, the 
theories must agree with each other at O=0°, and a value 


fi=exp 





25 It is interesting that for many of the typical values of the 
imaginary potential the inward-propagating radial wave does not 
damp to zero at all rapidly, in agreement with McCarthy’s graphs. 
[I. McCarthy, Nuclear Phys. 10, 583 (1959). ] So long as reflection 
does not occur, however, the nucleus can be ‘‘black”’ to a radial 
wave if the wave does damp eventually. Igo’s discovery that only 
the surface of l’ is important is more related to the reflection 
coefficient at the surface than to any rapid damping of /i. 

26 Inspection of our calculations indicates that omission of the 
low partial waves would have some influence in the backward 
hemisphere, but would cause only minor changes in the forward 
hemisphere. 





N. AUSTERN 


for Vo of Eq. (18) which will incorporate this agreement 
can be obtained. 

It is interesting at this stage to derive the 0° ampli- 
tude of the adiabatic theory by a method independent 
of the approximations of Blair and Drozdov. Because 
the adiabatic amplitude is that part of the elastic scat- 
tering amplitude which is first order in the nuclear 
deformation, we may apply the “optical theorem,” 
which the elastic scattering amplitude must satisfy.” 
According to this theorem 


Im f(0°) = (k/42) owt, (25) 


so that the imaginary part of the forward scattering 
amplitude is related to the total cross section. (Here the 
amplitude has the usual normalization, such that | f!? 
is the elastic scattering cross section, and of course we 
extrapolate past the region of Rutherford scattering.) 
Equation (25) shows that if f(0°) were pure imaginary 
for some simple reason, then /(0°) could be computed 
simply from oxo. An estimate of oto, then would yield an 
estimate of /(0°). It now shall be argued that this 
procedure may be followed for “black” nuclei, i.e., for 
short wavelength particles incident on strongly ab- 
sorbing nuclei. 

For spherical black nuclei the sharp-cutoff approxi- 
mation for 7; gives n.=0 if 1</o, and n,;=1 if />lo. The 
elastic scattering amplitude and the total cross section 
are expressed in terms of 7; in the form'?:!%77 


f(0°) = (2ik) S& (21+1)(m—1), 


l=0 


Ctor= 2ek-? Y (21+1)(1—Ren). 


l=0 


Upon introducing the sharp-cutoff approximation these 
reduce to 


(0°) = — (lo +1)2/2ik, 
6 tor = 2wk-2(Io+1)°. 


The following observations may be made: (1) The 
formulas just derived of course verify the optical 
theorem. (2) They show that the correct total cross 
section to use in Eq. (24) is that computed in terms of 
the sharp-cutoff radius, /)/k. Because the value of this 
radius is influenced by the Coulomb field, the normaliza- 
tion we derive is automatically Coulomb-corrected. (3) 
It appears that f(0°) is pure imaginary in this case, so 
indeed 


f(O°) = (tk/4er)o we. 


When the nucleus is deformed the area it presents to 
the incident beam is changed, but the total cross section 
for short wavelengths continues to be twice the area. 


27L. D. Landau and E. M. Lifshitz, Quantum Mechanics 


(Addison-Wesley Publishing Company, Inc., Reading, Massa- 
chusetts, 1958), p. 435; R. J. Glauber in Lectures in Theoretical 
Physics (Interscience Publishers, Inc., New York, 1959), Vol. 1. 
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Hence, if /(0°) is pure imaginary, 
f(O°) = (ik/2x) (projected area). 


In Blair’s notation’ the radius of a deformed nucleus in 
space-fixed coordinates is given as 


R(6;,02)= Rol 1+ YL aimY 1” J, 
l,m 


and up to terms linear in a7» the area may be computed 
to be: 
area=a7Ref1+2 Saw (7/2) }. 


The forward scattered amplitude then becomes 
(0°) = ikRe[$t+>d1 awl (x, 2) }. (26) 


Equation (26) agrees exactly with the @=0° limit of 
Blair’s expression, showing the generality of his result. 
The ©=0° quadrupole cross section is computed by 
squaring the /=2 term of Eq. (26) and averaging over 
nuclear orientations. For the averaging it is useful to 

note that as9=8(42/5)!V.°(6),02). It is found that 
(do ;;/dQ)o°= RP? Ro'B?/ 167. (27) 


2 
We now normalize the results of the present paper by 
choosing the parameter Vo so that the cross section of 
Eq. (19) comes out in agreement with the above result. 

Probably Eq. (27) should be regarded as a lower 
bound, since the addition of some real part to the 
amplitude would increase the 0° cross section. Although 
the sharp-cutoff approximation does indicate that /(0°) 
is pure imaginary for spherical black nuclei, it is not 
clear that the accuracy of that result extends to the 
small terms that depend on deformation. From Eq. (15) 
of the distorted waves calculation it is clear that the 
amplitude which depends on deformation can be imagi- 
nary only if the average of e“¢'+*!J,, is imaginary. 
Some indications to this effect are described in Appendix 
B. It seems reasonable to define a “black” nucleus as one 
for which f(0°) is pure imaginary, and to use Eq. (27) as 
a basis for further computation. In this we agree with 
other analyses of the adiabatic method.’:* 

It is noteworthy that the excitation curve of the 0° 
cross section of Eq. (27) is linear with k?, a basic scaling 
law.’ This is seen to be a special result for black nuclei, 
a consequence of the constancy of the total cross section. 
To achieve this result Vo must vary approximately 
linearly with £. Values derived for Vy in Sec. II show 
such linearity. Some further analysis of energy depend- 
ence is given in Appendix B. 

The distorted waves method can treat nonzero values 
for the Q of the reaction (O=E,—£,). Unfortunately, 
the zero degree cross section appears to depend upon Q 
in a sensitive manner, so interfering with the normaliza- 
tion procedure. To normalize these cases the distorted 
waves calculation may be repeated with Q set equal to 
zero, and Vy determined through Eq. (27). The value so 
determined for Vo then can be retained when 040. This 
procedure appears proper because the value of Q has 
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more influence upon the manner in which the terms of 
the /, /’ sum combine than upon the values of the 
individual terms. 


III. RESULTS OF COMPUTATIONS 


Computations were performed for the inelastic scat- 
tering of 20-, 40-, and 60-Mev alpha particles from C, 
Mg, and Ca, for the case of quadrupole excitation. In 
these calculations, the effect of the nuclear charge, the 
smoothing of the wave function and the Q of the reaction 
were studied independently and in combinations. In 
addition, we investigated the consequences of employing 
different smoothing functions. Finally, some cases in- 
volving L=0, monopole excitation, were computed. 


(a) Comparison with Fraunhofer Formula 


The distorted waves theory curves which should be 
most comparable with the Fraunhofer calculations of 
Drozdov® and Blair’ are those computed without the 
Coulomb field, and without any smoothing of the wave 
function (these calculations also omit the Coulomb 
field, and in the Fraunhofer approximation a sharp- 
cutoff surface is assumed). For L=2 excitation the 
Blair expression for the angular distribution is pro- 
portional to 


J? (x) +3J27(x), (28) 


where x= p© or x= 2p sin}. The form of x is uncertain 
because it depends on a somewhat arbitrary choice of 
shadow line in applying the Fraunhofer approximation. 
Figure 1 shows DWB curves for five values of p and 
indicates their comparison with the Blair curves for both 
choices of shadow line. All curves have been normalized 
to unity at O=0°. 

Evidently the agreement is excellent at small angles, 
as it must be, since at these angles the Fraunhofer ap- 
proximation is accurate and all choices of shadow line 
are equivalent. The Fraunhofer approximation is seen to 
give qualitatively good results even toward much larger 
angles, although noticeable peak shifts do occur. It 
appears that neither choice of argument in Eq. (28) is 
to be preferred over any large interval in angle. 

The DWB curves in Fig. 1 show the very interesting 
feature that the successive peaks are equally spaced in 
angle, provided regions very near 0° and 180° are 
ignored. This feature has been noted in some ex- 
periments.?8 

The five DWB curves in Fig. 1 are very similar in 
shape. We note that the peak spacing varies inversely 
as p, a feature which is inherent in the Fraunhofer 
theories.”* In addition, however, the relative peak 
heights in the forward angles are nearly identical. This 
tends to give support to the ideas of “universality” of 
the diffraction patterns and agrees with Blair’s scaling 
rules. 





28 L. Seidlitz, E. Bleuler, and D. J. Tendam, Phys. Rev. 110, 682 
(1958). 
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Both the Fraunhofer curves and the DWB curves of 
Fig. 1 have the property that their envelope falls fairly 
slowly towards large angles. As additional physical 
effects come to be considered, the envelope will be seen 
to fall more rapidly. These effects will now be considered 
in turn. 


(b) The Q of the Reaction 


Figure 2 shows the effect of an energy loss of 4.43 Mev 
for carbon, both with and without the Coulomb field. 
The calculations were done with sharp-cutoff wave 
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Fic. 1. Angular distributions calculated for several values of 
p=kRo. The Coulomb field is ignored and sharp-cutoff wave 
functions are employed. The dashed curves give the Blair formula 
Eq. (28), with argument p@ for p=7.6, and 2p sin(@/2) forp=10.1 
The curves are normalized to unity at 9=0°. 
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Fic. 2. Angular distributions for C"(a,a’)C"* with incident 


laboratory energy of 40 Mev. Sharp cuto‘f wave functions are used 
with Ro=5.21f. The effect of energy loss is indicated. All curves 
are normalized to unity at @=0°. The quantity N indicated on the 
graph is the normalization factor by which the curves should be 
multiplied to give cross sections in millibarns per steradian. 


functions and at the convenient energy of 40 Mev. The 
interaction radius was obtained from the approximate 
formula 

Ro= (1.44!+2.0)f, (29) 


which is used throughout the present paper, and which 
agrees well with sharp-cutoff radii used elsewhere.!:79 
Then for carbon Ro=5.21f. A normalization constant _V, 
obtained by the method described in Sec. II(c) is dis- 
played on the graph. 

The primary effect of energy loss enters the calcula- 
tion in the form of a reduced momentum for the 
outgoing particle. This, of course, shifts the cross- 
section pattern to larger angles; however, the general 
shape of the pattern is not appreciably altered. Inspec- 
tion of the values of .V shows that the heights of the 
peaks on the two curves also are much the same. Thus 
it should be quite possible to compensate for the energy 
loss effect by simple calculation, and not to carry it 
explicitly. 

One of the most important results of the Blair theory’ 
is the ‘‘phase rule.” This rule assigns odd parity to those 
excitations in which the inelastic angular distributions 
are in phase with the elastic; it assigns even parity to 
those in which the cross sections are out of phase. In 
Fig. 2, the effect of about 10% energy loss is seen to shift 
the pattern a quarter-cycle, i.e., enough to create doubts 
in applying the phase rule. 

An interesting effect is in evidence near 0°. In this 
region the cross section can probably be expressed as a 
function of g= |k;—k,!, with this quantity being used 

*% J. S. Blair, G. W 
Phys. 17, 641 (1960). 


Farwell, and D. K. McDaniels, Nuclear 
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in the form gRo as the argument in the Fraunhofer 
formula, Eq. (28). Then if |k,;|#|k,! the value of g¢ 
does not vanish at 0°, and the angular distribution near 
0° must be similar to that which would be found at 
larger angles if |k;|=|k,| were true. This effect is 
clearly visible in Fig. 2, and seems to have been observed 
in a striking way in some (d,d’) experiments.” 

In the remaining calculations we will neglect the Q 
of the reaction. 


(c) Coulomb Field 


The effects of the Coulomb field are shown in more 
detail in Fig. 3, for 40-Mev alpha-particle scattering 
from C, Mg, and Ca. Unsmoothed wave functions are 
used. The interaction radius Ro was chosen as in part 
(b), and for C, Mg, and Ca, respectively, it has the 
values 5.21f, 6.04f, and 6.79f. 

The Coulomb field causes no very pronounced changes 
of the angular distributions, in agreement with the idea’ 
that the large values of the interaction radius imply a 
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Fic. 3. Angular distributions for C, Mg, and Ca with Ro=5.21f, 
6.04f, and 6.79f, respectively, at 40 Mev, with Q=0. Sharp-cutoff 
wave functions are used. The effect of the Coulomb field is indi- 
cated. The normalization is as described in the caption to Fig. 2 


*® A. Blair (private communication). 
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Fic. 4. Angular distributions for Mg™(a,a’)Mg™* with incident 
laboratory energy of 40 Mev, Ro=6.04f, and Q=0. Linear 
smoothing, Eq. (22), and McIntyre smoothing, Eq. (21), are 
presented, with AJ=1.0 and &=0. The normalization is as 
described in the caption to Fig. 2. 


fairly weak effective Coulomb field. Nevertheless, the 
backward angle cross section is diminished relative to 
the forward angles, and the peaks of the angular dis- 
tribution are noticeably shifted toward larger angles. 
These effects become quite important in the Ca curve. 

The shift of the peaks of the angular distribution 
would seem to cast doubt on the Blair phase rule, which 
compares the elastic and inelastic angular distributions. 
A preliminary study of this question was conducted by 
comparing the three curves of Sec. IV with the corre- 
sponding exact optical-model curves for the elastic 
scattering. This comparison does agree quite well with 
the phase rule. 


(d) Effect of Smoothing the Wave Function 


Two different procedures for smoothing the wave 
function were employed, as discussed in Sec. II. In one 
procedure the coefficients of the outgoing amplitudes 
were varied according to a “Saxon” form factor, as 
employed by McIntyre. In the other procedure a linear 
approximation to the McIntyre smoothing was used. 
Figure 4 compares these two procedures, both with and 
without the Coulomb field, for the case of 40-Mev alpha 
particles on Mg. All these curves are much less oscilla- 
tory than those computed with nonsmoothed wave 
functions. Evidently the cross section is quite sensitive 
to the details of the smoothing, especially in the back- 
ward angles. This sensitivity to the smoothing assump- 
tions also is found upon comparing with Fig. 9, for which 
correct optical-model phase shifts were employed. 

Figure 5 shows smoothed curves for C, Mg, and Ca, 
all at 40 Mev, and all having the same interval of 
(linear) smoothing. A progressive “tilting” of the curves 
is apparent. This behavior is very much like that seen in 
elastic scattering. The similarity bears out in a gratifying 
way the idea of the exact adiabatic method, that the 
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Fic. 5. Angular distributions for C, Mg, and Ca with Ro=5.211, 
6.04f, and 6.79f, respectively. Linear smoothing, Eq. (22), is 
employed with AJ=1.0 and &=0 for 40 Mev incident (lab) 
energy and Q=0. The normalization is as described in the caption 
to Fig. 2. 


inelastic cross section is obtained by slight modifications 
of the elastic cross section. 

In several computations a small “nuclear phase shift,”’ 
i.e., € in Eq. (22), was employed with the smoothing 
function. The effect was noticeable, especially in the 
vicinity of 90°, but was small relative to the other effects 
under investigation. 
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Fic. 6. Angular distribution for Mg™(a,a’)Mg™* with Ro=6.04f 
and Q=0. Linear smoothing, Eq. (22), is employed with ¢ =0 
and Al varied in the manner described in Sec. II(b). The normali 
zation is as described in the caption to Fig. 2. 
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(e) Variation with Energy 


Figure 6 shows angular distributions for alpha par- 
ticles on Mg at incident (laboratory) energies of 20, 40, 
and 60 Mev. Linear smoothing is employed, as discussed 
in Sec. II(b). The three curves are very similar in shape. 
By suitable adjustments of the horizontal and vertical 
scales they can almost be made to superimpose, in 
agreement with Blair’s scaling laws, and in agreement 
with a recent tabulation of experimental data.” The 
normalization factor .V is given for each curve, and 
shows the expected linear increase of differential cross 
section with energy. The parameter Vo also is expected 
to vary approximately linearly with energy. It has been 
extracted, the three values of Vo being 7.4, 15.2, and 
20.1 Mev, respectively, for the 20-, 40-, and 60-Mev 
cases. These values are reasonable for optical potential 
strengths at large interaction radii, and are typical of 
the values of V9 found for all other cases. 

The approximate sharp-cutoff radius introduced in 
part (b) is independent of energy. Actually Ro should 
decrease slightly with energy,” and according to a 
logarithmic law (see Appendix B). The effect is a small 
one, however and is safely ignored. 


(f) Monopole Excitation, L=0 
For monopole excitation Eq. (19) specializes to 


(da/dQ) = N’|¥ (21+1)8e*'¥ °(0,0) f1(p,) fips) |?, (30) 


i 


is a normalization constant which will not be 
investigated. It was easy to calculate the monopole 
section with an abbreviated version of the 
quadrupole program. 

Figure 7 shows monopole angular distributions for 
40-Mev alpha particles incident on C, Mg, and Ca, 
using the linear smoothing procedure. Figure 7 is the 
analog of Fig. 5 for the quadrupole case. The corre- 
sponding curves of Figs. 7 and 5 are astonishingly alike, 
not only in the locations of peaks, but in the detailed 
structure of the diffraction pattern. This similarity 
lends support to the phase rule, in that inelastic transi- 
tions of the same parity are in phase with each other. 
The monopole curves agree with the Fraunhofer ap- 
proximation even better than do the quadrupole curves. 
This has been displayed in Fig. 7, where J ?(p@) is 
plotted. The curves virtually coincide for 6S 25°. 

The curves of Figs. 5 and 7 differ somewhat around 
the 0° peak. The difference probably is not enough to 
distinguish spins. 


where .V’ 
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IV. COMPARISON TO EXPERIMENT 


In this section we compare the results of the distorted 
waves theory with experimental data. In the calcula- 
tions the Coulomb field and the energy loss are ex- 
plicitly taken into account. In addition the smoothing 
assumptions are replaced by accurate calculations of the 
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ni coefficients, as discussed in Sec. II. Three illustrative 
cases have been chosen, primarily on a basis of availa- 
bility of data and optical-model potentials. Although 
we did not attempt to achieve best fits to the data, it 
will be seen that the agreement with experiment is quite 
satisfactory. We also did not include Coulomb excita- 
tion, so the fits are not expected to be accurate at 0°. 
Figure 8 shows experimental and theoretical cross 
sections for 40- Mev alpha-particle inelastic scattering to 
the 4.43-Mev (2*) level of C'’. The experimental data is 
taken from Yavin and Farwell.! The theoretical results 
have been obtained assuming Ro=5.21f, as taken from 
Eq. (29), and have been normalized with |8| =0.4. The 
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Fic. 7. Angular distributions for monopole excitation as de 
scribed in Sec. III (f). The radii and smoothing parameters are the 
same as those described in the caption to Fig. 5. The dashed curve 


gives the Blair formula, ’;2?(p@). All curves are normalized to 
unity at 9@=0°. 


data show little diffraction structure, contrary to pre- 
dictions of the theory.*' Part of the disagreement may 
be due to the breakdown of the “black” assumption. 
Study of the values of |7,| obtained from optical model 
calculations”? shows them to be at least as large as.0.1, 
even for the lowest partial waves. This value is far 
greater than for the other cases investigated and causes 
the assumption of Eq. (18) to be more questionable. In 
this connection it also is helpful to recall that Eq. (27) 


3. More recent experiments at 28.4, 31.0, and 33.6 Mev do show 
a pronounced diffraction structure, however. See T. Mikumo, H. 
Yamaguchi, I. Nonaka, M. Odera, Y. Hashimoto, M. Kondo, and 
T. Maki, J. Phys. Soc. Japan, 15, 1158 (1960). 

® The optical-model parameters were obtained from G. Igo and 
R. M. Thaler, Phys. Rev. 106, 126 (1957), for the C® and Mg” 
cases and from Igo, reference 24, for the A® case. 
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Fic. 8. Angular distributions for C®(a,a’)C#* (Q= —4.43 Mev) 
with incident laboratory energy of 40 Mev. Optical-model phase 
shifts are employed and Ro=5.21f. The closed circles denote the 
experimental cross sections of Yavin and Farwell.! The normaliza- 
tion procedure described in Sec. II(c) yields |B] ~0.4. 


only is a lower bound to the cross section, a larger cross 
section being obtained if the forward scaitering ampli- 
tude has an appreciable real part. It is possible that the 
apparent large value of |8| for carbon is due to the 
omission of the real part of the forward scattering ampli- 
tude in Eq. (27), this being appreciable because the 
“black” assumption breaks down. 

The Mg**(a,a’) Mg** (Q=—1.37 Mev) reaction has 
been extensively studied elsewhere” and good agree- 
ment with the simple diffraction theory has been found. 
Hence for this case one should expect to find reasonable 
agreement between a distorted waves theory and experi- 
ment and this is demonstrated in Fig. 9. The 43-Mev 
angular distribution data of Shook! is presented. It has 
been normalized to the 41-Mev absolute angular distri- 
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Fic. 9. Angulaf distributions for Mg™(a,a’)Mg™* (Q= —1.37 
Mev) with incident laboratory energy of 43 Mev. Optical-model 
phase shifts are emploved and Ro=6.04f. The closed circles denote 
the experimental angular distributions of Shook! which have been 
normalized to the 41-Mev absolute angular distribution data of 
Blair, Farwell, and McDaniels.* The normalization procedure 
described in Sec. II(c) yieids || =0.20. 
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Fic. 10. Angular distributions for A®(a,a’ )A®* (O= — 1.46 Mev 


with incident laboratory energy of 18 Mev. Optical model phase 
shifts are employed and Ro=6.79f. The closed circles denote the 
experimental cross sections of Seidlitz, Bleuler, and Tendam.?* The 


normalization procedure described in Sec. II(c) yields || ~0.1. 


bution data of Blair, Farwell, and McDaniels”’ (the two 
experiments are in good agreement for the shape of the 
distribution). Equation (29) yields Ro=6.04f for the 
interaction radius, and the normalization of theory to 
experiment yields a deformation parameter, |8| =0.20. 
This value for |8| of course agrees with the value 
extracted by Blair. 

Examination of Fig. 9 indicates excellent agreement 
between the distorted waves theory and experiment out 
to about 75°. It is to be noted that the relative heights 
of the 40°, 53°, and 66° maxima are predicted correctly. 
The disagreement in the very forward angles may well 
be due to Coulomb excitation. It is seen that the low 
magnitude of the backward cross sections is correctly 
predicted. 

The final case to be considered is presented in 
Fig. 10, which shows differential cross sections for 
A*®(a,a’)A®* (O=—1.46 Mev) for 18-Mev alpha par- 
ticles. The experimental data is taken from Seidlitz, 
Bleuler, and Tendam.** An interaction radius Ro=6.79f 
has been used, as taken from Eq. (29), and in agreement 
with the detailed studies of the wave function which are 
reported in Appendix B. A less realistic radius value of 
7.5f also was tested, and led to a curve with much less 
diffraction structure and with a larger cross section in 
the backward angles. With the curve shown in Fig. 10 
a somewhat uncertain value of |8 ~=0.1 is obtained 


from the normalization. Since the A® nucleus is spherical 
this number certainly is not a deformation parameter. 
Nevertheless, the argon reaction undoubtedly is a sur- 
face reaction, and is interesting because the high Z and 
low energy imply a large Coulomb distortion. 

The agreement between theory and experiment in 
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Fig. 10 is encouraging. Evidently the general trend of 
the angular distribution is correctly predicted, as is the 
qualitative shape of the diffraction pattern. The dis- 
agreement between experiment and theory in the very 
forward angles may well be due to Coulomb excitation, 
This effect could be included in more accurate calcula- 
tions merely by adding its amplitude to that of the 
distorted waves theory. The agreement already ob- 
tained suggests that a full-scale distorted waves calcula- 
tion using Eq. (16) might well yield quantitative agree- 
ment with experiment even at large angles. Further in- 
vestigations are planned. 

Note added in proof. Further calculations have now 
been performed. Explicit numerical evaluation of the 
radial integrals of Eq. (16) gives the cross section of 
Eq. (17) without any of the further approximations 
which had to be carried in the present paper. By the 
use of optical potentials which fit the elastic scattering, 
an immediate good fit to the inelastic scattering is 
found, without any additional adjustable parameters. 
The agreement with experiment found this way is better 
than in Figs. 8-10. Values used for 8 parameters are 
typical of those found in other ways. Coulomb excita- 
tion also has been included, and gives some further 
improvement of the results. Preliminary work with 
(p,p’) reactions also is encouraging. 
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APPENDIX A. GENERATION OF COULOMB 
WAVE FUNCTIONS 


The Coulomb wave functions satisfy the recurrence 
relations® 


LE(L+1)? +n? PY 141= (2L4+1)[n t+ L(L4+1)/p )VY7 


—(L+1)[2?+n?}'yr-1, (A-1) 


where Y,;, denotes either the regular solution F ,, or the 
irregular solution G,. The relations can be used* to 
generate Coulomb wave functions from knowledge of 
the functions for L=0 and L=1. The method is 
straightforward for G_. 

For the regular solution, however, Eq. (A-1) is 
unstable when applied in increasing order; it is quite 
stable though if applied to F ; in decreasing order. Indeed 
in the region L2p, the relative accuracy increases 
exponentially when F; is recurred downward in L. Thus 
we use the approximate asymptotic formula 

F 1.(p)=p**!/(2L+1)!!, (A-2) 


which is valid for L>>p. Equation (A-2) is used for the 


%8 J]. L. Powell, Phys. Rev. 72, 626 (1947) 
41. Stegun and M. Abramowitz, Phys. Rev. 98, 1851 (1955). 
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two high values of L and then Eq. (A-1) is applied suc- 


| cessively until L=O is reached. The Fo function is 
| independently calculated in a manner described below 


and is correctly normalized. The ratio of the normalized 
Fy to the Fo generated by recurrence is then used to 
renormalize the other F,, functions. 

In order to generate the irregular functions, it is 
necessary to know Gy and G;. These may be obtained 
along with Fo by using the formulas in Sec. 12 of 
Fréberg’s article.*® These formulas require the asymp- 
totic inequality n?+4nu+3<12p/5 (which is easily 
satisfied in the present work). This method generates 
Coulomb wave functions which, for the values of L 
which contribute significantly to the cross section, are 
accurate to 6 or 7 decimal places. 


APPENDIX B. ANALYSIS OF RADIAL INTEGRALS 


Two distinct effects cooperate to cause nuclei to be- 
have as black obstacles, and to cause the sharp-cutoff 
model to be a good first approximation for elastic 
scattering. Blair has discussed these effects.” Briefly, 
they are: (1) The imaginary part of the optical potential 
is strong enough so that any partial wave which is not 


| reflected back near the surface is completely absorbed in 


the nuclear interior. (2) Which partial waves do pene- 
trate past the nuclear surface is determined before the 
imaginary potential is yet very large, by a competition 
between the attraction presented by the tail of the 
optical potential (real part), and the repulsion presented 
by the centrifugal potential plus the Coulomb potential. 
Near the classical cutoff the competition is very sensi- 
tive to /, and , goes rapidly from zero to one as / 
increases. 

The wave function /; for the /th partial wave may be 


| studied in terms of the ‘‘net” real potential for that 
| partial wave, 





V(r) = (1+1)/2MP+ZZ'e?/r--+ Rel (rr). (A-3) 


In terms of U,; the Schrédinger equation for /; is ap- 
proximately of the form 


— (h?/2M)fi"=[E-Ui fi, (A-4) 


inasmuch as ImU’ may be neglected for the range of r 
ander discussion. Figure 11 shows U(r) for argon, for a 
few values of /, using Igo’s parameters for the optical 
potential.** The curves are seen to show a pronounced 


| Maximum in the region of the nuclear surface. Other 
| ranges of / and other nuclei lead to similar graphs. The 


maximum of VU, shifts logarithmically to smaller r as / 
increases, and tends to disappear altogether for high /. 
It disappears only if / becomes extremely high, however, 
and throughout the range of interest of the present 


Se 


%C.E. Fréberg, Revs. Modern Phys. 27, 399 (1955). 
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Fic. 11. Sketch of ‘‘net” real potential, U,(r), for argon as 
described in Appendix B. The dashed curve shows the variation 
with radius of the derivative of the real part of the optical po- 
tential. The solid horizontal line indicates 18 Mev. 


paper all graphs of ©; look much the same. Evidently 
for 1=lo, near the classical cutoff, the height of the 
maximum nearly equals the total energy, and the 
maximum is the principal barrier against transmission 
to the interior. Figure 11 illustrates the case of 18-Mev 
alpha particles incident on argon, for which /o=11.2. 
On the whole, waves with /</) surmount the barrier, 
while waves with />/» are reflected. 

For /=/) the quantity [E—%_] in Eq. (A-4) is very 
small near the maximum of U,, and the curvature of f; 
therefore is small in that region. As a consequence either 
the real or the imaginary part of f; grows very large in 
the region of the maximum of U,, and this region of r 
accordingly tends to dominate in the radial integrals 
Tiv. We have evaluated /;; numerically for argon at 18 
Mev and have found such a maximum. Apparently it is 
for this reason that the inelastic scattering of alpha 
particles tends to be a surface reaction. Furthermore, 
since the maximum of VU, is located on the outermost 
tail of the optical potential, the value of Vo in Eq. (18) 
must be small, of the order of the values found in Sec. 
III. It also is clear that Vo must increase with bom- 
barding energy, because J) increases with energy, and 
the maximum of U, shifts to smaller radii as / increases. 
The optimum value of Ry in Eq. (18) probably is near 
the maximum of 0). 

The phase of /;, exp[i(o,+ev)] is of interest in 
Sec. II(c). This phase is difficult to estimate in any 
general manner. However, it was found to be very close 
to 90° for the case of argon at 18 Mev cited above 
(J=l’=11). Such a value was suggested in the text as 
appropriate for nuclei that are ideally black. Further 
detailed calculations would show how closely nuclei 
approach this ideal. 
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Creation of the Heavy Elements by Neutron Capture on a Fast Time Scale* 
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Laboratory for Nuclear Science, Massachusetts Institute of Technology,t Cambridge, Massachusetts 
(Received February 10, 1960) 


The mathematical problem concerning the creation of the heavy elements by neutron capture on a fast 
time scale involves the solution of more than a thousand simultaneous differential equations. This set of 
equations is solved by replacing them with a mathematical equivalent—a single partial differential equation 
which turns out to assume the form of the equation of continuity. The stream lines of the analogous hydro 
dynamical problem are determined, from which the problem of nucleogenesis may be solved once the 
initial condition is given. By assuming a neutron capture mean lifetime of about 0.1 sec for all nonmagic 
number nuclides and by making use of the fact that the neutron magic-number nuclides have smaller 
neutron-capture cross sections, the position, width, and height of the abundance peaks at Br, Xe, and Pt 
may be determined; these agree reasonably well with the experimental results. 


1. INTRODUCTION 


T has been suggested that the heavy elements in the 
universe are formed from the lighter ones by succes- 
sive neutron capture and beta-decay processes either 
“In the Beginning” of the universe! or at a later stage 
in the stellar interior.2 The cosmological abundance 
curve of the elements (see Fig. 1) based on recent data 
by Suess and Urey® shows pronounced peaks at Br, 
Xe, and Pt in addition to peaks at Y, La, and Bi. The 
latter group of peaks, because of their coincidence with 
the magic numbers of neutrons (50 for Y, 82 for La, and 
126 for Bi) may be explained by the neutron-capture 
process on a slow time scale. In this process, the mean 
life of a nucleus against neutron capture being larger 
than the beta-decay lifetime, the nucleus undergoing 
successive transmutations will remain close to the 
beta-stability line. Magic-number nuclides on the beta- 
stability line will be formed in large abundance because 
of their smaller neutron-capture cross sections.‘ An 
explanation for the other group of peaks has been 
suggested by Coryell.® According to him, the groups of 
elements around Br, Xe, and Pt are considered as 
the beta-decay products of groups of unstable elements 


* This work has been reported by the author, Massachusetts 
Institute of Technology, Laboratory for Nuclear Science Quarterly 
Progress Report, August 1956 (unpublished), and Bull. Am. Phys 
Soc. 2, 15 (1957). 

+ Supported by the National Science Foundation. 

t Supported by the U. S. Atomic Energy Commission. 

'R. A. Alpher and R. C. Herman, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Palo Alto, California, 1953), 
Vol. 2, p. 1. 

2 W. A. Fowler, G. R. Burbidge, and E. M. Burbidge, Astrophys. 
J. 122, 271 (1955). The mechanism for producing neutrons in 
stellar interiors which makes this process possible was first 
suggested by A. G. W. Cameron, Phys. Rev. 93, 932 (1954); 
and Astrophys. J. 121, 144 (1955); and J. L. Greenstein, Modern 
Physics for Engineers, edited by L. Ridenour (McGraw-Hill Book 
Company, Inc., New York, 1954), p. 267. 

3H. E. Suess and H. C. Urey, Revs. Modern Phys. 28, 53 (1956). 

*D. J. Hughes, R. C. Garth, and J. S. Levin, Phys. Rev. 91, 
1423 (1953). 

®C. D. Coryell, Massachusetts Institute of Technology, 
Laboratory for Nuclear Science Annual Report, May, 1956 
(unpublished). See also H. E. Suess and H. C. Urey, reference 3, 
p. 71 


with 50, 82, and 126 neutrons, respectively, which are 
formed in large abundance, because of their small 
capture cross sections due to the magic numbers, ina 
neutron capture process on a fast time scale. The 
capture mean life must be shorter than the ordinary 
beta-decay lifetimes so that beta-unstable isotopes far 
away from the beta-stability line may be formed. In 
order to account for the peaks at Br, Xe, and Pt, the 
unstable nuclides formed on the neutron-rich side of 
the stability line must be, respectively, 5, 7, and 9.5 
beta steps away from the stability line. 

In this paper we shall formulate and solve the general 
mathematical problem of element synthesis by neutron 
capture on a fast time scale as originally outlined by 
Coryell, i.e., a rapid series of neutron-capture processes 
interrupted by beta-decay processes.® The mathematical 
formulation of the slow capture process, as given by 
Alpher and Herman,! is represented by a set of simul- 
taneous differential equations, one for each mass 
number 4. About two hundred equations are required. 
Solution by computer is simplified by approximating 
this set of equations by a set of 27 equations. Also, the 
variation of the neutron-capture cross section at magic 
numbers is ignored. It is evident that, in fast capture 
processes, one equation for one mass number is not 
adequate. Each member of the isobaric chain must be 
considered individually as the capture paths are now no 
longer limited to the immediate neighborhood of the 

®In the meantime the Coryell idea has been developed elab 
orately by E. M. Burbidge, G. R. Burbidge, W. A. Fowler, and 
F. Hoyle, Revs. Modern Phys. 29, 547 (1957); and by A. G. W. 
Cameron, Chalk River Laboratory Report CRL-41, 1957 (un- 
published), and subsequent reports. On the basis that element 
synthesis takes place in stellar interior, Burbidge, Burbidge, 
Fowler, and Hoyle included the effect of the (y,n) processes which 
becomes appreciable in stellar interior when temperature rises 
to 10° °K, the temperature necessary for the neutrons to be 
produced by nuclear reactions in stellar interior. On the other 
hand, such a high temperature may give rise to other types of 
reactions which may lead to difficulties. B. Pontecorvo, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 36, 1615 (1959) [translation: Soviet 
Phys.-JETP 36(9), 1148 (1959) ], has considered the energy loss 
of stars by neutrino pair emission and found its rate to be larger 
than that of radiation loss when temperature exceeds 108 °K. The 
author is indebted to Dr. Cameron for bringing his attention to 
this work. 


1388 


| beta- 


neces 
| equat 
if the 
the vi 
may | 
the m 
ing tl 
tial e 
that 
light 
chang 
beta- 
conce 
nor it 
in the 
succe 
short 
flux t 
| conce 
final ; 
distri 
durat 





2. 


| Let 
| time 
of th 
that « 
const 
const 
for tl 
nuclic 


dn(N 
=; 














960 


are 
mall 
ina 





The | 


nary 
3 far 
. In 

the 


eral 
tron 
1 by 
SSeS 


1 by 
mul- 
mass 
ired. 
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| beta-stability line. One differential equation being 


necessary for each nuclide (V,Z), the total number of 
equations may well be over a thousand. Furthermore, 
if the magic numbers have an important part to play, 
the variation of capture cross section at magic numbers 
may not be ignored. In spite of the increased complexity, 
the mathematical system may be solved by approximat- 
ing the numerous equations by a single partial differen- 
tial equation. To simplify our problem we shall assume 
that a strong neutron flux is made available for the 
light elements to capture for a short duration. The 
change of abundances due to neutron capture and 
beta-decay processes will be investigated. We shall not 


concern ourselves with the origin of the neutron flux, 


nor its intensity, duration, and time variation. However, 


| in the fast capture process, the time intervals between 


successive capture and beta-decay processes are so 
short that we may reasonably approximate the neutron 
flux to be a constant. In the following (Sec. 2) we shall 


| concern ourselves with the problem of determining the 


final abundance distribution once the initial abundance 
distribution of light elements and the intensity and 


| duration of the neutron flux are specified. 


2. GENERAL MATHEMATICAL FORMULATION 
AND ITS SOLUTION 
Let the relative abundance of a nuclide (N,Z) at 
time ¢ be n(.\,Z,t), the neutron-capture cross section 
of the nuclide (.V,Z) at the energy corresponding to 
that of the neutron flux be o(.V,Z) and the beta-decay 
constant of the nuclide (.V,Z) be A(-V,Z). Assuming a 
constant neutron flux¢ we obtain the following equation 


daa | for the time rate of change of the abundance of the 


| nuclide (V,Z): 


ting | 
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dn(N,Z,t)/dt 
= gn(N—1, Z, t)o(N—1, Z)— en(N,Z)o(N,Z) 
+r(NV+1, Z—1)n(N+1, Z—1, #) 














—nr(N,Z)n(N,Z). (1) 
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MASS NUMBER A 


Fic. 1. Abundance of elements (A >70) plotted as a function of 
the mass number A. This graph shows odd-A nuclides only. The 


| abundance curve of even-A nuclides shows the same peaks. The 


| ordinate is so normalized that Si has an abundance of 10°. 
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There will be as many simultaneous differential 
equations as the number of nuclides to be considered. 
We make the approximation that (N,Z,t) is to be 
a continuous function of the indices NV and Z. This 
assumption is reasonable as the abundance curve 
actually is continuous in the heavy element region. 
[A(V,Z) and o(V,Z) are assumed to be continuous 
functions of .V and Z except at magic numbers. ] By 
this assumption we may approximate the more than 
one-thousand simultaneous differential equations by 
one single partial differential equation: 
an(N,Z,t) a 
———-= Sh EN 


0. “ 


al 


0 
+—[r(N,Z)n(N,Z,1)] 
ON 


0 
—~—{[A(N,Z)n(N,Z,0)], (2) 
OZ 


where (NV ,Z,t) is now considered as a function of 
three variables V, Z, and ¢. This equation may be 
rearranged as follows: 


On(N,Z,t) Oo 
— —+ Aloe (¥2)—M 2) Oe 
ON 





al 
0 
+—{X(V,Z)n(N,Z,D}=0. (3) 
aZ 


The form of this equation is identical with that of the 
equation of continuity for a compressible fluid flowing 
in the (V,Z) space with a density function n(N,Z,t) 
and a velocity function the components of which are: 


wv= go(N,Z)—d(N,Z), (4) 


vz=A(N,Z). 


Therefore, the mathematical problem is identical with 
that of the flow of a fluid in a two-dimensional space 
and may be solved by a hydrodynamical analogy. 

This analogy has a simple physical interpretation. 
First [go(.V,Z) }"' is the mean life against neutron cap- 
ture of a nuclide (.V,Z). After capturing one neutron the 
position of the nucleus moves one unit in the positive V 
direction in the (.V,Z) space. Therefore, the mean 
velocity of a nucleus in the +.V direction due to 
neutron capture is 1/[¢o(V,Z)}°, ie., go(N,Z). 
Similarly, the beta decay gives rise to a velocity of the 
nucleus with a magnitude v2/[A(V,Z) }', i.e., V2A(N,Z), 
in a direction making an angle 135° with the +N 
direction. The vector sum of these two velocities is 
just the velocity function given by Eq. (4). 

The hydrodynamical problem may be solved by 
determining the stream lines. Equation (4) shows that 
the stream lines are time independent, being dependent 
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only on the nuclear properties, ¢(.V,Z) and A(.V,Z), 
and the neutron flux ¢g. (In the more complicated 
situation where the neutron flux is not constant in 
time, the problem may be solved by a set of stream 
lines changing with time.) Once the initial distribution 
n(N,Z,to) is given, the distribution at any later time 
n(N,Z,t) may be determined by tracing through the 
fluid particles along the stream lines. Analytically the 
solution may be obtained as follows. The differential 


equation for the stream lines may be found from 
Eq. (4) to be: 
dZ/dN=X(N,Z)/Leo(N,Z)—ACN,Z) ]. (5) 


If o and \ can be expressed by analytic functions, this 
differential equation may be solved to obtain a series 
of curves representing the stream lines. Let the equation 


of the curves be: 
a= a( VC), (6) 


where C is an integration constant, fixed for one 
specified stream line. Equation (6) may be transformed 
as follows to express V as a function of 7: 


NweK(Z£). 
Equation (4) may now be integrated as follows: 
Ne 


I-= f 
NO 


Z: 


dN 
go(N,3(NV,C))—ACV, a(V,C)) 
dZ 
I- = f — a 
a(N0,C) A(M (Z.C),2) 


Equations (8) are the equations of transformation from 
the point [N,3(.Vo,C) ] to the point (.V;,Z,), i.e., from 
the coordinates of a particle at ¢) to that at /, the 
particle being moving along a stream line identified by 
a given value of C. Equations (8) enable us to transform 
any point on a given stream line. In order to transform 
any other initial point (.Vo,Z») we must find a new 
stream line which passes through this point. This new 
stream line may be identified by C’ satisfying the 
following equation: 


Zo= a(No.C’). (9) 


If we now replace the value C in Eqs. (8) by C’we have 
the transformation equations for the point (.Vo,Zo). 
Actually Eqs. (8) may be regarded as the equations of 
transformation from variables (.Vo,C) to variables 
(N,,Z,). Thus the transformation of any initial point 
(Vo,Zo) to its later position (.V;,Z,) may be considered 
as being made of two successive transformations: first 
from (No,Zo) to (No,C) by Eq. (9), then from (.Vo,C) 
to (N,,Z,) by Eqs. (8). If the initial abundance distribu- 
tion at f is represented by a distribution function 
no(No,Zo) then the abundance distribution at any 


> 
XN 





FONG 


later time ¢ may be represented by: 


0(No,Zo) 


ni(.Ni,Z1) = noCVo, 3(.V0,C)) 


0( No,C) 
= no .Vo(N2,Z2), 5. No(N1,Z),C(N1,Z,) }) 
0 O( No,¢ if 


X— al NVo(N1,2Z1),C(N1,Z,) 
aC 


- (10) 
O(N,,Z;) 


Equation (10) is thus the general solution of the fast 
capture problem. The abundance distribution at any 
time / is expressed in terms of the initial distribution ng, 
the nuclear properties and the neutron flux, the latter 
two being contained in the equation of the stream lines, 


3. AN APPROXIMATE SOLUTION 


The general mathematical theory is applicable if 
the functions o(.V,Z) and A(.V,Z) can be expressed by 
analytic functions. While we may reasonably approxi- 
mate A(.V,Z) by an analytic expression by ignoring the 
fluctuation due to the different orders of forbidden 
transition, there is no simple analytic approximation 
for the discontinuous change of o(V,Z) at magic 
numbers. As we expect the magic-number effect to be 
important, a new approach to the solution of the problem 
will have to be made. Actually the peculiar situation of 
ao(.\V,Z) at the magic numbers enables us to devise 
special method for the solution of the problem. 

We start by a qualitative consideration of the stream 
lines in the (.V,Z) space. The velocity vector is the sum 
of two vectors: go(.V,Z) in the +.V direction and 
v2\(V,Z) in the direction making an angle 135° with 
the +.V direction. ¢ is constant and a(.V,Z) is nearly 
constant for A > 100 except for magic-number nuclides. 
We shall assume that o(.V,Z) is constant for nonmagic- 
number nuclides and that for magic-number nuclides 
its value o™(.V,Z) is smaller‘ by a factor of 50. AC.V,Z) is 
assumed to be proportional to the fifth power of the 
beta-decay energy /s according to the Fermi theory. 
When a stream line originates from a point on the 
beta-stability line, the value of A(.V,Z) at that pointis 
zero and the velocity vector equals go(.V,Z) along the 
+N direction. Thus, stream lines coming out of the 
stability valley are at first parallel to the .V axis. As 
they depart from the stability valley, \(.V,Z) increases; 
the velocity vector becomes smaller and turns gradually 
towards +Z axis. Because of the fifth-power dependence 
of \ on £g, this tendency will be accelerated and the 
direction of the stream line will soon turn parallel to 
the beta-stability line. If the beta-stability valley has a 
constant parabolic curvature, the stream line will 
remain parallel to the valley. This we assume for 
simplicity. This tendency continues until the line 
reaches a nuclide with magic-number neutrons. It may 
be shown that all stream lines starting at different 
positions along the beta-stability line will eventually 
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CREATION OF HEAVY 
converge into a main artery parallel to the beta- 
stability line. These qualitative results are represented 
schematically in Fig. 2. 

When the main artery reaches the magic-number line, 
the sudden drop of the value of ¢(.V,Z) cuts down the 
velocity component along the +.V axis. However, to 
the right of the magic-number line o(.V,Z) is still large. 
The result is that thé main artery will turn into a 
direction parallel to the +Z axis. If the value of 
o"(V,Z) is actually zero, the main artery will proceed 
until it reaches the beta-stability line. Actually o™(.V,Z) 
is smaller by a factor' of 50. Therefore, a few stream 
lines will spill over to the right of the magic-number 
line, the branching fraction being ga”(.V,Z)/A(V,Z) 
(see Fig. 2). As the main artery moves closer to the 
beta-stability line, \(.V,Z) decreases and the branching 
fraction increases. When A(.V,Z) has decreased by a 
factor of 50, the branching of the stream lines to the 
right of the magic-number line becomes appreciable 
and soon afterwards all stream lines will be found to 
come over to the right of the magic-number line. From 
then on they will proceed in a similar manner as they 
first started. 

When the main artery proceeds from P to ( in Fig. 2, 
the magnitude of the velocity vector decreases rapidly, 
because now ¢o is very small and \ decreases rapidly 
when approaching the beta-stability line. If the fluid 
flows constantly, a decrease in velocity means an 
increase in density and a bunching effect may result. 
After reaching a maximum at M, the density decreases 
because of the branching of stream lines to the right 
of the magic-number line. If the neutron flux is turned 


off suddenly, the nuclei congested between P and Q 


will follow beta-decay paths to reach beta-stability 


_ line. The points P, M, Q will reach the points P’, M’, 


Q’. A well-defined abundance peak will result with its 
maximum M’ a few mass units away from the stable 
magic-number nuclide. The observed abundance peaks 
at Br, Xe, and Pt may thus be qualitatively explained.° 
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Fic. 2. Schematic diagram of the stream lines representing the 
paths of neutron capture and beta decay in the neutron-capture 
process on a fast time scale. 
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To obtain quantitative results we concern ourselves 
with the steady-state flow problem. At a later time the 
neutron flux will be assumed to be turned off suddenly. 
The problem is to find the abundance distribution of 
the nuclei undergoing transmutation as a function of 
the mass number A after they have reached the beta- 
stability line. This hypothetical problem actually may 
not be too far from reality. As all stream lines converge 
into the main artery, an initially constant distribution 
along the beta-stability line will change over, at a later 
time, to a nearly constant fiow along the main artery. 
Also, constant flow with a sudden turnoff may be 
considered as a statistical representation of a random 
distribution of neutron flux duration. Without further 
detailed information concerning the actual condition of 
nucleogenesis,’ we limit ourselves to this simplest 
approximation. In doing so we have averaged out the 
initial conditions of the abundance distribution of the 
light elements and of the neutron-flux duration. The 
only condition left undetermined is the neutron flux 
intensity ¢ which is taken to be the adjustable param- 
eter of this theory; for best fit we shall postulate that 
the flux intensity is such that ge(N,Z) is about 8 sec, 
or the mean life against neutron capture is about 0.12 
sec. As all stream lines converge into the main artery 
we need only consider the latter. Considering the 
bunching and branching of the main artery at the 
magic-number line we derive the following formulas 
for the abundance H as a function of mass number A 
in a region where a peak is expected to appear: 


H(A)=constant X[1/¢e(.V,Z) ] from 0 to P’, 


1 Z o*(N,Z) 
H(A)=constant X —— an(-f — 
A(N,Z) zp) o(N,Z) 





ga(N,Z)—X(N,Z) 
Sf mn eierrareonnre iz) from P’ to Q’. (11) 
d(N,Z) 


In the second expression, .V is held constant at a 
magic number. The general trend of the abundance 
curve is as follows. The abundance is constant from 
0 to P’ as ga(.N,Z) is constant. At point P’ the abund- 
ance suddenly changes from 1/¢go(N,Z) to 1/A(N,Z) 
where A(.V,Z) is to be calculated at the point P. From 
P’ to M’ the abundance increases because of the factor 
1/A(V,Z). After reaching the maximum value at M’, 
the abundance will decrease from M’ to Q’ on account of 
the exponential factor, which expresses the effect of 


7 The current view® seems to be that heavy element synthesis 
starts from the iron peak (ie®*). Right after the neutron flux is 
turned on, the hydrodynamical problem is certainly not one of 
steady state. However, the steady-state solution may still be 
regarded as a statistical average over a random distribution of 
neutron flux duration. If the duration is extremely long, many 
cycles of spontaneous fission may have happened when the 
synthesized nuclide reaches a mass number greater than 265 and 
the hydrodynamical state may become steady. 
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Fic. 3. Theoretical curves representing the abundance peaks 
calculated on the basis of go=8 sec”! are compared with the 
experimental results of Fig. 1. 


branching. The numerical values assumed for calcula- 
tion are: 


ga(N,Z)=8 sec, (12) 
a(N,Z)/o™(N,Z)=50. (13) 

For the beta-decay constant \ we use 
A=e-M4AE SS, (14) 


where £g is the total beta-decay energy in Mev. The 
value 11.4 is estimated from a graph by Way and 
Wigner.* The value of Es may be obtained, as a first 
approximation, from an atomic mass formula by 
Fermi,’ i.e., 


M(A,Z)=M,s+Ba(Z—Za4)’+6,4, (15) 

where 
Z4=A/(2+0.01544), (16) 
4=0.0419/Z4, in Mev. (17) 


For convenience, we neglect the even-odd effect (6,4) in 
calculating the beta-decay energy. Thus 


Es=2Ba(Za—Z—}). (18) 
The numerical values given by Eqs. (12-18) (among 
which the value of go is the only adjustable parameter) 
enable us to calculate the abundance curve for the 
Xe peak and the Pt peak. The results are shown in 
Fig. 3, the relative abundance being normalized to 
the pre-peak yields. The position, width and height of 


8K. Way and E. P. Wigner, Phys. Rev. 73, 1318 (1948). 

9 E. Fermi, Nuclear Physics Notes (University of Chicago Press, 
Chicago, 1949), pp. 6-8; N. Metropolis and G. Reitwiesner, 
Atomic Energy Commission Report NP-1980, 1950 (unpublished). 
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the peaks agree well with the experimental results. The 
abundance peak at Br which corresponds to mass 
number around 80 cannot be treated in a similar 
manner; for the assumption of constant o(.\V,Z) is not 
valid for mass number below 100. It may be mentioned 
that the break of the calculated curve is not real; it 
appears as a result of the mathematical approximations 
employed. The lower right part of the calculated curve 
cannot be compared with the experimental data since 
the data in this region are complicated by the neutron- 
capture process on a slow time scale. The calculated 
result is rather insensitive to the change of the adjustible 
parameter ¢go. 


4. DISCUSSION 


On the basis of the general solution, Eq. (10), a 
qualitative analysis of the fast capture process may be 
made. If the stream-line pattern is not singular, the 
Jacobian of the transformation is not fast-varying and 
the future abundance distribution will be largely 
determined by the initial abundance distribution 
no(.No,Zo). On the other hand, if the stream-line pattern 
is singular, exhibiting strong tendency of crowding and 
bunching, the Jacobian of the transformation is a 
rapidly varying function and the future status will be 
essentially determined by the Jacobian instead of by 
the initial abundance distribution. The effect of the 
sudden change of the neutron-capture cross section at 
the magic-number line is to cause crowding among the 
stream lines and bunching along them. The places where 
the lines are densest and the velocity smallest are the 
places of high density, more or less independent of the 
initial conditions. Therefore, the association of the abun- 
dance peaks with the magic numbers of the nucleus 
seems quite natural and reasonable. 

The assumption that ¢go(.V,Z) is constant is, of 
course, one made for convenience. For very neutron-rich 
nuclides, the neutron binding energy is small and the 
beta-decay energy is large. However, in the peak regions 
considered here the binding energies of the unstable 
nuclides first produced are not too small. For nuclides 
of greater chain lengths the binding energy may be 
very small and capture cross section will be small, too. 
Therefore, there seems to exist a natural limit for the 
distance between the beta-stability line and the main 
artery stream-line no matter how large the neutron 
flux may be. It is quite possible that the widths of the 
peaks are set by this natural limit. The emission of 
delayed neutrons is not considered here, the effect of 
which may be represented by an effective neutron flux 
varying with (.V,Z), i.e., ¢ will be dependent on (.V,Z). 
The general feature of the results remains the same. 

To handle the discontinuity due to the sudden change 
of o(.V,Z), an analytic method may be conceived in 
which the two sides of the magic-number line are solved 
analytically and the two solutions are joined together 


over the line of discontinuity. The continuity condition 
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CREATION OF HEAVY 
to join the two solutions turns out to be just the 
branching effect we considered in Sec. 3. If we omit the 
minor stream lines, the result is exactly the one obtained 
in Sec. 3. The condition under which the minor lines 
may be omitted is ¢/o">>1 which is satisfied in our 
case. This consideration thus justifies the approximate 
method we used in Sec. 3. 
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Mott-Scattering Analysis of Longitudinal Polarization of Electrons from Co‘’t* 
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Yale University, New Haven, Connecticut 
(Received July 15, 1960) 


Mott scattering has been used to analyze the degree of longitudinal polarization of beta particles emitted 
from radioactive nuclei. The reliability of this method and the influences of the various systematic errors 
associated with this method on the accuracy of the measurement have been investigated in detail and are 
discussed. On the basis of a linear extrapolation of the inverse of the Mott asymmetry to zero scatterer 
thickness, the polarization of 194-kev electrons from Co was found to be — (0.994+0.057)v/c with all 
known corrections applied. The effects of atomic screening and finite nuclear size have not been included. 
Using the quoted value for the polarization measured in the pure Gamow-Teller transition in Co™ yields 


Ca’= (0.7 to 1.45)Ca. 


I. INTRODUCTION 

HE discovery of the violation of space inversion 

symmetry in beta decay led to the prediction 
that electrons were emitted from unoriented nuclei 
with their spins polarized parallel to their direction 
of flight.'~5 The study of the magnitude and direction 
of the longitudinal polarization of beta particles has 
been of considerable interest during the past three years 
as an aid in the investigation of the beta-decay inter- 
action. In addition to providing further unambiguous 
evidence for parity nonconservation in beta decay, these 
experiments furnish a measurement of the relative 
magnitudes of the even and odd beta-coupling con- 
stants. The latter quantity is of particular interest in 
establishing a necessary condition for the validity of 
the two-component neutrino theory.** The accuracy 
attainable with polarization measurements compares 
very favorably with the other experimental methods 

t Sponsored in part by the Office of Naval Research, the Atomic 
Energy Commission, and the U. S. Air Force Office of Scientific 
Research. 

*Submitted by D. P. Malone in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy to the faculty 
of the Graduate School of Yale University. 

t Present address: Cornell Aeronautical 
Buffalo, New York. 
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that are capable of extracting the same information: 
(1) the now classical experiments of Wu e/ al. on the 
beta asymmetry from polarized nuclei, and (2) the 
measurement of the 8-y (circular polarization) correlation 
from unpolarized nuclei.* Another useful feature of this 
technique is its applicability to nuclei not suitable for 
the other two methods, 

In this paper the results of a Mott scattering analysis 
of the longitudinal polarization of beta rays from the 
allowed Gamow-Teller transition in Co™ are presented, 
with particular emphasis on the systematic errors 
associated with this technique. 

The longitudinal polarization for beta particles in 
an allowed transition can be written in the following 
manner*:?; 

Go/c 
pP=———_, (1) 
1+bm/E 
where 


tG= | M ri #2 Re(CsCs'*—CyCy"*) 


aZ 
+—2 Im(Cs€ v'+CsCv")] 


p/m 
+ | Mex|}| #2 Re(CrCr’*—CaCa"*) 
aZ 
+- 2 Im(CrCs*+Cr'C."), (2) 
pim 


°H. & hopper, Phil. Mag. 2, 40 (1957). 
‘© J. D. Jackson, S. B. Treiman, and H, W. Wyld, Jr., Nuclear 
Phys. 4, 206 (1957), 
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&=|Mp|?(Cs’+Cy?+Cs"+Cy”) 
+|Mer|?(Cr+Cae+Cr2+Ca”), (3) 
bé=+2(1—02Z?) Re[| Mr|?(CsCv*+Cs'Cv*) 
+|Mear|2(CrCa*+Cr'Ca)]. (4) 


The conventional notation of Lee and Yang! is being 
used. C; and C;’ (i=S, T, V, and A) refer to the even 
and odd beta-coupling constants, respectively; v, m, 
and E are the velocity, rest mass, and energy of the 
emitted electron. The upper and lower signs are for 
electron and positron decays, respectively. 

The available experimental evidence from parity 
experiments,''” in which pseudoscalar quantities are 
measured, is compatible with complete violation of 
parity conservation and suggests C;=+C,’. In the 
two-component neutrino theory, the even and odd 
coupling constants in Eqs. (2), (3), and (4) are related 
by Ci;=—C/ (i=S,T), and C;=C,’ (i=V,A). Either 
choice yields a polarization of —v/c for electrons. A 
similar result for the polarization is obtained from the 
participation of all four covariants with the maximum 
parity violation, if one neglects the imaginary part in 
(2), and sets 6=0. However, this choice of coupling 
constants is inconsistent with the two-component 
neutrino theory with lepton conservation. A measure- 
ment of the polarization alone cannot distinguish 
between these three choices but can only relate the 
helicity of the neutrino to the = of covariants that 
are present in the beta interaction: S, T— —" handed 
neutrinos, and left-handed ateaae and V, > left- 
handed neutrinos and left-handed electrons. In aaa 
this is true for all parity experiments in which either 
the neutrino helicity or momentum is not measured. 
If one adopts the choice of coupling constants suggested 
by neutrino helicity” and recoil experiments," experi- 
ments on time reversal invariance in the beta inter- 
action,'®-!? and absence of Fierz interference terms,'**! 


1.€., 
>Cr, Ca'>Cr':Cy>Cs, Cy'>Cs’, 


C4/Cy=real number, C4’/Cy’=real number, 6=0, 


" Proceedings of the Rehovoth Conference on Nuclear Structure, 
edited by J. Lipkin (North-Holland Publishing Company, 
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the polarization becomes 


F2(2 Cc) Mar 2C4C4'F2(0/c |My 6 CyCy’ 


Fr : . 6 
(Ca?+Ca4”) | Mer|?+ (Cy' 24. )| Me? 


For a pure Gamow-Teller or pure Fermi transition, a 
ee De the polarization yields a value for the 
ratio C; A,V). An experimental determination 
of this ratio was part of the purpose of this work. 

The experimental observation of the longitudinal 
polarization of beta rays was first reported by Frauen- 
felder ef al.” Since then numerous measurements have 
been performed for both allowed and first forbidden 
transitions. (See review by Grodzins,” and Page.™) 
The renewed interest in the measurement of electron 
polarization led to an accelerated development of new 
techniques based on the known spin dependent inter- 
They are: (1) 
scattering of electrons by the nuclear Coulomb field 
(Mott scattering); (2) scattering of electrons by elec- 
trons polarized in magnetized materials (Mller or 
Bhabha scattering); (3) spin dependence of Compton 
scattering; (4) several methods based on the annihi- 
lation of positrons in flight, or the formation of posi- 


actions for electrons and_ photons. 


tronium. The latter three methods have been employed 
in the energy region near 1 Mev, and the polarization 
(positrons) has been measured to be 
c within an accuracy of +(10% to 20%). The 
accuracy of these measurements has been limited by 
incomplete knowledge of the depolarization effects and 
the efficiencies of the polarimeters. The Mott scattering 
method has been most extensively used by this and 
other laboratories for electron energies below 500 
kev.*?®-86 Although this method has been employed 
repeatedly in the past,*” it possesses many systematic 
errors and difficulties which in general have not been 


of electrons 


oe a 
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MOTT-SCATTERING OF 


fully investigated or understood. Instrumental asym- 
metries and multiple scattering effects have led to 
some recent erroneous interpretations of Mott scattering 
results.**—* The initial measurements reported by us 
on the polarization of electrons from Co®, Cs'*7, and 
Pm'*’ indicated*®*.** that a good absolute quantitative 
measurement of the polarization by this method, 
within an accuracy of better than 10%, would require 
a more careful study of the technique itself. The 
subsequent experiments on Co® are reported in this 
paper. Similar investigations, carried on concurrently 
with this one, have been reported by Cavanagh ef al.,?°.*° 
and Bienlein ef al.*! 


II. EXPERIMENTAL METHOD 


The spin dependent scattering of electrons by the 
Coulomb field of a nucleus was first calculated by Mott 
in 1929.4 He showed that a transverse spin polarization 
of the electron gave rise to a left-right asymmetry in 
the scattering intensity due to a spin orbit force acting 
on the magnetic moment of the electron moving in the 
rapidly varying Coulomb field of the nucleus. Under 
the proper conditions this asymmetry can be as high 
as 50%, and therefore Mott scattering is capable of 
providing a sensitive measure of the transverse polari- 
tion. For electrons the asymmetry is largest for high 
Z scatterers, and in general large scattering angles. For 
positrons, both the magnitudes of the asymmetry and 
of the scattering cross section are not as favorable as 
for electrons, due to the Coulomb repulsion of the 
positron by the scattering nucleus. In general, the Mott 
method is not suited for measuring positron polari- 
ation. Calculations on the asymmetry have also been 
made by Bartlett and Watson,®-* Sauter,“ and more 
recently by Sherman.**-*6 

The Mott cross section can be written in the form 


do (6,6) day (0) ; 
=— [1—PS() sin(¢—¢») ], 


dQ 


(7) 
dQ 


where doo(@)/dQ represents the polarization independent 
cross section, P is the degree of transverse polarization 
of the incident electrons along the azimuth qo, S(@) is 


*H. Frauenfelder, R. Bobone, E. von Goeler, H. Levine, H. R. 
Lewis, Jr., R. N. Peacock, A. Rossi, and G. DePasquali, Phys. 
Rev. 107, 909 (1957). 

®H. de Waard and O. J. Poppema, Physica, 23, 597 (1957). 

“H. de Waard, O. J. Poppema, and J. van Klinden, see 
reference 11. 

"N. F. Mott, Proc. Roy. Soc. (London) A124, 425 (1929). 

aN. F. Mott, Proc. Roy. Soc. (London) A135, 429 (1932). 

®j. H. Bartlett and R. E. Watson, Proc. Am. Acad. Arts Sci. 
14, 53 (1940). 

*jJ. H. Bartlett and R. E. Watson, Phys. Rev. 56, 612 (1939). 

“F. Sauter, Ann. Physik 18, 61 (1933). 

*N. Sherman, Phys. Rev. 103, 1601 (1956). 

“G. Rawitscher, Phys. Rev. 112, 1274 (1958). A program, 
prepared for w-meson scattering by G. Rawitscher, Yale Univer 
sity, for the [BM-650 computer, has been used to compute 
symmetries and cross sections for Z=79, and v/c=0.6, 0.7, and 
0,689. 
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the asymmetry function defined by Sherman,* @ is the 
polar angle of scattering, and ¢ is the azimuthal angle 
of scattering. The polarization of a partially polarized 
beam of electrons along a specified axis is defined here as 
N(oe)—N(-e) 
i: ad 5. oS 


; : - (8) 
N(e)+N(—e) 

where .V(e) and N(—e) refer to the number of elec- 
trons which possess a spin along the direction of this 
axis and opposite to this direction, respectively. If 
I(@) and J(@+7) are the measured scattered intensities 
at azimuth ¢ and (@+7), then the measured asymmetry, 
as defined below, is proportional to the polarization. 

I (¢)—I (+7) 


A=—— 
I(¢) +1 (6+7) 


= — PS(9) sin(@—¢o). (9) 


In principle then, a measurement of these scattered 
intensities yields a value for the polarization. Ap- 
propriate values for S(@) used in this work were supplied 
by Rawitscher.“® Screening corrections for Mott 
scattering are not included in this calculation. 

The above simple approach is, of course, modified 
by the many experimental difficulties associated with 
this technique. Some of these problems have previously 
encountered and recognized in the double 
scattering experiments in which one scattering is used 
as a polarizer, and the second as an analyzer.*” The 
earliest double scattering experiments did not agree 
with Mott’s predictions and failed to show any polari- 
zation effects. Later experiments reported only quali- 
tative agreement with predicted cross sections; even 
in the most recent experiments,” quantitative agree- 
ment at angles greater than 90° has been poor. The 
results show consistently smaller asymmetries than 
predicted by theory, and the source of the discrepancies 
is never clear. Plural and multiple scattering effects 
are usually quoted as possible sources of this disagree- 
ment. The investigation of these and other sources of 
error is discussed in the sections that follow. 


been 


A. Apparatus 


Since the Mott method analyzes transverse polari- 
zation, the longitudinal polarization of the beta rays 
has to be transformed into a transverse one. We chose 
to use a radial electric field set up between quarter 
sections of two concentric cylinders to precess the 
momentum vector relative to the spin, a method first 
suggested by Tolhoek and DeGroot.** This device also 
fulfilled the function of an energy analyzer. Rotation 
of the momentum vector through 90° by the electro- 
static field however does not completely transform a 
jongitudinal polarization into a transverse one because 
the electron experiences a magnetic field in its own 


‘70. F. Nelson and R. W. Pidd, Phys. Rev. 114, 728 (1959). 
‘8H. A. Tolhoek and S. R. DeGroot, Physica 17, 1 (1951). 
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Fic. 1. Mott scattering apparatus. Diagram not to scale. 


coordinate frame due to its motion through the electric 
field of the analyzer. Its spin undergoes a rotation about 
an axis perpendicular to the plane formed by the electric 
field vector and its momentum. For the 90° electrostatic 
analyzer used in this experiment the angle y between 
the electron spin and the original momentum vector 
has been shown by Tolhoek* to be, 

y = 


(~ Moc? \ 1 
mc 2 


This angle is small for the energies of interest here: 
™~18° for v/c=0.6, and ~25° for v/c=0.7. Since the 
cosine of this angle enters on the right-hand side of 
Eq. (9), the loss in magnitude to the measured asym- 
metry is slight. Other forms of spin precessors have 
been used by other investigators. 

The general layout of the apparatus is shown sche- 
matically in Fig. 1. The whole apparatus was evacuated 
to a pressure of approximately 10-' mm of Hg. The 
mean radius of the analyzer was 20 cm with a gap 
between the plates of 1.8 cm. Its dimensions were 
chosen so as to allow a large amount of lead shielding 
to be placed between source and detector, and to suit 
the available high-voltage supplies of +25 kv applied 
symmetrically to the plates. The high voltage was 
adjusted manually to within 3%. The effect of the 
fringing fields at the entrance and exit of the analyzer 
was reduced by placing appropriate grounded shields at 
these positions. For a cylindrical analyzer the focusing 
action is only in the plane containing the electric field 
vector. This limits its transmission, which in this case 
was approximately 5X10~-°. However, this lack of 
focusing in the plane perpendicular to the plane 
containing the spin and momentum of the electron, 
enabled one to minimize one of the principal geometri: 
asymmetries by a not too arduous leveling of the source 
and scattering foil positions. (One recalls that the 
maximum Mott asymmetry occurs in this plane. This 
effect is discussed further in the section on instrumental] 
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asymmetries.) For relativistic electrons, the cylindrical 
electrostatic analyzer is chromatic even for first order 
focusing. With appropriate collimation, this did not 
turn out to be very serious. Placing a detector at the 
position of the scatterer,,an energy calibration was 
performed by making use of the K and L conversion 
lines from Ag" (112.5, 90.5 kev), In'™ (188.1, 164.1 
kev), and TP?" (263.7, 192.8 kev). Using a thin In'4= 
source the energy resolution of the analyzer was 
measured to be approximately 5%, and the magnifi- 
cation approximately one. 

The beam entered the scattering chamber through a 
series of circular collimators, designed to define the 
beam and minimize scattering from the last collimator, 
The beam diameter was limited to about 1 cm at the 
position of the scatterer. The scatterer’s plane was 
oriented at 90° to the beam direction. The scattering 
foils were mounted on aluminum rings which were set 
into a foil changer so that five different scatterers could 
be used without breaking the vacuum. Utilizing the 
scatterers as a mirror in an optical lever arrangement, 
the orientation of their planes was adjusted perpen- 
dicular to the axis of rotation of the scattering chamber, 
The scattering chamber was constructed with a rotary 
seal, so that the azimuthal angle of scattering was 
varied by rotation of the whole scattering head. The 
relative position of counters and foil remained constant 
as a function of the azimuthal angle setting. This 
arrangement assured constant solid angle for the 
counters relative to the scatterer as they were rotated, 
and minimized asymmetries due to any nonuniformities 
in the scattering foil. The whole apparatus was aligned 
using a cathetometer, and the alignment of the scatter- 
ing chamber axis (axis of rotation), with the central 
axis of the analyzer (beam axis), was determined in the 


same way. 

The electron beam uniformity at the position of the 
scatterer, and its inclination and divergence with 
respect to the scattering chamber axis were studied 
with the aid of x-ray film. Optical densitometer traces 
that 


showed the beam was uniform within a few 





Fic. 2. (A) Beam cross sec- 
tion at the position of the 
scattering foil. (B) Beam cross 
section at a position 5 centi- 
meters beyond the scattering 
foil in the direction of the beam. 
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MOTT-SCATTERING OF 
percent over its cross section. Its inclination to the 
gattering chamber axis was found to be less than 1° by 
this method. Figure 2 is a representative photograph 
of the beam cross section taken at the position of the 
gatterer and 5 centimeters beyond this point in the 
direction of the beam. 

Figure 3 shows that from the point of view of obtain- 
ing 4 maximum asymmetry, there exists an optimum 
choice of polar scattering angle for a given energy. 
This angle is greater than 90° for the energy of interest. 
Qn the other hand, the scattering cross section also 
decreases rather rapidly with increasing angle. Other 
considerations in choosing the scattering angle were 
the higher rate at which the differential cross section 
changes with angle at forward scattering angles (which 
is one of the principle sources of instrumental asym- 
metries), the larger multiple and plural scattering 
elects in the backward scattering direction suggested 
by the double scattering experiments, and the greater 
difficulty at backward angles of preventing electrons 
scattered from the walls of the scattering chamber 
from entering the counters. Mostly because of the 
intensity considerations, and the desire to stay in the 
transmission direction while utilizing two counters 
separated 180° in azimuth, the average scattering angle 
was chosen to be 70°. This angle is not so close to 90° 
as to emphasize scattering in the plane of the scattering 
foil. In addition to the obvious advantage of a factor 
of two in the rate of data accumulation, the use of two 
counters enabled one to deal with the ratio of counting 
rates instead of absolute counting rates in handling the 
data. In this way, spurious asymmetries that were 
caused by instabilities in the apparatus that similarly 


aflected both counters (e.g., a change in analyzer beam 


intensity) were eliminated to first order. A_ third 


| counter located on the beam axis was used as a beam 





monitor to detect rapid drifts. 
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Fis. 3. The asymmetry function $(@), and the differential cross 
section doo (8) /dQ plotted as a function of polar scattering angle @, 
lora Au scatterer (Z=79) and electron energy Eg=194 kev. 
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Fic. 4. Pulse-height spectra from scintillation counters for beta 


particles scattered by various thicknesses of Au scatterer. Eg=188 
kev. 


detectors. A series of aluminum collimators in front 
of the scintillators limited the acceptance apertures 
of the counters to +10°. These collimators were also 
designed to minimize the scattering of electrons from 
the scattering chamber walls into the counters. Figure 
4 shows pulse-height spectra of electrons scattered from 
gold scatterers of various thicknesses. Low-energy 
tails exist which are probably due to spurious electrons 
that enter the counters after they have undergone 
scattering in the scattering chamber, and counter 
collimators. These low-energy tails were excluded from 
the pulses that were counted. The electronics used was 
conventional, consisting of photomultipliers, linear 
amplifiers, differential discriminators and scalers. In 
the latter stages of the experiment, data were taken 
continuously with a multichannel analyzer. 

Because of the importance of multiple and plural 
scattering in the interpretation of the results, a range of 
foil thicknesses from 50 to 715 micrograms/cm? was 
used. Except for the 509. microgram/cm*, and 715 
microgram/cm? foils, the scattering foils were prepared 
by vacuum evaporation of gold on Formvar backings 
ranging in thickness from 15 to 20 micrograms/cm?. 
The latter foils were constructed from multiple layers 
of 160 microgram/cm? beaten gold foil. The surface 
density of the foils was determined by weighing to 
+5 micrograms/cm?. The uniformity of the evaporated 
foils was better than 1% and they were wrinkle free. 

The results of our initial experiments pointed out 
the necessity of thin and uniform sources. To meet this 
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requirement, Co® sources of thicknesses ranging up to 
2 mg/cm? were carefully prepared by electroplating 
them onto 0.8 mg/cm* Cu backing foils. The foils were 
clamped onto aluminum rings which were mounted onto 
brass source mounts whose dimensions were large 
compared to the source. An arrangement was provided 
to change the thickness of the backing so that the 
depolarization in the source could be studied as a 
function of both source and backing thickness. The 
inside of the source mount was lined with polystyrene 
or teflon to reduce back-scattering from the holder. 
Pump holes were provided so that the space behind the 
source could be evacuated. 


B. Instrumental Asymmetries 


The importance of a correct evaluation of spurious 
instrumental asymmetries not associated with spin- 
dependent scattering has already been emphasized. 
The origins of these asymmetries, and their evaluation 
are described below. 

Regardless of the care taken with the physical 
alignment of the apparatus, the electron beam axis may 
not coincide with the axis of rotation of the scattering 
head. In general this misalignment may be in both 
position and angle. Either gives rise to asymmetries 
which vary sinusoidally with the azimuthal angle ¢. 

The asymmetry due to positional misalignment is 
produced by a variation in the solid angle and the 
polar scattering angle as the azimuth is varied. In 
addition, there is an energy spread across the beam 
profile at the exit of the analyzer. Hence, any lateral 
movement of the scattering chamber axis relative to 
the beam axis as the azimuth is varied results in a 
variation in the average energy of the scattered beam 
with the azimuthal position of the counters. The Mott 
scattering cross section is strongly energy dependent, 
so that this dependence of the average energy of the 
scattered beam on the azimuthal position of the counters 
results in a spin independent scattering probability 
which also depends on the azimuthal angle of scattering. 
The latter asymmetry is eliminated by using the two 
counters described earlier, since a change in the scatter- 
ing probability is mirrored in both counters. This can 
be seen if the asymmetry is written as 


[11(b)Io(@+2)/T2(b)Ii (+2) }}—1 
{= een 


~ Eh)2(6+4)/Te(6)Ii(o+e) }41 
(L/R)—-1 


— , (10) 
(L/R)+1 


where J, and J». refer to the counting rates in counters 
No. 1 and No. 2, and ¢ and (@+7) refer to the azimuthal 
positions of counter No. 1 only. 

It can readily be seen how an angular misalignment 
can lead to a large instrumental asymmetry. The spin- 
independent differential cross section varies approxi- 
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mately as the inverse fourth power of sin(@/2). If @ 
is the angle between the beam axis and the axis of 


rotation for the scattering head, then 


ll ol 


dQ dQ 

can be quite large. For example, for 6’=1°, @=70°, and 
an electron energy of 194 kev, from Fig. 3 this ratio for 
a gold scatterer is approximately 1.1. Consider the 
geometric situation illustrated in Fig. 5. Writing the 
differential cross section, 


da (8,o) 
- =n— P¢ sin (d—¢o), (11) 
dQ 
where 
n=doy/d2 and ¢=Sn, 


then for 


On o¢ O'n On 
/ -|>>1 and VW<K E 


'a0\/ | a0 ae? a0 
|n/6| 
A~™| 6’———— sind’ — PS cos@y | sing (12) 
n 
| 0n/06 | 
+] 6’— - cosd’+ PS sings cosd. 
7 


Adding to this a similar analysis of the positional 
misalignment previously mentioned only changes the 
amplitude and phase of the instrumental terms in Eq. 
(12). Therefore in general one can write 


A™(X—PS cos¢o) sind+(V+PS sings) cosp. (13) 


The effect of the variation of polar angle with azimuth 
on the spin dependent part of the cross section has not 
been included in the treatment given above. These 
terms amount to a few tenths percent correction to Eq. 
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Fic. 5. Geometric considerations for angular misalignment of 
beam axis with scattering chamber axis. 
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(13) for our experimental conditions. The error incurred 


in setting ¢o=0 is of the same magnitude. For the 
considerations that follow, we assume ¢o to be zero. 

Measurements of the beam characteristics with x-ray 
film, and positional alignments with the cathetometer 
indicated that the in-phase term X would be small 
compared 40 —PS. This was confirmed by measure- 
ments described below. |0n/00|/n varies very slowly 
with energy in the energy range of interest. Therefore, 
within the accuracy of the present measurements, one 
expected that the out-of-phase term VY would remain 
substantially independent of energy if the geometric 
parameters did not vary with energy. In effect, a 
measurement of Y as a function of energy served to 
monitor the variation with energy of the above geo- 
metric asymmetries. In addition, the dependence on 
scatterer thickness also had to be investigated, due to a 
possible variation of the geometric asymmetry as- 
sociated with multiple and plural scattering effects. 
The geometric term (X sing+Y cosd) was determined 
experimentally by using the unpolarized AK, and L 
conversion electrons from the decay of the 192-kev 


isomeric state in In‘, The contribution to the asym- 


metry by the polarized electrons, from the decay of 
the ground state of In", was estimated to be 0.0007 sing 
within a factor of two. This latter uncertainty intro- 
duces an almost negligible error in the final result. 

Figure 6 illustrates some typical data obtained for 
the asymmetry A as a function of azimuthal angle ¢ 
for 128-kev electrons from Cs'*7, and 188-kev conversion 
electrons from In'*, Gold was used as a scatterer. The 
solid lines are least square fits to the data. For the 
Cs? electrons, a phase shift of approximately 25° is 
introduced by the spin independent asymmetries. A 
least-squares analysis of the In" internal conversion 
electron data yielded the following values for X and Y: 
X¥=0,0048+0.0001; Y = —0.0135+40.0002. On the as- 
sumption that the largest contribution to the geometric 
assymetry came from angular misalignment (which was 
suggested by the beam profile studies), the above 
values for X and Y were used to compute that 6’ <0.32°, 


uf i 150 180. $ 
A,-Ag 0.0263 sing — 


0.0005 cos ¢ 


4m 
In 


Az=0.0048 sin ¢ — 0.0135 cos ¢ 


and ¢’~160°. One can see that even a very small 6’ 
can lead to a large geometric asymmetry. The broken 
curve in Fig. 6 represents a subtraction of the other 
two, and according to this analysis should represent the 
spin dependent asymmetry and be symmetric about 
= 90°. 

The possible dependence of the geometric asymmetry 
on the gold scatterer thickness was investigated by 
measuring A at 90° and 180° with the conversion 
electrons from In'“™, This measurement was also done 
for Co™ at ¢=180° alone. The scatterer thickness was 
varied from 100 microgram/cm? to 715 microgram/cm?. 
No effect was detected within the statistical accuracy 
of the measurement indicated in Fig. 6. Similarly, 
measuring the quantity Y for electrons from Co®. 
Cs'57, and In'™, showed no detectable dependence of 
the asymmetry on energy within the energy limits of 
measurement. They were the following : 128 and 194 kev 
for Co™; 128 kev for Cs'7; 164 and 188 kev for In'™™, 

Other possible sources of polarization independent 
asymmetries were studied. One important one is the 
asymmetry that could be introduced if both the incident 
beam and scatterer were nonuniform. This effect was 
reduced by insuring that the detector was fixed with 
respect to the scatterer, so that the detector always 
received electrons scattered from the same position of 
the scatterer. It has already been stated that the 
scatterers were uniform to better than 1%, and the 
beam was uniform over its circular cross section at the 
position of the scatterer to a few percent. A measure- 
ment of the magnitude of this asymmetry was per- 
formed by rotating the scatterers through 180° and 
repeating the asymmetry measurements. No difference 
was detected for the two positions of each scatterer. A 
similar procedure carried out with the source orientation 
showed that no measurable asymmetry was being 
introduced by a possible off-axis source location. 


C. Depolarization Effects 


1. Multiple and plural scattering in foils of practical 
thickness modifies the asymmetry predicted by a Mott 
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scattering calculation based on single scattering. The errors already discussed. To measure the asymmetry 
difficulties of estimating the contributions of these two at an azimuthal angle ¢, the scattering chamber was 


effects has already been pointed out in the case of the 
double scattering experiments.*? Even foils as thin as 
50 mg./cm? did not seem to be thin enough in our 
measurements to ensure single scattering. We have 
investigated the effect of foil thickness on the measured 
asymmetry in an effort to determine the above correc- 
tions to the single scattering theory. Similar considera- 
tions were also given to the depolarization effects in 
the source material and source backing. To determine 
the latter, the polarization was measured for various 
source and backing thicknesses. 

2. The measured polarization can be influenced by 
electrons which are scattered into the transmitted 
beam from the source holder or analyzer entrance 
flange. These electrons would possess varied spin orien- 
tations which would depend on the scattering processes 
by which they arrived in the beam. It is, of course, 
difficult to make a quantitative estimate of their effect 
on the polarization. Their contribution to the beam 
intensity at the scatterer was measured by suitably 
baffling a carefully prepared small source (0.1 cm in 
diameter) of Co so that only electrons scattered from 
the source holder, and in turn, the entrance flange 
could enter the analyzer. This measurement showed 
that the scattered electrons only contributed approxi- 
mately 0.2% to the total beam intensity, and therefore 
their effect on the polarization was neglected. 

3. Scattering of electrons by the spin rotator plates 
can be another source of error, since electrons with 
energies greater than the analyzer’s transmitting energy 
are able to reach the position of the scatterer in this 
manner. The magnitude of this effect was measured 
using the internal conversion electrons from the 392-kev 
isomeric state in In", The isomer was extracted from 
a sample of Sn"’, Except for line broadening due to 
finite source thickness, this transition provided a very 
suitable line source of electrons. With the analyzer 
adjusted for various energies less than the energy of 
the conversion line, it was found that the electron 
intensity at the position of the scatterer was less than 
1% of those that would be transmitted by the instru- 
ment if set to accept electrons from the conversion line. 
Since the Co spectrum has an end point energy of only 
313 kev, and the intensity is decreasing rapidly above 
200 kev, these spurious electrons do not appreciably 
dilute or influence the polarization of the electron beam. 
It is estimated that they introduce an uncertainty of 
less than 1% in the polarization measurement. This 
uncertainty has been included in the quoted error. The 
influence of the presence of gamma rays was also found 
to be negligible. 


III. EXPERIMENTAL PROCEDURE 


A program of measurement was arranged to minimize 
the effects due to electronic drifts and other systematic 





set at the desired angle, and both the scattered electron 
and background events were each accumulated for a 
period of 0.5 hour. The chamber was then rotated by 
180° and the process was repeated. The background 
measurement involved replacing the scattering foil by a 
Formvar foil backing, maintaining all other structural 
characteristics in the scattering head unchanged. The 
asymmetry was calculated using Eq. (10) for reasons 
previously discussed. The above measurements were 
repeated (in varying sequence to eliminate systematic 
correlations in time) until sufficient statistical accuracy | 
was obtained. A gain calibration of the counting system 
(excluding the photomultipliers) was performed every 
two hours. It was found that the gain remained stable | 
to better than a tenth of a percent over this period, | 
This is to be compared with a measurement which 
indicated that shifts in gain by 1% would produce 
counting rate changes of approximately 0.2%. Drifts 
in the photomultiplier gain were found to have a long 
term character compared to 2 hours, and were monitored 
periodically by checking the spectrum of the scattered 
electrons with a multichannel analyzer. 

Measurements were performed with scattering foils 
of thickness 95, 150, 206, 300, 509, and 715 microgram 
cm*, Using the 509 microgram/cm? scattering foil, the 
dependence of asymmetry upon source backing and 
source thickness was measured by backing the source 
with nickel foils of thickness 0.8, 2.4, 3.2, and 4.0 





mg/cm’, and using sources with surface densities of 1 
mg/cm? and 2 mg/cm’. 


IV. RESULTS AND DISCUSSION 





The results obtained for the variation of the asym- 
metry as a function of scatterer thickness for 194-kev 
electrons from Co™ are summarized in Fig. 7. Here the 
inverse of the asymmetry, (L+R)/(L—R), for ¢=90° 
is plotted. The geometric asymmetry measured with 
the In'“™ source has been suitably subtracted. The 
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Fic. 7. Inverse of the measured asymmetry versus Au scatterer 
thickness for 194-kev beta particles from the decay of Co®. The 
solid line is a least-squares fit to the data, 1/A =13.97+0.0279. 
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Source thickness=1 mg/cm?, electroplated on a 0.8-mg/cm 
copper backing. 


source 


electre 

The 
the d 
(L+k 
analys 
relatic 
range 
some | 
zero t 
of thi 
indica 
proba 
of the 
asym 
linear 
predic 
howe\ 
also n 
the st 
the li 
exper 

Th 
715 m 
any € 
scatte 
forme 
cm? o 
withi 
valid 
cm’, 
be P 
corre 
scatt 


) it ha 
| sourc 


inclu 
taint 
an Uy 
effect 
asym 
priat 


Fi 








etry 

was 
‘tron 
OF a 
d by 
und 
bya 
tural 
The 
SOns 
were 
natic 


racy | 


stem 
very 
table 
riod, 
hich 
duce 
drifts 
long 
ored 
tered 


foils 
ram 
, the 
and 
yurce 
| 4.0 
of 1 


sym- 
-kev 
e the 
= 9° 
with 
The 


al 
800 
. 


tterer 
. The 
()275t. 
g/cm* 


| 





MOTT-SCATTERING OF 
surce had a surface density of 1 mg/cm’, and was 
dectroplated on a 0.8 mg/cm? Cu backing foil. 

The solid line in Fig. 7 was obtained by fitting 
the data points to a linear equation of the form 
(L+R)/(L—R)=a+bt. A weighted least square 
analysis was used. On the basis of a x? test, such a linear 
relationship is in fact supported by the data for the 
range of scatterer thicknesses shown in Fig. 7, supplying 
some empirical justification for a linear extrapolation to 
ro thickness scatterer. A discussion of the validity 
of this procedure is given in Appendix A. There it is 
indicated that if one considers terms in the scattering 
probability no higher than second order in the thickness 


| of the scatterer, the dependence of the inverse of the 


asymmetry on the scatterer thickness should be closely 
linear. The accuracy with which the intercept @ can be 


_ predicted using a linear extrapolation is not yet clear, 








/ 


| however, and awaits a numerical computation. It is 


also not yet clear to what extent higher order terms than 
the second in the scattering probability will influence 
the linearity for the range of scatterers used in this 


| experiment. 


The experiment indicates substantial linearity out to 
715 micrograms/cm?. With the view towards minimizing 
any effect on the slope due to nonlinearity for thick 
scatterers, a separate least square analysis was per- 
formed for scatterer thicknesses up to 300 micrograms 
cm? only. This altered the intercept by 1.3%. Therefore, 
within the assumption that a linear extrapolation is 
valid for scatterer thicknesses up to 715 micrograms, 
cm’, the polarization for 194-kev electrons was found to 
be P= — (0.954+0.053)v/c. This value for P has been 
corrected for the geometric asymmetry and finite 
scatterer thickness in the manner discussed above, but 
it has not been corrected for depolarization in the 
source, and source backing materials. The error quoted 
includes the statistical error in counting, the uncer- 
tainties in determining the geometric asymmetry, and 
an upper limit on the errors that are introduced by the 
effects discussed in Sec. II-C 2, 3 of this paper. The 
asymmetry parameter S that was used was an appro- 
priate average over the finite solid angle of the counter 
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Fic. 8. Measured polarization versus Ni backing thickness. 
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Fic. 9. The dependence of the increase in the beam intensity 
transmitted by the electrostatic analyzer as a function of the 
source backing thickness. Mean energy of the analyzer was set at 
194 kev. 


(S=—0.120). It does not include the effect of atomic 
electron screening, since a calculation is presently not 
available at this energy. 

The results obtained from measuring the polarization 
as.a function of the thickness of the backing, for a 
source with a surface density of 1 mg/cm?, are shown 
in Fig. 8. Also plotted is one point for a source with a 
surface density of 2 mg/cm*. Any attempt to calculate 
the absolute magnitude of a theoretical correction for 
the depolarization in the source material and its 
backing, is frustrated by the same difficulties en- 
countered with the calculations on the effect of a 
scatterer of finite thickness on the asymmetry. In 
addition, the calculation is further complicated by the 
fact that one has to consider the effect on the polari- 
zation of electrons that are emitted from the nucleus 
with energies higher than 194 kev, but are degraded and 
scattered into the energy region acceptable by the 
analyzer by inelastic processes in the source and backing 
materials. 

An attempt was made to estimate the depolarizing 
effect of the source backing material by correlating the 
magnitude of back-scattering with the measured 
polarization. The increase in intensity due to back- 
scattering is shown in Fig. 9. The data were obtained by 
monitoring the electron intensity through the electro- 
static analyzer as the backing thickness was varied. 

An obvious overestimate of the depolarization due to 
the backing would be obtained, if one considered the 
back-scattered electrons to have the relative direction 
of their spin and momentum reversed in the back- 
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scattering process. This would lead to a depolarization 
equal to approximately twice the percentage increase 
in intensity due to back-scattering, i.e., the polarization 
P= P,(1—«)/(1+.2), where x is the percentage increase 
in back-scattering, and P» is the polarization of the 
electrons with the absence of any back-scattering. This 
is represented by the solid line in Fig. 8. That the 
depolarization is as large as this is very surprising, 
though the statistical accuracy of the experimental 
points in Figs. 8 and 9 does not exclude a depolarization 
of half this limit. Using this as a guide, and taking the 
data obtained with the 1 and 2 mg/cm® sources as an 
indication of the depolarization in the source material, 
it is estimated that the depolarization in the 1 mg/cm? 
source backed by a 0.8 mg/cm? copper foil is approxi- 
mately 4% with a possible 50% error. Adding this 
correction to the value of the polarization obtained 
from the linear extrapolation of the inverse of the 
asymmetry to zero. thickness yields P 

— (0.994-40.057)0/c. 

The largest uncertainties in the present measurement, 
excluding those due to counting statistics, arise from 
the depolarization effects in the source and scatterer. 
One must remember that the linear extrapolation, on 
which the result is based, is only an approximate 
procedure, and its range of validity is unknown. In this 
spirit, the above error should be expanded to include 
this uncertainty. With some changes, the present 
apparatus would enable one to improve on the statistical 
accuracy of the experiment, but, as has been shown, 
this is not the limiting factor on the over-all accuracy 
that can be achieved. To perform an absolute measure- 
ment of the polarization with an accuracy of 1% would 
require a detailed understanding of the depolarization 


scatterer 


processes, and in addition, a more meticulous evaluation 
of some of the other systematic errors. The effect of 
screening on S would also have to be evaluated. All 
the above corrections increase rapidly in magnitude 
with decreasing electron energy. Therefore, their 
evaluation increasingly important in a 
measurement of the v/c dependence of the polarization 


becomes 
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Fic. 10. Polarization predicted by Eq. (6) for beta particles from 
a pure Gamow-Teller transition as a function of C4’/Ca. Single 
datum point shows the measured polarization of 194-kev beta 
particles from Co®, 
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in the energy region where v/c is varying rapidly with 
energy. In view of the considerations presented in this 
work, the sometimes quoted accuracies of 1 or 2% in 
the literature we consider presently optimistic for the 
absolute measurement of the polarization by the Mott 
method for electron energies less than a few hundred 
kev. 

Equation (6) can be used to determine the ratio of 
C4’/C4 from the experimental value for the longi- 
tudinal polarization. Co is a pure GT transition so 
that Cy=Cy’=0. Thus simplified, Eq. (6) is shown in 
graphic form in Fig. 10. In the neighborhood of C4’/C, 
close to unity, the polarization is quite insensitive to 
this ratio. This is equally true fer the other pseudo- 
scalars measured in parity experiments, since they all 
exhibit the same functional behavior with respect to 
C4’/C4. Consequently, the accuracy with which this 
ratio has been determined has not been very good. This 
experiment yields C4 = (0.7 to 1.45)C4’, and represents 
one of the more accurate measurements of C4’/C,. 
Reduction of this error by an order of magnitude would 
be very difficult with the present techniques. 
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APPENDIX A 


In investigating the dependence of the cross section 
and asymmetry on scatterer thickness it is natural to 
expect that the first order correction will come from 
two scattering events in the scattering foil, and will be 
approximately linear with foil thickness. This would 
imply, for example, for the number of electrons scattered 
into the solid angle dQ, at an angle 6, 


NP a (0;)0(6;;) 
dQ f a—- 
) 


2 | Cos@, | 


dn= Nita (@,)+ 


Xf1+S(0)S (4, 


) COS. |- 


Ne i 
(1 a 
2 cos, | 


xa(6,)d2, f o(0)de, (Al) 


where .Vi is the foil thickness in atoms/cm?, Q, is the 
direction of the scattering, and ¢, is the azimuthal angle 
of Q, with respect to the plane containing Q, and the 
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MOT'T-SCATTERING OF 
incident direction. The differential scattering cross 
section da/d2 is denoted by o(@) and the asymmetry 
function S(@) is the same as that in Eq. (7). 

The first term on the right side of Eq. (A1) represents 
the contribution of single scattering, the 
represents those electrons scattered into the direction 
Q, after first being scattered into the direction Q,, and 
the third term represents those electrons which are 
scattered out of Q, after (or before) a first scattering 
into Q,. The bracketed quantity in the second term 
contains the effect of the polarizing action of the first 
scattering, as derived by Mott.*! 

Were it not for the fact that the integrals extend 
over regions in &, for which Eq. (A1) is clearly not 
valid, this equation (and a similar one involving the 
product of asymmetry and cross section) would give an 
expected linear dependence of the correction to the 
cross section (and asymmetry) due to finite scatterer 
thickness. However, the following difficulties with Eq. 
(A1) exist: 

(1) The first integral in Eq. (A1) diverges for 
§,=2/2. This corresponds to an electron first being 
scattered into the plane of the foil, thereby giving an 
infinite probability for a second scattering. 

(2) If one uses a Rutherford or Mott form for o(@), 
the integrals also diverge for 6;=0 and 6;,=0 (Q,=Q,). 
However, one might imagine this divergence to be 
removed by considering the effect of electron shielding. 
Nevertheless, even with a modification of o(@) to 
include effects of electron shielding, the probability of 
electron scattering at small angles is high, and Eq. 
(Al) must be modified to include multiple scattering 
effects. These events of higher multiplicity of electron 
scattering can give corrections of low order in /. 

In the treatment of this problem by Wegener the 
first difficulty listed above is resolved by evaluating the 
integral in the second term on the right side of Eq. (A1) 
near 6,=7,/2. The integral is kept from diverging by 
taking into account the fact that an electron scattered 
into the plane of the foil has only a finite “life 
expectancy” in the foil because of multiple scattering. 
Using reasonable approximations to the form o(@) and 
assuming S(@) — 0 as @— 0, Wegener obtains 


second 


dn, = Nilo (0,)dQ.{ 1+ 2 fpt), (A2) 


where p/ is the foil thickness in g/cm?, m2 is a function 
of @, only, and / is related to L, the mean path length 
of an electron scattered into the plane of the scattering 
foil at the center of the foil. Specifically, f is given by 


: ' dcos@, 1 
j= f —— =In——=]n(2L/1), 
Amin cosé COSA m in 


with L=31/cos@min. Wegener evaluates L by using the 
usual multiple scattering description of the angular 
and spatial spreading of a beam in traversing a medium, 


® H. Wegener, Z. Physik 151, 252 (1958). 


(A3) 
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and obtains 


f~1.5— 4 In(2nd), (A4) 
where 2\/ is the mean square scattering angle for 
multiple scattering in a depth /. 

In the treatment of the difficulty (2) listed above, 
Wegener expresses Eq. (A1) in the more general form® 


t 
dn=dQ,N f as faa, { ao, 


F1 (0,2; Qo,Q1)o (O12) fo(2,t; Q2,Q,) 
xX 





(A5) 


| cos). | 


Here /;(0,2; o,Q,)dQ, is the probability of an electron 
changing direction from Q» to Q, in a depth z with 
normal incidence on the foil. Similarly fo(z,t; Q2,Q,)dQ, 
is the probability of an electron changing direction from 
Q, to Q, and emerging from a depth g in the foil. (The 
present application is to forward scattering, with 
cosé,>0. Analogous expressions can be used for cos6,<0 
which is the focus of Wegener’s attention.) The cos@,2 
terms in Eq. (A5) are now expanded both around 6,=0 
and Q.=Q, to give up to quadratic terms in ¢, using 
the multiple scattering distributions for f;, f2 along the 
lines of Bothe.*! This leads to a generalization of Eq. 
(A2) of the form 





dn= Nia (6,)d2.[.1+ (mhk+nef)pt |, (A6) 
where 7; is a function only of 6, and™ 
1—, 
C -hplt (A7) 
Bs 


is the mean square scattering angle for multiple 
scattering in a gold foil of thickness ¢. 

Similar treatment for the spin dependent term in the 
scattering leads to a generalization of Eq. (A6), 
dn= Nto (8,)dQ2.{01+ (mhkt+nef)pt [1+ PS(0,) sing ] 

+(vh+vof)ptPS(0,) sing}, (A8) 

where v; and v2 are 6, dependent terms, P is the trans- 
verse polarization of the electron beam, @ is the 
azimuthal angle referred to the direction of the trans- 
verse polarization, and S(6,) is the asymmetry function 
tabulated by Sherman.* The result for a right left 
asymmetry measurement is 


L+R 1+ (nih+nof)pt 


L—R i" PSI + (m+ri)hpt+ (not v2) fot] 
1— (vih+ v2f pl 





(A9) 


5° Since @; and 62, are considered small in Eq. (A5), the term 
involving the product of asymmetries in Eq. (1) is neglected. Here 
62, is the angle between the directions Qs and Q,. 

51 W. Bothe, Sitzber. heidelberg. Akad. Wiss. Math-naturw. 
KI. Abhandl. 7,:305 (1951). 

8 The constant C (18.9 cm?/g for gold) is 44No(e#/me?)?(Z?/A) 
where No is Avogadro’s number and Z, A are the atomic number 
and weight of the scatterer. 
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valid in the spirit of (vii+v2f)pl and (n+ n2/f )pl being 
small compared to 1, a limitation which should be no 
more serious than the neglect of higher terms in the 
expansion of Eq. (A5). 

The following features of Wegener’s results should 
be mentioned : 

(1) Since # and f are determined from multiple 
scattering calculations, both are logarithmically 
dependent on scatterer thickness and caution must be 
used in any linear extrapolation to zero thickness to 
obtain P. 

(2) There appear to be several errors in sign in the 
expressions for m; and »; for cos#,>0 only. These have 
entered the numerical tables. 

(3) In the calculation of f, multiple scattering 
theory has been used and the mean square width of the 
spatial distribution appears to have been taken too 
large by a factor of 2. 

(4) The contributions of the regions outside the 
multiple scattering range have been neglected. 

Since several of the assumptions and approximations 
made in the above treatment are questionable, the 
calculation has been repeated along the following lines: 

In Eq. (A5) the expansion of 6,2, for small 6; and 2, 
was carried out, but the final result is expressed in 
terms of the average of 6,7, 0.x, x*, etc., over the 
distribution 


= 


f(82,%,0,,¥), 


where 6,, 6,, and x, y are the angular deflection and 
lateral displacement of the particles in the distribution 
f. One can evaluate these averages without assuming 
that only multiple scattering contributes to /. For 
example, one can find the average value of @ as follows 
(the integrals over x and y have been done, the explicit 
dependence on z has been suppressed, and 6; stands for 
both 6;, and @,,). 
The distribution /(@;) satisfies the equation 


fe (82)dQs 


f (02) 
vf — —¢ (8)2)dQ», 
cosés 


where the terms on the right represent those electrons 
which are scattered out of and into the direction Q,, 
respectively. If one assumes that /(@) is restricted to 
forward angles only, multiplies by cos@, and integrates 
over dQ,, one finds 


(01) 


| cos, | 


df (1) 


Oz 


(A10) 


0 
—(cos6;)= — vfe (8@2)dQ»s 


Oz 
cos6; 
+N ff aide, —o(01.) (05), an) 
cos6s 
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where ( ) signifies an average over the distribution, 
6,2 and measuring the direction Q; relative 


to Q», one can rewrite the second integral on the right as 


COSO2 Cos6;+sin8»s sinO; Cosde3 
ff ferao ev wee ~ o (03) f (02). 


cos@» 


Defining 03 


Using the azimuthal symmetry of o(@), the term in the 


azimuthal angle g¢2; vanishes and one gets, since 
Sf (82)dQ.= 1, 
fan cos@30 (83). 
One then can write 
0 
—(1—cos@)= v f ane@1 — cos) (A12) 
Oz 


a result exactly independent of < since {(@) no longer 
appears on the right side. For small angles Eq. (A12) 
can be written as 


1-?? 
¢- vif @ooae Cc . h'pl. 
3 


In the spirit of the exact result of Eq. (A12) the upper 
limit for the integral in Eq. (A15) is to be taken as 
being of order unity, rather than the upper limit for 
the multiple scattering region. This change in the 
upper limit implies that contributions from the plural 
scattering region add to those from the multiple 
region. The two effects together are correctly 
described by an h’ which is independent of /, since the 
integral in Eq. (A13) does not depend on the angle 
which divides plural from multiple scatterings. 
Consideration of the terms (6,7) and (x?) leads to 
results analogous to Eq. (A13). Eventually one finds 
that the correct inclusion of plural scattering leads to 
results identical with Eqs. (A6), (A8), and (A9) except 
that /# detined in Eq. (A7) is to be replaced by /’ as 
defined by Eq. 


(A13) 


scattering 


(A13). If @ is the minimum angle 
dictated, as in multiple scattering theory, by screening 


considerations and @max is the maximum angle (of order: 


unity), 4’ may be written as 


h!=2 In(Onax/00). (A14) 


It therefore appears that the / in Wegener’s expres- 
sion should be replaced by a thickness independent h’ 
corresponding to the mean square scattering angle for 
the plural as well as multiple scattering regions. Since 
the Iné term in f was much less prominent than that 
previously in h, it appears that a linear extrapolation 
to zero thickness is a much safer procedure than 


previously imagined. 
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One should now consider the fact that the separation 
of the contributions ef the integrals in Eq. (A1) into 
three regions around 0,=}7(0:,=37—9,), 6:=0, and 
6:.=0 (Q\=Q,) is not well defined. In fact for 0,=70°, 
it might seem reasonable to consider the regions around 
6,=42(0;,=42—86,) and 6;,=0 to correspond to cones of 
half-angle }(90°—70°)=10°, in order to prevent any 
extensive overlap between them. Similarly it may be 
reasonable to consider the region around 6,;=0 to 
correspond to a cone of half angle about 35°. To be 
sure, this procedure is quite crude, but it may suggest 
the direction in which the previous numerical results 
should be modified. 

In the above spirit one is led to a modification of 


Eq. (A6) [and of Eq. (A8) ] of the form 


dn=Nto(0,)d2.[1+ (makatmohotns pt], (A15) 
where 

f=f+[ cos} (34—8,) J, (A16) 

h 2 \n[0,/60 ], (A17) 

hy2 In[3 (dx—0,)/60]. (A18) 


Equation (A16) follows from the dependence of / on 
the upper limit of the integral in Eq. (A3), and Eqs. 
(A17) and (A18) follow from Eq. (A15). The @,-de- 
pendent quantities m4 and my, are 


cm? 1—£? a’ o”’ sin’6, 
a= 4.7— 1—— cos0,+— —— |, (A19) 
> FF a e @ 
cm? 1—£? 
mp=4.7— - 
e ¢ 
a’ o”’ sin’6, 
| s "6, —— sec0, +-— —— \/ !cos@,!, (A20) 
o oe 2: 


where the prime indicates differentiation with respect 
to cos@, and the cross sections are evaluated at @,. 
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Similarly 
cm? 1—£? 
Via +ma=4.7— —} cot?é, 
g ff 
(Sa)! (Sc)” sin?0, 
_ cos6,.+ | (A21) 
o o 
cm? 1—£* F 
viet =4.7 sec. 3 csc?0,— sec, 
ee So 
(So)”’ sin?0, 
+—— \/ |cos0,|. (A22) 
So 2 


A term in #? arising from relativistic spin rotation in the 
small angle scattering has been neglected in 744 and 7». 
It is numerically unimportant. 

Because of the uncertainty in the limits needed for 
the calculation of he, 4», and f, a numerical estimate of 
the correction to be applied for finite foil thickness is 
dangerous. The primary value of the preceding dis- 
cussion is that it makes plausible an approximately 
linear extrapolation to zero thickness. 

Wegener has recently® extended his previous work 
and obtains agreement with the Oak Ridge™* and 
Erlangen® experiments, both at backward angles. A 
more detailed analysis of the in-plane scattering has 
been developed, including some consideration of the 
overlap between the in-plane and small-angle regions. 
It is likely that these considerations are more accurate 
for backward scattering since the effects on the asym- 
metry are in the same direction for the in-plane and 
small-angle scattering. For forward scattering it may 
prove necessary to use Eq. (A1) directly for reliable 
numerical corrections in order to avoid uncertainties in 
the division between the various regions. However, 
Wegener’s recent work should lead to a more reliable 
cutoff tor the region near 6;=2/2, to which he has 
applied detailed multiple-scattering theory. 


53 H. Wegener, Bull. Am. Phys. Soc. 5, 238 (1960). 
* H. B. Willard (private communication). 
5° H. Wegener (private communication). 
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The nuclear spins of six neutron-deficient isotopes of gold have been measured by atomic-beam magnetic 


resonance methods. The results of these measurements areas follows: Au" (3.0hr), 


Au (17.5 hr), J =3; Au™ (39 hr), 


I. INTRODUCTION 


N atomic-beam magnetic-resonance apparatus of 

the flop-in type has been used to measure the 

nuclear spins of six neutron-deficient isotopes of gold. 

The apparatus has been described before.' Discussion of 

the experimental method will be limited to those changes 

in apparatus or procedure that have been made neces- 
sary by the use of nonalkali beams. 

The isotopes used in the experiments were produced 
in the Crocker 60-in. cyclotron on the Berkeley campus 
of the University of California. This cyclotron is capable 
of producing beams of protons, deuterons, or alpha 
particles with energies of ~ 12 Mev/nucleon. The alpha 
and deuteron beams have been used exclusively in these 
experiments. Alpha bombardment of iridium targets 
was used to produce those isotopes between Au'*! and 
Au. Although the same type of bombardment could be 
used to make Au’ and Au’, these two isotopes were 
usually produced from deuteron irradiation of platinum. 
Because of the longer half-lives of the heavier gold 
isotopes, it is necessary to have more atoms of each 
isotope in order to obtain a given amount of radio- 
activity. Platinum foil could be used as an internal 
target in the cyclotron, where the higher beam density 
made it possible to make larger amounts of the gold 
isotopes. Furthermore, the methods of separation of 
gold from the target material were much more efficient 
when the target material was platinum. 

Since the principal decay mode for each isotope is by 
electron capture, small crystal scintillation counters 
could be used to detect efficiently the x rays of any of 
the isotopes. Except for Au! and Au (which cannot 
have the same spin) the half-lives of the isotopes differ 
significantly from each other. A crude decay curve of 
each spin sample thus positively identifies the isotope 
involved. 

The results for Au, Au’, and Au’ confirm the 
ground-state assignment of the seventy-ninth proton to 
the 2d; level.* It is more difficult to assign single-particle 


* This research was supported jointly by the U. S. Atomic 
Energy Commission and the Office of Naval Research. 

+ Present address: Convair, San Diego, California. 

t Present address: University of Washington, Seattle, Wash- 
ington. 

1 J. P. Hobson, J. C. Hubbs, W. A. Nierenberg, H. B. Silsbee, 
and R. J. Sunderland, Phys. Rev. 104, 101 (1956). 

2M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley & Sons, New York, 1955). 


= $; Au’ (4.8hr),/=1; 


=1; Au’ (190 day), 7 =3; Au'* (5.6 day), J =2. 


levels to the odd neutrons in those gold isotopes with 
even mass numbers. 


Il. EXPERIMENT 


The standard atomic-beam “‘spin-search” experiment 
for an atom with J=4 consists of a search through a 
(usually small) number of radio frequencies for the one 
which is able to cause a transition between the energy 
levels corresponding to F=/+3, Mr=—IJ—}4, and 
F=I[+35, Mp=—I+4. At low magnetic fields, the fre- 
quency of this transition is related to the nuclear spin by 
the simple equation 

pol 1 
ee ee 


h 2I+1 


In a flop-in apparatus,’ the occurrence of such a transi- 
tion is accompanied by an increase in the number of 
atoms that are able to reach the detector. In order to be 
able to choose the proper frequencies for a spin search, it 
is necessary to know the Lande g factor for the atom and 
the strength of the applied magnetic field. For the gold 
isotopes, the atomic g factor for the *.S; ground state, as 
measured by Wessel and Lew, is gy=—2.00412 
+(0.00012.4 The magnetic field is calibrated by means of 
a beam of alkali atoms, the nuclear and electronic con- 
stants of which are known. This beam originates from 
a source which is placed behind the source of radioactive 
gold atoms. When a calibration is desired, the oven 
containing the gold is moved aside, allowing the alkali 
beam to pass through the apparatus. A surface ioniza- 
tion detector and associated electrometer make possible 
a field calibration within a few minutes. 

The source of radioactive gold atoms used here was 
machined from a 2-in. cube of tantalum metal. On the 
front of this oven, a pair of jaws could be adjusted to 
produce a beam a few thousandths of an inch wide. 
The oven was loaded from the top, after which a press- 
fitting cap was inserted. The oven was heated in the 
apparatus by electron bombardment to produce a 
satisfactory beam of gold atoms. 

Since the beam was to be detected by the presence of 
radioactive atoms, suitable collectors were devised. 
These are in the form of sulfur-coated brass ‘‘buttons.” 
The sulfur provides a surface upon which the gold atoms 

+ J. R. Zacharias, Phys. Rev. 61, 270 (1942). 
4G. Wessel and H. Lew, Phys. Rev. 92, 641 (1953). 
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may stick while they are being counted. The brass 
button which contains the sulfur gives mechanical 
strength to the detector samples, as well as providing a 
convenient and reproducible way of exposing the sulfur 
surface to the beam and of presenting the collected gold 
atoms to the detector crystal for counting. 

After a timed exposure to the radioactive beam under 
controlled conditions, each sample is removed from the 
beam apparatus through a vacuum interlock. The 
sulfur surface is protected by a piece of cellophane tape, 
and the button is removed to the counting room. As 
frequently as is practical, the counting rate on the 
sample is measured, and a decay curve is generated. The 
composition of each sample can be determined from a 
knowledge of the half-lives of the various isotopes that 
may be present in the sample. An analysis of each decay 
curve can be made graphically or numerically. A nu- 
merical process has been devised for use with the IBM 
650. From a knowledge of the counting rates of a sample 
at various times, along with a list of the different 
isotopes that may participate in the decay, the computer 
calculates the composition of each sample at some 
common time. Comparison of this initial composition 
for several spin-resonance exposures provides knowledge 
of which isotope, if any, is participating in a given 
resonance. This knowledge leads directly to a spin 
assignment for each radioactive isotope.° 

If there are appreciable fluctuations in the intensity 
of the radioactive beam, it becomes necessary to apply 
some correction factor to each exposure to ‘‘normalize” 
the counting rates to what they would have been if all 
exposures had been made to the same integrated beam 
intensity. An ideal normalization procedure would in- 


| volve the measurement of some fixed fraction of the 
| radioactivity that left the oven during the resonance 


exposure. No provision has been made in the present 
apparatus for such a measurement. However, by similiar 
measurements before and after each resonance exposure, 
satisfactory normalization factors can be interpolated. 
The fraction of the beam that is monitored consists of 
those atoms whose velocities are high enough that they 
are able to pass through the magnetic fields of the 
apparatus without suffering a certain minimum deflec- 
tion. For a beam of gold atoms, this fast fraction may 
contain as much as 50% of the atoms which make up the 
beam. During a resonance exposure, the fast fraction is 
intercepted by a “‘stop wire,” whose geometric shadow 
shields the detector from the source of radioactive 
atoms. When the stop wire is removed and the rf field 


turned off, only the fast fraction of the beam is detected 


*It should be remarked that spin assignments are actually made 
to isotopes that have certain half-lives rather than to isotopes of 
certain mass numbers. The correlations between half-lives and 
isotopes have been made previously, and the certainty of each spin 
assignment rests on previous work in the study of radioisotopes. 
Unless otherwise noted, half-life information is taken from the 
tables of D. Strominger, J. M. Hollander, and G. T. Seaborg, 
Revs. Modern Phys. 30, 585 (1958). 


SIX NEUTRON-DEFICIENT 


Au ISOTOPES 1407 
during a “‘half-beam” exposure (a traditional misnomer 
which is nearly correct for the gold isotopes). 

The usual method of normalization is to plot a curve 
of half-beam intensity (corrected for radioactive decay) 
as a function of time. From such a curve, the “half- 
beam” intensity may be obtained for each resonance 
exposure for subsequent normalization. 


III. ISOTOPE PRODUCTION AND EXPERIMENT 
A. Platinum Target 


The deuteron bombardment of platinum was used to 
produce Au, Au, and Au'®, The expected trace 
amount of Au’ was not observed, although no attempt 
was made to perform the experiment with sufficient 
speed to detect this isotope. Nor was the 10-hr isomer of 
Au'®® observed during these experiments.® Since the 
X-ray counters are quite selective, no appreciable inter- 
ference was observed from the 8-unstable Au! or Au”. 

For irradiation in the cyclotron, the platinum target 
was usually a piece of foil 13 by 1} by 0.020 in. Since the 
cyclotron beam struck only about half of this target, 
some trimming could be done before the chemical 
separation was performed. The platinum target was 
dissolved along with a weighed amount of stable gold 
carrier in hot, concentrated aqua regia. The resultant 
solution was evaporated just to dryness, and the residue 
taken up in dilute HCl. Addition of ethyl acetate re- 
sulted in the extraction of gold choride into a layer 
above the platinum-bearing HCl. After separation, 
purification, and drying of the acetate fraction, the 
residue was taken up in dilute HCl. A jet of SO2 gas was 
directed across the surface of this solution, causing the 
reduction of gold to the metal. This gold was then dried 
and loaded into the atomic-beam oven. 


B. Iridium Target 


The iridium target used here was in the form of small 
pieces of 0.006-in. sintered foil contained behind three 
0.001-in. aluminum foils. This thickness of iridium is 
sufficient to stop the 48-Mev alpha beam, so that all 
isotopes wlth 191< 4 <196 were produced. In practice, 
the bombardments were short enough that the longer 
lived isotopes Au’ and Au'® were not produced in 
significant quantities. Again, the 10-hr isomer of Au'®* 
was not observed. The (a,m) cross section is quite small, 
of course, compared to those reactions that produce the 
other gold isotopes. 

After irradiation, the iridium pieces were loaded into 
an atomic-beam oven and heated. When the tempera- 
ture became high enough, the gold was observed to 
diffuse out of the target material at a rate sufficient to be 
used in experiments. Even at the highest temperatures 
used here, the iridium foil was not melted. Conse- 
quently, it could be recovered as foil and reused in later 

®R. van Lieshout, R. K. Girgis, R. A. Ricci, A. H. Wapstra, 
and C. Ythier, Physica 25, 703 (1959). 
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bombardments. Since iridium is virtually insoluble in 
the standard reagents, it is fortunate that satisfactory 
beams of gold can be obtained in the above way without 
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Fic. 2. Spin search at H = 4.65 gauss for Au™ and Au! produced 
by Pt(d,kn)Au reactions. (a) normalized initial counting rates; 
(b) normalized 39-hr fraction for each point of (a), establishing 
7=1 for Au™; and (c) normalized 5.6-day fraction of (a), estab 
lishing J=2 for Au, 
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SHUGART, AND SILSBEE 
complicated procedures. Although the recovery effi- 
ciency of the method has been estimated at only about 
50%, the increased speed with which a beam can be 
produced provides considerable compensation. 

The radioactive beams produced by the thermal- 
diffusion method are never so stable as those obtained 
from an oven containing a pure metal. However, the 
instability is almost predictable, so that a simple nor- 
malization procedure is possible. Figure 1 shows the 
variation with time of the counting rate observed ona 
set of half-beam exposures. A smooth curve can be 
drawn through these points, and the normalization 
factor for each resonance exposure is easily determined, 


IV. RESULTS: NUCLEAR SPINS 
A. Au'™ and Au!*® 


The normalized results of a search of integral spins 
using gold separated from platinum are shown in 
Fig. 2(a). The platinum probe had been bombarded 
with 367 wa-hr of 24-Mev deuterons over a period of 4.6 
hr. With the transition field set at 4.65 gauss, timed ex- 
posures were made at frequencies corresponding to all 
6. Each of the 
samples was counted periodically during the succeeding 
5 days. The two samples which had appreciable activity 
after this time, (J=1 and /=2) were counted for 
another 10 days. Each decay curve was then analyzed 
into its 39-hr and 5.6-day components. The results of 
this analysis are displayed in Figs. 2(b) and 2(c). From 
this evidence, spin values of 7=1 for 39-hr Au and 
I] =2 for 5.6-day Au'**® were assigned. The spin of Au™ 
has been previously reported.’ 


integral spin values between /=0 and / 
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7J. B. Reynolds, R. L. Christensen, W. M. Hooke, D. R. 


Hamilton, H. H. Stroke, W. B. Ewbank, W. A. Nierenberg, H. A. 
Shugart, and H. B. Silsbee, Bull. Am. Phys. Soc. 2, 317 (1957). 
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NUCLEAR SPINS OF 
Confirmation resonances have been observed and the 
hyperfine structure studied at frequencies up to 40 
Mc/sec for Au'®® and 820 Mc/sec for Au‘. These ex- 
periments will be summarized in a later article. 


B. Au'”® 


Because of the very long half-life,* it is difficult to 
produce sufficient quantities of Au to give enough 
activity for a measurement. However, by using long 
deuteron bombardments accumulated over a period of 
several weeks, the experiment was made possible. After 
the last irradiation, the target was stored to allow all 
shorter activities to decay away. Approximately a year 
later, the target was dissolved and a spin search done 
with the activity that remained. The results of this spin- 
search are shown in Fig. 3. Of the five possibilities, only 
]=% shows a resonance. Since Au'*® should be the 
dominant component of the gold sample, a spin of 7= 3 
was assigned to Au'”. Further spin resonances have 
been obtained at frequencies up to 210 Mc/sec. 


C. Au'®!, Au', Au’, and Au!” 


Alpha irradiation of iridium foil has been used to 
produce the shorter lived gold activities: Au! (3.0-hr), 
Au’ (4.8-hr), Au’ (17.5-hr), and Au™ (39-hr). The 
fact that Au‘ was also produced from this bombard- 
ment provided an independent check on its spin meas- 
urement (J=1) described above. 

Normalized results of a spin search using radioactive 
gold produced from iridium are shown in Fig. 4. This 
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Fic. 4. Spin search at 7=8.7 gauss for Au, Au’, Au, and 
\u™ produced by Ir(a,kn)Au reactions. The data shown are from 
the first count only 





100 
4 
a “ 
i 
- = 
S 
® FULL BEAM (x.!) 7 
r o I23/2 7 
re e ge 3 4 
, - site 10 «df 
Fic. 5. Identifica C : 
tion by decay analy- r a 
sis of gold spin reso- i , 
nances shown in Fig. L 
4. The time scale has L 


been shifted for the 
spin-resonance sam- 
ples in order to pro- 
vide a clear separa- 
tion of the decay 
curves. 


—~ 






Au'*'(3.0 hr) 


COUNTS PER MINUTE 
5 
sr 





= 
= 


Au'?? (4.8 hr) 


Pia 
’ t Au'®*(39 hr) 7 


ai hr) 
{ 





1 4 1 n 1 1 n 





fon 1 l i 
0 


4 
TIME (days) 


8A. Bisi, E. Germagnoli, and L. Zappa, Nuovo cimento 11, 843 (1959). 
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TaBLe I. Composition by activity of Au spin-resonance exposures 


Isotope 
Sample Au"! Au Au’ Au 
f= 0 (11) 32 (10) «3 (2) 4.3 (6 
[=3 16 (6) 1 (6) 16 (2) 0.6 (5 
Full-beam 48 (14) 119 (13) 60 (3) 25.2 (9 


spin search was made at a field of 8.7 gauss. The only 
apparent resonances occurred at frequencies corre- 
sponding to /=1 and /=3. Assignment of isotopes to 
these resonances was made after an analysis of the decay 
curves of the two high-spin buttons and a sample of the 
radioactive beam from the same oven. These decay 
curves are drawn in Fig. 5. Each of the spin-resonance 
exposures corresponding to /=1 and /=}3 has a short- 
lived component with a half-life of a few hours. The two 
decay curves then change slope quite differently, with 
J =1 going into the 39-hr decay and /= } going into the 
17-hr decay. 

Digital analysis of these decay curves gave the 
normalized compositions which are compared in Table I. 
The number in parentheses represents the uncertainty 
in the least significant digit of each counting rate. The 
comparatively large uncertainties on the amounts of 
Au" and Au™ in each sample are due to the similarity 
in half-lives of the two isotopes. It is apparent that four 
resonances have been observed here, leading to spin 
assignments of J=1 to Au’ and Au", and J=$ to 
Au and Au". These assignments have been confirmed 
by resonances observed up to fields of several hundred 
gauss. Resulting hyperfine-structure measurements will 
be reported later. ‘The spin measurements on these four 
isotopes have been reported previously.’ 


V. REMARKS 


The assignment of /= 3 to Au’, Au, and Au'® 
presents no new problems in level-structure interpreta- 
tion of the gold isotopes. Previous measurements on 
Au’? and Au have led to the assignment of the 
seventy-ninth proton to the 2d; level on the basis of the 

*W. B. Ewbank, L. L. Marino, H. A. Shugart, and H. B 
Silsbee, Bull. Am. Phys. Soc. 2, 383 (1957). 


> 


N B 





ERG, SHUGART, AND SILSSEE 
PaBLe II. Possible spin values for the odd-odd isotopes of gold, 
using single-particle levels. 

Neutron Proton level 
level 2d, . aa 2ds Lhy1/2 
3p 2, (1) 0 2 5 
3py 0 2,40) 4, ++-2,-0 7, °°°5, (4) 
2h; 4, o<02, 2 0 3 
lits/2 5 7,(6) 9,---5, (4) 12 2, (1 


9 


simple shell model.?:"’" The present measurements add 
further weight to this assignment. 

A nuclear spin of /=2 obtained here for Au'®* and 
previously'! for Au'’* is easily explained from the 
coupling rules of Nordheim.” Several possible couplings 
can be used to obtain a spin of 2, perhaps the most 
plausible of which is that suggested by Christensen 
et al." The 3p; neutron observed in Pt'*®, Hg'’’, and 
Hg" was coupled to the 2d; proton of gold to givea spin 


of 2 


and reasonable agreement with the measured 
nuclear moment of Au'** 

If Nordheim’s rules are strictly applied, there is no 
simple nuclear configuration that will couple to a spin of 
1. The possible level assignments for the odd neutron 
and odd proton are given in Table II, along with the 
various spin values to which the particles may be ex- 
pected to couple. Those spin values in bold-face type 
indicate applications of Nordheim’s strong rule, while 
other combinations are obtained from the weak rule. 
Parentheses have been used to mark those spin values 
obtained by assuming a coupling to 7= | j,—Jjp| in 
cases where the weak rule (J>|j7,—J,|) should be 
applicable. This assumption corresponds to the modi- 
fication of Nordheim’s rules which has been suggested 
recently by Brennan.'* The fact that a spin of L-cannot 
be justified by using Nordheim’s rules but is easily 
obtained from this simple modification lends weight to 
$rennan’s proposal. 


RR. M. Elliott and J. Wulff, Phys. Rev. 55, 170 (1939). 

1 R. L. Christensen, D. R. Hamilton, A. Lemonick, F. M 
Pipkin, J. B. Reynolds, and H. H. Stroke, Phys. Rev. 101, 1389 
1956) 

2. W. Nordheim, Phys. Rev. 78, 294 (1950); Revs. Modern 


Phy Ss. 23, 322 (1951 }). 


8M. H. Brennan, Bull. Am. Phys. Soc. 5, 245 (1960) (this 


reference lists the title and author only). 
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Decay Scheme of Dy'®’}* 


R. C. GREENWOOD AND E. BRANNEN 
University of Western Ontario, London, Ontario, Canada 
(Received July 5, 1960) 


The electron capture decay of Dy'** has been shown to occur appreciably only to the 58-key state and 
ground state of Tb', with branching ratios of 37% and 63%, respectively. The K internal conversion coefti- 
cient of the 58-kev transition has been measured to be ax =8.5_;.2*°’, which is consistent with a predomi- 
nantly 4/1 transition, with the possibility of some £2 mixing. The orbital electron capture ratio to the 58-kev 
state of Tb'®® was obtained as Pyy.../Px=0.17+0.15. From this value, a minimum decay energy to the 
ground state of Tb'®® was assigned as 230 kev. The upper limit on transitions to the 138-kev and 364-kev 
states of Tb'® was placed at 0.1%. A spin and parity of }— was assigned to the ground state of Dy™ froma 
consideration of log ft values. An upper limit of 450 kev was placed on the decay energy to the ground state 


of Tb'*? 


INTRODUCTION 


HE decay of Dy'®* has been shown to occur by 

orbital electron capture'? with an upper limit of 
0.1% on positron emission.? No gamma rays were found 
associated with this decay. 

Coulomb excitation experiments*~’ have shown that 
Tb’ has energy levels at 58 kev and 138 kev. The 
energies of these two levels are such as to suggest that 
they are part of the ground-state rotational band with 
a ground-state spin of 3.°7 The ground-state spin of 
Tb'** has been measured from both hyperfine structure*® 
and the paramagnetic resonance spectrum® to be 3. The 
spins of the 58-kev and 138-kev states were therefore 
assigned as 3 and 3, respectively.*:7 From the relative 
intensities of the 138-kev and 80-kev gamma radiations 
the 80-kev transitions, and hence the 58-kev transitions, 
were shown to be a mixture of 98.7% M1 and 1.3% £2.’ 

More recently Mihelich, Handley, and Harmatz'®" 
have investigated the internal conversion spectrum of 
Dy’. The Li, Lu, Lin, M and N conversion lines 
corresponding to the 58-kev transition were observed. 
From the relative intensities of the 1 conversion lines, 
the M1 to £2 mixing ratio of 58-kev transitions was 
found to be 65:1. 

+ This work was supported in part by the Nationai Research 
Council of Canada and the Ontario Research Foundation. 

* Based on a dissertation submitted by R. C. Greenwood in 
partial fulfillment of the requirements for the degree of Doctor 
of Philosophy at the University of Western Ontario. 
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Grigorev e/ al.,'* however, found no evidence of decay 
to the 58-kev level. Using a proportional counter they 
obtained the relative probability of orbital electron 
capture from the L and K shells, as Pz/Px=1.0+0.3. 
This corresponded to a total decay energy to the ground 
state of Tb! of 79_;+! kev. 

The energy levels of Tb'®* have been studied from the 
decay of Gd'** by many investigators."*—'® An additional 
level at 364 kev was found in these investigations. 
This level has been assigned a spin and parity of §— 
by Nielson ef al.'® 

The spin and parity of the ground state of Tb'®* has 
been assigned as $+ by Mottelson and Nilsson"? from 
the Nilsson energy level diagram for odd proton nuclei'* 
using a deformation parameter 6=0.31. In a recent 
paper by Mottelson and Nilsson," the ground-state 
rotational band of Tb’, with K= 3, was assigned 
asymptotic quantum numbers .V=4, n,=1, and A=1 
(written normally as [.Vn_A], i.e., [411] for the Tb'®* 
ground-state rotational band). 


EXPERIMENTAL 
A. Gamma-Ray Scintillation Spectra 


A source of Dy'®® was produced by irradiating terbium 
oxide with 8-Mev protons. The gamma-ray spectra were 
studied with a scintillation detector consisting of a 
1}-in.X1-in. NaI(Tl) crystal mounted on a DuMont 
6292 photomultiplier tube. Pulse-height analysis was 
accomplished with a 20-channel pulse-height analyzer. 

In the spectra obtained, no evidence was found of 

2 Q. I. Grigorev, B. S. Kunetsov, N. S. Shimanskaia, and I. A. 
lutlandov, Izvest. Akad. Nauk. S.S.S.R., Ser. Fiz. 22, 850 (1958) 
(translation: Bull. Acad. Science U.S.S.R. 22, 845 (1958) ]. 

13. N. Marty, Compt. rend. 241, 285 (1955). 

44 R. Ballini and R. Barloutand, J. phys. radium 17, 534 (1956). 

18S. S. Malik, N. Nath, and C. E. Mandeville, Phys. Rev. 112, 
262 (1958). 

6K. O. Nielsen, O. B. Nielsen, and O. Skillraid, Nuclear Phys. 
7, 561 (1958). 

‘7B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
(1955). 

18S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

# B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Skrifter 1, No. 8 (1959). 








1412 ee 





6 
OF 
' K X-RAYS 
$s 
OF \se 
| 
” 
= 29 
2 } 
o | 
“2 \ 
: 89 
he 
r \ r 
r \ ; \ 
3 \? \ 
Of V \ 
E \ 
‘ ‘ 


T 
- 





Te} L 1 1 i 
20 40 


4 din 1 1 A 4 4 


60 80 100 120 140 
ENERGY (KEV) 





Fic. 1. Singles gamma-ray spectrum of Dy! measured with a 


14-inch X 1-inch NaI (TI) crystal. 


decay occurring to the 364-kev and 138-kev states of 
Tb'®. An upper limit of 0.1% of the total disintegration 
rate was placed on decay to these states. The low-energy 
spectrum of Dy'® is shown in Fig. 1. Three peaks can 
be seen in this spectrum, the Tb A x-ray peak and its 
associated escape peak together with a peak at 89 kev. 
This 89-kev peak cannot be associated with the decay 
of the 138-kev level of Tb'®® since no 138-kev gamma 
radiation was observed.*:? It was found that the intensity 
ratio of the 89-kev peak and Tb K x-ray peak was pro- 
portional to the solid angle subtended by the source 
at the detector. This indicated that the 89-kev peak 
was a summing peak. However, its intensity was too 
great to be caused by random Tb K x-ray coincidences. 
It was concluded, therefore, that A orbital capture 
occurs to the 58-kev state. The peak at 89 kev was 
interpreted to be caused by Tb K x-rays from the orbital! 
electron capture process entering the crystal in coinci- 
dence with either the 58-kev gamma radiations or Tb 
K x-rays from the K internal conversion of this 58-kev 
transition. The absence of a distinct peak at 58 kev 
can be explained by the following considerations. Since 
the 58-kev transition is mainly M1 in nature, a large 
K internal conversion coefficient is expected. Com- 
bining this with the closeness in energy of the Tb K 
x-rays to 58 kev (the Tb A, x-ray pulse distribution 
has a maximum at 44.2 kev and the Tb Kg x-ray pulse 
distribution at 50.3 kev), one would expect the 58-kev 
peak to be contained under the Tb K x-ray peak. 


GREENWOOD 





AND E. BRANNEN 


B. Coincidence Experiments 


lo confirm further that Dy'®® decays to the 58-kev 
state of Tb'®*, a coincidence study was undertaken. The 
detectors consisted of 1}-in.X1-in. NaI(Tl) crystals 
mounted on Dumont 6292 photomultiplier tubes. The 
coincidence circuit used had a resolving time of 10-7 
sec. A 20-channel anaylzer was used in conjunction 
with this coincidence circuit. The gamma spectrum in 
coincidence with Tb K x-ray was obtained, the low- 
energy portion of this spectrum being shown in Figs, 
2 and 3. The presence of a strong Tb K x-ray coincidence 
peak in this spectrum confirmed that A capture occurs 
to the 58-kev state of Tb'**. The small peak at 84 kev, 
in Fig. 2, can be explained by random coincidence 
processes, hence an upper limit of 0.1% of the total 
disintegration rate was assigned to the possibility of 
decay occurring to the 138-kev state of Tb'®. 

It was not possible to obtain an accurate vaiue for 
the A internal conversion coefficient, ax, of the 58-kev 
transition from these spectra since there was no marked 
asymmetry on the Tb K x-ray peak at 58 kev. However, 
from Fig. 3, it can be stated that ax is greater than 6, 

From both the Dy'® singless gamma-ray spectrum 
(such as shown in Fig. 1) and the coincidence spectra 
just described, a value for the relative probability of a 
K-shell vacancy or a 58-kev gamma ray occurring in 
a real coincidence with a K-shell vacancy to the total 
number of A-shell vacancies plus 58-kev gamma rays 
was obtained. Denoting this ratio by Sx,x, then 
SKx+K=0.228_0,0067-. 
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Fic. 3. Gamma spectrum of Dy! in coincidence with Tb K x-rays. 


C. The Escape Peak Gated Spectra 


Since scintillation detectors do not have sufficient 
energy resolution to separate out directly the Tb K 
x-ray peaks and the 58-kev gamma-ray peak, a method 
was devised which effectively improved the resolution. 
This was achieved by counting only those pulses in 
which an iodine K x-ray escaped from the crystal, i.e., 
the escape peak. This was accomplished in the coinci- 
dence circuit used previously, with one channel (the 
“fixed” channel) set to detect the iodine K, x-rays 
escaping from the other crystal (in the ‘‘free’”’ channel). 
The escape peaks would then be at the following ener- 
gies; the Tb K, escape peak at 15.7 kev, the Tb Kg 
escape peak at 21.8 kev and the 58-kev gamma peak 
at 29.5 kev. A partial separation of these three peaks 
was therefore achieved. An ideal experimental arrange- 
ment would be to have the entrance windows of the 
two crystals parallel to each other, with the path be- 
tween them unobstructed. The source would ideally be 
placed outside of this path and collimated onto the 
central region of the crystal in the “free” channel with 
the source completely shielded from the crystal in the 
“fixed” channel. In this arrangement the experimental 
results obtained would require few corrections. How- 
ever, a fairly strong source would be required for this 
arrangement, much stronger than those available in 
this investigation. Consequently, the source was located 
midway between the two crystals. This particular ar- 
rangement presented added difficulties because the 58- 
kev gamma escape peak is at 29.5 kev and the iodine 
K, x-ray at 28.5 kev. Therefore, a 58-kev gamma ray 
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could be detected in the “‘fixed” channel with an iodine 
K, x-ray escaping into the “free” channel. This process 
could also occur to a lesser extent with the Tb Kg x-rays. 
Correcting for these two processes was the largest 
source of error in the experiment. Further correction 
was required because a relatively small amount of iodine 
Kg x radiation could be detected in the “fixed” channel. 
Another correction factor applied was due to the vari- 
ation with energy of the detection efficiency of the 
escape peak gated system. This occurs since the more 
energetic the gamma rays, the deeper the average 
penetration into the crystal and the smaller the prob- 
ability for an iodine K x-ray to escape and be detected 
in the “fixed” channel. The correction factors were ob- 
tained by calculating the probability, for the different 
photon energies, of an iodine Kq x-ray escaping from 
the crystal in the “free” channel into the crystal in the 
“fixed” channel, using the particluar geometry of this 
experimental arrangement. The correction factors, nor- 
malized to unity for the Tb K, x-ray escape peak, were — 
1.10 for the Tb Kg x-ray escape peak and 1.30 for the 
58-kev gamma escape peak. 

Using this escape peak gating technique, the ratio 
of the total number of K-shell vacancies to 58-kev 
gamma rays, was obtained as Vx/V,=35_¢**. In order 
to obtain the K internal conversion coefficient, of the 
58-kev transition, the above mentioned escape peak 
gating coincidence arrangement was incorporated into 
a triple coincidence circuit. The third channel detector 
consisted of a 1-in.X}3-in. NaI(Tl) crystal mounted on 
a DuMont 6292 photomultiplier tube. This third channel 
was set to detect Tb K x-rays. A spectrum obtained 
with this arrangement is shown in Fig. 4. A value for 
the K internal conversion coefficient of the 58-kev tran- 
sition was obtained as ax =8.5_;,9t®-7, 


INTERPRETATION 


From the results obtained for Vx/N,, Sxix, and ax 
a value for the relative probabilities of L, M, N,... 
orbital electron capture to K orbital electron capture, 
in a decay to the 58-kev state of Tb'® was obtained. 
This ratio was obtained as Pzy,../Px=0.17+0.15. 
This ratio can be related to the decay energy using the 
theoretical results of Brysk and Rose” on the relative 
probabilities of Z and K orbital capture, together with 
Robinson and Fink’s® calculations of the ratios of elec- 
tron densities of M, V, . . shells at the nuclear radius 
to those in the Z; and Ly, shells. The value of Piy.../Px 
obtained in this experiment is such that only an estimate 
of the minimum decay energy can be made. The mini- 
mum decay energy to the ground state of Tb’ was 
calculated as 230 kev. 

In order to obtain the branching ratios to the 58-kev 
state and the ground state of Tb'™®, a knowledge of 


2H. Brysk and M. E. Rose, Revs. Modern Phys. 30, 1169 
(1958). 

21 B. L. Robinson and R. W. Fink (private communication), and 
Revs. Modern Phys. 32, 117 (1960). 
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Fic. 4. Triple coincidence spectrum of Dy!*. The coincidence 
circuit was gated in one ‘‘fixed” channel by the escaping iodine 
K, x-rays and in the other “fixed” channel by Tb A x-rays. 
Comparison with Fig. 3 shows the increased resolution obtained 
using escape peak gating. 


the L, M, N.. . .conversion coefficient ayy of the 58- 
kev transition is required, in addition to Vx«/.V,, ax, 
Prw.../Pr, and P,y../Px« for transitions to the ground 
state of Tb'®*. A value of a4," was obtained using the 
results of Mihelich, Harmatz, and Handley" on the 
relative L;, Li;, Lin, M, and N conversion coeftlicients 
for the 58-kev transition, together with the theoretical 
L, internal conversion coefficients of Sliv and Band.” 
and Rose.” A value of az17.7 = 2.0 was used. The branch- 
ing ratios to the 58-kev state was calculated as 37_3*°% 
and to the ground state as 63_5+°%. 

From the energy level diagrams of Nilsson for odd 
neutron nuclei, using a deformation parameter 6=0.31, 
the ground state of Dy'® can be assigned tentatively a 
spin and parity of $— with asymptotic quantum 
numbers [521]. However, quite close to this level on 
the Nilsson diagram are levels with quantum numbers 
[642] §+ and [523 ]§—. According to the selection 
rules of Alaga,™ if Dy'®* had quantum numbers [642 } 
$+, transitions to the ground state, 58 kev, and 138-kev 


=] 


A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, Part 2, 1958 [translation: Report 58ICC L1, 
issued by Physics Department, University of Illinois, Urbana, 
I!linois (unpublished) ]. 

%M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 

* G. Alaga, Phys. Rev. 100, 432 (1955). 
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state of Tb'*® would be allowed and hindered. Since 
the total decay energy is greater that 230 kev, a branch- 
ing ratio to the 138-kev state of at least a few percent 
would be expected. A similar objection applies to a 
[523] $— assignment to the ground state of Dy'® 
since transitions to the ground, 58 kev, and 138-kev 
states of Tb'®* would all be first forbidden hindered. 
If, however, the Dy'®’ ground state is assigned the quan- 
tum number [521] $— transitions to the ground and 
58-kev states would be first forbidden unhindered while 
transitions to the 138-kev state would be first forbidden 
unique and hindered. With this assignment transitions 
to the 364-kev state of Tb 159 would be allowed. Since 
an upper limit of 0.1% has been placed on these transi- 
tions, the total decay energy must be less than 450 kev, 
on the basis of log ft values. An estimate of the maximum 
decay energy can be obtained from the fact that the 
log ft value for a first forbidden unhindered transition 
is, in general, less than 7.5." On this basis the total 
decay energy should be less than approximately 500 
kev. With this [521] $— assignment for the ground 
state of Dy 


and with a total decay energy of less 
than 450 kev, transitions to the 138-kev state of Tb'™ 
would be improbable. The ground state of Dy'®* was 
therefore assigned a spin and parity of }— with asymp- 
totic quantum numbers [521 ]. 

The decay scheme of Dy'®*, consistent with the ob- 
servations reported in this paper, is shown in Fig. 5. 

Since the completion of this investigation a paper 
has been published by Ketelle and Brosi® giving results 
of an investigation of the Dy'®* decay scheme. These 
results are in substantial agreement with those presented 
here. However, there exists some disagreement on the 
K internal conversion coefficient of the 58-kev transition 
and consequently on the branching ratios between the 
58-kev state and the ground state. 





26 B. H. Ketelle and A. R. Brosi, Phys. Rev. 116, 98 (1959). 
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The experiments on the allowed beta transitions, which lead 
almost uniquely to the !’—1.2A interaction, do not have any 
bearing on a possible contribution from the pseudoscalar inter- 
action. To determine whether or not any contribution from the 
pseudoscalar interaction is really needed, an examination has been 
made of the 8 longitudinal polarization and the 8 shape factor in 
the 0 — 0 (yes) beta transitions. The theoretical polarization for 
the mixture of the pseudoscalar and the axial vector interattions 
has been developed. In this work, the formulation of the pseudo- 
scalar interaction as given by Rose and Osborn has been used. The 
numerical results on the 8 longitudinal polarization and the shape 
factor depend on two parameters, namely, the coupling constant 
ratio, Cp/.W/C., and X, the ratio of the two relevant nuclear matrix 
elements. J is the nucleon mass in units of the electron mass. The 


I. INTRODUCTION 


HE experiments on the allowed beta transitions, 
during the past three years, lead almost uniquely 
to the V—1.2A interaction.'~* The experiments’ give 
the 8 longitudinal polarization in the allowed transitions 
as —v/c for the electron, and as 2/c for the positron, 
within an experimental error of about 2%. Here «/c is 
the ratio of the 8-particle velocity to the vacuum 
velocity of light. To explain these polarization data, the 
vector and the axial vector interactions require the 
neutrino to be ‘‘left-handed”; whereas the scalar and 
the tensor interactions demand the neutrino to be a 
“right-handed” particle. The experimental determina- 
tion of the neutrino helicity was made by Goldhaber, 
Grodzins, and Sunyar*® and the neutrino helicity was 
* Based, in part, on a dissertation submitted by C. P. Bhalla in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy at the University of Tennessee. 

} Present address: Westinghouse Electric Corporation, Atomic 
Power Department, Pittsburgh, Pennsylvania. 

1 Many recent review articles appear in the literature, e.g., see 
M. E. Rose, Handbook of Physics (McGraw-Hill Book Company, 
New York, 1959), pp. 9-90. 

2 E. J. Konopinski, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1959), Vol. 9, p. 99. 

3M. Deutsch and O. Kofoed-Hansen, in Experimental Nuclear 
Physics, edited by E. Segre (John Wiley & Sons, Inc., New York, 
1959), Vol. IIL, pp. 427-638. 

*Y. Smorodinskii, Uspekhi Fiz. Nauk 67, 43 (1959) [transla 
tion: Soviet Phys-Uspekhi 67 (2), 1 (1959)]. 

°D. L. Pursey, Proc. Roy. Soc. (London) A246, 444 (1958). 

®Invited papers at the Conference on Weak Interactions, 
Gatlinburg, Tennessee [Revs. Modern Phys. 31, 782 (1959) ]. 

7C.S. Wu, Proceedings Rehovoth Conference on Nuclear Structure 
(North-Holland Publishing Company, Amsterdam, 1958), p. 359. 
For a recent summary of the 8 longitudinal measurements, see 
A. I. Galonsky, A. R. Brosi, B. Ketelle, and H. B. Willard, Nuclear 
Phys. (to be published). 

§M. Goldhaber, L. Grodzins, and A. W. Sunyar, Phys. Rev. 
109, 1015 (1958). This result has also been confirmed by I. 
Marklund and L. A. Page, Nuclear Phys. 9, 88 (1958). 


electronic functions occurring in the theoretical formulas for these 
effects are tabulated for Pr (0- — 0*) and Ho!* (O- — 0*). All 
the electronic radial functions were computed considering the 
nucleus as a sphere of a uniform charge distribution with a nuclear 
radius as 1.24'X10~% cm, and taking into account the finite 
deBroglie wavelength effect. The results of extensive numerical 
analysis are presented. We conclude that the absence of the 
pseudoscalar interaction is consistent with the existing experi- 
mental data. The value of Cp/.MCu, which also gives a satisfactory 
fit to the experimental data depends on \. The upper limit of the 
value of |Cp/MCa| is found to be 0.05 for |X| = 200. In this work, 
time-reversal invariance is assumed valid for the weak as well as 
the strong interactions, and the two-component theory of the 
neutrino has been used. 


found to be negative. The relative sign and the strength 
of the vector and the axial vector interactions are de- 
termined by the nuclear beta transitions where these 
interactions interfere. Burgy ef al.? measured the ani- 
sotropy of the electron with respect to the spin direction 
of the polarized neutron. The result of this experiment 
is that the relative sign of the coupling constants of the 
vector and the axial vector interactions is negative. The 
comparison of the ‘‘/t values” (comparative half-lives) 
of a neutron and O" give 1.21+0.03 as the ratio of the 
absolute magnitudes of the coupling constants of the 
axial vector and the vector interactions. The V—1.2A 
interaction is also consistent with electron-neutrino 
correlation experiments."” 

Following different approaches, Marshak and Sudar- 
shan," Feynman and Gell-Mann,” also Sakurai'* pro- 
posed the V—A theory. 

However, these experiments on the allowed beta 
transitions do not have any bearing on a possible exist- 
ence of the pseudoscalar interaction. This can be readily 
understood because the operator for the pseudoscalar 
interaction is an irreducible tensor of rank zero and its 
parity is odd. Thus, for any contribution from the 
pseudoscalar interaction there has to be a change in the 
parity of the final nuclear state with respect to the 


®M. T. Burgy et al., Phys. Rev. 110, 1214 (1958), also see Phys. 
Rev. Letters 1, 324 (1958). 

10 W. B. Hermannsfeldt et al., Phys. Rev. Letters 1, 61 (1958). 
Also see J. S. Allen, Revs. Modern Phys. 31, 791 (1959), and F. 
Pleasonton et al., Bull. Am. Phys. Soc. 4, 78 (1959); see J. B. 
Gerhart, Phys. Rev. 109, 897 (1958), and W. B. Hermannsfeldt 
et al., Phys. Rev. 107, 641 (1957). 

11 R. E. Marshak and E. C. G. Sudarshan, Phys. Rev. 109, 1860 
(1958). 

2R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958). 

13 J. J. Sakurai, Nuovo cimento 7, 649 (1958). 
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1416 Cc. P.. BRALLA 
initial nuclear state in contrast to the allowed transitions 
with which all previous studies were concerned. To de- 
termine whether or not any contribution from the 
pseudoscalar interaction is really needed, we analyze the 
experimental data on the 0 — 0 (yes) beta transitions. 
The 0 — 0 (yes) beta transition is best for this purpose, 
because the vector interaction rigorously does not make 
any contribution. Therefore, we consider only the mix- 
ture of the axial vector interaction and the pseudoscalar 
interaction in the beta interaction Hamiltonian for the 
0 — 0 (yes) transitions. 

The relevant experimental data for the purpose of 
determining a possible contribution from the pseudo- 
scalar interaction are (1) the 6 longitudinal polarization 
and (2) the 8 shape factor. The pseudoscalar interaction 
and the axial vector interaction, taken separately, give 
opposite signs of the beta polarization. This is true 
provided we take the neutrino helicity as negative. The 
8 shape factor for the pure pseudoscalar interaction and 
the pure axial vector interaction give different energy 
dependence. However, the 8 shape factor, considered 
alone, is not very sensitive to a small contribution from 
the pseudoscalar interaction. 

We wish to point out that in any investigation of the 
pseudoscalar interaction a formulation different than 
the so-called ‘“‘conventional” one must be used. In 1954, 
Rose and Osborn" suggested that the proper operator 
for the pseudoscalar interaction is —@-pL(8y5)/2M in 
the nucleon space. Here L(Sy;5) is the pseudoscalar 
lepton covariant and is equal to (W.*BysLC p+C p’y5 WW.) 
for e~ emission. Also p is the momentum operator. This 
pseudoscalar operator was obtained by the application 
of the Foldy-Wouthuysen transformation to the total 
Hamiltonian of the system comprised of the decaying 
nucleon, the lepton (e—v) field, and the leptons. In this 
formulation of the pseudoscalar interaction, the gradient 
(p= —iV) appears acting only on the lepton covariant. 
If we assume the lepton covariant to be a constant 
(independent of the nucleon coordinates), as is done in 
the conventional theory, then there is no contribu- 
tion from the pseudoscalar interaction. The Foldy- 
Wouthuysen transformation, though, also gives addi- 
tional recoil terms for the axial vector and the vector 
interactions, but these terms are much smaller than the 
leading terms and we can neglect them. Then, apart 
from renaming the nuclear matrix elements, explicit 
calculations show that we get the same formulas as 
given by the conventional theory. Thus, the conven- 
tional formulation of the A and the V interactions is 
essentially correct. But the conventional treatment of 
the pseudoscalar interaction is wrong.'® Hence, the 
proper operator for the pseudoscalar interaction, 
—o-pL(By5)/2M, must be employed. 

The 8 shape factor for the 0 — 0 (yes) transition with 


4M. E. Rose and R. K. Osborn, Phys. Rev. 93, 1315 (1954). 

18 For example, see M. Deutsch and O. Kofoed-Hansen, refer 
ence 3, p. 516. Also see M. E. Rose and R. K. Osborn, reference 14, 
for a discussion of this point. 
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a mixture of the axial vector and the pseudoscalar 
interaction has been given by Rose and Osborn." But 
the longitudinal polarization of the 6 particles in the 
0 — 0 (yes) transition, with a mixture of the axial vector 
interaction and the proper formulation of the pseudo- 
scalar interaction, does not exist in the literature. To 
derive such an expression, using the relativistic elec- 
tronic functions for a finite nucleus, is part of the 
motivation of this work. 

Several attempts to investigate the existence of the 
pseudoscalar interaction in nuclear 8 decay appear re- 
cently in the literature. Tadic'* analyzed the less accu- 
rate measurement of the 8 longitudinal 
polarization in Pr (O- 0+) due to Geiger et al." 
Cohen and Wiener’ analyzed their measurement of the 
8 longitudinal polarization in Pr, Also Mehlhop et al.” 
estimated the upper limit on the pseudoscalar contribu- 
tion by comparing his measurements with the formulas 
derived by Lee-Whiting.” Again using these formulas of 
Lee-Whiting, Biihring’' set an upper limit on the 
pseudoscalar contribution with his 8 polarization meas- 
urement in Ho!®*, In all these attempts, the conventional 
pseudoscalar interaction was used. Moreover, the effects 
due to the finite nuclear size” were completely ignored. 
[t is well known that these effects are important for the 
0 — 0 (yes) transitions. 

In addition, several attempts* have been reported in 
the literature wherein the possible existence of the 
pseudoscalar interaction was examined by comparing 
the theoretical shape factor as given by Rose and 
Osborn" with the experimental shape factor of the 
Q- — 0* transition of Pr'’. The general conclusion is 
that the 8 shape factor is not very sensitive to the con- 
tribution from the pseudoscalar interaction. 


(~22% 


However, fora consistent investigation for the pseudo- 
scalar contribution, one must consider all the experi- 
mental data, namely, the 8 longitudinal polarization as 
well as the shape factor. Thus, until now such a con- 
sistent treatment for the search of the pseudoscalar 
interaction did not exist. 

The problem considered in this paper, then, is to in- 
vestigate the existence of the pseudoscalar interaction 
in the interaction Hamiltonian density for the processes 
of nuclear beta decay by (i) formulation of the theoreti- 
cal expressions for the beta longitudinal polarization and 


16 T). Tadic (private communication). 

17 J. S. Geiger et al., Phys. Rev. 112, 1684 (1958). 

18S. G. Cohen and R. Wiener, Nuclear Phys. 15, 79 (1960). In 
this paper the contribution of y; in the A interaction is neglected. 

 W. A. W. Mehlhop et al., Bull. Am. Phys. Soc. 5, 9 (1950). 
And also see W. A. W. Mehlhop, dissertation, Washington Uni- 
versity, Saint Louis, 1959 (unpublished). 

2” G. E. Lee-Whiting, Can. J. Phys. 36, 1199 (1958). 

21 W. Biihring, Z. Physik 155, 566 (1959). 

%M. E. Rose and D. K. Holmes, Phys. Rev. 82, 389 (1951). 
Also see M. E. Rose and D. K. Holmes, Oak Ridge National 
Laboratory Report ORNL-1022 (unpublished). 

23 Graham et al., Can. J. Phys. 36, 1084 (1958). For a summary of 
the previous work, see C. P. Bhalla, Oak Ridge National Labora- 
tory Report ORNL-2950 (unpublished). 
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the 6 shape factor* in the 0 — 0 (yes) transitions with 
the correct form of the pseudoscalar interaction and the 
axial vector interaction; (ii) making an extensive nu- 
merical analysis of the presently available experimental 
data, using the derived formulas, with the calculated 
electronic functions which include accurately the nuclear 
finite size” and the finite deBroglie wavelength” effects. 

In Sec. II, we give the details of the calculation of the 
8 longitudinal polarization in the 0-0 (yes) beta 
transitions. The results are specialized by assuming the 
validity of time-reversal invariance in strong as well as 
weak interactions, and the two-component theory of the 
neutrino is used. In Sec. ITI, the electronic functions 
occurring in the theoretical expressions for the 6 longi- 
tudinal polarization and the 8 shape factor are tabulated 
for Pr'* (0-— 0+) and Ho!® (0-— 0+). These elec- 
tronic functions were computed considering the nucleus 
as a sphere of a uniform charge distribution with a 
nuclear radius of 1.2A4X10-" cm. Also we give graphi- 
cally the results of large-scale computations for the 
analysis of the experimental data on Pr' and Ho'®. 
Finally, the discussion and conclusions appear in 
Sec. IV. 


II. FORMULATION OF THE PROBLEM 
Throughout, we use the relativistic units: h=m=c 
=1. We use the representation*® of the Dirac equation 
corresponding to the free-particle Hamiltonian 
Hyo= —a-p—6. 

We represent by y,* the solution of the Dirac equation 
for an electron with a central potential V(r), where 

V(r)=—aZ/r, for r>R, 


1 
=—(aZ/2r)(3—"/R), for r<R. “ 


Ris the nuclear radius and it is equal to 0.428@A! in our 


units. 
_— if xa" 
y= ( ). (2) 
BuXn" 


In Eq. (2), f, and g, are the real radial functions. 
Throughout, the normalization corresponds to one par- 
ticle in a sphere of unit radius. Here, « gives both the 
angular momentum j according to 


j= ik | a 3 
and the parity (—)'**! according to 
1,= |x| +3(S.-1), 

where S, is the sign of x. 

We first use the 4-component Dirac wave function for 

* This was originally derived by M. E. Rose and R. K. Osborn, 
reference 14. For a correction of a typographical error, see M. E. 
Rose and R. K. Osborn, Phys. Rev. 110, 1484 (1958). 

25M. E. Rose and C. L. Perry, Phys. Rev. 90, 479 (1953). 


*6 We follow the notation as used by M. E. Rose and R. K. 
Osborn, reference 14. 
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the neutrino. We denote by Fx, and Gx, the radial 
functions for the neutrino in a similar representation as 
for the electron in Eq. (2). Then, 


oe ” Sig Ju «) (gr), 


Pr (3) 
G.= QJ U(x) (qr), 


where j, is the spherical Bessel function and the neutrino 
energy is g= Wo—W. Wo is the end-point energy and W 
represents the total energy of the beta particle. After 
obtaining the formulas using the 4-component theory of 
the neutrino, we specialize these results for the two- 
component theory of the neutrino’ by substituting 
C4 saad ca. and Cp= Cp’. 
We also use 
ys=—8B, 


Ys= V1V27374; 


1 0 0 1 
B= ( ), T= ( ), 
0 -1 1 0 
in our representation. For the axial vector and the 


pseudoscalar interactions, the beta interaction Hamil- 
tonian density in the nucleon space is given by 


Hs Bion iy (y.*ol Ca +Ca'ys Wr) 
—s(We*ysLCa +Ca'ys Wr) 


er os iBa, 
(4) 


with 


i 
to vetBrsl Cot Cr’vsW>). (S) 


In Eq. (5), the first two terms correspond to the (con- 
ventional) axial vector interaction and the last term 
represents the appropriate operator for the pseudoscalar 
interaction.2* C4 and Cp are the so-called “parity- 
conserving”’ coupling constants for the axial vector and 
the pseudoscalar interactions, respectively. The primed 
coupling constants are the so-called “parity-noncon- 
serving” ones. Here, M is the nucleon mass in units of 
the electron mass. 

For the calculation of the 8 longitudinal polarization 
in the 0—+0 (yes) beta transitions, we use the first- 
order perturbation development as given by Rose et al.” 
The operator for the longitudinal polarization™ is op, 


27 T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). Also 
see A. Salam, Nuovo cimento 5, 299 (1957), and L. Landau, 
Nuclear Phys. 3, 127 (1957). 

*8It is in this respect that the present treatment of the P 
interaction differs from those appearing in the literature for the 
calculation of the 8 longitudinal polarization in the 0 0 (yes) 
beta transition. This was originally suggested by Rose and Osborn, 
reference 14, where the 8 shape factor was derived for the 0 — 0 
(yes) transition. 

2M. E. Rose, L. C. Biedenharn, and G. B. Arfken, Phys. Rev. 
85, 5 (1952). 

% This operator @-p commutes with the free-particle Dirac 
Hamiltonian. In Eq. (7), the spinor is an eigenfunction of 
—a-p—8, with beta energy W. For a covariant description of the 
spin, see L. Michel and A. S. Wightman, Phys. Rev. 98, 1190 
(1955); C. Bouchiat and L. Michel, Nuclear Phys. 5, 416 (1956); 
also see H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956), and 
R. H. Good, Jr., and M. E. Rose, Nuovo cimento 14, 879 (1959). 
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where p is a unit vector in the direction of the beta 
momentum. In the expression of y,,, as given in Eq. (7), 
7 may be identified with . The 8 longitudinal polariza- 
tion, denoted by /,,, is given by the following: 


((W.,0°TW.)) 
((We,Wo)) 


Py: (0) 


where 
e' pr 


Vo= —in' 


DL e*W,| Hs-| vi) 


Fr KM 
C(W—1)/p }ix_.#(7) 
x( ; ). (7) 
[(W+1)/p }ix.4(7) 
In Eq. (7), we have 
W = (p?+1)}, 


aZW 
5.= In(2pr)—argl! (y+iaZW/ p)+n.— dry, 
Pp 
and the spin angular function is 


xe"(F)= Le Cli; u—7, Ixy Vue (7). 


¥.. represents the probability amplitude for the 3 par- 
ticle due to the beta interaction, when a beta transition 
occurs between y,, the initial nuclear state specified by 
(Ji,r,) and Wy, the final nuclear state represented by 
(J ;,r,). Also y,, is an outgoing spherical wave and it is 
the asymptotic form of the solution of the Dirac equa- 
tion for the central field on the 8 particle. In Eq. (6), 
the round brackets denote the scalar product with re- 
spect to the spinor indices only. The angular brackets 
refer (1) to the summation over x, and y, of the neutrino, 
(2) to the average over the magnetic substates of the 
initial nuclear state, and (3) to the summation over the 
magnetic substates of the final nuclear state. In the 
0 — 0 (yes) transition, (2) and (3) are trivial operations 
and they give unity. From Eq. (5), for the 0 — 0 (yes) 
transition, we obtain for the 6-matrix element 


(vy Hs Yi) 
1 


= (— )#t!+3§, —y, (iC 48x,xp— SC a'bx, ky) 
dor | 


x| (6(21+1) PC (U1; 00) W (1173 514) f.Git+¢.F «) 


x fot (she 2Gdi fr 


1 
+-— (iC pbx x» —S,C pbx, —«y) 
2M 
d : | 
X—(f Fat 2.Gx) foi ; @) 
dr ‘ 


In Eq. (8) we have also introduced the following 


\ 
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notation: 


l=l,, l=L,. 


Jo-rand fy; are the reduced nuclear matrix elements 
(independent of the magnetic quantum numbers). 5S, is 
the sign of x. C (111: 00) is a Clebsch-Gordon coefficient 
and W(l1j};/4) is a Racah coefficient." 6x, is the 
Kronecker delta. 

In our notation, the energy spectrum is given by 


4 
N(W) =-??\ (Weo,sWeo))« 


T 


(9) 


Substituting y,, as given in Eq. (7), 
obtain,” after some simplification,* 


in Eq. (6), we 


> exp[i6,— i6_, | 


Ky Ky 


(29-+-1)5*(—«, xy) F(x,x,) 


— (10) 
pa (27 +1)F* (k,Ky)F (k,k,) 


K, Ky 
where 
| 


XC (11; 00)W (UZ BSG Ag.) foi 


w 


[6(21+-1) }} 


” 7 a 
Fikes (210 40«,xy»— 9,C 4 Ox, —«y) 


1 Pe gGoif vs) 
| 
+ (iC pbx,xy— SC pbx, —«y) 
2M 


d 
xX (Pte, fo, (10’) 


ar 


and the radial functions are, of course, evaluated at 
v= R., 

Now we assume* the validity of time-reversal in- 
variance in the weak as well as in the strong interactions. 
This implies that all the coupling constants are 
real and the combination of nuclear matrix elements 
iS'ys:(fo-r)* is real. 

Carrying out the calculations® in Eq. (10), we find 
that the main contribution comes from terms*’ for x=1 
and x= —1. We neglect terms of relative order p?R? (or 
higher orders). Then we obtain, for the 8 longitudinal 


' We follow the notation and the conventions as given by M. E. 
Rose, Elementary Theory of Angular Momentum (John Wiley & 
Sons, Inc., New York, 1957). 

® The details of the calculations in this paper are given by C. P 
Bhalla, reference 23 

8 For the application of this formalism to the calculation of the 
polarization ‘“‘vector’ of the conversion electrons following 8 
decay, see R. L. Becker and M. E. Rose, Nuovo cimento 13, 1182 

1959). 

‘For the weak interactions, see M. A. Clark ef al., Phys. Rev. 
Letters 1, 100 (1958), and also see T. D. Lee and C. N. Yang, 
srookhaven National Laboratory Report BNL-443 (T-91), 1957 
unpublished). For the reality condition on the combination of 
the nuclear matrix elements, see, for example, L.. Longmire and 
\. M. L. Messiah, Phys. Rev. 83, 464 (1951), and also see L. C 
Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 729 (1953) 

©’To check these formulas for Z=0, terms which vanish for 
x=+1 have to be considered for the pseudoscalar interaction. 
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polarization in the 0 — 0 (yes) transition, 


do +a,\*?+ ard — a32+ (as+a5d )E 





f os ae , ( 1 1 ) 
byt bN2+baA+D s+ (bs + BADE 
The 8 shape factor is given by 
Cz = bo tb V+b.A+-03:2+ (bs+d5A)é. (11’) 


We have introduced 


Eqs. (11): 


r=ifrs/ fo-r, &=Cp/MC,. 


ay= Bot 4qDo—$g?Ao, a1=—Ap, a2=Do—F3qAo, (12) 

a;=1{(U2—1)Bo+3q[8U Bo— (U2+1)Do—2UCo] 
+49[16By—4(UDot+Co)— (U2—1) Ao }}, 

as= Bot 4q(UCo+ Do) +4¢2(2Co— Ao), 

as=3{ UC y+ Dot+3q(2Co—Ao)}, 


the following definitions in 


(12") 
(12’’) 


and 
bo= My—3gNothq@2Lo, b1= Lo, b2= —2(No—4}qLo). (13) 
bs=3{ (U2+1)Mo—2UQo 
+3qL4(UMo—Qo)+ (U2—1) No J+9¢ 
 [(U2+1)Lo— 2U Pv + 16M o+8(UNo— Ro) }}, (13’) 
by= My— UQo—3q(No +200) 


+49?(—UPo+Lo—4Ro), 

b= —{URo+.No 
—4gl—UPot+Lo—4Rot R?(UQo— Mo) ] 
+ 9¢R?(URo— No—4Qo)}. (13) 


In Eqs. (12), we have used the following combinations** 
of the electron radial functions: 


Ay_i= (pF) 
By1i= (pF o) 
Cri= (pF) 
Dy_1= (pF o) 


1R?-** f.g_, sin(6.—6_x), 
R**f age sin(b.—6_2), 
IRY**( fy f_at-gug--r) Sin(6x—8_4), 
1R?* (fifa 8xg--k) Sin (5i—4_«), 


(14) 


and the following combinations, which appear in the 
literature® : 

Li 1= (2p?F 9) IR2-2k(g e+ fi2), 

M, ies (2p°Fo)1R 2k(g 2+ f kK), 

Ny-1= (2p?Fo) 1 R'*( f_ng_n— fag), 

Pwi= (2p°Fo)- LR2-2k (g e— fie), 

Oi-i= (2PFo) 1 R**(g2— f_.7), 

Ry 1= (2p’Fo) 1 R' ae € 3 K—et+ fig). 

*® See, for example, C. P. Bhalla and M. E. Rose, Oak Ridge 
National Laboratory Report ORNL-2954 (unpublished). These 
tables give f, and g, for x=+1 (the nuclear finite size effects and 
the finite deBroglie wavelength effects have been taken into 


account ). In addition, /’9 and sin(6,;—6_;) are also calculated. 
* See, for example, Rose and Osborn, reference 14. 


-— 
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In Eqs. (12) and Eqs. (13), we have 
U=W-V.—q. 


Fore andet, V.=—aZ/Rand V.=aZ/R, respectively. 
Here, Fo is the Fermi function. 

This completes the first part of the problem con- 
sidered in this paper. 


Ill. NUMERICAL RESULTS 


Out of the five 0 0 (yes) beta transitions reported 
in the literature,** namely, Pr’, Ho!®, Ce, Eu'®, and 
TI, only Pr'“* (O- + 0*) has been studied in detail. 
Several measurements of the shape factor of the 0~ — 0+ 
branch appear in the literature.** We analyze the 6- 
shape factor as given by Porter and Day. This shape 
factor can be fitted by the following cubic in p: 


Cg-= 9459.32—375.752p+89.84p?—8.4994p*, (16) 
The mean sum of the squared residuals” of this fit from 
the experimental data is 1.217. The most accurate 
measurement of the 8~ longitudinal polarization in 
Pr'* is due to Mehlhop et al." and they give 


(P1,/(v/c))= —0.986+0.03 


averaged over an interval of 8 kinetic energy from 1 Mev 
to an energy near end point (~3 Mev). 

An accurate measurement of the 6~ longitudinal 
polarization in Ho'® has been reported by Biihring and 
in this measurement, 


(P,,/(v/c)) = —0.99+0.02, 


for 8 kinetic energy from 0.18 Mev to near the beta 
end-point energy (~1.8 Mev). There are no accurate 
measurements” on the@~ shape factor in Ho!® (0- > 0+), 

We give the tabulated functions for the 8 longitudinal 
polarization and the shape factor, as given in Eqs. (11), 
in Table I and Table II for Pr'* (0~-— 0+), and 
Ho!* (0- — 0*). The details of the actual computation 
of the electronic radial functions are given elsewhere.*® 

In the theoretical expressions for the 8 longitudinal 
polarization and the 8 shape factor, as given in Eqs. 
(11), we have two parameters, namely, é and X. It is not 
possible, as yet, to calculate \ with much confidence. 
Several attempts have been made to evaluate A by using 

38 See, for example, D. Strominger et al., Revs. Modern Phys. 30, 
585 (1958). T° (0- — 0*) has been reported by L. N. Zyrianova, 
Izvest. Akad. Nauk S.S.S.R. Ser. Fiz. 20, 1399 (1956) [translation : 
Bull. Acad. Sciences U.S.S.R. 20, 1280 (1956)]. This assignment 
in T]** needs confirmation. 

%® See F. T. Porter and P. P. Day, Phys. Rev. 114, 1286 (1959), 
and N. F. Freeman, Proc. Phys. Soc. 73, 600 (1959). Graham et al., 
footnote 23, give references to the previous works. 

“ The mean sum of the squared residuals is defined to be equal to 
Di -1** [(ni)e—mn; P/ (46—4). Here (n;)- and m; are the computed 
values and the experimental values of the shape factor, respec- 
tively. There were 46 experimental points in the shape factor of 
Porter and Day. 

‘1 W. Biihring, Z. Physik 155, 566 (1959). 

“ Dr. R. L. Graham has advised us that more thorough experi- 
mental work needs to be done, as hitherto reported on Ho!. 
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TaBLe I. Pr (O~- — 0+). Numerical coefficients for b 
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eta longitudinal polarization and shape factor formulas.* 


p ao a a2 a3 as as bo by be b; bs bs 
1.0 112.3 0.6400 16.97 14 290 91.54 1.922 153.4 0.9026 23.53 20 780 2260 175.7 
1.5 131.5 0.7487 19.85 17 740 108.5 2.182 153.9 0.8976 23.50 21 830 1768 141.1 
2.0 140.7 0.7992 21.21 20 250 117.7 2.261 153.8 0.8917 23.43 23 050 1445 116.7 
2.5 145.1 0.8234 21.86 22 390 123.3 2.248 153.6 0.8854 23.32 24 480 1217 99.48 
2.783 146.6 0.8310 22.08 23 520 125.7 2.229 153.3 0.8816 23.25 25 320 1116 91.95 
3.0 147.3 0.8348 22.19 24 370 127.3 2.203 153.1 0.8787 23.18 26 010 1050 87.00 
3.5 148.5 0.8395 22.33 26 380 130.5 2.128 152.5 0.8720 23.05 27 680 923.5 77.00 
4.0 148.9 0.8402 22.37 28 410 133.2 2.047 151.8 0.8651 22.92 29 490 825.4 70.33 
4.5 148.9 0.8385 22.35 30 510 135.8 1.964 151.1 0.8582 22.76 31 400 746.6 64.52 
5.0 148.7 0.8354 22.29 32 730 138.2 1.870 150.3 0.8512 22.62 33 480 681.8 59.83 
$5 148.2 0.8312 22.20 35 020 140.6 1.770 149.5 0.8442 22.45 35 670 627.9 55.94 
6.0 147.6 0.8264 22.09 37 430 142.9 1.690 148.7 0.8372 22.31 37 990 582.0 52.67 
6.5 147.0 0.8211 21.97 39 960 145.3 1.595 147.8 0.8302 22.15 40 460 542.6 49.89 

* Equations (11) and (11’). These coefficients have been calculated considering (1) the nuclear radius to be 0.428aA!(h/me), (2) the corrections due to 


the finite nuclear size, and (3) the finite deBroglie wavelength effects 


simple nuclear models. Rose and Osborn, Ahrens and 
Feenberg,“ and Pursey“ give 


A= — 30 to —37, (17) 


for Pr'* and Ho!®*, Pearson*® estimates 
A= 2.5 to 8, 


by using two different types of assumptions. The 
Coulomb contribution®~ provides the dominant term 
for the value of \ and this circumstance favors a value 
of as given in Eq. (17). However, in our analysis we 
consider a wide range of the values of \. 


A. Analysis of Pr’ (0- — 0°) Data 


First we investigate whether or not the pure axial 
vector interaction can explain the data on the @ longi- 
tudinal polarization of Mehlhop et al.,'* and the 8 shape 
factor of Porter and Day.” In Fig. 1, we plot the 
calculated 8~ longitudinal polarization divided by —»v/c 
versus the beta momentum for A= 10, 30, 110, —30, 
—50, and —150. In this figure, the region of the beta 
momentum which corresponds to the data of Mehlhop 
et al. is indicated. Clearly, the upper limit of the 
polarization datum of Mehlhop eé/ al., namely, 1.016, can 


TABLE II. Ho'** (O- — 0*). Numerical coefficients for 





be easily explained by the pure axial vector interaction. 
We define a reasonable fit to the beta shape factor as 
follows. We normalize the shape factor as given by the 
cubic fit, Eq. (16), and the calculated shape factor to 
unity at p=5.0. For p=1.0 to p=6.5, in steps of 0.5, we 
compute 
R4 


6.5 AX ;\? 

~ ( ) 

— . 
11 p=1.0 X; 
where AX; is the difference of the calculated shape factor 
from the corresponding value X, given by the cubic fit. 


We take the calculated shape factor as a satisfactory 
fit, if 


A 


A< 0.005. 


This, generally, corresponds to the value of | AX;/X;, 
as being less than 4%. We find that the pure axial vector 
interaction gives a satisfactory fit to the experimental 
shape factor for 
A>0, 
and for 
—r>50. 


However, there is no satisfactory fit for 








p do a; a2 a3 a 
0.76 95.95 0.5323 14.30 16 800 84.46 
1.0 111.8 0.6200 16.66 20 050 99 02 
1.5 130.8 0.7239 19.47 24 820 117.5 
2.0 139.6 0.7713 20.76 28 220 127.4 
2.5 143.9 0.7932 21.37 31 080 133.7 
3.0 145.9 0.8026 21.65 33 700 138.1 
3.5 146.8 0.8055 21.76 36 290 141.6 
40 147.0 0.8046 21.76 38 910 144.7 





—50<vA<—10. (18) 
beta longitudinal polarization and shape factor formulas." 
as bo by be bs b, bs; 
1.441 152.6 0.8758 23.12 28 130 2809 217.9 
1.661 152.8 0.8734 23.10 28 670 2505 195.1 
1.882 153.1 0.8673 23.05 30 080 1983 156.2 
1.936 152.9 0.8602 22.93 31 750 1615 128.7 
1.919 152.4 0.8525 22.80 33 620 1354 109.3 
1.869 151.6 0.8446 22.62 35 620 1163 95.15 
1.801 150.9 0.8364 22.47 37 820 1018 84.52 
1.724 149.9 0.8282 22.28 40 120 905.6 76.26 


* Equations (11) and (11’). These coefficients have been calculated considering (1) the nuclear radius to be 0.428 41(h/mc), (2) the corrections due to 


the finite nuclear size, and (3) the finite deBroglie wavelength effects 


4M. E. Rose and R. K. Osborn, Phys. Rev. 93, 1326 (1954 
4 T. Ahrens and E. Feenberg, Phys. Rev. 86, 64 (1952) 
45D. L. Pursey, Phil. Mag. 42, 1193 (1951). 

46 J. M. Pearson, Can. J. Phys. 38, 148 (1960). 
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Fic. 1. Calculated longitudinal 
polarization in units of —v/c versus 
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Therefore, we conclude that the pure axial vector 
interaction can explain the experimental data on 
Pr (O- > 07). 

We may determine the value of & and \, which also 
gives a satisfactory fit to these data. The results of 
extensive computation are summarized in Fig. 2. In the 
(¢,A) plane, the overlapping regions of satisfactory fits 
to the shape factor and to the polarization datum are 
shown as crosshatched. The values of & in this cross- 
hatched region depend on X, the ratio of the two nuclear 
matrix elements. In Fig. 2, the lines denoted by Z and U 
represent the loci for the lower and the upper limits of 
the polarization datum of Mehlhop ef al. It is interesting 
to observe that we can find values of £ for X= — 35 which 
are also consistent with the experimental data. In the 
previous work, no such fit was reported. 


B. Analysis of Ho'®® (0- — 0+) Datum 


We do not attempt to analyze the 8 shape factor as no 
accurate measurement exists. In Fig. 3, we plot the 
calculated beta longitudinal polarization in units of 
—v/c versus 8- momentum for A= 10, 30, 130, —30, 
—50 and —130 for the pure axial vector interaction. 
Again, we find that a large number of the values of \ can 
be found for which the calculated values lie well within 
the measurement of Biihring. 

In Fig. 4, the shaded region represents the permissible 
values of € and ) for a satisfactory fit to the datum of 


MOMENTUM (mc UNITS} 
Pr'44 O—>30 (YES) 


Biihring. In this figure, L and U denote the loci in the 
(¢,4) plane for which the calculated values give the 
lower and the upper limits of the polarization datum. 

We summarize, below, the upper limits on Cp/MC 4, 
which is also consistent with the experimental data. We 
get for Pr'* (0- — 0*) 


(i) &=—0.05, for A=200, 
and 

(ii) €=0.045, for A=—200. 
For Ho'®, we obtain 

(i) £=0.048, for A=200, 
and 

(ii) §=—0.04, for \=—200. 


For any other value of \, the ranges-of can be immedi- 
ately obtained from Fig. 2 and Fig. 4. 


IV. DISCUSSION AND CONCLUSIONS 


1. We have developed the theoretical formulas for the 
8 longitudinal polarization and the 8 shape factor“ in 
the 0— 0 (yes) transitions, without any significant ap- 


‘7 This was derived by M. E. Rose and R. K. Osborn, see refer- 
ence 24. 
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proximations, using the Rose-Osborn formulation of the 
pseudoscalar interaction taken together with the axial 
vector interaction. 


2. By the application of these formulas to the most 
accurate existing experimental data on 0 — 0 (yes) beta 
transitions, we have been able to conclude the following: 
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(i) The absence of the pseudoscalar interaction in 
nuclear beta decay is consistent with the existing data. 
Therefore, the data on the 0— 0 (yes) transitions do 
not require any supplementation of the V—1.24A inter- 
action, which is well established by the experiments on 
the allowed beta transitions. 

(ii) A new upper limit on the ratio of the coupiing 
constants of the pseudoscalar interaction and the axial 


| vector interaction, divided by the nucleon mass, can be 





set and this is 
|\Cp/MCa| <0.05, 


which is about half the previous estimates as reported 
in the literature. For Cp/MC4=0.05, the contribution 
from the pseudoscalar interaction is <0.002. 

3. Within the framework of the developed: formulas, 
it is conceivable to improve the estimate of the upper 
limit of the pseudoscalar contribution to nuclear beta 
decay provided that 


(i) the 8 longitudinal polarization in the 0 0 (yes) 
transition is measured with an accuracy of about 1% at 


| four or five different values of the beta momentum 


| throughout the spectrum, and 


(ii) more accurate beta spectrum measurements are 
performed for the 0 — 0 (yes) transitions. 


This paper presents a consistent and detailed analysis 
of the possible pseudoscalar contribution to the nuclear 
beta interaction. The essential limitations which influ- 


| ence the results of this analysis are the following: 





8 We define the contribution of the P interaction as the ratio of 
the calculated shape factor for the P interaction to the calculated 


-50 1@) 50 
iSr, 
Ter 


100 200 


r= 


(a) The ratio of the nuclear matrix elements has to be 
treated as an adjustable parameter. 

(b) The presently available measurements of the 8 
longitudinal polarization are not sensitive to a possible 
contribution from the pseudoscalar interaction. This is 
mainly so, because these polarization measurements 
give the average of P,,/(v/c) over a large portion of the 
beta spectrum. The axial vector interaction can, there- 
fore, easily explain these “average” polarization meas- 
urements within the stated errors. 


However, a plot of longitudinal polarization datum 
versus beta momentum would be most informative. 
This can be understood as follows. The values of \ would 
be restricted for the pure axial vector interaction, so 
that the calculated values of the polarization give a 
satisfactory fit to the experimental data. Moreover, 
additional restrictions” on the values which A can take 
on arise from the condition that the experimental shape 
factor be accounted for. It is in this respect that accu- 
rate measurements on the shape factor would be ex- 
tremely useful. Thus, if no value of \ can be found which 
gives a satisfactory fit to the experimental data for the 
pure axial vector interaction, then it would imply the 
existence of a nonvanishing contribution of the pseudo- 
scalar interaction. 


shape factor for the pure A interaction at 8 kinetic energy of 1 Mev 
for Pr (0- — 0*). In this case, A= — 200. . 

For example, see Fig. 1. Here, for \>0, the values of 
— P\;/(v/c) are > 1.00 for low-energy beta particles in contrast to a 
case when the values of —Pi/(v/c) are <1.00, for \<0. 

% For example, in the case of Pr™, there is no fit co experimental 
shape factor for the pure axial vector interaction, and A as given 
in Eq. (18). 
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The total photoneutron yields of Mn** and Co® have been measured from threshold to approxi 13.5-¢ 
mately 30 Mev. Analysis of these data using the Leiss-Penfold matrix indicates that the cross sections for care | 
both elements show a splitting in the giant resonance region in accord with the predictions of the classical neutr 
hydrodynamic model. The Mn* peaks occur at energies of 16.8+0.25 Mev and 19.75+0.25 Mev corre Th 
sponding to cross sections of 90 mb and 77 mb, respectively. Co® maxima occur at 16.75+0.25 Mev and 
18.75+0.25 Mev with cross sections of 109 mb and 92 mb. The cross sections o (y,n) +o(y,2n)+o(y,np)+--- tory, 
integrated to 25 Mev are 627 Mev-mb for Mn* and 709 Mev-mb for Co”. Breit-Wigner resonance lines separ 
were fitted to both cross sections and the intrinsic quadrupole moments determined from these fits are count 
+0.78+0.10 barn for manganese and +0.76+0.11 barn for cobalt in th 
3 conneé 
INTRODUCTION quadrupole moments. Recently, Spicer’ has pointed out | catho 
ie he ‘ at the itting of > gig ssonance of de , . 
AS initially pointed out by Okamoto! and Danos, m : the splitting of the gi a sae er i ener pend 
. . ae nuclei into two co onents s > ree ] seTV: ‘ i 
if the classical hydrodynamic model of the nucleus" ‘ die mtn 224 can seareckinbossy Pe cnseiver a 
Beta n the regio 2<= 30. Deformations i ; region ¢ scale 
affords a reasonable description of the nuclear photo- '" '"* te . ‘eng sorbet — “ 2 ~ . ripen scaler 
effect, one might expect, for strongly deformed nuclei, onuads ee 4 ca rene a mnie prs after 
° — Sr ‘e as EXE > > S . ss . ons 
the giant resonance to be split into two separate resolv- pas b of - tak at 9<2<30 - prndaviee -" he _ 
T . . é mber of nuclei o Z<=30 anc rprete , 
able resonances. The detailed calculations as performed “ a : sa vate ieionial a ee ee 
‘sults as showing as x ( resonance consis , 
by Danos’ show that over the range of nuclear deforma- . a a * a ‘ ip: , EC SCAORENCS CO ee 
7 +a ° : . wit > hydrodynamic model. 
tions, the splitting of the energy eigenvalues is accu- — a “f . eet ‘ € Os. the intrinsi the m 
° S ao > : > re »S > sic ac. 
rately given by sing the published values of Qo, the intrinsic qua¢ per n 
, rupole moment, obtained from microwave spectroscopy | energ 
Wh ( ; Aan a ; . 
=0.911—-+0.089, (1) or oulomb excitation, Spicer suggests five other nuclei termi 
Wa b in the chosen atomic number range in which a splitting | beam 
_ of the giant resonance should be clearly observable. of int 
where w, and w, refer to the resonance energies associ- Two of these suggested elements, cobalt and man- An 
ated with the axes a and 6 of the spheroid chosen to ganese, have been selected and closely examined as to | coynt 
represent the nuclear shape, a being the axis of rota- the detailed shape of the total neutron production cross | ard si 
tional symmetry. If an eccentricity ¢ is defined as section in the giant resonance region. the n 
eR’?= a’— 0b’, where R is the radius of a sphere of equal cente 
volume R*= R,*A, the intrinsic quadrupole moment of a EXPERIMENTAL PROCEDURE positi 
spheroid with uniform charge distribution can be : . The < 
alee on Figure 1 is a schematic diagram of the synchrotron 
Oo= 2RiteZA! . area. The x-ray beam is collimated to } inch at the deter 
as “’ sample position by an eight-inch lead collimator located a 
‘ — 80 c , ste ‘ +t. The cente oO 
In an effort to substantiate the predictions by Oka- 0 cm from the tungsten sages. The center of os the p 
moto and Danos, the initial experiments'-* were con- "€Utron house was approximately two and one-half 01% 
. . . ° ‘ters yr ravc ‘e “/O 
ducted on rare earth elements having large intrinsic ™€'e™ from x-ray source. inom 
niieinamiohsiain Photoneutrons are detected by BI’; counters em- 
* Supported by the Air Force Office of Scientific Research. bedded in a paraffin cube. A thorough description of | “P& 
1K z , 75 5 . . .* ) 
ee Okamoto, Progr. Theoret. Phys. (Japan) 15, 75 (1956). this method has been published by Halpern.’ Eight electr 
M. Danos, Bull. Am. Phys. Soc. 1, 135 (1956). . ’ i : made 
3M. Danos, Nuclear Phys. 5, 23 (1958). counters were placed symmetrically on a cylinder ot 
‘EF. G. Fuller and M. S. Weiss, Phys. Rev. 112, 560 (1958). “a engt! 
5B. M. Spicer, H. H. Thies, J. E. Baglin, and F. R. Allum, 7 R. M. Spicer, Australian J. Phys. 11, 490 (1958). aay 
Australian J. Phys. 11, 298 (1958). ’ J. Halpern, A. Mann, and R. Nathans, Rev. Sci. Instr. 23, B. 
*R. W. Parsons and L. Katz, Can. J. Phys. 37, 809 (1959). 678 (1952) (McG 
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Fic. 1, Experimental arrangement. 


13.5-cm radius within a two-foot paraffin cube. Extreme 
care was taken in shielding the counting matrix from 
neutrons originating outside the detector. 

The eight BF; counters (N. Wood Counter Labora 
tory, 96% B', 40-cm Hg, 12 in. effective length) were 
separated into two channels with five 1-in. diameter 
counters in one channel and three 2 in. diameter counters 
in the other. Within each channel the counters were 
connected in parallel to a single cathode follower. The 
cathode follower outputs were then fed into two inde- 
pendent channels each consisting of a nonoverload 
amplifier, integral discriminator, gating circuit, and 
scaler. Both gates were set to open twenty microseconds 
after the x ray pulse and to remain open for seven 
hundred microseconds. To allow the counters to fully 
recover from the x ray burst before the gate opened and 
to avoid pile-up of neutron pulses, the counting rate in 
the most efficient channel was held under 80X64 counts 
per minute by decreasing the x ray yield at the higher 
energies. To the accuracy required, this rate was de- 
termined from a knowledge of counting rate versus 
beam intensity at several energies to be independent 
of intensity. 

An absolute efficiency for neutrons was obtained by 
counting neutrons from a ten millicurie Ra-a-Be stand- 
ard source. An efficiency of 2.88+0.15°% was found for 
the neutron detector for a point source located in the 
center of the detector. The variation of efficiency with 
position along the detector axis was also determined. 
The dependence of efficiency on neutron energy was not 
determined at this laboratory but is believed to be a 
constant for the energies present in this experiment.’ 

To obtain statistically significant cross-section values 
the photoneutron yield curves must be known to about 
0.1%. This involves taking approximately a million 
counts at each yield point. The feasibility of such an 
experiment depends strongly on the stability of the 
electronics involved. Therefore, frequent checks were 
made of the neutron efficiency, gate delay, and gate 
length during the experiment. 

*B. Rossi and H. Staub, Jonisation Chambers and Counters 
(McGraw-Hill Book Company, Inc., New York, 1949), p. 152. 
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A duraluminum, parallel plate ionization chamber 
was used to monitor the x ray intensity. This chamber is 
an exact copy of chambers now in use in the Betatron 
Section of the National Bureau of Standards. Leiss 
et al."© have calibrated an identical chamber using a 
crystal spectrometer. Their results were used in analyz- 
ing the data reported in this paper. The charge produced 
within the ion chamber was collected on a Fast poly- 
styrene film condenser, and the voltage across the con- 
denser was measured with a Keithley Model 600 elec- 
trometer. The electrometer sensitivity was frequently 
checked throughout the run. 


DATA ANALYSIS 


The Leiss-Penfold method" was used to extract cross 
sections from the yield curves. The yield data (total 
count less background) were normalized to unit monitor 
response using the known response function for the ion 
chamber. The normalized yield was then used with the 
Leiss-Penfold matrix” to obtain values for the reduced 
cross section: 


OTN(K) 


1 L 
—¢ w(K) Xy. ; f F(X')e#' (Xd xX", 
K L 4 


Q(A)= 


where a7n(K) is the total neutron cross section o(y,n) 
+a(y,np)+2¢(y,2n) at the photon energy K, e*‘*)* is 
an absorption correction for photons lost in the donut 
walls and ion chamber, F(X’) is the efficiency as a 
function of sample position, and e~*‘*)*’ is an absorp- 
tion correction for photons absorbed within the sample. 
A one-Mev bin analysis was used to obtain values for 
the reduced cross section at integer Mev points. The 
Matrix was then shifted 0.5 Mev to obtain values at the 
remaining points. Statistical errors in the cross-section 
measurements were obtained by propagating the errors 
on the yield points through the inverse matrix. 


MANGANESE 


The yield data for manganese were taken at half Mev 
intervals in the energy region from 12 Mev to 25 Mev 
and thereafter at intervals of 1 Mev. Approximately 
twenty separate runs were made to define the yield 
function through the energy region 12-30 Mev. Errors 
on the yield data due to counting statistics alone were 
0.5% at 14 Mev, improving to approximately 0.14% at 
20 Mev. First differences of the normalized yields are 
shown in Fig. 2. The cross section extracted from the 
yield data is shown as the plotted points in Fig. 3. 
Included in these values are corrections for both photon 
absorption and neutron multiplicity arising from the 
(y,2n) reaction. Errors on these points were derived 


10 J. Leiss, J. Pruitt, and R. Schrack, National Bureau of 
Standards Report, NBS-6149, September, 1958 (unpublished). 

"A. Penfold and J. Leiss, Phys. Rev. 114, 1332 (1959). 

2 A. Penfold and J. Leiss, Physics Research Laboratory Report, 
University of Illinois, Champaign, Illinois, 1958 (unpublished). 
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Fic. 2. First difference of manganese yield curve. 


from the counting statistics. The integrated cross section 
to 25 Mev is 627 Mev-mb. 


COBALT 


Cobalt data were obtained at 0.5-Mev intervals from 
12.0 Mev to 24.5 Mev and at 1.0-Mev intervals from 
25.5 Mev to 35.5 Mev. The error in these measured 
values due to counting statistics are less than 0.1% from 
17.0 to 20.5 Mev. Below 17.0 Mev the errors are larger, 
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AND WHITEHEAD 
becoming 1% at 13.5 Mev. The first differences of the 
yield curve are shown in Fig. 4. 

The total neutron cross section for cobalt was deter. 
mined using the procedure outlined above. The data 
were then corrected for multiplicity of neutrons above 
the (y,2m) threshold of 18.6 Mev. The resulting cross 
section is shown as a function of incident photon energy 
in Fig. 5. The errors indicated are due to counting sta- 
tistics alone. The integrated cross section from threshold 
to 25 Mev is 0.709 Mev-barns. 


DISCUSSION OF RESULTS 


The cross-section values for manganese and cobalt 
shown as the plotted points in Figs. 3 and 5 were cor- 
rected for neutron multiplicity above the (7,2) thresh- 
old using the calculations based on the statistical model 
by Blatt and Weisskopf." 6, the temperature of the 
intermediate nucleus in the (y,2”) reaction, is defined as: 


0= (E,—E,)*/V/a, 


where Ep is the energy corresponding to the threshold of 
the (y,) reaction and a is a constant. In the computa- 
tion of the multiplicity for both manganese and cobalt, 
the constant @ was assigned the value 2 Mev. Un- 
fortunately, no experimental data are available on 
(y,2”) reactions in manganese and cobalt to afford an 
accurate multiplicity correction. Recent experimental 
data indicate that an appreciable fraction of the emitted 
neutrons may be due to “fast neutrons’ which are 
emitted by a direct process without the formation of a 
compound state. This complicates the multiplicity cor- 
rection in that calculations based on the statistical 
model will not apply to all the neutrons emitted above 
the (y,22) threshold, tending to overestimate the re- 
quired correction. In addition, neutrons of high energy 
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J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics (John Wiley & Sons, Inc., New York, 1952), p. 379. 
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TABLE I. Parameters of Breit-Wigner fit to data. 


Ea Ta Gs Eo Ts ob 
(Mev) (Mev) (mb) (Mev) (Mev) (mb) Tsos/laca 





Element 
Manganese 16.8 2.7 70 19.75 4.0 64 1.35 
Cobalt 16.5 2.0 78 19.0 4.0 78 2.00 


may adversely affect the energy dependence of the de- 
tection system (assumed constant). 

It should be pointed out that the absolute values 
assigned to the manganese and cobalt cross sections are 
estimated to be correct to within about fifteen percent. 
This uncertainty is due primarily to the use of the Schiff 
“integrated-over-angle” bremsstrahlung spectrum in the 
Leiss-Penfold matrix and the error assigned to the cali- 
bration of the ionization chamber. Also above the (y,27) 
threshold, an additional source of error is present in the 
use of statistical theory to correct for the neutron multi- 
plicity. While these factors preclude the accurate assign- 
ment of absolute values to the cross sections, it is felt 
that their effect on the relative shapes of the cross sec- 
tions is sufficiently negligible to enable one to conclude 
the results indicate a splitting of the resonance. 

The curves in Figs. 3 and 5 were fitted to the cross- 
section data and represent the sum of the two Breit- 
Wigner dispersion curves, i.e., 


Ta Tb 


¢ = 4 —_____—., 
1+[2(E-E,)/TeP 1+[2(E—-Ey)/ToP 


where the subscripts a and 6 refer to the low-energy 
peak and high-energy peak, respectively. Values of the 
parameters Eg, oa, Ia, Es, ov, and I, used to construct 
these curves are listed in Table I. 

If the total photon absorption cross section is assumed 
to be well-approximated by the total neutron cross 
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Fic. 4. First difference of cobalt yield curve. 


section measured in this experiment, the intrinsic quad- 
rupole moment Qo may be computed on the basis of the 
hydrodynamic model for both manganese and cobalt 
using their respective ratios E,/E, and Egs. (1) and (2). 
The resulting values of Qo are +0.78+0.10 barn for 
manganese and +0.76+0.11 barn for cobalt, using 
Ro=1.210-* cm. 

Parsons has recently published results of a similar 
study of manganese and finds the intrinsic quadrupole 
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4R.W. Parsons, Can. J. Phys. 37, 1344 (1959). 


ENERGY (MEV) 








1428 FLOURNOY, TICKL 


TABLE IT. Values are given for the nuclear eccentricity e 
and the intrinsic quadrupole moment Qo. 


E./Ea X e=(X—1)/X! Qo (barns) 


Element 
Mn* 1.18 1.19 0.18 +0.78+0.10 
Co* 1.15 1.17 0.16 +0.76+0.11 
Tb? 1.30 1.33 0.30 +5.6 +0.6 
Ta> 1.25 1.27 0.25 +5.7 +0.3 
Au? 1.06 1.07 0.07 +1.6 +0.6 


* Present data. 
bE. G. Fuller and M. S. Weiss, 


reference 4. 


moment to be 0.73+0.14 barn. Considering the different 
methods of analysis and the statistical uncertainties 
involved, his results for manganese are in reasonable 
agreement with those presented here except for the 
absolute value assigned to the peak cross section; ours 
being some 20 mb larger. 

Values of the spectroscopic quadrupole moment () 
may be compared to the values of Q» obtained here if 
one assumes the validity of the collective nuclear rota- 
tion approximation’ in which 


(1+1)(2/+3) 
i‘ —, 


Oo= — 
T(27—1) 


t 


where J is the ground-state spin. 

For manganese, Murakawa"® has obtained 0= +0.4 
+0.2 barn. Using this value, one obtains an intrinsic 
quadrupole moment of +1.12+0.56 barns. Likewise for 
cobalt, Murakawa" finds Q=0.5+0.2 barn from which 
Qo=1.07+0.43 barns. These comparisons are of little 
value due to the rather large uncertainties associated 
with the spectroscopic quadrupole moments. 


4 A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab 
Selskab Mat—fys. Medd. 27, No. 16 (1953). 


‘6K. Murakawa, J. Phys. Soc. (Japan) 10, 336 (1955). 
‘7K. Murakawa and T. Kamei, Phys. Rev. 92, 325 (1953 
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Both Temmer and Heydenburg'’ and Mark, McCle- 
lland, and Goodman" have observed in Coulomb excita- 
tion experiments the £2 transition from the manganese 
ground state (5/27) to the excited state (7/27) at ap. 
proximately 128 kev. Temmer and Heydenburg obtain 
a reduced transition probability (not corrected for in- 
ternal conversion) of B(£2)=0.075 barn.? Assuming the 
5/2- to 7/27 transition is within a rotation band, the 
B(E2) value is then related to the intrinsic quadrupole 
moment in the following way”: 
15 I 
I—I+1: B(E2)=—0é ; 
l6r (7+1)(I+2) 


where / is the nuclear spin of the ground state. Using 
B(E2)=0.075 barn,? a value of Qo=1.26+0.4 barns is 
obtained, which is to be compared with the value 
+0.78+0.10 barn deduced from the present results. 

Listed in Table II are values of the nuclear eccen- 
tricity, defined as e= (a—b)/R, where R is the radius of 
a sphere of equivalent volume. Defining Y¥=a/d and 
R’= ab’, the eccentricity becomes e= (X—1)/X*. The 
values for tantalum, terbium, and gold were taken from 
the work by Fuller and Weiss. 
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Hyperfine Structure of Americium-241* 
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(Received July 8, 1960) 


Atomic-beam measurements on Am*" have confirmed that the nuclear spin is = $, and have established 
that the electronic ground state is characterized by an angular momentum J =§ and a Landé splitting factor 
gy = —1.9371(10). In addition, the magnetic-dipole and electric-quadrupole hyperfine-structure coupling 
constants have been found to be, respectively, A =+17.144(8) Mc/sec and B= ¥123.82(10) Mc/sec. It is 
hypothesized that these values arise from a state that is primarily formed from the Hund’s rule term 8S of 
the configuration (5)? (7s)*. However, important contributions to the measured g,, A, and B values are shown 
to come from the admixture of other terms in the ground state by means of the spin-orbit interaction, and 
also from the excitation of s electrons in the core to higher s states. 


INTRODUCTION 


ECENT investigations of Am* have thrown much 
light on the structure of the electronic and nuclear 
ground states of this isotope. Optical spectroscopic 
investigations have established the nuclear spin as 
I=3,'* and the nuclear magnetic dipole and electric 
quadrupole moments as, respectively, +1.4 nuclear 
magnetons and +4.9 barns.' These measurements have 
shown, in addition, that the configuration of the 
electronic state of Am1 is (5f)7(7s)?,! thus supporting 
chemical evidence bearing on this point.’ 

The atomic-beam research described herein was 
undertaken to measure the gy value of the electronic 
ground state of americium and to determine the mag- 
netic dipole (A) and electric quadrupole (B) hyperfine- 
structure coupling constants in the electronic ground 
state. These measurements yield detailed information 
concerning coupling of the electrons in the ground 
state. In addition, the measured A and B values taken 
together with the optically measured moments can 
serve as the basis for determination of the moments of 
other americium isotopes. 

Measurements on other elements containing 5/ elec- 
trons, specifically Pa, Np, Pu, and Cm,‘ have all 
indicated that pure L-S coupling to the Hund’s-rule 
ground state is an excellent approximation to the actual 
coupling. Most striking, and most relevant to the 
situation in americium, are the curium data. The 
ground-state configuration of Cm is (5f)7(6d)!(7s)°, 
giving rise to four J states whose gy values can be very 
well fitted on the assumption of pure L-S coupling 
among the 5f electrons to the Hund’s-rule ground state. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

'T. E. Manning, M. Fred, and F. S. Tompkins, Phys. Rev. 102, 
1108 (1956). 

?R. P. Thorne, Nature 178, 484 (1956) 

_* See the article by I. Perlman and K. Street, Jr., in The Actinide 
Elements, edited by G. T. Seaborg and J. J. Katz (McGraw-Hill 
Book Company, Inc., New York, 1954), Ist ed. 

‘J. C. Hubbs and R. Marrus, Phys. Rev. 110, 287 (1958); J. C. 
Hubbs, R. Marrus, W. A. Nierenberg, and J. L. Worcester, Phys. 
Rey. 109, 390 (1958); J. C. Hubbs, R. Marrus, and J. Winocur, 
Phys. Rev. 114, 586 (1959); J. C. Hubbs and J. Winocur, Bull. 
Am. Phys. Soc. 3, 319 (1958). 


Hence, it is expected that a similar situation should 
prevail in americium, and that the electronic ground 
state ought to be °Sz/2, giving rise to a pure spin gy 
value and no hyperfine structure. Perturbations whose 
sources are discussed in the text cause deviations from 
these values. 


BEAM PRODUCTION AND DETECTION 


Americium-241 can be obtained in a weak HCl 
solution from the AEC stockpile. The procedure used 
to produce a beam of atomic americium was to reduce 
the oxide in the oven. Americium oxide can be pro- 
duced by adding concentrated NH,OH to americium 
chloride, boiling the material down, and then heating 
the residue. The residue easily decomposes to leave 
americium oxide. 

Barium, carbon, and lanthanum reductions were 
all tried; lanthanum yielded the only satisfactory 
beam. The barium reduction was altogether un- 
successful because at the temperature at which the 
reduction takes place barium has such a high vapor 
pressure that it boils out of the oven too quickly for the 
reaction to go. The carbon reduction yields an atomic 
beam, but at such high temperatures (about 1500°C) 
that there is appreciable interaction between the 
americium and the tantalum oven, and only about 10% 
of the activity is recovered in the beam. With lan- 
thanum as a reducing agent, beams of atomic americium 
of useful intensity are formed at about 1000°C. 

The materials involved in americium beam produc- 
tion are suitably contained by a molybdenum oven 
with a sharp-edged inner liner to prevent creep. The 
oven is heated to the beam temperature by electron 
bombardment. 

The radioactive americium beam is collected by 
deposition on uncooled platinum foils at the detector 
end of the apparatus. The collection efficiency of 
platinum for americium is found to be at least 20% 
and very highly reproducible. After exposure of the 
foil to the americium beam, the deposition is measured 
by placing the foil in low-background 2 alpha counters 
(about 0.1 count/min). Resonance counting rates are 
typically of the order of 1 to 5 counts/min. 
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Fic. 1. Hyperfine structure of the electronic ground state of Am™". 


HYPERFINE STRUCTURE 


The qualitative features of a hyperfine-structure 
system with /=$ and J=j and normal ordering of the 
states of total angular momentum F are shown in Fig. 1. 
It can be seen that in an atomic beam machine with 
flop-in magnet geometry, four transitions of the type 
AF=0, Am;=+1 can be refocused. The quantum 
numbers of the states between which these transitions 
take place, as well as those for the transitions of the 
type Am;=0, +1; Am,;=0, +1 are given in Table I. 
The Hamiltonian that gives the energy of these states 
in a low field or J, J, F, my; representation is 


B 
3¢= AI-J+-———_—_—_—_\3(I-J)*+3(1-J) 
21J (21—1)(2J—1) 


—1(1+1)J(J+1)]—go3-H/h. (1) 


Here octupole and higher order multipole moment 
terms and a field-dependent term in the nuclear mag- 
netic moment have been neglected. 
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The small value of the hyperfine structure means 
that elements of the operator gyuoJ-H that are off- 
diagonal in F become important at relatively low fields 
(about 1 gauss), and a scheme for solving the secular 
equation for a state of given m; is needed. Approximate 
solutions obtained from the lowest orders of pertur- 
bation theory soon break down, and it is therefore 
found most useful to employ an electronic computer 
in the determination of the energy levels. A step-wise 
technique employing the Newton method for solving the 
secular equation for the desired root was used. This 
technique is described elsewhere.* 

A feature of the hyperfine structure useful in deter- 
mining an accurate gy independent measure of the 
constant A can be obtained from the high-field limit 
of the Hamiltonian—i.e., in the limit in which /, J, 
mr, my are good quantum numbers. In this limit, the 
approximate Hamiltonian has the form 


B 
K=Amymsy+ [3m;?—I(I+1) } 
4lJ (2T—1)(2J—1) 


X[3m—J(J+1)J—gsuomsH/h. (2) 


Each of the observable transitions occurs between 
states in which my, is the same for both states and m, 
changes sign only (Table 1). Since the term in B is 
quadratic in m; and my, it contributes nothing to the 
transition energy, which becomes 


v= Amy— gypoll /h. (3) 

Since successive transitions differ by m;=-+1, the 
energy difference between two resonances is 

Ve—vrgi=A. (4) 


Examples of such transitions are shown in Fig. 2. 


EXPERIMENTAL DATA AND OBSERVATIONS 


An initial search for resonances made at a low field of 
~1 gauss yielded a set of four resonances. These were 
ascribed to the four flop-in transitions arising from the 
system ]=3, J= 3. The positions of these resonances 
indicated deviations from the Zeeman frequencies; the 
deviations were verified by a search at 3 gauss. The 


TABLE I. Observable transitions in an atomic beam apparatus 
with flop-in type magnet geometry. 


Single-quantum transitions (AF =0) 


I a my my F mp’ m,' my’ 

6 2 —$ 4) — (6 —3 5 —}#) 

5 | De®. +2 | 

4 0 4 4) — (4 —1 —} —4) 

3 1 ; s#-G 0 . 
6H. L. Garvin, T. M. Green, E. Lipworth, and W. A. Nieren- 


berg, Phys. Rev. 116, 393 (1959). See also W. A. Nierenberg, 
University of California Radiation Laboratory Report UCRL- 
3816, June, 1957 (unpublished). 
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Fic. 2. Transitions of the type (m;, my=4$)<> (mz, my = —4) observed in the Paschen-Back region of hyperfine structure. 


existence of such shifts confirmed our a priori expec- 
tation of a small hyperfine structure. 

Since resonant frequencies in the intermediate-field 
region depend critically on all three parameters gy, 
A, and B, we decided to foliow the most intense of these 
lines through intermediate field into the high-field 
region. Here the energy levels are linear, and the gy 
value can be accurately obtained from the slope of the 
curve for resonance frequency vs field. The searches in 
intermediate field were very difficult because we had 
only very crude information for gz, A, and B. In 
addition, the energy-level diagram is extremely compli- 
cated, with the feature that in intermediate field the 
curves for resonance frequency vs field in the F=5 and 
F=6 states cross. This led to a misidentification of the 
transition under observation. 

The observations made in high field on the transition 
(mr= —4; my=4) > (mr=—}, my=—}) were fitted 
by a straight line governed by Eq. (3). The value of gy 
was obtained from the slope, and the product Amy, 
was determined from the frequency intercept. A search 
at a field of 540.9 gauss (Fig. 2) yielded five equally 
spaced resonances, which yielded the value of A 
according to Eq. (3). A crude value of B was then 
determined from all the existing data, and a search of 


the AF=+1 transitions was undertaken. All the 
observations are listed in Table IT. 
The final values obtained from the data are 


gy= —1.9371(10); A=+17.144(8) Mc/sec, and B 
=F 123.82(10) Mc/sec. These were obtained from an 


IBM 704 routine designed to choose gy, A, and B so 
that the root-mean-square error in the data is an 
extreme. This routine is similar to one described 
elsewhere® but has the additional feature that gy is 
variable. A description of the gy modification is given 


TABLE IT. Fit of the Am™! data based on the indicated hyperfine- 
structure constants. J =}, J=}, gr= —1.9371(10), A = +17.144(8) 
Mc/sec, B= =123.82(10) Mc/sec. 


Data 


Vobs — Veale 
No. H (gauss) Vobs (Mc/sec) (Mc/sec) X'n 
1 8.248 (40) 14.08 (67) —0.016 b 
12.150(38) 21.95(10) —0.012 ¢ 
3 20.754(35) 42.35(25) 0.152 a 
4 20.754(35) 39.86(10) 0.003 c 
5 26.517 (44) 56.30 (20) —0.184 a 
6 36.198 (41) 82.40(20) —0.244 a 
7 46.077 (47) 110.45(25) 0.050 a 
8 71.628 (39) 181.85 (30) —0.022 a 
9 93.043 (40) 240.80 (40) —0.129 a 
10 121.670(42) 319.10(50) —0.189 a 
11 169.074(59) 448.50 (60) 0.062 a 
12 250.442(81) 669.60 (60) 0.086 a 
13 540.903(146) 1425.00(80) —0.200 c 
14 540.903(146) 1441.20(100) 0.409 b 
15 540.903(146) 1457.50(100) 0.063 a 
16 540.903(146) 1474.50(60) —0.138 (3, 1+ 3,0) 
7  540.903(146) 1492.70(60) 0.351 (3, 2 +2, 1) 
18 1.418 (28) 90.10(10) —0.010 (3, 1 2, 1) 
19 1.418 (28) 96.84(12) —0.000 (4, 0 + 3,0) 
20 1.418 (28) 81.45(10) —0.007 (5, —1+«+4, —1) 
21 1.418(28) 39.75 (05) 0.001 (6, —2<+5, —2) 


a=(4,0++4, —-1); b=(5, —1<+5, —2); c=(6, —2+6, —3) 











®E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1957). 
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in the Appendix. The error in gy is chosen to be about 
one part in 2000 of the measured gy in order to include 
the possibility of systematic errors in the apparatus, 
which are proportional to the field. The errors in A 
are about 2.5 times the rms error. By using the chosen 
and B values of A, B, and gy, the frequency for each 
transition was calculated at the field of observation. 
These frequencies, and the difference between the 
calculated and experimental frequencies, are given in 
Table II. 


EFFECT OF BREAKDOWN OF L-S COUPLING 


The observed deviations of the gy, A, and B values 
from the values expected for a pure °S7/2 ground state 
indicate considerable perturbation. A contribution to 
these deviations can come from the admixing, by the 
spin-orbit interaction, of terms other than. 8S into the 
ground state. The order of the perturbation required 
to mix a given term into the ground state is determined 
from the selection rule that the spin-orbit interaction 
can directly couple only those states with AL=0, +1; 
AS=0, +1; and A/=0. Thus, of all the terms that can 
arise from the configuration f’, only ®P7,/2 is coupled 
by first-order perturbation into the ground state. 
However, as shall be seen, the quadrupole interaction 
vanishes for a wave function that is a mixture of °S;,» 
and *P7,2 only. In order to explain the large observed 
quadrupole interaction, it is necessary to go at least 
to second order and include ®D;,;2. as well. To this 
approximation, the angular part of the ground-state 
wave function is 


‘gis . 2 mulisc 
| J=4, mz) =[1—c?— 8" }!|8S7)2, my 
+a! ®P7)2,m7)+8 | °D; omy), (5) 


where a and 8 are coefficients determined from the 
diagonalization of the matrix of the spin-orbit plus 
electrostatic energies. The matrix elements of the 
electrostatic energy can be determined by the procedure 
outlined in Condon and Shortley utilizing the diagonal 
sum rule.* Such a calculation has been carried out to 
yield 

(8S |C|8S)=0, 

(°P|C|®P)=15F 2+ 165F 4+ 3003 Fs, (6) 

(®D|C|*D)=41F.+297F 4+ 1001 Fz, 


where C is the Coulomb interaction >" 5; e?/r;; and the 
F,’s are the Slater radial integrals. The ratios of the 
radial integrals have been calculated from hydrogenic 
functions’ and also from relativistic wave functions for 
uranium.’ These yields F4/F2=0.142, Fs/F.=0.0161 
from hydrogenic functions, and F4/F2=0.159, F6/F2 
= 0.0204 from the relativistic functions. For the electro- 
static energies, we obtain: 


7J. P. Elliott, B. R. Judd, and W. A. Runciman, Proc. Roy. 
Soc. (London) A240, 509 (1957). 

* Stanley Cohen, University of California Radiation Laboratory 
Report, UCRL-8633, February, 1960 (unpublished). 
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Relativistic 


Hydrogenic Hartree 
8SIC|8S 0 ra 
‘P\C\|*P 86.8F » 102.3F; 
SDiC|*D 99.3F 2 108.5F 2 


The values derived from the relativistic functions are 
used in the following calculations, since they are 
expected to be a more accurate approximation to the 
actual wave functions. 

The spin-orbit matrix elements are derived by 
expanding the wave functions for the state in terms of 
the single-particle states and then evaluating the spin- 
orbit operator A= >°; a5/];-s; in a straightforward way 
The results are ; 


( 887 2 A | 6 P72) ae (14) las,, 
*Pra| A|*Drys) = — (9/10) (5) a5, 
(®P7/2|A| &Pz/2)= (8Dz/2| Al ®Dz/2)=0. 


When these values are used, the energy matrix that 
determines the ground state is of the form 


8§ ‘Pp ’D 
‘Sf 0 + (14)!x 0 
W=P| (14)tx 102.3 — (9/10) (5)'x], 


‘)| O — (9/10) (5)'x 108.5 


where x= 4d5,;/F 2. The diagonalization of the matrix W 
and the computation of the unitary matrix which 
transforms it into diagonal form was performed on an 
IBM 704 for different values of the parameter x. In 
this way, the coefficients of the wave function (5) 
could be calculated as a function of x, and the gy value 
determined from the formula 


gy= (1—a?—6*)g7(8S7/2)+a*g 7 (P72) +6?gs(°D;)2). 


That value of x was chosen which gives best agreement 
with the observed gy. The value corresponding to 
gy= —1.937(1) is x=17.7(2), and the ground-state 
wave function that this yields is 


| 3,3) =0.882| 8S7/2,3)—0.457 | *Px/2,3) 
—0.114]®D7)2,3). (7) 


The eigenvalues of the energy matrix for x=17.7 are 
0, 123F2, and 203F» for the states that go adiabatically, 
in the limit of «=0, to °S7/2, P72, and *D7/2, respectively. 
A value of a5, of about 2700 cm has been observed 
by Conway for Amt* in LaCl;.° This can be com- 
bined with the value +=17.7 to yield F,=153 and 
6P=123F.=18 800 cm™. This is in reasonable agree- 
ment with the value of 27 000 cm™ observed for the 
energy of the °P,;2 state of Cm** in LaCl,," since it is 
expected that the effect of the crystalline field is to 
increase the energy above that for the free atom. 


® John G. Conway, Lawrence Radiation Laboratory (private 
communication). 

10 J. G. Conway, J. C. Wallmann, B. B. Cunningham, and 
G. V. Shalimoff, J. Chem. Phys. 27, 1416 (1957). 








mine 


24 


Am? 
rupo: 
elect 
part 
the r 
expe 
wave 
of th 
of C 
butic 
form 


(lsmi 


It is 
cont) 
mati 
betw 


uran 
valu 
take 
By 
cons 
com] 
The 
negl 


struc 
For « 
of tk 


expr 


T) 
mag 
resp 
fore 


ul } 
Electr 








at 


hfs O| 


Calculation of Quadrupole Interaction 
Constant B 


The quadrupole interaction constant B is deter- 
mined by the expectation value of the operator 
B=—eO >; {(3 cos’*@—1)/r’}; in the ground state of 
Am*"', Here e is the electronic charge, Q is the quad- 
rupole moment of Am*', and the sum runs over all 5/ 
electrons. If the wave function is separable, the angular 
part of the operator can be evaluated independently of 
the radial part. The procedure used for evaluating the 
expectation value }¢; (3 cos’*@—1),; is to expand the 
wave function (7) into the m; and m, quantum numbers 
of the individual electrons according to the techniques 
of Condon and Shortley, and to evaluate the contri- 
butions from the individual electrons according to the 
formula 


(/smym, | (3 cos*@— 1) | /smym,) 


—_———[3m;?—I(I+1)]. (8) 
(2/—1)(2/+3) 


It is found in this way that the only nonvanishing 
contribution to this expectation value arises from a 
matrix element that is off-diagonal in the term, that is, 
between the states *D and *P, and has the value 


(6D; /2| >; (3 cos*@—1);| ®P7)2)= — (2/15)75. (9) 


A value (1/r°)=3.9/aot*®, based on the relativistic 
uranium wave functions of Cohen, was used, and the 
value of the quadrupole moment Q=4.9 barns was 
taken from the optical spectroscopic measurements, 
By using these values the quadrupole interaction 
constant was found to be B=+145 Mc/sec, to be 
compared with the measured B= 123.82(10) Mc/sec. 
The relativistic correction factors of Casimir"! were 
neglected in this calculation. 


Calculation of Magnetic Dipole Interaction 
Constant A 


A contribution to the magnetic dipole hyperfine 
structure arises from the breakdown of L-S coupling. 
For evaluation of this contribution, the matrix elements 
of the magnetic field H must be found; the classical 
expression for H is given by 


-erXv. ou(r)?—3r(u-r) 
Mgt |. (10) 


tte + r® 


This is the field due to a point particle of charge e and 
magnetic dipole moment wp located at the point r with 
respect to which the field is being calculated. Writing, 
for electrons, w= — 2uos and mrX v=Al, one obtains the 


1H. B. G. Casimir, On the Interaction Between Atomic Nuclei and 
Electrons (Teylers Tweede Gencotschap, Haarlem, 1936). 
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quantum-mechanical form of the z component of this 


field : 
H,=>. (A); 


1 3 
=—2yo dD - [ist felon +(6-08)| (11) 
i er 


> Fy 
For the wave function (7), the expectation value of this 
operator has contributions that are diagonal in the 
term and that are off-diagonal in the term. The oniy 
nonvanishing contribution that is diagonal in the term 
is (®Pz/2|H.|*Pz,/2). Evaluation of this matrix element 
was performed in the same way as the evaluation of the 
quadrupole interaction matrix element, making use of 
the formula 


(/smym, | (H,);|lsmum,) 


1\f 2m, 
= ~2u(—)| m- -- “——[3m—10+1)]. 
PIL (21—1)(21+3) F 
(12) 


In this way, we obtain 
6P7)2| H.|®Pz)2)= — (8/5)uo(1/r*). (13) 


The nonvanishing contribution that is off-diagonal 
in the term is (°Dz,.|H.|*%Sz7/2). It is found that if the 
single-particle expression for the wave function is used, 
then matrix elements of the form 


(ls my +1 m,—1) (H,);\lsmum, 


must be evaluated. This reduces to 


1 2(s_r4)+(r4s_)z] 
— tu — Kis mit+1 m,—1|\—— lism), 
r r 


where 5s 
therefore 





=S,—iSy; ,=x+1y=r sinde'’*; z=rcos0; 


((H,):)= —3yuo(1/r*)(1 m,+1| cosé sinde'* | 1m). 


The angular part of the matrix element can be 
expressed as the product of three spherical harmonics, 
where, for the case at hand, /=3. From Condon and 
Shortley” one has 


(l= 3, m,+1| cos6 sin6e'* | 1=3, mz) 
= — (1/45) (2m,4+1)[(4+m,))(3—m,)}'. (14) 
Use of this formula yields 
(8Dz2| Hz! ®S7/2)= (2/3) (14/5) tuo(l/r*), 


: (15) 
(H. = —0.41po(1 /P), 
Now, 


A=— (1/IJ)(u1)(A.). (16) 


Using the optical spectroscopic value of wz and the 
value of (1/r*) from the uranium wave functions, one 


2 See reference 6, p. 176. 
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obtains A=+16.6 Mc/sec, to be compared with a 
measured value A= +17.144(8) Mc/sec. 


Summary of Effect of L-S Coupling Breakdown 


If a value of the parameter x= (a5;/F2) is chosen 
which is in good agreement with related experimental 
quantities and which gives the correct gy value, good 
numerical agreement is also obtained between the 
absolute values of the calculated and measured A and 
B values. However, the sign (B/A) is calculated as 
positive, whereas the measured sign is negative. There- 
fore, for at least one of these quantities an effect more 
important than the breakdown of L-S coupling plays a 
role. 

It is known that in many elements the effect of 
configuration interaction, exercises a considerable 
influence on the magnetic dipole constant A." The 
excitation is of a type in which one electron of an s- 
electron pair in the ground state is raised to a higher s 
state. The excited electron then recouples with the 
unexcited member to form either the singlet or triplet 
spin state. This state then recouples with each of the 
admixed terms of the core in such a way that the L, S, 
and J values are all unchanged. Therefore, both the gy 
and B values are unaffected, but the admixture of an 
excited s electron gives rise to a net spin density of the 
electronic system at the nucleus and hence a resultant 
magnetic dipole hyperfine structure. 


CALCULATION OF CONFIGURATION INTERACTION 


Since many of the parameters entering the calcu- 
lation can be only crudely extrapolated from existing 
data, this calculation is performed in the spirit of 
obtaining an order-of-magnitude estimate for the effect. 
The ground state of americium is therefore taken as the 
pure spherically symmetric state |°S7/2,7/2), which is 
denoted by a7/2"/?. The unperturbed state is written as 
Yu=az;2"/0t0-, where the notation 0*0~ indicates an 
electron pair in an unexcited s state, both having 
m,=0, one with spin up (+), the other with spin down 
(—). Antisymmetrization of the wave function is 
assumed throughout, and to avoid sign difficulties, we 
adhere to the notation of Condon and Shortley. 

For the singlet state, the wave function is 


(1) =a7/27"(1/v2)[0+0-—0-0+ J, 


where the bold-face notation indicates an electron in the 
excited 8s state. With the same notation, the wave 
function for the triplet state is 


¥(2)= (1/3V2)[74a7/27/2(0*0-+0-0*) 


(17) 


—2a;/.°"0t0+)], (18) 
and for the ground-state wave function, 
v= (1-7-8) YW. t+w(1)+é6y(2). (19) 


13 A. Abragam, J. Horowitz, and M. H. L. Pryce, Proc. Roy. 


Soc. (London) A230, 169 (1955). 
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The hyperfine structure in this state (A) is given by 
(20) 


where X is an operator defined by Abragam ef al." and 
is related to the net spin density at the nucleus, 


X= (4m/S) ox 6 (0) pScz. (21) 


Evaluation of x for the stated wave function yields 


A=$(un/T)po{x), 


a nonvanishing term linear in the perturbation 
amplitude 
1676 
(X)tinear = oe ——|Wns(0)| lWss(0) , 
3(14)! 


and two terms quadratic in the amplitude, 


81 (7)*y6 


(x quadratic — 1 { Wns (0) 2 l Ws, (0) _ 
- Sry’ 
+ {| Yne(O) |2+ | Woe (O) {2}, 
63 


where is the principal quantum number of the state 
being excited. 

To calculate the coefficients y and 6, it is necessary 
to evaluate the noncentral part of the Coulomb inter- 
action (c’) coupling the unperturbed state with excited 
states. Such a noncentral interaction arises from 
exchange integrals and can be calculated in a straight- 
forward way, 


Wulc’|w(1)) R' 


~ — — 


E,-E()— V2CE,—E(1)] 
(ul e’|¥(2)) 3R° 
 E,—EQ)  (14)CE,— E(2)] 
where R° is a Slater radial integral given by 


ra a 73 
R= ef f —R,* (ns) R2* (5 f)Ri (5 f) Ro(8s)dridro, 
0 0 


4 


where r< is the smaller of r; and ro, ry is the larger of r; 
and r2, and R; and Rz are radial wave functions for the 
indicated states. The wave functions used in this 
calculation are the relativistic wave functions of Cohen. 
It was necessary, however, to extrapolate the 8s wave 
function from the wave functions for the other s orbits. 
Such an extrapolation could be reasonably performed, 
since the nodes and peaks of the ms wave function 
coincide with those of the (n+1)s wave function. This 
radial integral was calculated for n=7 and was found 
to be R?= 2000 cm. 

For 7s electrons, the quantity |W7.(0)| can be taken 
from the optically measured hyperfine-structure con- 
stant A(7s)=0.666 cm™, and the energy separations 
can be estimated from the optical work to be about 
32 000 cm”. From the optical data on the hyperfine- 
structure widths of the term Sy. and ®S;5,. arising 
from the configurations (5/)7(7s)(8s), we have inferred 


a value A(8s)+0.024 cm-!, 
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Using these values, one finds the perturbation 
amplitudes 
1 i 3 
y¥=——=0.044, 8=———=0.050, 
16v2 16 (14)! 


and the contribution to the hyperfine structure is 
Ajinear™ +70 Mc/sec and A quadratic — 13 Mc/sec. 

It is seen that the effect of the above correction is to 
enhance the discrepancy between the measured value 
and the value obtained from the breakdown of L-S 
coupling. However, this treatment cannot be regarded 
as complete, since the effect of electrons from inner s 
orbits has been neglected owing to lack of information 
concerning the parameters involved. It is also possible 
that a calculation of the radial integrals with more 
accurate wave functions might improve the agreement. 
It is felt that the importance of s-electron excitation 
for the hyperfine structure of americium is clearly 
demonstrated, although its treatment must still be 
regarded as an open question. 
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APPENDIX. DETERMINATION OF A, B, AND g, 
FROM THE EXPERIMENTAL DATA 


The problem is to minimize the function 


— (M\—M,) gH 2 
Q(A,Bygs)=dX | (a! oe —« As Xs wt 
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Here f.»s' is the ith of a set of measured resonance 
frequencies corresponding to a transition between the 
states X, and X» with magnetic quantum numbers M, 
and M», whose energies are X;'and X,'‘ for the particular 
value of the field H‘ at which the observation was made. 
The term in g; is a correction for the nuclear moment, 
and the quantity w' is a weight factor related to the 
error in the frequency and field measurements by 


= {(Afis')?+[(0f/0H)'AH* FP}. 


The extreme points of Q [commonly called x?] are 
determined from the condition 60=0, where 


60= (00/0A)5A + (00/0B)5B+ (8Q0/dg1)dgs=0, 
and so the equations 


00/0A =d0/8B=0Q/dg,;=0 must be solved. (A2) 


The procedure is to compute energies X; and X_ (see 
reference 5 for the method) for some initial starting 
values of A, B, and gy and then to calculate improved 
values A’, B’, and gy’ by the Newton method, 





1’=A+6A, =B+6B, gy’=gstégs. 
The increments are determined from the three 
simultaneous equations 
#0 #0 #0 ag 
—sA +— -b--eelt M 
a4? 9@AdB_—AAdgy aA 
#0 eB #0 aQ 
——45A ae ae --, (A3) 
aB0A dB? aBagy dB 
#0 vo. 70 == 
— -~8. A+ 6B+—égs= 
Og OL 4 0g,0B ogy’ gy 


By treating the partial derivatives as numbers to be 
determined from (A1), one can cenveniently program 
the systems of Eqs. (A3) for a computer. 








PHYSICAL 





REVIEW VOLUME 120, NUMBER 4 NOVEMBER 


Energy Levels of Ne” and Ne*} 


Joan M. FREEMAN* 
Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received June 28, 1960 


The energies of twenty-seven excited states of Ne*! and seventeen of Ne® have been established by a 
study of the (d,p) reactions in Ne® and in Ne®. Seven deuteron bombarding energies between 4.75 and 7.5 
Mev were used, and the target was a cell with thin windows, containing either natural or Ne®-enriched neon 
gas. The proton groups emitted at 90 degrees were analyzed with a broad-range magnetic spectrograph. The 
established calibration of the spectrograph, in terms of alpha particles from polonium, together with some 
well-known reactions, provided the data necessary for precise energy determinations. The Q values obtained 
for the ground-state reactions Ne” (d,p) Ne®' and Ne®(d,p)Ne*® were 4.534++0.009 Mev and 2.791+0.009 
Mev, respectively. Deuteron groups inelastically scattered from Ne®® and Ne™ were also observed. The 
higher energy groups were used in the calibration procedure; the lower energy groups gave the results 
4.250+0.008 Mev and 3.356+0.008 Mev for the second excited states of Ne® and Ne®, respectively. The 
interpretation of the level schemes of Ne#! and Ne* in terms of the collective model has been considered and 


1 


5, 


1966 


is discussed here briefly. 


I, INTRODUCTION 


OST light nuclei which can be formed by (d,p) 
reactions on stable isotopes have received a fair 
amount of attention through these reactions, and many 
of their level positions and other properties are well 
known. Two notable exceptions are the neon isotopes, 
Ne” and Ne*’, which result from (d,p) reactions on Ne” 
and Ne” (natural isotopic abundances 90.9 and 8.8%, 
respectively). A difficulty in the way of such studies has 
been that of making suitable thin neon targets. With 
natural and enriched gas targets, several experi- 
menters'* have found a number of excited states in 
Ne! and two or possibly three in Ne”. However, the 
over-all resolution that they were able to achieve was 
rather poor, largely because of the energy spread 
produced by the gas targets; and, as the present results 
will show, many levels in Ne*! were missed. 

The use by Van Patter et al.° and by Ahnlund® of 
targets of electromagnetically separated Ne” and Ne” 
formed on silver backings, together with high-resolution 
magnetic analysis, has allowed precise measurements 
of the ground-state protons and, hence, the Q values for 
the Ne”(d,p)Ne# and Ne”(d,p)Ne* reactions. Two 
excited states of Ne” have also been observed in this 
way.®? However, with such targets, the low yields and 
the scattering from the backings have precluded the 
investigation of higher excited states. Levels of Ne*! can 
be reached through the Na**(d,a)Ne* reaction also, but 
~ + This work has been supported in part by the U. S. Atomic 
Energy Commission, by the Office of Naval Research, and by the 
Air Force Office of Scientific Research. 

* Now returned to Atomic Energy Research Establishment, 
Harwell, Berkshire, England. 

1F. K. Elder, H. T. Motz, and P. W. Davison, Phys. Rev. 71, 
917 (1947). 

2 A. Zucker and W. W. Watson, Phys. Rev. 78, 14 (1950). 

3R. Middleton and C. T. Tai, Proc. Phys. Soc. (London) A64, 
801 (1951). 

4H. B. Burrows, T. S. Green, S. Hinds, and R. Middleton, 
Proc. Phys. Soc. (London) A69, 310 (1956). 

5D. M. Van Patter, A. Sperduto, P. M. Endt, W. W. Buechner, 
and H. A. Enge, Phys. Rev. 85, 142 (1952). 

®K. Ahnlund, Arkiv Fysik 7, 155 and 459 (1954) 

7K. Ahnlund, Arkiv Fysik 9, 39 (1955). 


only three excited states have been measured in this 
way.® 

The experiments to be described here were under- 
taken with the object of determining, as precisely as 
possible, all the Ne?! and Ne* levels up to a few Mev 
excitation by measuring the energies of the proton 
groups from (d,p) reactions in Ne” and Ne” with the 
aid of the MIT broad-range spectrograph. This entailed 
the development of a neon gas target which would 
produce a small enough energy spread in the emitted 
protons so that all the groups could be satisfactorily 
resolved. That this was in fact achieved (except for 
possible doublets separated by less than about 20 
kilovolts) has been nicely confirmed in the case of Ne® 
by the publication, since this work was completed, of 
measurements on the reaction F'*(He*,p)Ne*! by Hinds 
and Middleton.’ The agreement between the Ne”! level 
scheme which they deduce and the results of our (d,p) 
work is quite satisfactory. 

The levels of Ne! and Ne” are of some special interest 
insofar as these nuclei occur in a mass-number region 
where interpretations in terms of Nilsson’s version of 
the collective model'® have met with some successes. 
The relevance of the model to the two neon isotopes 
will be discussed in Sec. IV. 


Il. EXPERIMENTAL METHOD 


The source of deuterons for these experiments was 
the MIT-ONR electrostatic accelerator. Bombarding 


energies from 4.75 to 7.5 Mev were used. The general 
experimental technique, which employed a broad-range 
magnetic spectrograph for analysis of the reaction 
products, has already been described in some detail.''” 
* A. Sperduto, Laboratory for Nuclear Science, Massachusetts 
Institute of Technology Progress Report, May, 1951 (un- 
published). 

*S. Hinds and R. Middleton, Proc. Phys. Soc. (London) 74, 
779 (1959). 

0S. G. Nilsson, Kgl. Danske Videnskab 
Medd. 29, No. 16 (1955). 

uC, P. Browne and W. W. Buechner, Rev. Sci. Instr. 27, 899 
(1956). 
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The main departure from previous procedures was the 
replacement within the target chamber of the normal 
thin solid target with a gas cell. This cell is illustrated 
in Fig. 1. It was made from a stainless steel block, the 
apertures being sealed with thin windows, and was 
suspended inside the target chamber by an adjustable 
shaft. The cell could be evacuated simultaneously with 
the target chamber and could then be isolated to allow 
neon gas at the required pressure to be introduced. 
Pressures of 11 to 13 cm Hg were normally used. The 
deuteron beam, collimated by slits to the dimensions 
0.75 mm in height and 2.25 mm in width, entered the 
gas cell through a nickel foil (nominal thickness about 
1 mg/cm?) cemented over an aperture 3 mm wide and 
1 cm long. After irradiating a thin strip of gas as it 
traversed the cell, the beam passed through a second 
nickel window to a collector. Reaction products emitted 
at 90 degrees to the deuteron-beam direction from a 
short section of the irradiated gas were able to pass 
through a Formvar window so as to enter the magnetic 
spectrograph. The Formvar window was made up of a 
series of very thin films formed on a clean-water surface. 
These were laid successively on a flat metal plate with 
a 2.5-mm diameter central aperture, the boundary of 
which was rounded and polished. The plate with its 
Formvar film was then sealed to the gas cell with an 
O-ring. Windows with thicknesses equivalent to about 
0.1 cm of air proved to be quite robust and durable 
under the experimental conditions. 

At each deuteron bombarding energy, the spectro- 
graph field was adjusted so that the deuteron groups 
corresponding to elastic scattering from Ne” and Ne* 
nuclei appeared near the upper (high-energy) end of the 
photographic plates used for detection. The ground- 
state proton groups from the (d,p) reactions in the two 
neon isotopes then also appeared at about the same 
region of the plates. Proton, deuteron, and alpha- 
particle tracks were distinguished by their lengths in the 
photographic emulsions, which were 50 microns thick. 


2 W. W. Buechner, M. Mazari, and A. Sperduto, Phys. Rev. 
101, 188 (1956). 
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About twenty-four proton groups were observed in a 
single exposure, and adequate yields were obtained for 
a total deuteron charge collection of 500 to 1000 micro- 
coulombs. Average beam currents were one- or two- 
tenths of a microampere. At most of the bombarding 
energies chosen, a second exposure was made at a lower 
spectrograph field setting so that proton groups corre- 
sponding to higher excited states in Ne*' and Ne” could 
be observed. Some comparison runs were also made with 
air replacing the neon in the target cell. 


Ill. EXPERIMENTAL RESULTS 


A typical spectrum obtained with natural neon at a 
deuteron bombarding energy of 7.19 Mev is shown in 
the upper diagram of Fig. 2. The number of tracks per 
strip of emulsion one-half mm wide is plotted against 
distance along the photographic plate relative to a zero 
fixed at the low-energy end. Deuteron groups are 
represented by broken curves and proton groups, by 
full curves. These groups have greater widths than are 
usually encountered in experiments using the broad- 
range spectrograph,” because of the energy spread 
introduced by the windows and gas of the target cell. 
Most of this energy spread is attributed to nonuni- 
formity in the nickel input window, since the widths 
(measured in terms of energy) of all the proton and 
deuteron groups are closely the same. However, even 
with this additional broadening of the peaks, the resolu- 
tion (full width at half height divided by the particle 
energy) was 0.3% for 10-Mev protons varying to 0.6% 
for 5-Mev protons or deuterons. A good feature of the 
gas cell spectra was the virtually zero background. 

The deuteron groups corresponding to elastic scatter- 
ing from Ne* and Ne* can be seen at the high-energy 
end of the spectrum in Fig. 2, near the distance d=70 
cm. Inelastically scattered deuterons leaving Ne” and 
Ne” in their first excited states appear at d= 44.5 and 
35.5 cm, respectively. The second excited-state group 
for Ne” is just visible at d=7.5 cm. A small elastic group 
frora nitrogen contamination can be seen at d= 57.5 cm. 
All the proton groups shown are due to reactions in Ne” 
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Fic. 2. Typical spectra, obtained at the same deuteron bombarding energy (7.19 Mev) and the same spectrograph field setting, for a 
natural neon gas target (upper diagram) and for a target of gas enriched to 59% in Ne” (lower diagram). In both cases about 1% of air 
was also present. The groups shown by crosses and broken curves represent elastically and inelastically scattered deuterons; those with 
circles and full curves are proton groups from the reactions Ne” (d,p)Ne* (numbered without parentheses) and Ne” (d,p)Ne* (numbered 
with parentheses). The groups corresponding to numbers (6) and 10 in the upper diagram were more clearly defined in spectra obtained 
at lower field settings and with lower bombarding energies. The energy scales are for the protons and refer to the third-height points 
on the peaks; for the deuterons, the energy scale is one-half that for the protons. 


and Ne”, except for a small one marked N'*. Those 
groups numbered without parentheses correspond to 
levels in Ne*!, and those with parentheses, to Ne” levels. 
Since the angle of observation was restricted to 90 
degrees, the distinction between the two isotopes was 
made first by observing the relative changes in energy 
of the proton groups as the deuteron bombarding energy 
was varied. Later, when a sample of neon gas enriched 
to 59% in Ne” became available,” the isotopic assign- 
ments were very easily confirmed. A spectrum obtained 
with the mass-22 enriched neon is shown in the lower 
part of Fig. 2. The experimental conditions were the 
same as for the natura! neon run. From the ratios of the 
heights of corresponding peaks in these two runs and 
also in a companion pair of exposures made with a lower 
spectrograph field, it was possible to identify with 
reasonable certainty twenty-seven excited states in Ne” 
and seventeen in Ne”. 


13 Obtained from the Stable Isotone Division of the Oak Ridge 
National Laboratory, Oak Ridge, Tennessee. 


In order to obtain reaction Q values and excitation 
energies, it was necessary with each run first to adopt a 
consistent method of specifying the energies of observed 
groups of protons or deuterons, and then to estimate 
the corresponding incident deuteron energy at the point 
of bombardment, as well as the energy lost by the 
reaction products in leaving the gas cell. In accordance 
with usual practice in this laboratory, the energy of 
each group was specified by observing the distance along 
the photographic plate corresponding to the point at 
one-third the maximum peak height. The relationship 
between the positions along the plate and the corre- 
sponding radii of curvature of the particles in the 
magnetic field was established through measurements 
on polonium alpha particles. As in previous work here, 
the Bp for these particles was assumed to be 331.59 
kilogauss-centimeters. In-our case, where the observed 
groups were appreciably wider than the polonium alpha- 
particle peaks used in the spectrograph calibration, this 
procedure was equivalent to selecting arbitrarily a 
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particular value of the incident deuteron energy (in the 
range of values introduced by the nonuniform input 
window of the gas cell) and measuring the reaction 
product energies which corresponded with this value. 
This incident deuteron energy and the energy losses 
of outgoing particles were then obtained as follows: 
Starting with the initial energy £4 of the deuteron beam 
before reaching the gas cell (known to a few kev from 
the field setting of the beam-analyzing magnet), it was 
found that the observed energies of the deuteron groups 
elastically scattered from Ne” and Ne”, and also from 
N“ and O'* when present, gave a fairly precise measure 
of the total deuteron energy loss (AF;+ AZo). Here, AF; 
represents the energy loss before the scattering, which 
is the difference between Eq and the required deuteron 
bombarding energy, and AF) is the energy loss (at a 
specified deuteron energy) after the scattering. In 
relating corresponding values of AF for deuteron groups 
with different energies (and also for proton and alpha- 
particle groups), the assumption was made that the 
differential stopping power of the neon gas plus Formvar 
window (average over-all Z~7) was the same as if all 
the stopping material had been air; differential range- 
energy relations for protons, deuterons, and alpha 
particles in air’ were therefore used in all the calcula- 
tions. Knowing the sum (AE;+A£), we could then 
easily obtain separate estimates of AF; and of AF» as 
the values which best fitted the energies observed for all 
the following: (1) the inelastically scattered deuteron 
groups Corresponding to the first excited states of Ne” 
and Ne”, assumed to be at 1.632+0.004 and 1.277 
+0.004 Mev, respectively'®; (2) some proton groups 
from the reactions N“*(d,p)N'* and O'*(d,p)O!™, which 
were observed in several runs where a little air was 
present in addition to the neon gas and which were also 
observed in some compayison runs made with air only 
in the target cell (in the nitrogen reactions, Q values of 
1.451+0.005, 1.308+0.0015, and 1.045+0.0015 Mev, 
corresponding to the fourth, fifth, and sixth excited 
states of N'® were assumed'*!’; for the oxygen reaction, 
the 0 value 1.048+-0.002 for the transition to the first 


TABLE I. Ground-state Q values (in Mev) for the 
Ne (d,p)Ne*! and Ne*(d,p)Ne* reactions. 


Previous work 


Reaction Present work (a) (b) 





4.526+0.009 
2.968+0.008 


4.534+0.009 4.529+0.007 
2.971+0.009 2.964+0.007 


Ne®(d,p)Net 
Ne®(d,p)Ne% 


* D. M. Van Patter et al., see reference 5. 
+ K. Ahnlund, see reference 6. 


4G. W. C. Kaye and T. H. Laby, Tables of Physical and 
Chemical Constants (Longman’s Green and Company, Inc., 
New York, 1956), 11th ed., p. 194. 

Bout f Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
(1959). 

'®R. Maim and W. W. Buechner, Phys. Rev. 80, 771 (1950). 

R. A. Douglas, J. W. Broer, Ren Chiba, D. R. Herring, and 
E. A. Silverstein, Phys. Rev. 104, 1059 (1956). 


LEVELS OF 


Ne?! 


AND Ne? 


1439 


TABLE II. Excited states of Ne®! (energies in Mev). 








Ne®(d,p)Ne2! 


F! (He3,p)Ne* 
(Errors = +10 








Level (present work) kev)* Previous work” ° 
1 0.349+0.007 0.352 0.349+0.006 
0.343+0.010° 

2 1.750+0.007 1.736 1.735+0.016° 
3 2.800+0.007 2.789 2.788+0.012> 
4 2.870+0.007 2.864 2.852+0.021° 
5 3.666+0.007 3.664 
6 3.737 4-0.007 3.733 
7 3.889+0.007 3.883 
8 4.435+0.007 4.433 
9 4.528+0.007 4.525 

10 4.685+0.009 4.681 

11 4.729+0.008 4.727 

12 5.338+0.008 5.334 

13 5.434+0.008 5.427 

14 5.550+0.008 5.541 

i5 5.632+0.009 5.624 

16 5.694+0.009 5.683 

17 5.777+0.009 5.770 

18 5.822+0.009 5.813 

19 5.997 +0.009 5.986 

20 6.036+6.012 6.029 

21 6.176+0.010 6.170 

22 6.267+0.010 6.259 

23 6.450+0.012 6.446 

24 6.555+0.010 6.543 

25 6.606+0.010 6.597 

26 6.647 +0.012 6.633 

27 6.748+0.010 6.743 

«®S. Hinds and R. Middleton, see reference 9. 

+ K. Ahnlund, from Ne9(d,p)Ne®. See references 6 and 7. 

e¢ A. Sperduto, from Na*(d,a)Ne™. See reference 8. 


excited state of O'’ was used!?!8); and (3) the ground- 
state alpha-particle group in the reaction O'*(d,a)N", 
assuming a Q value of 3.115-+0.003 Mev.” 
Representative values obtained for AE, and AE, were, 
respectively, 78 kev for an initial deuteron energy of 
7.2 Mev (the nickel window contributing 53 kev) and 
35 kev for a scattered deuteron energy of 5.8 Mev (the 
Formvar window contributing 12 kev). It should be 
noted that the uncertainty in the initial deuteron energy 
Ea was largely taken up in the value finally arrived at 
for AE, so that the figures obtained for the effective 
deuteron bombarding energy and for AE in a particular 
run were each accurate to within a few kev. The cell loss 
calculations were made for a number of runs at different 
initial deuteron energies and showed very satisfactory 
internal consistency. It was estimated that the probable 
error introduced into the Q value measurements because 
of uncertainties in target cell losses was +5 kev. Allow- 
ing also for uncertainties in the calibration and for 
systematic errors, we estimated that the over-all prob- 
able error in the final results, averaged over six runs, 
for the Q values of the Ne” (d,p)Ne” and Ne*(d,p)Ne* 
reactions was +9 kev. In the calculations of level 
excitations, the errors were smaller in most cases 
because only energy differences were then involved. 


18 F. S. Mozer and F. B. Hagedorn, Phys. Rev. 105, 1270 
(1957); and C. P. Browne, Phys. Rev. 108, 1007 (1957). 

PD. M. Van Patter and W. Whaling, Revs. Modern Phys. 26, 
402 (1954). 
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TABLE III. Excited states of Ne* (energies in Mev). 





Ne®(d,p)Ne®8 
Level (present work ) Previous work*> 
1 1.018+0.007 0.98+0.08* 
2 1.703+0.007 1.75+0.12* 
3 1.826+0.008 1.80% 
4 2.314+0.008 
5 2.520+0.008 
6 3.218+0.008 (3.0) 
7 3.433+0.008 
8 3.836+0.010 
9 3.988+0.008 
10 4.270+0.015 
11 4.431+0.012 
12 4.748+0.012 
13 4.867+0.015 
14 4.995+0.015 
15 5.036+0.015 
16 5.186+0.015 
17 5.226+0.015 


* A. Zucker and W. W. Watson, see reference 2. 
» R. Middleton and C. T. Tai, see reference 3. 


In Table I the Q value results are given, together with 
values obtained in previous experiments with solid 
targets, for both reactions. The agreements are well 
within the quoted errors. 

Tables II and III list in their second columns the 
results obtained for the energies of the excited states of 
Ne” and Ne*. The Ne”! list is expected to be complete 
up to the highest excitation energy reached, apart from 
any closely spaced doublets; in the Ne® case it is 
possible that weakly excited levels above an excitation 
energy of about 4 Mev may have been missed. Table II 
also shows, for comparison, recent results from the 
F(He*,p) Ne”! reaction and previous accurate measure- 
ments. Table III includes all previously known data 
for Ne. 

The simultaneous observation, during the course of 
these experiments, of inelastically scattered deuterons 
leaving Ne” and Ne” in their second excited states has 
allowed estimates of the excitation energies of these 
states. The values obtained are 4.250+0.008 Mev for 
Ne” and 3.356+0.008 Mev for Ne”. The result for Ne” 
is in good agreement with the value 4.248+0.006 Mev 
obtained by Buechner and Sperduto,” and this gives 
added confidence in the reliability of the new result for 
the second excited state of Ne”. 


IV. DISCUSSION 


It is of some interest to compare the level schemes of 
Ne* and Ne® with those of other nuclei in the same mass 
region and to consider whether they can be accounted 
for in terms of Nilsson’s model for odd-mass deformed 
nuclei.'° Considerable success has already been achieved 
in the description according to this model of a number of 
nuclei in the range A= 19 to 31, the case of Myg®> and 





7 W. W. Buechner and A. Sperduto,, Phys. Rev. 106, 1008 
(1957). ‘ 
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Al*® being especially notable.’ The rotational bands are 
determined by the orbits available for the last odd 
particle, which for the two mass-25 nuclei is the 
thirteenth (a neutron in Mg** and a proton in Al**), In 
this case, members of four rotational bands have been 
identified, a ground-state band with K=5/2*, two with 
K=1/2*, and one with K=1/2-. Now in Ne* also, the 
last odd particle is the thirteenth, a neutron, although 
there are two fewer protons in the core. It would there- 
fore be an interesting test of the model to see whether 
the same band structure as in the case of Mg*> and Al’ 
could be demonstrated in Ne*. The correspondence 
would not necessarily be so close as that between the 
two mass-25 nuclei because, first, a slight difference in 
the distortion parameter 8 would result in a difference 
in the excitation energies at which the bases of the 
various bands appear (the position of the K= 1/27 band 
is particularly sensitive to 8). Secondly, a difference in 
the moments of inertia or in the interaction parameters 
would affect to some extent the level spacings within 
each band. 

In order to make a conclusive analysis of Ne* in this 
way, it would be necessary to know the spins and 
parities of a number of the levels, as well as their 
energies. At present, we have such data only for the 
ground state (5/2+ or 3/2*) and first excited state 
(1/2+), derived from the stripping curves obtained by 
Burrows et al.4 However, a plausible comparison can be 
made, and it turns out that reasonable values are 
obtained for the various parameters (4, a, and B in 
reference 21) describing the bands if one assumes a 
K =5/2* band formed by levels 0, 3, and 9; a K=1/2+ 
band comprising levels 1, 2, 6, and 12; and a second 
K=1/2+ band for the levels 4, 5, 7, and 8. This inter- 
pretation is illustrated in Fig. 3, where the values of the 
parameters A(=h*/2/), a, and B appropriate to three 
assumed bands in Ne* are shown at the top left. On the 
right-hand side of the diagram, the analysis of the Al* 
levels, according to Litherland et al.,”! is given, together 
with the values for the same collective-model param- 
eters. In order to emphasize the similarity between the 
two level schemes, the apparent bands in Ne* have been 
displaced vertically until their respective lowest states 
are at the same excitation energy as the bases of the 
corresponding Al®* bands, and the spacings in each band 
have then been multiplied by the factors shown. All the 
levels of Ne® up to 4-Mev excitation are accounted for 
in this way. If this interpretation is correct, it implies 
that the K=1/2- band must come in at a somewhat 
higher excitation energy in Ne* than in the mass-25 
case. This analysis must be regarded as largely specula- 
tive at present. It is hoped to put it on a firmer basis as 
a result of experiments now in hand to determine further 
properties of the Ne* levels, both from their modes of 
decay and from the stripping patterns. 


21 A, E. Litherland, H. McManus, E. B. Paul, D. A. Bromley, 
and H. E. Gove, Can. J. Phys. 36, 378 (1958). 
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I'tc. 3. An analysis of the levels of Ne* in terms of the collective model and their comparison with the levels 
of Al. Three bands in Ne* are suggested: a ground-state K = § (levels marked by broken lines), and two K =} 
bands (levels marked by dotted and full lines, respectively). The appropriate values of the collective model 
parameters are given at the top of the diagram. The displacement and normalization of the Ne® bands to effect 


a comparison with Al* are explained in the text. 


In the case of Ne*', the odd particle is the eleventh, 
and, according to the collective model, an interesting 
comparison is that with Na”, for which an interpreta- 
tion in terms of three interacting rotational bands with 
K=3/2, 5/2, and 1/2 has been suggested.” In the newly 
determined level scheme for Ne”, there are sufficient 
states up to an excitation energy of 4 or 5 Mev to make 
a correspondence with the Na” levels seem feasible. The 
‘ground states have the same spins (3/2+) and the same 
large quadrupole moments.” The stripping curves of 
Burrows et al.‘ for the Ne*(d,p)Ne*! reaction suggest 
that the first excited state of Ne! may have spin 5/2*, 
as in Na’, and that one of the pair of levels near 2.8 
Mev (unresolved in their experiment) has spin 1/2°*. 
This is, more likely, the third excited state at 2.800 Mev, 
since it was much more strongly excited than the upper 
level in our experiments, and it could thus correspond 
with the third excited state of Na®*. An analysis similar 
to that made by Paul and Montague” for Na*, using 


® G. Rakavy, Nuclear Phys. 4, 375 (1957); and E. B. Paul and 
J. H. Montague, Nuclear Phys. 8, 61 (1958). 

%G. M. Grosof, P. Buck, W. Lichten, and I. I. Rabi, Phys. Rev. 
Letters 1, 214 (1958). 


the same rotational model parameters and fitting the 
K=1/2 band to the level at 2.80 Mev, produces a 
scheme for the first seven states of Ne®! which, although 
quantitatively incorrect, shows the same degree of 
correspondence as in the Na” case. 

The above considerations thus suggest that the 
collective model may well be applicable to Ne®! and Ne* 
and that further data on the level properties would be 
highly desirable. 
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A method is presented for determining the A° spin, using only angular momentum conservation and 
the rules of quantum mechanics. The method is based on a proof that, in the reaction +p — A+A°, 
the K,° decay intensity associated with a given direction of the A spin cannot be isotropic at any production 


angle, if the K® spin is equal to or greater than two. 


Account is taken of the particle-mixture aspect of the K,° and of possible magnetic moment precession. 


I. INTRODUCTION 


HIS paper presents a method for determining 

the spin of the K® meson. While it is commonly 

accepted that the K® spin is zero, the most compelling 
argument for spin zero is that of simplicity. 

The observed decay into two 7’s rules out odd spin 
Even values of the spin other than zero makes difficulty 
with the observed K® decay rate, but this inevitably 
brings in questionable dynamical assumptions. The 
situation with respect to the K+ is not much different. 
Odd spin values are unlikely on the basis of the r+ 
decay spectrum! (dynamical assumptions again are 
involved) but the 7 spectrum provides no evidence 
against even, nonzero, spin. There is an argument 
against spin 2 due to Dalitz? (i.e., that K*— a++y¥ 
could occur for spin 2) which, of course, is of a dy- 
namical nature. Finally, the polarization of the u* from 
K* decay’ is consistent with spin zero, but does not 
rule out higher spin, since very little is known about 
the possible polarization of the K+ mesons, and the 
measurements were made at one angle. 

All this is to be contrasted with the situation for the 
A hyperon, where the beautiful method of Lee and 
Yang‘ has made possible an unambiguous spin determi- 
nation® using only angular momentum conservation 
and the rules of quantum mechanics. 

We therefore seek here a method of “legal proof’’ of 
spin zero for the K° in order that the answer to such an 
important question have a foundation which is as firm 
as possible. 

The method of Adair® is applicable to the A°, but so 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t Much of this work was performed while the authors were at 
the Lawrence Radiation Laboratory, Berkeley, California. 

1M. Gell-Mann and A. Rosenfeld, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Palo Alto, California, 1957), 
Vol. 7, p. 407. 

2R. H. Dalitz, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Nuclear Physics (Interscience Pub- 
lishers, New York, 1956), p. VIII 22. 

3C. A. Coombes et al., Phys. Rev. 108, 1348 (1957). 

4T. D. Lee and C. N. Yang, Phys. Rev. 109, 1755 (1958). 

5 F. S. Crawford et al., Phys. Rev. Letters 2, 114 (1959). 

®R. K. Adair, Phys. Rev. 100, 1540 (1955). 


far has not yielded conclusive results, because of 
uncertainties in the number of partial waves present 
in the production process.’ 

We examine the reaction 


+p A+K°. (1) 


The A spin is now known to be 3.° Thus all spins 
in reaction (1) are known, except for the K°. Further, 
the A is known® to have a large asymmetry parameter 
(a). This means that it is possible, on a statistical basis, 
to distinguish between A spin up and A spin down, 
relative to some preferred axis. The way we utilize this 
is the following: 

In reaction (1), at any given production angle, the 
quantum-mechanical state of an observed K® is a 
statistical mixture of four components, corresponding 
to spin up or spin down for the struck proton, and, for 
each of these, to spin up or spin down for the associated 
A. By using the decay asymmetry of the A, one can 
project out the K° intensity associated with A spin up. 
This is then only a two-component mixture (corre- 
sponding to the two possible spin orientations of the 
struck proton). 

We then prove that for a K® spin state which is a 
statistical mixture of Q pure states, isotropy cannot be 
achieved in the K,° decay for Ko spin J such that J2(., 
Thus for the two component mixture, J/22 can be 
ruled out. Even without observing the A, we have 
Q=4 and so J 24 can be ruled out. 

The proof is in the form of an inequality which can 
be applied to the data; that is to say, we give an 
inequality, based on the above proof, for each even, 
nonzero spin J. The inequality must be satisfied if the 
spin has the assumed value J, and will be violated if the 
spin is zero. 

II. FORMULATION OF THE PROBLEM 

Let us choose #=pinX pa/|PinXpa| as the axis of 
quantization (Fig. 1). (This choice is for definiteness 

7F.S. Crawford (private communication). 

8 F. S. Crawford et al., 1958 Annual International Conference 
on High-Energy Physics at CERN, edited by B. Ferretti (CERN 
Scientific Information Service, Geneva, 1958), p. 323. 
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Fic. 1. Schematic diagram of #~+p—-A+K®, A— p+7, 
K° + x*++7-, as seen in the center-of-mass system of the pro- 
duction process. The decay angles 0, ¢, cos'é, are measured in 
the particle’s rest frame. 


only; our results are independent of the axis of quanti- 
zation.) 

The most; general wave function for the products of 
reaction (1) is 


1 0 
sail (.}e. Annan ( Em An™ x5", 


1 0 
¥.= ()= Anmxmt( JE Aw®x 5", 


where ¥, is for struck proton spin up, y— for down. 
The A,” are functions of the production angle 0; 


(;): (,) 


are A spin eigenfunctions; and the x,” are K° spin 
eigenfunctions, for spin J, and spin projection m in the 
direction #. For an unpolarized target, the intensity is: 


vel? [vl 


Upon A,° decay, angular momentum conservation 


(2) 


coupled with zero spin of the pions requires 


“zs = Y ;"(8,9), 
where 


Yy si (6,¢) 


are the spherical harmonics. 
Upon A decay, 


1 1+aé, 0 1—aét, 
(CS O-Ee 
0 2 1 2 


where a is the A decay asymmetry parameter. 
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The intensity of the decay products is then 


I (E,0,0, 0) 


1+aé, ; 
= (= )Ud anor 1E A007 14 


1—aé, 
+(—=)ud normed Aor, @ 


which may be written 


1+aé, 1—aé, 
1=( )i+( i. (5) 
2 2 


We now want to project out the A-spin up and A-spin 
down intensities J; and J_. By examining (5) it is 
readily seen that the functions 


fr=4(1438,/a), f-=3(1-38,/a), 6) 


have the desired property, namely : 








J T(&20,6,0) fa (&2)dt.=14(0,0,0). (7) 


The two-component mixtures J,, J. may thus be 
directly obtained from the data. 

We are therefore concerned with the properties of 
functions of the general form 


T=D|E AnVy™|? 
q m 


=P Dd AnAgO*V "Vy", (8) 


g m,m’ 


First we note that YyYy™*= (—1)™*™ Yj -™’ Y,-™ 
(i.e., that some of our functions are essentially identical 
because of a symmetry). 

We therefore write 


T=3 UD (Am Am * 
q m,m’ 
“bh (-— 1)™* ™ A_ mt VA__\*) VY "VY ,”'*, 
We define a coefficient Brym’: 
Binm’?= Dig AmA mO*® 4 (—1)™™A_ yt OA_g(O*, 
in terms of which the intensity is then quite simply 


I=} Zz Baw ¥ s*Y¥ z”*. (9a) 


We can get rid of the complex conjugation symbol, since 


Yy"*= (-— “Fs. 
and 


D> Baw Ys*Vs"*= > Baw (—1)" Vs*¥s-”. 


Thus, if we define Bam’ = (—1)-”"’ Bn,—m’, the intensity 
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becomes R 
[=} x Binm’ VY ,™} Ps. (9b) 


mm’ 


The Brym are (except for m’=m), the coefficients of 
typical interference terms in the K,° decay angle 
distribution. It is these interference terms which cause 
the anisotropy. 

The B,.m: are now all observable, provided the 
Vy"Y,” are all linearly independent, except for the 
above-noted symmetry. (They are linearly independent. 
as we show in Appendix I, by demonstrating functions 
which project them out.) The symmetry insures that 


Banm’ = Braim= (—1)"*"B_n—m’* 


is (—1)**~’B_,, _..*. (10) 


The real part of Bm: shows up as the coefficient of 
Py"Py™ cos((m+m’)¢) (where the P;” are the associ- 
ated Legendre functions). The imaginary part is the 
coefficient of Py"P,™ sin((m+m’)¢), so both are 
observable. 


III. PROOF OF THE INEQUALITY 


Since we suspect not all the interference terms can 
vanish, we might form the sum of the squares of the 
Bim: for m#m’. To increase the symmetry, we include 
the diagonal terms as well, and form 


F;=> | Bram: \?= X | Bam |* (11) 
m, m’ 
where the sum extends from m=—J to m=+/, and 
the same for m’, 
We now show that this function cannot be so smal! 


as to correspond to isotropic AK," decay. 
out Eq. (11), we have 


Multiplying 


F;= } > A mA mO*¥+ (—1)™™'A mVA mio* 
mm’ @ 
= LD [Am A OFA OA gy (0 
m,m’,q,q' 
+A_mMA__(O*A4_,(0*4 (q 
+(—1) pide ( Am (A mr . *A mit *A m- 
$A, *4 (QA DA on (a)*) ] 
We may interchange the order of summation and 


rearrange as follows: 
F,= Zz C|\> Am A 
qq’ m 


+)¥(—1)"A nA |? 


mer *|2 2+ | 2. { (4 ,(q’)*|2 
m’ m 


+) (1) Am Am |? ], (12) 
Po=22 UL A. sed ty 
q.@’ 
+{/>°(-1 4_ 62) |2] 


A 





ae Res sh GOOD 


The terms on the right are all positive; the terms in 
the first squared — for sind only, give 


|e m| Am |?|2=w?(Q), 


where w(q) is the statistical vain of the gth component 


in the mixture. Thus 

Fy222, w*(q). (13) 
This has a minimun, since 

.w(g)=W, 
where |W is the total weight of the mixture. The 
minimum is at 

w(1)=w(2)=---=w(Q)=W/0. 

(Q=number of components in mixture) and the value 


of the function at the minimum is 
20(W/Q)?=2W?/Q. 
We have then, finally, the basic inequality : 
F,;2>2W?/Q if the K® spin is J. (14) 

[For a wave function normalized to unity (IV =1) and 
a two-component mixture (Q=2), (14) gives Fy21.] 
[We have tried to strengthen the inequality (14) by 
invoking the other terms on the right side of Eq. (12), 
with no appreciable success. ] 

If, on the other hand, the spin is zero, then the decay 





distribution is isotropic. For isotropy, the measured 

B mm’ Will be zero for m# m’ ; for m=m’, i.e., the diagonal 

terms, the By», will be weighted equally. Thus, in this 
case Buam=2W/(2J+1), so that 
(F's) isotropic = zx | Bam |" |  asivenio 

mm’ 
2w \? 4W 
( +0)(— -) = —, 
2I+1 (2J +1) 


A contradiction is thus encountered if the spin is zero 
and the trial spin J is such that 2W?/O02>4W?/(2J+1), 
which amounts to 

20. (15) 

The result is intuitively plausible: one way to fake 
isotropy, with spin J, is to have a “thermal mixture,” 
i.e., each of the 2/+1 substates present, all weighted 
equally, and all incoherent. This in turn is indistin- 
guishable from a mixture containing m=0 and each 
value of |m|, the m=0 component being given half 
the weight of each of the others. Such a mixture has 
J+1 components. Equation (14) says that nothing 
less than this will do; if Q<J+1, or in other words 
J>Q(Q, then isotropy is not possible. 


IV. METHOD OF APPLYING THE INEQUALITY 
TO THE DATA 


In Appendix I we show that the functions 


C sa (L M ,mm’)[42(2L+1) 


F ymm’ ) 'y M* 


Cy(L0,00)( (2J-+1) 
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project out the Brym’: i.e., 
f 1(0,6,0)Fs™™'d2s,4=Bmm(®); 


where the C’s are Clebsch-Gordan coefficients, and / 
denotes a statistical mixture, such as the spin-up 
intensity J, (0,.6,0). The integration is over 6, ¢, at 
fixed ©. In the future we denote such an integration 
by { )av. If necessary, the ( )ay will also include an 
average over the A decay coordinate, £,. 

The inequality (14) then can be put in a form 
whereby it can be compared with the data. If we 
project out the A spin up (down) intensity, we have 


mm’ 


Fy= DO | (fa (&2)Fs™™ (0,6)) av |? > | (fa (Ex))avl?, (15a) 





} Cyy(LM,mm')[4e(2L-+1) } 
sx fra ( = = 
mm’ Cs 1(L0,00) (27+1) 


— 
L even,M 


fra z., 


which by the orthogonality of the C’s is 


4r(2L+1) 
me a7 M(1)V 1 ain FE 


+z ——— | 
L even [Cyy(L0,00) P(2J+1)? ™ 





By the addition theorem of spherical harmonics, this is 
4(2L+1)? 


> a —enseretintnlenepieimenias (P71 (At) av, 
L even [Cyss(L0,00) P(27+1)? 


(18) 


where Aj» is the spatial angle between the decay a* of 
the events 1 and 2. The P(A) are normalized so that 


+1 ) 
f (Pr (x))*dx = y 
= 2L+1 
Equation (18) is obviously independent of the choice of 


coordinate axes. For J=2, and projecting out the A 
spin up (down), we have from (7), (15a), and (18); 


2 3&2 (i 3&7 
2 (1) at) 


X[—1+70P2(4;;) +126P4(d;;) 20, 





(19) 


where V,=number of pairs=N(V—1). Finally, by 
adding the (+) and (—) inequalities and writing the 
same thing for y and z, we have, for J/=2: 


2 3 
my [re ‘| 


X[—1+70P2(4;;)+126P4(i;) ]20. (20a) 
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where we have taken W4=(f4)ay and Q= 2, correspond- 
ing to the two orientations of struck proton spin. If we 
do not project out the A spin, we have Q=4, W=1, and 


Fy= XL |(Fs™" (6,6))av|?2 3. (15b) 


In the form (15a or b) the inequality could be 
applied to the data; however, the expressions (15a or b) 
may be simplified greatly, by noting that 


I fael?= f v* (1) (DY (A)dry f V* (2) f(2)¥(2)drs, 


(16) 


where 1, 2 refer to the coordinates of two different 
events, and f is any function. Thus (15b) becomes 


TM a) witdr 


Cys(L'M’',mm’)[ 4 (2L'+1) }} 





——=¥ y¥"*(2) (2dr (17) 
Cy3(L’0,00) (2 +1) 


This last form is advantageous as it turns out to have 
a smaller statistical error. 
For J=4, (7), (15a), and (18) give 


2 3 
Ee [+c |(- 1+15.4P, 


Nj ‘>i a 


+44.2P,+75P.+67Ps)>0. (20b) 


(We do not give the form for J/=4, A spin not projected 
out, as its statistical error is rather large.) 

This (20a and b) is the final form of the inequality. 
The inequality is to be applied to V events in a “‘nar- 
row” histogram interval in ©. The question of how 
narrow the interval must be depends on the number of 
partial waves present in the production reaction (1). 
This in turn affects the statistical error. This point is 
discussed in Sec. VI. In a similar way, the beam mo- 
mentum must be sufficiently well defined that the Bym’ 
do not change very much over the width of the beam 
momentum interval. This point is best investigated 
experimentally, but should cause no trouble. 


V. STATISTICAL ERROR 


Whether any of this is useful or not depends on the 
statistical error associated with the inequalities. 

In this section we must distinguish between two 
kinds of averages: one, an average over the data, 
including a finite number of events and an attendant 
statistical error. Two, an average over many experi- 
ments. This becomes the quantum mechanical expecta- 
tion value in the limit of a large number of experiments. 
Therefore, this average we denote by ( ). 
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Fic. 2. The function p(P,a). 


In the limit of large numbers, both averages are the 
same. We distinguish between them here, because of 
statistical error. 

We have here to deal with functions F which are 
averaged over the coordinates of pairs of particles, 
i.e., Suppose we have: 


F=(2/N,) > fis=(1/Np) > fii fis=f(xi,x,), (21) 
>] ‘~) 
then 
Po=(fin=V 
and 


6F=F—(F)=(1/Ny) X fu—(/). 


ix) 


The mean-squared fluctuation is 


@PF)=(1/N2) YS CK fifey)—U). (22) 


ix~j,i' Aj’ 
The terms in i’=i, j’= 7 (and vice versa) give 
ae eT ae m= 
PF)= (2/.N_) ((f*)—-UT/). (23 


There is also a contribution from i’=i, j’# 7; we have 
evaluated this, and find it (for our case) very small 
compared to (23). 

(23) shows a very curious dependence on the number 
of events, i.e., the rms fluctuation goes as 1/N instead 
of the usual 1/\/.V. This is because we are dealing with 
pairs of particles, and the number of pairs goes like V°. 
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With F given by (20a), we evaluate (23) for a 

distribution which is actually flat in 0, ¢, and obtain 

(@F)/(FY (s2) = (2/N p)2740p(P,a), (24a) 
where p(P,a) is plotted in Fig. 2; P is the A polarization, 
and a the A decay asymmetry parameter. [p(P,a)~8 
for 1.12 Bev/c +p — A+K°, and for a=0.8. ] 

The statistical error given by (24a) is enormous for 
small V; this is because we are looking for a large 
number of different possible deviations from isotropy, 
The statistical error drops rapidly with increasing N, 
however. This results in the situation that our method 
is useless ‘with the present world supply of A+K® 
events, but becomes very good very rapidly with an 
increased supply of events. 

Similarly, for J/=4 


(@F)/(F)= (2/N ,)960p(P,a), (24b) 


which is slightly more favorable. 


VI. DISCUSSION 


We must remember that the K,° is a particle mixture, 
and see if this in any way affects the results. Also, the 
experiments are done in bubble chambers with magnetic 
field, and we must deal with the complication that a K° 


which (it would seem) would precess in the field and 
thus wash out the anisotropies we are looking for. 

These questions are examined in Appendix IT, where 
it is proved that they in fact cause no difficulty. The 
essential feature is that a K,° with nonzero spin and 
magnetic moment does not precess “‘as a whole” in a 
magnetic field, but rather its K° and K° components 
precess oppositely, the net result being a small compo- 
nent of K,° decays in the long-lived K,° group. 

By looking for this effect, and (presumably!) not 
seeing it, one sets a limit, that the fraction of Ki 
decays in the K,° group is less than some number «. 
We then show that our inequalities are still good, to 
order ¢, so that their usefulness is unimpaired. The 
proof is quite general, being based only on CPT 
invariance. 

In conclusion we have compared this method to the 
Adair method.® We find that the statistical uncertainty 
is smaller in the Adair method for small numbers of 
events, and smaller in our method for large numbers of 
events. The other point of interest is the sensitivity of 
the method used to the number of orbital angular 
momentum states participating in the reaction. In this 
respect we find our method superior; if we define Lmax 
to be that orbital angular momentum against which 


the method is “‘safe,” we find Lmax~N’, so that as a 
practical matter, uncertainty about what angular 
momentum states are involved soon vanishes. We 
estimate, that for 3 standard deviations, and _ safe 
against S, P, D, and F waves in the production process, 
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METHOD FOR 
of the order of 5000 events are needed, all at one energy 
(5000 seen A’s). 

In deriving our inequality we have used only angular 
momentum conservation, CPT invariance, and the 
rules of quantum mechanics. 

It would seem that we might do better statistically, 
by invoking parity conservation in the production 
process. We have investigated this, and find that to 
utilize the restriction of parity conservation to its fullest 
leads to cumbersome results, without greatly improving 
the statistics. We do not give the results here. 


APPENDIX I 


We now show that Bram’ (and hence Bmm:) are 
observable, by demonstrating functions Fy™”’ with the 
property that 


Jf 160)F96 004 4= Baw (25) 
The requirement that (25) be satisfied is just that 


[reve Yy™''dQs 4 


m m’ m m’ 
=3( Jaf )+3( )s( ) (26) 
m”’ mi!" m’” m”’ 


First we expand Yy"Y,™ in terms of the V,™: 


Yj "VY "= Cyx(LM,mm'’) 
LL.M 
2J+1 
X Cz, (L0,00)———_——__Y Mw. 6(24) 
[40 (2L-+1)}! 


now 
Cya(LM mm’) = (—1)"Cy3(LM,m'm). (28) 


Since the left side of (27) is unchanged upon m =m’, 
the right side must be also, and so the coefficients of 
the VY,“ must vanish for odd L. This is indeed so, 
since (28) implies that 

Cys(L0,00) = (—1)*Cs7(L0,00), (29) 
or 

C,,(L0,00)=0 for odd L. (30) 
Therefore 
yyy ,™’ 
Cys(LM,mm’')C ss (L0,00) (2J+1) 


a. — ——Y.™, (31) 
L even,M [4r(2L-4-1) }! 





We try 





‘ Cys(LM,mm’)[49(2L+1) }! 
Fy mm’ —2 ; om pie oe al 6 ie -V,™*, 
L even,M Css(L0,00) (27 +1) 
(32) 
so that 
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f dene sm ) Fit Bi al 
Cys (LM ,mm’) (—— ) 
=2 thatched 
L even,M Cz7(L0,00) L’ even,M’ 2L’+1 


XCrzs (L'M’ mm" )C rz (L’0,00) 
x frre adn, 


=2 i Cry (LM ,mm')C yy (LM ,m''m'"’) 


L even,M 
= ¥ Cy)(LM,mm')Cy3(LM mm") 
L,M 


+Cryy (LM ,m'm)C 33 (LM ,m''m'"’) 


m m’ m m’ 
CCIM) os 
m”’ m'” a" m” 


which is the required property, and shows that (32) is 
the desired projection operator. We are now able to 
project out any of the characteristic interference terms 
in the total intensity or the A-spin-up (down) intensity. 


APPENDIX II. “PARTICLE MIXTURE” PROBLEM 


This note deals with the particle mixture aspect of 
the K® spin determination problem. 
It is necessary to look into this because: 


(1) The K° is in a magnetic field; if it has a large 
magnetic moment, this might precess and ‘“‘wash out” 
the interference terms in cos2¢, cos4@ on which the 
inequality is based. 

(2) The K° is in hydrogen rather than in vacuum, 
so this might have some effect on its spin states. 

(With respect to item (1) it is no more difficult to 
do the most general case than to do any, so we do not 
assume CP invariance, and allow an arbitrary magnetic 
moment and spin.) The results are then based on: 


(i) CPT invariance. 

(ii) Strangeness of +1 for the K°. (Since from these 
assumptions alone, the Lee-Yang-Oehme’® treatment of 
the particle-mixture scheme follows.) If, for the time 
being, we neglect nuclear spin-flip processes, then the 
basic equations of motion are given by Good.” We 
need modify them only to this extent; the strong- 
interaction term in (n, n’=complex index of refraction 
for K®, K°) should have added to it the magnetic energy 
of the K°, (K°) magnetic moment. Thus, for a given 
spin substate m (taken along the magnetic field), 





2rN muH 

Nm = 1+——A (0)— . (1) 
k? hBck 
2xN mu 

Nm’ =1+——A’(0)+——, (1’) 
k? ABck 


op, D. Lee, C. N. Yang, and R. Oehme, Phys. Rev. 106, 340 
(1957). 
10M. L. Good, Phys. Rev. 106, 591 (1957). 
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where c= velocity of particle, 4= magnetic moment of 
K°®, H=magnetic field strength, m=0, +1, +2--- 
=component of K° spin along magnetic field, k= wave 
number of K®, and N=number of atoms per cm*. The 
reversal of sign between (1), (1’) is because, for the 
same value of m, the K®, K° will have opposite signs 
for w-H; i.e., the K® magnetic moment is the negative 
of that of the A°. (This follows from CPT invariance.) 

(1,1’) is correct for a particle moving exactly perpen- 
dicular to the magnetic field, since for these the field 
in the particle’s rest frame is H..m.=yH ap; in the rest 
frame the Larmor frequency is 

@L,e.m.= MBH o/h, 
and in the lab system it is 
WL lab =OL,¢.m./¥ = MBH an/h, 
which is what appears in (1,1’). 

For particles with a velocity component along the 
magnetic field, the effect is somewhat reduced, since 
only the part of H perpendicular to the path gets 
multiplied by y, in transforming to the c.m. system. 
We can think of this effect as reducing the effective 
value of H for these particles, and consider it no 
further. 

We neglect spin-flip processes in the hydrogen, for 
the time being. [This is why there is no subscript m 
on A (0) in (1,1’).] 

The general solution is (we temporarily suppress 
the index m) 


at; (t) 1—iR ( oe 
eM eer a) 


i(1+iR) /R 
pOHB (Pen, oy 
24(1—R?) \4 


A,:=0+A; 

w=$[i(witwe)+ (1/2y) (1/71 +1/72) —iBck(n+n’) |, 

A=}{[i(wr9—w2") y+ (1/27) (1/71— 1/72) 
+[iBck(n—n’) }*}3, 


A2=w—A, 


where a, a2 are the amplitudes for Ay, Ke if CP is 
conserved; and are the amplitudes for the (in vacuo) 
short-lived and long-lived particles, if CP is not 
conserved."® 

Without invoking CP, we now appeal to experiment : 
in vacuo, the long-lived particle does not decay into 
nt+a- [rate < (10-°X 71/7210? XK 2K 10-*2X 10-°) 
of K,° rate]. So what we are interested in is the 


".M. Lederman, 1958 Annual International Conference on 
High-Energy Physics at CERN, edited by B. Ferretti (CERN 
Scientific Information Service, Geneva, 1958), p. 275. 


AND M L 





GOOD 


short-lived particle amplitude, a;. (We can refer to it 
as the K, amplitude henceforth.) We note first that for 
small R, there is a long-lived K, component, of intensity 

R\* compared to the short K, component. [See Eq, 
(2). ] 

Let us assume that this is looked for and not seen, 
This sets a limit, |R|?<¢, «1. We can then expand 
(2) for small R, and believe the result. 

Small R corresponds to 


- 


Bck(n—n')<“K (1/¥)[i (wo —wy®) +1/ (271) J; 
in this limit: 

Byck(n—n’) 
2 — i (co. —wy) +1/(271)] 


R~ 





A™~3{ —i(w2"—w)")/y+1/(2y71)}, (3) 
Ai 2™tw1 +1, (2y71.2)—iBck(n-+-n’) 2 


We have the key result that the eigenvalues (Aj,A2) do 

not depend on the magnetic field. This is because in 

n+n’, the magnetic term just cancels. There will 

therefore be no precession of the spin at the Larmor 

frequency. Rather, to order R, initial K,° turns into 

K~° and vice versa. 

Expanding the solution to first order in R gives 
ayo~2 11 —iR)e~™'+iRe wat) 

2-8 i R (e*— 4) J. (4 

We are now ready to see what effect the magnetic 
field has on the inequality proved in the text. 

Let us take first those events in which the plane of 
production is flat in the chamber, and choose the 
direction of quantization along the magnetic field. For 
these, quantities like (A,,*Am’) appearing in the text 
[Eq. (8), say ] are to be replaced by 


‘ dl 
f Am*(t) Am (t)— >. 
(yT1) 


which in turn is 


2A n*(O)A w/(0) f cin arm (Od/ (47), 


where @im, @im’ are the K,° amplitude, as a function 
of time, in the two magnetic substates corresponding 
to m, m’. So what we need is 


J erntaimd ‘(y71); 
from (4) this is 


flertiRg(—eny 
[e+ ER (ee) Jt/ (v7); 
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which may be integrated readily for R<1: 


1 
>| 1-iRso( -1) 
y7i(Ai+A2*) 


1 
+i Rw (—— - -1)] 
y7i(Ai* +22) 


1 — 2iry(w2°—w,") 


~[1 —_ Rn*nt+ikwn |, 
where 


= . 
1 +-2ir, (w2°—w)") 





(n is 1 if the mass difference we°—w,° is zero, and —1 
if it is infinite. So n is of order 1.) Also 


4) 


i Am*Amdlt/yri 
0 


~A m* (0) A m (0) (1 +inRm)* (1 +inRm’). 
Now this is just what we would have had for 
SAm*®(QAm(t)dt/y7r1 had the magnetic fieid been 
turned off and had 4,,(0), 4 m:(O) been replaced by 


A a =A m(O)(1+inR»), 
Aw" (0) =A m(0)(1+inR»’), 


and so on. But, since the inequality was proved for 
arbitrary A», Am’, ++ -it is still true to order R. ' 

Any corrections to a given B,,» are of order R’, i.e., 
of the order of the intensity of the long-lived tail of 

‘1° decays. The fractional correction to }>mm’:| Bmm’ |? 
is therefore of this same order, i.e., completely negligible. 

All the above argument applied to the quantization 
direction chosen along the magnetic field. 

This restriction can now be lifted. Suppose the 
quantization axis makes an angle ® to the field. Call 
the amplitudes of the various substates quantized 
along this axis a;, and call the amplitudes obtained by 
quantizing instead along the field, &;. Then 


ai= D5 Cii(P)E;, 
where the C;; are the spin transformation matrix, and 
do not depend on the time. Now form 


fectadt= pk Cin Cine f Ent Endl 


m,m’ 
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The integrals on the right are the ones we have studied. 
They are the same as if the field were turned off and 
the &,, replaced by 


Em’ = Em(O)(1+iRmn), 


cl., 


fotaa— be oR, a Sd 


mm’ 


But, this is just what we would have had for 
J a;*a;dt had the field been turned off and the original 
population of &, replaced by the &,’’. But since the 
inequality was proved for arbitrary &m, it is still true, 
to order R, and any corrections are still of the order of 
the intensity of the long-lived tail. 

We can now go back and see what inclusion of a 
spin-dependent cross section would do. Arguing by 
analogy to the case of turning K, into Ke by differential 
absorption of K°, K°, the biggest effect we can get on 
the amplitude of any one spin substate is of the order 
of the ratio of the K, decay length to the mean free 
path for the particular spin-flip process concerned [i.e., 
(m=+2) — (m=—1), say]. On the intensity, the 
effect is of this order at worst, and may be of this order 
squared. Now this order is necessarily smaller than the 
ratio of K,° decay length to total absorption length. 

This latter ratio is observed experimentally, and is 
~}X10~*. We are therefore safe in neglecting nuclear 
spin-flip processes. 

All the above arguments are good for arbitrary spin, 
so we should not have to consider the particle-mixture 
aspect any further. 
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The decay rate of bound muons from the K shell is calculated for elements up to lead. The muon is 
represented by a relativistic wave function for a point nucleus with parameters adjusted for finite-nuclear-size 
effects. The outcoming electron is represented by a Sommerfeld-Mave wave function. The decay rate is 
found to be a monotonically decreasing function of the atomic number. An estimate of the error is obtained 
by comparing with an exact calculation for the lowest electron angular state. The spectrum and angular 


distribution of the electrons are also presented. 


1. INTRODUCTION 
HE decay of negative muons in matter is com- 
plicated by the formation of » atoms. Since 
muons from, say, a 100-Mev beam descend to the 
ground state in less than 10-" sec.' almost all the decays 
are from the ground state. 

In order to calculate the decay it is essential to 
have good wave functions for the initial muon state 
and the final electron state. Since we shall be interested 
mainly in the decay in materials of intermediate atomic 
number it is clear that the Coulomb interaction 
between the electron and the nucleus will be important. 
For large nuclei the finite nuclear size will also be 
significant. 

In this calculation we shall neglect the interaction 
between the initial muon and the final electron. That 
is, we shall use wave functions which closely approxi- 
mate solutions to the Dirac equation with a Coulomb 
potential. 

The electron will be treated as a massless particle 
and the residual nucleus will be permitted to take up 
momentum but no energy. 

The main results are presented in Table I. The rate 
is shown to he a monotonically decreasing function of 
atomic number.” This is in conflict with experiments?’ 
but in agreement with results obtained by Uberall* who 
treated the problem in a different way. 


2. OUTLINE OF THE CALCULATION 
A. General Result 


In this section we shall outline the calculation of 
the spectrum and angular distribution of electrons. 


ELECTRON 


RECOIL 
NUCLEUS 






NEUTRINO 


ANTINEUTRINO Fic. 1. Bound muon decay. 


MU-ATOM 


1E. Fermi, E. Teller, and V. Weisskopf, Phys. Rev. 71, 314 
(1947); E. Fermi and E. Teller, Phys, Rev. 72, 399 (1947) 
2 These results were presented by J. Mathews at the December, 


The matrix element T for muon decay is given by 


T=2v 26 fax V.(x) yaw, (x), (x) 
X yoas(x)275(Q4— ps—k—s—t), (I) 
where the momenta are defined in Fig. 1.5 
Define M by 
T = 2V2GM 216 (Q4— pa—k—s— 2). (2) 


Then the total rate for ppouna > €e+v+? is 


d'p dk d's dt 
ae fd Sak oe | 
(27)3 (27) (27)8 (27)? 
xX } |M\|?(2r)'54(O—p—k—s—t). (3) 
electron spin 
So far we are dealing with oriented muons. If we insert 
suitable projection operators we can take traces and 
obtain a simpler expression. 
The neutrinos are unobserved so it is convenient to 
eliminate them from the calculation at this stage. The 
neutrino wave functions are 


y,(x) 


where m and 1, are the appropriate Dirac spinors. 
Therefore, using the momentum delta function we have 


exp(it-x)m, wyWe(x)=exp(—is-x)x, (4) 


M= fax We(X) yea, (x)ePt® -*(uyy,a0,). (5) 


1959, meeting of the American Physical Society at the California 
Institute of Technology. 

3D. D. Yovanovitch, Phys. Rev. 117, 1580 (1960). 

4H. Uberall, Phys. Rev. 119, 365 (1960). 

5 We use the conventions A=c=1 and x*7=x/ 
The y matrices are given by 


( 


lhe spin projection operator is a= }(1+iy;5) where ys=~yry2vs% 
The spinor wo will denote either 


\ 2 _ xe - xz. 


\ll spinors will be normalized by uy*u,y=1. We also take m,=1 
and let Z=Z,/137 where Z, is the atomic number 
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It is convenient to define another quantity NV, by 
M=N..(tiry-02,). Then 





d's d’t |?) . 
oe 464 = gam f 
— (27)8 ih idisiabi tie, 


= N,N, (1/12r) (H,H,— H*5,,), (6) 
where H=Q—p—k. We have made use of the identity 


d's @t s-at-b 
i pa ae 
(2m)3 J (Qar)® 2s2t 





1 
=——(2H-aH-b+H?%a-b). (7) 
96m 


Let us denote the available energy Q4— 
H=(W—k, —(p+k)). 

The total rate for the decay of polarized muons can 
now be written 


=f = ak dp 
(2m)3 (2n)3 
x y ot N. NyOe oil, — H? den). (8) 


spins 


ps by W. Then 


B. Simple Example 
It is instructive to carry through the calculation with 
simple wave functions to see how things go and 
especially to see which regions contribute most to the 
integral. 
The simplest wave functions we can choose are 


We(x)=e™ "uy, ¥,.(x)= (u3/m})e-*" uo, (9) 
where p= Z,/137. 











i 


\. 





ni- 








+! 


cos@ 


Fic. 2. The region of integration in k, p, cos@ space. It is bounded 
on the right by the surface kn =4(W?— p*)/(W +) cos@). 
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The result of performing the space integrals and the 
sum over spins is 


G? 2565 1 
oe hel 
~ 192m8 T 
—. ?’ k2 

xf F cox { d 

wre +)! 
X{[3W*—4kW — p?+2p(W—2k) cosé | 
+[W?—4kW — p?+2p(W+2k) cosé 

—2p* cos*@] cosa}, (10) 








where cosa= k-8, cos0=p-k, and 
W?— p? 
Rina =. (11) 
2(W+p cos6) 


The muon spin is along 2 so the second term in the 
brackets gives the angular distribution. The shape of 
the region in phase space is shown in Fig. 2. The region 
of integration depends, of course, only on the kinematics 
and will be the same for all subsequent integrations. 

The remaining integrals can be performed analytically 
to yield 


R= 











Gws ‘| r 
1927’ 3411+ 2 
+3(1—2d2+5\‘) tan(1/a)| (12) 


where \=u/W. For small u we have 





R~ (1—2y?). (13) 


These results are well known.® Notice that for small u 
the integral over p peaks sharply in the neighborhood 
of p=yu/V3. Now let us return to the radial integral 


in N,: ; 
sinpr 
te f ar r2e—Hr q 
pr 


If we put p=y/V3 we find that 0.69 of the integral 
comes from the region 1<ry<3. 





3. WAVE FUNCTIONS 
A. Muon Wave Function 


The muon is in a state of positive parity and j=}. 
The wave function can be written in the form 


y, (x) pene [a+ Sie £ uo. (14) 


Pailin and H. Primakoff, Phys. Rev. 83, 849 (1951). 
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For the case of a point nucleus we have’ and let ¥.(x)=(1/2k)(kR—V —ia-¥)¢(x). Then ¢(x) 
satisfies 
27 (k—-V)+V2—ie- (VV) 0 
g@) = (1-7) *——_—_—__ ee * )', L' TV te (VY) Joa) =0. (18) 
[I (2y+1) } (145) Phe Coulomb potential is —Z/r so we can write 


1—y\} 
f(n= (~ - ) g(r), 
I+y7 


with y= (1—y?)!. 

Even for the lightest nuclei the singularity at the 
origin is not realistic and for heavier elements the finite 
size of the nucleus becomes important. For example, at 
iron the nuclear radius is about one-half the muon 
Bohr radius so that the effect of a finite nucleus must 
be considered. 

For this calculation we chose g(r) and /(r) of the form 

2 


g(r)= leo", f(r) =Ag(r). (16 


* ae 
(1+A?)! 
We obtained numerical solutions of the Dira 
equation with the potential of a uniformly charged 
nucleus® and then adjusted u and A to best fit the exact 
solutions. It is necessary to have a relatively simple 
analytic expression for the radial wave function so 
that the integrals remain tractable. 

We can define an effective charge Z,,= 
instance at Z.= 26, Z,,= 24.2. 

One could obtain a slightly better approximate wave 
function by using a different effective charge for the 
small component since in a finite nucleus the small 
component starts off with one higher power of r than 
the large component. However, the effect of the small 
component on the rate is only about 3% at Z,=26 
so this improvement is not necessary. 


137u. For 


B. The Electron Wave Function 


The Dirac equation with a Coulomb potential 
cannot be solved in closed form for scattering states. 
Since the decay of bound muons proceeds through many 
angular momentum states, each of which is not 
especially easy to handle, it would be very 
have a fairly simple approximate solution in closed 
form. Sommerfeld and Maue have worked out very 
useful wave functions.? They are most conveniently 
arrived at in the following way: Start with the Dirac 
equation for a massless electron in the field of a central 
potential V (r) 


nice to 


(kR—V+ia-V)y.(x)=0, (17 


"A. L Akbivews and V. B. Berestetsky, Quantum Electro 
dynamics (AEC-tr-2876), p. 110. Note that Eq. (10.13) is wrong 
and there is an error in sign in all subsequent work on the Dirac 
equation in a central potential. 

§ The nuclear radius is obtained from R=RoA! with 
X10-" cm. 

* A. Sommerfeld and A. W. Maue, Ann. Physik 22, 629 (1935 
See also L. Bess, Phys. Rev. 77, 550 (1950). H. A. Bethe and 
L. C. Maximon, Phys. Rev. 93, 768 (1954). 


Ro=1.2 


Z Z Z? 
(w14212)e-—fie(eZ)+ Ie 
r r r° 


Consider the equation with the right-hand side set 
equal to zero. A solution of this truncated equation, 
with incoming scattered waves, is 


go(x)=e™-* .F\(—iZ, 1, —i(kr+k-x)). (20) 


It is now easy to show that the function 


1 
x (Xx) =e'k (14 fav ) Pu (21) 
2k 


is a solution of (19) with the neglect of the terms 


| 2° Z £771 
—eik-s + ia-o( -)+—| fav {Pu (22) 
lye | r} Pl2k 


The letter / stands for the confluent hypergeometric 
function in (20). The approximate solution to the 
Dirac equation is now 


1 
y(x)=e'* ‘(1- ia-v ) Fu 
2k 


c 4 
+e'* *——ia-YFuy,. (23) 
hk? 


The first part, aside from a normalizing factor, is the 
celebrated Sommerfeld-Maue (S-M) wave function and 
it is this wave function that we shall use in our calcula- 
tion. Correctly normalized it is 


1 
Ysm(X ear (I+iZ)e4( 1 fav ) Pus (24) 
2k 


Notice that ¥ ,/;(—i7Z, 1, —i(kr+k-x)) is O(Z/r) 
asymptotically, and O(Zk) at the origin. The terms we 
neglected in (19), ie. (22), are then O(Z?/(kr)’) 
compared with the leading term. Since, at least for 
small Z,, the spatial region of importance is in the 
neighborhood of two muon Bohr radii, O(Z?/(kr)*) is 
roughly equivalent to O(Z*/k*) for the purpose of 
bound muon decay. The smallest term we have kept in 
the differential equation is O(Z/(kr)°). 

In choosing the Sommerfeld-Maue wave function 
we have also dropped the last term in (23). Notice, 
however, that it is smaller than the second term by a 
factor Z/(2kr). The second term is O(Z/(2kr)) asymp- 
totically, and O(Z/2) at the origin. We expect, then, 
that in the calculation of the muon decay rate the 
contributions of the neglected terms, i.e., the error 
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involved in using S-M wave functions, is slightly 
larger than the square of the contribution of the second 
term in the S-M wave function. 

The normalization of the electron wave function 
depends only on the leading term because all the other 
terms vanish in the limit of large distances. 

The wave function ¥sm(x) was obtained by approxi- 
mating the Dirac equation for an electron in the field 
of a point charge but it is really a slightly better 
approximation for an electron in the field of a finite 
nucleus. Finite-size effects will be estimated later by 
expanding ¥sm(x) in angular states and comparing 
with the exact solution. 

While we have been careful to use an electron state 
with incoming scattered waves we could equally well 
have used a state with outgoing scattered waves if 
we had treated it as an initial state. This is a con- 
sequence of time reversal invariance. 


4. CALCULATIONS AND RESULTS 


To obtain the rate of decay it now remains to do the 
integrals in V,, to sum over electron spins, and to do 
the momentum integrals. The space integrals are 
performed analytically and for muons with spin along 
the z axis we are left with an expression of the form 


1 
R=- fe cosa f dk fap fa cos@ 
) 


XLR(k,p, cosd)+S(k,p. cosd) cosa]. (25) 


The three nontrivial integrations over k, p, cos@ 
were done numerically to give rates and asymmetry 
coefiicients. We dropped a number of terms and to 
make this clear let us make the following definition. 
Let 


a(x) =e%)20 (1+7Z)e‘** 
X iF (—iZ, 1, —i(kr+k-x))m,, (26) 


where the subscript G stands for Gordon who first 
used this wave function. If we also let Yo denote the 
nonrelativistic muon wave function times a suitable 
spinor #9, we can write 


¥sm=Vat Ava, 
Y= vot Ayo. 


The matrix element clearly contains four types of 
terms. We dropped the piece of the matrix element 
containing Avg and Ayo. In the square of the matrix 
element we neglected all terms which involved the 
product of two small terms. That is, we kept the 
square of the leading term and cross terms with the 
leading term. This will be discussed at the end of this 
section. 

Let Ri(k,p,cos@) and S,(k,p,cos@) refer to the leading 
terms in the rate and angular distribution, i.e., the 


(27) 
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terms arising from the product of fg and po. 
R,(k,p,cosé) = 2(A*+ B*)[3W?—4Wk—- p* 
+2(W—2k)p cos@], 

Si(k,p, cosé) =0(A?+ B*)[W?—4Wk— p* 

—2(W+2k)p cosd—2p* cos*@], (28) 
where 
A= (p?+u*)(ut+Zk)+2u(kp cos0—Zyk), 
B=—2y(Zkp cosé+yuk), 





G? 256u% = 2nZ k°p? Bed 
EE 
19207 w 1—e-** (p?-+-p*)! (q?—k?+p2)2+4y2k? 
and 
2uk 
e=tan-*( — —), gq’ = k?+ p*+ 2kp cosé. 
g?—k?+p? 


Now we give the corrections arising from the cross 
term of the leading term in the matrix element with 
the piece involving Wo and Ayg. 


AR, (k,p, cosé) 
= 20BD[3W?—4Wk— p’+2(W —2k)p cos6] 
—22A E{p cos6[3W?—4Wk— p* 
+2(W—2k)p cos@]+2(W—k)p?(1—cos*)}, (29) 
AS} (k,p,cosé) 
= 20BD[W?—4Wk— p?—2(W+2k)p cosd— 2p? cos’é ] 
—2QA E{ p cos6lW?—4Wk— p?—2(W+2k)p cosd 
— 2p cos’? ]—2p?(k+ p cos@) (1—cos)}, 
with 
D=—}Zu(pP?+u’), 
E=—32Z(p +p’). 

The following are the additional corrections to 
Ri(k,p, cos@) and S,(k,p, cos@) arising from the cross 
terms of the leading term with the term involving Ya 
and Ayo. 

AR, (k,p, cos) 
= 2AQ(A F+ BG) p[ —2W p+ (W?—4Wk—3p")cosd 
—4kp cos*@]—2AQBJk[W?—4Wk— p* 
—2p(W+2k) cosd—2p* cos*6], 
AS,(k,p, cos@) 
= 2A0(AF + BG)p cosé[3W?—4Wk— p* 
+2(W—2k)p cos ]—2AQBIk[3W?—4Wk—- p* 
+2(W—2k)p cos#}, (30) 
where 
F=¢—k’+p?—2Zyk, 
G= —2(Zkp cos6+pk), 
J=—-Z(p'+p"). 

We have neglected the small component of y, in 

the normalization. This introduces an error of less than 
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Fic. 3. The decay rate of bound muons in units of the free 
decay rate. The rates Rg and Rg» are obtained by using Ya 
and sm, respectively, for the electron wave function. 


1% at Z.=26 and about 2% at Z.=82. Recall that 
the parameters in the muon wave function are empirical 
and, for instance, A for Z.=82 is 0.15. In any case the 
error is easily corrected. 

The final results are presented in Table I and Figs. 
3-6. The rates Rg and Rsm are obtained by using Yc 
and Ws, respectively, for the electron wave function. 

Note that the difference between using Yc and psn, 
or the effect of Ava, is about 7% in the rate at Z,= 26. 
The relativistic correction Ayo to the muon wave 
produced about a 3% change in the rate at Z,=26. In 
the square of the matrix element we have only kept 
the square of the leading term and the cross terms of 
the small terms with the leading term. The small size 
of these extra pieces justifies, at least near Z.= 26, the 
neglect of squares of the small terms in the rate, and 
the neglect of the smallest term in the matrix element. 
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Fic. 4. The spectrum of decay electron from bound muons in 
iron (Z,=26). The electron is represented by an S—M wave 
function. The free muon decay spectrum is shown for comparison. 
The energy & is in units of the muon mass 
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MATHEWS 

A more serious possible source of error is our approxi- 
mate electron wave function. The next section is 
devoted to providing a reliable estimate of this error. 


5. PARTIAL RATE 


Since the Dirac equation separates in spherical 
coordinates the muon decay problem can be solved 
exactly for a given angular state of the electron. We 
can also pick out the corresponding piece of the S-M 
wave function, perform the same calculation and then 
compare the results. 


A. Expansion of ts 


Let us restrict our attention to the j=} positive 
parity state since the error will be greatest in the lowest 
angular momentum states. Any such state can be 
written in the form 


¥,*(x) 


[a(r)—b(r)a-& uo, (31) 
(4ar)? 


where the radial functions remain to be determined. 
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Fic. 5. The integrated asymmetry parameter of decay electrons 
from bound muons. The asymmetry parameter S is defined by 
R(a)=R+S cosa. For free muon decay S is —}. The subscripts 
G and SM have the same meaning as in Fig. 3. 


The expansion of Ysm is simplified by the use of the 
well-known identity proved by Gordon.” 
e*/2Z1 (1+ iZ)e™ ,F,(—iZ, 1, —1(kr+kz)) 

= (4r)§ ¥, (214-1) Lin) Vio(#), (32) 
where 
r(i+1+iZ) 


ng (2hr)"e-itr 


X Fi (1+1+iZ, 214-2, 2ikr). 


Li(r) =e" . we 
(2/+1)! 


By a straightforward calculation we can obtain the 
a(r) and b(r) of the S-M wave function. It is interesting 
to compare them with the radial functions of a plane 
wave and of the exact solution to the Dirac equation 
for the case of a point nucleus. Let us write out the 


~ WW. Gordon, Z. Physik 48, 180 (1928). See also H. A. Bethe 
and L. C. Maximon, Phys. Rev. 93, 768 (1954). 
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exact solution for a point nucleus." 
T(ytiZ) | . 
ag= (2m) te(*/2)2—___—_gil/2)(7—-) (Dy)! 
P(2y+1) 
X Dy +iZye— Fi (y+14+iZ, 27+1, 2ikr) 
+e" Fi (y+1—iZ, 2y+1, —2ikr)], (33) 
l'(y+iZ) 
————e'("/2)(—-D (2kr) 1 
r'(2y+1) 
XL (vt+iZ)e—™ Fi (y+1+iZ, 2y+1, 2ikr) 
—e'* Fi (y+1—iZ, 2y+1, —2ikr) ], 


where y= (1—Z?)}. 








be= — (2m) ie("/22 
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Fic. 6. The asymmetry parameter of decay electrons from 
bound muons in iron (Z,=26). The electron is represented by an 
S—M wave function. The free muon asymmetry parameter is 
shown for comparison. The scale is the same as in Fig. 4. 


The S-M radial wave functions for the }+ state are 
obtained by replacing y by 1 in the exact solution. In 
general, for higher angular momentum states the 
prescription for obtaining the S-M function from the 
exact function is to replace y by |x| where «x is the 
eigenvalue of the operator —y4(1+L-S). That is, we 
neglect the Z? inside the square root defining , but no- 
where else. To get the radial functions of the plane wave 
expansion we simply set Z equal to zero everywhere. 

We can obtain a state of j=4 and negative parity by 
multiplying ¥4+ by ys. This holds only for zero-mass 
particles but we have used this approximation through- 
out. The two states of opposite parity contribute 
equally to the rate. In each of these states we make an 
error of order 4Z* in the electron wave function. 
However for higher angular states the error is of order 
}Z?/k? so it drops off rapidly with increasing |x|. 

A. I. Akhiezer and V. B. Berestetsky, reference 7. 
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Taste I. Bound muon decay rate. The decay rates Rg and 
Rsm were obtained by using Yq and Wgm, respectively, for the 
electron wave function, and are given in units of the free muon 
decay rate. The total available energy W is units of the muon 
mass. Z,, and A are the empirical parameters of the muon wave 
function. 


Le W Zim A Re 





Rs 

0 1.0000 0 0 1.000 1.000 
16 0.9934 15.6 0.057 tee 0.991 
26 0.9836 24.2 0.089 0.889 0.962 
35 0.9723 30.8 0.10 0.821 0.928 
50 0.9507 39.6 0.14 0.703 0.853 
82 0.9008 51.4 0.15 0.493 0.684 








B. Rate to the }* Electron State 


Using the j=} part of the S-M wave function we 
have obtained the partial rate to that state. The rates 
Rsm (3+) for several Z, are listed in Table II along with 
rates Rp(3*) obtained when the electron is represented 
by a plane wave. In calculating these rates we have 
ignored the small component of the muon wave function. 
We are no longer dealing with oriented muons. 

The analytical expression for Rsm(}*) is 


G? 32u 2nZ 
Rs (3+) =——- -— fefarfa cosbk? p* 
192m? 1—e*2 


<[(K?+L?+M?-+N?)(3(W—k)*—@?) 








—(KM+LN)4(W—k)q], (34) 
where 
1 eZ(etb-*) 
K+iL=—— ———{[ZC+ (2+-2?)D—2 sing] 
8k*q 14-2? 
+i[—-Z°C—ZD+2Z sing }}, 
1 eZ(ath—r 
M+iN=—— ———} -|ze+e+z0F 
8k*qg 1+Z? | 
k 2 — 
+ (242 +2") sine| 
qé k k 


ee 
+ z2n+2e+2-(245) sing ? 
q 


TaBLeE II. Bound muon decay rate to the 4$* electron state. 
The small component of the muon wave function has been 
neglected here. The rates Rp and Rgm are obtained by using 
plane waves and S—M wave functions, respectively. The last 
column gives the fraction of the total number of decays which 
proceed through the $* electron state. The same fraction proceeds 
through the $ state. 


Rsu (3*) 








Z. Rp(4*) 





Rg ($*)/Rsu 
0 0 0 0 
16 0.094 0.101 0.102 
26 0.151 0.176 0.181 
35 0.179 0.223 0.240 
50 0.191 0.266 0.312 
82 0.159 0.274 0.400 














1456 V. GILINSKY 
and 
gq’? =k?+ p?+2kp cosd, 
bu 
B=tan-'— 
k—q 


1 
B=—{(k—g)*?+u? ]}, 
2k 


bu 
a=tan-'—-, 0<B<r 


k+q 
1 
A=—{ (k 24 y? |), 
oe + q)?+y" 
g=Z |n(B/A), 
C=— cos(¢+8)—— cos(y—a), 
B A 


1 1 
D=— sin(¢+ 8)+ 
B A 


sin(yg—a), 


1 1 


E=— cos(¢+8)+— cos(y—a), 
B 


1 1 
F=— sin(¢+e)—— 
B A 


sin(y—a). 


In the limit of Z — 0 we have 


G? 32y' 
Rp($+)= —- faefap fa cos6k? p* 
1927 J 


T 





<[(K2+ M2) (3(W—k)?—4") 


—KM4A(W—k)q], (35) 
where now 


2u 
(q2—k?-+p?)?+-4y2k? 
mn g+k?+p 1 (qt+k)?+u? 
M=—| — + 


- in 
kal (g?—k?+p*)?+4y7k? 4gk (q—k)*+" 


C. Error Estimate 


We need to compare these results with the rates 
obtained with exact electron wave functions. In using 
S-M wave functions we make two types of errors: we 
neglect part of the Coulomb effect and we ignore the 
finite size of the nucleus. Fortunately, these errors 
cancel to some extent, but it is still interesting to 
separate them. Ultimately we want to know how well 
the S-M wave function approximates the exact solution 
for a finite nucleus. 
| Making this comparison presents a difficulty. The 
exact solutions for a point nucleus are known analyt- 
ically but they are difficult to deal with, and the exact 
solutions for a uniformly charged finite nucleus are 
not known in closed form. However, it is easy to obtain 
exact numerical solutions for any central potential and 
| then to perform the radial integrals. Unfortunately 


AND J. 


MATHEWS 








"0 10 20 30 40 


Fic. 7. The radial function G(r)=rg(r) for a massless electron 
of energy k=0.3m, in a }4* state in the field of a nucleus of Z,=82 
The electron wave function is ¥.(x)= (4)~#[g(r)+if(r)a- Zuo. 
We show two cases: (a) a point nucleus, and (b) a uniformly 
charged finite nucleus. The corresponding radial function of a 
plane wave, i.e., rjo(kr), is shown for comparison. The distance is in 
units of m,7! 


these integrations take too long for it to be practical to 
perform the integrals over k, p, and cos#, but it is 
practical to compare the integrands at a number of 
points (&,p, cos@) in the neighborhood of the maximum. 
We have done this for Z.=26 and Z,=82. At Z,.=26 
a generous estimate of the error in using the S-M wave 
function for the $* state is about 3% when compared 
with the exact solution for a finite nucleus. The finite 
nuclear size has a rather small effect. 

At large Z,, say 82, the S-M approximation is also 
quite good because the neglected Coulomb effects 
and finite size effects almost cancel each other and the 
result is that the total decay rate is low by less than 
10%. One can make a firm statement about the total 
rate from looking at the 7=4 state because about 80% 
of the electrons decay to this state. We do not reap 
the full benefits of this accuracy because we have not 
kept the higher cross terms in the numerical integration. 

It is of some interest to see the effect of a potential 
on the continuum electron wave functions. Figures 7 and 
8 show radial wave functions for the $+ state for Z.=82. 

The error in states of j=} will be about one-quarter 
of the error in the 7=}3 states so, roughly speaking, the 
total percent error is approximately the percent error 
in the 7=4 states times the fraction of the rate which 
proceeds through these states plus one-quarter of the 
percent error in the j=} states times the fraction of 
the rate which proceeds through j=} states and higher. 
This is a generous estimate of the error. 


6. COMPARISON WITH EXPERIMENTS 


The results presented here are in marked disagreement 
with experimental results* both in the region 20<Z,<30 
and for large Z,. In the first region we do not obtain a 
sharp peak in the rate, and for large Z., say near lead, 
we obtain rates considerably higher than the experi- 
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Fic. 8. The radial function F(r)=rf(r) for a massless electron 
for the same cases as in Fig. 7. The corresponding radial function 
of a plane wave, i.e., rj: (kr), is shown for comparison. 


mental rates. Both of these disagreements are far 
beyond our estimates of the error in the calculation. 

The disagreement at large Z, is perhaps less serious 
because the experiments are very difficult to perform 
and the calculation is less reliable. However at Z.= 206, 
the error in the calculation is less than 2%. The only 
possible conclusions seem to be: (a) there is some new 
process involving muons which has not been taken into 
account; (b) the experiments are wrong. 
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APPENDIX 


The space integrals over confluent hypergeometric 
functions can be performed in either of two ways. 

The first is more or less standard. We use the contour 
integral representation” 


1 
iF, (a,b,x) = (- 1)?" (6— 1) Ial—dee!8 
2ri 


x r dz e-*(24+3)-*(z—})*, (A.1) 





where 6 is a positive integer, a an arbitrary number, 
and the contour encloses the two singularities +} in 
a positive sense. Then the integrals over space, i.e., 
over x, are easily done and the contour integral is 
done last, using the method of residues. 

The integrals were checked using another technique, 
which seems to be worth a brief discussion because of 
its wide applicability. We use the following property 





"H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One- 
and Two-Electron Atoms (Academic Press, New York, 1957), p. 30. 
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of the Laplace transformation!*: Suppose 


f dt e*'F (t)= f(s), 
; (A.2) 


ae 


f dt e-"G(1)=g(s), 


0 
then 


es) 1 12 
f dt ergo =— f dz f(z)g(s—z), 
2ri —i02 


0 


where the path of integration on the right-hand side 
separates the singularities of f(z) from those of g(s—z). 

This enables us to take Laplace transforms of 
products easily, provided the Laplace transform of at 
least one factor has just poles with no branch lines or 
other singularities. We merely deform the contour so 
that it encloses these poles and use the method of 
residues. 

We illustrate the method by an example which arose 
in the course of this work. We wish to evaluate the 
integral 

fu [ dr re" jo(qr)e-** yF(a,2,2ikr),  (A.3) 


where a is a complex number. 
The Laplace transform of rjo(gr) is elementary : 


sd 1 
dr er jo (qr) =———_———-= f(s). 
i) (s—ig) (s+1q) 


Thus we write 


(A.4) 


x 


=f dr e~"[rjo(qr) \[re~* ,F 3 (a,2,2ikr) |. (A.5) 


The Laplace transform of the function in the second 
pair of square brackets is rather unpleasant. 


f dr e-*"re—**" 1 F,(a,2,2ikr) 





= fo(s). (A.6) 


~ (5—ik)*(s-+ik)—* 


However 


(A.7) 


2mri J 


1 pi 
penal f dz f,(2) fo(s—s), 


and we can deform the contour so it encloses the two 
simple poles of /i(s). The method of residues im- 
mediately gives the answer 


I= (2ig)'{[s—i(g+k) }-*Ls—i(q—k) 7 
—[sti(qt+k) ?-[st+i(q—k)]}*}. (A.8) 


8G. Doetsch, Theorie und Anwendung der Laplace-Transforma- 
tion (Verlag Julius Springer, Berlin, 1937), p. 167. 
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Determination of the Forward Scattering Amplitude from the 
Optical-Model Potential in the High-Energy Limit* 


R. LIpPERHEIDE AND D. S. SAXON 
Department of Physics, University of California, Los Angeles, California 
(Received June 6, 1960) 


A relation between the two-particle forward scattering amplitude, /,(0), and the volume integral over the 
optical potential, V(x), is given in the high-energy limit, which is valid at least to second order in the two- 
body interactions, neglecting correlation and exchange terms. The relation is 


 V.(x)dx= — (2rh?/m)A f, (0), 


where A is the number of nucleons in the target, and m is the reduced mass of the two-particle system. The 
connection between the shape of the optical-model potential and the density distribution of the target nu- 


cleus is discussed. 


N the high-energy limit, the optical-model potential 
for the scattering of a spinless particle by a complex 
nucleus is usually written in the local form! 


Vi, (x)= — (2xh?/m)A f,.(0)p(x), (1) 


where /,(0) is the two-particle forward scattering ampli- 
tude for the energy #?k?/2m, A is the number of particles 
in the target nucleus, m is the reduced mass of the two- 
particle system, and p(x) is the density of the target 
nucleus in the ground state, /p(x)dx=1. According to 
formula (1), f,(0) determines the strength and p(x) 
the shape of the potential. 

Still within the framework of local potentials, we 
have found that a more exact expression for V(x) is? 


, 2nh? 1 
Vi.(x) = ———A—— ] dk’C(k’)e**’*/(k+k’, k), (2) 
m  (2m9r)8 
where 
cik)= fone ik-sdy C(0)=1, (3) 


and f(k+k’,k) is an off-the-energy-shell scattering 
amplitude : 


S(k+k’, k) =< 





fein seca nds, (4) 


2rh* 
f(k,k)=/,(0). 


Expression (2) is valid at least to second order in the 
two-body interactions, but correlation and exchange 
terms have been neglected. Equation (1) follows from 
Eq. (2) only under the somewhat unrealistic assump- 
tion that f(k+k’, k) is independent of k’ for the range 


* This work was supported in part by the National Science 
Foundation and the Air Force Office of Scientific Research, 
Physical Sciences Directorate. 

1 See, e.g., K. M. Watson, Revs. Modern Phys. 30, 565 (1958). 

? This result follows from a self-consistent treatment of optical 
model potentials for elastic and inelastic scattering which is 
currently under investigation. The same result was also obtained 
by R. J. Glauber, Lectures in Theoretical Physics (Interscience 
Publishers, Inc., New York, 1959), Vol. 1. 


of momenta for which C(k’) differs appreciably from 
zero. 

Equation (2) can be written in a form similar to 
Eq. (1). 


V .(x) = — (2rh?/m)A fi.(0)px°"(x), (5) 
where 
1 f(k+k’, k) 
px*!(x) = — fakic(k’je*' ——, 
(2x)8 f,(0) 


It is easily seen that, just as for the actual density, 


[oe(ndx=1. (7) 


In formula (5) the shape of the potential is no longer 
the same as that of the actual density p(x). It is deter- 
mined by the unknown p,° (x) which depends im- 
plicitly on the two-body interaction and on the energy. 
In general, p,°'(x) is complex, and the real and imagi- 
nary parts have different shape. Use of a local optical- 
model potential with a particular shape thus amounts 
to an estimate of this effective density function. 

We may note that p*‘f becomes real and energy inde- 
pendent if the two-particle scattering amplitudes which 
appear in Eq. (6) only in the form of a ratio are treated 
in Born approximation: 


1 
p*f(x) | fonay| [olx—ybo(vay. 


The purpose of this note is to point out that the 
volume integral of the optical model potential has 
special significance, since, as a consequence of Eq. (7), 


J VeGoax= = rt?/m)A ji) (8) 


Equation (8) may be useful in the understanding of 
the optical-model potential in the high-energy limit as 
determined by the analysis of experimental cross 
sections. 
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DETERMINATION OF 


For the case of nucleon-nucleus scattering, where 
f,(0) is a well established quantity,’ Eq. (8) serves as 
an additional requirement which may distinguish be- 
tween different phenomenological optical potentials 
giving equally good fits to the cross-section curves at a 
particular energy. For a square well, for example, Eq. 
(8) implies that 


4¢R8(V-+iW) = (2eh?/m)A fx(0), 


where V and W are the depths of the real and imaginary 
parts of the potential and R is the radius of the well. On 
the other hand, for a more realistic rounded well of 
the form 


V opt (r) = — (V+iIW)[1+eo-2 ep, 
Eq. (8) implies the restriction* 
$rR°(1+9.880?/R?](V+iW )™(2rh?/m)Af, (0). 


Consequences of this relation for the scattering of 
nucleons are being investigated,** but our present con- 
cern is the scattering of K mesons by complex nuclei. 
Here /,(0) is not known and, indeed, the optical-model 
analysis is used in attempts to determine it. It has 
been shown that a large family of “reasonable” phe- 
nomenological potentials can be found which fit the 
data.5 It turns owt, however, that all of these have 


* Here we mean by /;(0) the spin-independent part of the for 
ward scattering amplitude which is related to the central part of 
the optical model potential. 

4G. Igo, D. G. Ravenhall, J. J. Tiemann, W. W. Chupp, 
G. Goldhaber, S. Goldhaber, J. E. Lannutti, and R. M. Thaler, 
Phys. Rev. 109, 2133 (1958), Eq. (8). 

48 Such an investigation has in fact been carried out by A. K. 
Kerman, H. McManus, and R. M. Thaler, Ann. Phys. 8, 551 
(1959), who also include the spin-dependent terms in the potential. 

5M. A. Melkanoff, D. R. Price, D. H. Stork, and H. K. Ticho, 
Phys. Rev. 113, 1303 (1959); D. H. Stork, Proceedings of the Inter- 
national Conference on the Nuclear Optical Model, Florida State 
University Studies, No. 32 (The Florida State University, Talla- 
hassee, Florida, 1959). 
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approximately the same value of the volume integral.® 
To the extent that this volume integral is thereby deter- 
mined, we conclude that 


fi (0) =_— (m/2rh?A if Vi (x)dx, 


where V,;(x) is any one of the phenomenological 
optical-model potentials which fit the data. In this 
sense the forward scattering amplitude appears to be 
better determined than the optical-model potential 
itself, at least to the extent that the omission of ex- 
change and correlation terms is justified. 

We also remark that these considerations are not 
restricted to local potentials. The analogous result for 
nonlocal potentials is 


anh? 
f f V1 (x,x’)dxdx’ = ———A f, (0). (9) 
m 


This follows immediately from the Watson-Riesenfeld 
expression for the nonlocal optical model potential, 
which is most conveniently written in momentum 
space!: 

lrh* 


Qrh? 1 
(p| Vi| p) = -——Af(kb,kp’)——C(p—p’), (10) 
m (29) 


where f and f’ are unit vectors in the direction of p 
and p’. Then 


J frcxranax 


= lim (2m)*(p| Vi| p’)=— (2rh?/m)A fi, (0). 
p=p’—0 





®M. A. Melkanoff, D. J: Prowse, D. H. Stork, and H. K. 
Ticho, Phys. Rev. Letters 5, 108 (1960). 
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Slow-Neutron Intensity at High Balloon Altitudes* 


R. C. Haymes Anpd S. A. Korrr 
New York University, University Heights, New York, New York 
(Received June 22, 1960) 


In order to extend measurements of cosmic-ray neutrons to top balloon altitudes, a flight was conducted 
on August 24, 1959, in which our system of identical counters filled with enriched and natural BYF; was 
used. An altitude of 122 000 feet at a geomagnetic latitude of 55°N was attained, corresponding to 4-mb 
pressure, which is considerably higher than previous measurements. The counting rate dropped to about 
1% of the maximum rate, which occurs at 60 000 feet. If one extrapolates this curve to the top of the atmos- 
phere, one obtains an upper bound for the slow-neutron albedo of 0.03 neutron per cm*-sec. The background 
due to highly ionizing events in the counters increased exponentially to about 63 000 feet, with a derived 
mean free path of 152 g/cm*. The background continued an exponential increase up to 122 000 feet, but 


with a mean free path of 15 g/cm?. 


I. INTRODUCTION 


HE purpose of the experiment described herein 

was to extend measurements of the cosmic-ray 
neutron density to regions near the top of the atmos- 
phere. Previous investigations'~* have been limited to 
altitudes below 90000 feet, or approximately 15 
millibars.* 

The experiment has determined the density of those 
neutrons in the 1/v region at altitudes up to 122 000 
feet, or 4 millibars. It is not possible to directly deter- 
mine the flux of these neutrons from the data without 
additional information on the neutron energy spectrum. 

It is of interest to measure the slow-neutron density 
at these high balloon altitudes for several reasons. The 
first of these concerns itself with the question of the rate 
of production of the C™ isotope in the atmosphere. The 
neutron balance in the atmosphere has been studied by 
Korff and others. Korff® has pointed out that C" is 
produced by at least two processes, only one of which 
is measured by BF; counters, so that the numbers of 
neutrons determined from the radiocarbon measure- 
ments is greater than that measured by counters. The 
evaluation of the totals measured by counters at all 
altitudes including the highest, bears importantly on 
this problem. The second reason for this high-altitude 
measurement is the question of the origin of the Van 
Allen belts of radiation girdling the earth at several 
earth radii. Several investigators** have suggested that 
the trapped radiation is caused by the decay of neutrons 
in the space surrounding the earth. According to this 
view, these neutrons are created in the earth’s atmos- 
phere by the primary cosmic radiation, and some frac- 

. es pene in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1R. C. Haymes, Phys. Rev. 116, 1231 (1959). 

?R. K. Soberman, Phys. Rev. 102, 1399 (1956). 

3W.N. Hess, H. W. Patterson, R. Wallace, and E. L. Chupp, 
Phys. Rev. 116, 445 (1959). 

* U.S. Extension to the I. C. A. O. Standard Atmosphere (1958 

5S. A. Korff, Nuovo cimento 8, 796 (1958). 

®W. N. Hess, Phys. Rev. Letters 3, 11 (1959). 

7S. F. Singer, Phys. Rev. Letters 3, 188 (1959). 

® R. Karplus and A. J. Dessler, Phys. Rev. Letters 4, 271 (1960) 

®P. J. Kellogg, Nuovo cimento 11, 48 (1959). 


tion diffuse back outward into space. It is obviously of 
interest to measure the source strength for this process, 
A measurement such as this will thus set an upper 
bound to the rate of production of protons in the Van 
Allen belts by this process. 


II. EXPERIMENTAL METHOD 


The experimental technique has already been de- 
scribed in detail by our group.' It employs two sets of 
proportional counters. One set is filled with BF; en- 
riched to 96% B", while the other identical set utilizes 
the natural isotopic enrichment, which is 19% B™. 

A total of 4 counters” was carried aloft on this flight. 
Two were of the enriched type, and the others were of 
the “regular” variety. Each counter’s wall thickness 
was 0.41 gm/cm? of aluminum, and had an active length 
of 53.5 cm. The diameter was 5 cm and the filling 
pressure was 25 cm of mercury. The counters had a 
24 AUGUST 1959 | 
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l'ic. 1. Time altitude curve for the flight 


10 The counters were manufactured for us by the Anton Elec 
tronic Laboratories, Inc., Brooklyn, New York. 
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SLOW-NEUTRON INTENSITY 
common operating point of 2300 volts, so that a single 
high voltage supply sufficed for their operation. 


Ill. EXPERIMENTAL RESULTS 


The balloon" was launched at 1328 U. T. on August 
24, 1959 from South St. Paul, Minnesota, at a conven- 
tional geomagnetic latitude of 55°N. The trajectory 
was almost exactly east-west, so that latitude correc- 
tions are negligible. 

The time-altitude curve is shown in Fig. 1. The 
altitude was measured by a hypsometer,' and also by 
an aneroid transducer." The aneroid system failed at 
57 000 feet, but previous experience’ has shown the 
hypsometer to be quite accurate at the high altitudes. 

A curve of the slow-neutron density versus atmos- 
pheric pressure is depicted in Fig. 2. This curve is 
proportional to the difference of the counting rates of 
the two sets of counters. It shows the counting rate that 
a counter filled with 100% B" would yield in the pre- 
sence of no background. 

Figure 3 plots the neutron density as a function of a 
linear scale of altitude rather than pressure. The 
standard deviations are not indicated because the high 
counting rates reduced them to negligible size. The 
point at maximum altitude represents the data obtained 
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Fic. 2. Slow-neutron density vs atmospheric pressure. 
This curve has been corrected for background. 


"The 5-million cubic foot balloon and flight control instru- 
mentation were manufactured by Winzen Research, Inc., Min- 


neapolis, Minnesota. 
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high altitude point represents three hours at ceiling. 


from 3 hours at ceiling and is therefore also quite 
reliable. 

Figure 4 portrays the increase of the background 
radiation detected by the system with increasing 
altitude. Real BF; counters count all those events which 
form ionization equal to or greater than 2 Mev, the bias. 

It is of interest, in the analysis of such flights, to 
determine if the geomagnetic field, ionosphere, etc., 
were disturbed during the flight. It appears” that this 
was a “normal” (i.e., neither “disturbed” nor unusually 
“quiet”) day. The geomagnetic storm and related 
events of August 20-21, 1959 had ended before the 
flight was launched. 


IV. DISCUSSION 


As can be seen from Figs. 2 and 3, the counting rate 
at 122 000 feet is approximately 1% of the maximum 
rate. The maximum occurs at 60 000 feet, in agreement 
with previous observations,'? and depends on the 
latitude. This 1% value appears to be in good agreement 
with the calculations of Hess, Canfield, and Lingen- 
felter.* These investigators solved a diffusion equation 
for those neutrons leaking out of the atmosphere. 


2 U. S. National Bureau of Standards, Central Radio Propaga- 
tion Laboratory Report, CRPL-F182 (unpublished). 

13 W. N. Hess, FE. H. Canfield, and R. E. Lingenfelter, Univer- 
sity of California Radiation Laboratory Report, UCRL-5899, 
March 1960 (unpublished). 
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Fic. 4. Background radiation as a function of atmospheric 
pressure. This system detects those events which liberate more 
than 2 Mev in the counter. 


It should be emphasized that this experiment detects 
only neutrons with less than 10 kev of energy. It is 
possible that the fast-neutron component will play an 
important role in the generation of the Van Allen belts, 
but such neutrons will not be detected by this apparatus. 

Figure 3 shows that the neutron density continues to 
slowly decrease with increasing altitude, ever at the 
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highest altitude achieved (122 000 feet). If one performs 
an exponential extrapolation to zero pressure (“‘infinite 
altitude”), one obtains the point shown in Fig. 2 at 
10+4 counts per minute. This point represents an 
extrapolation of the exponential curve found in the 
region from 16 to 4 millibars. 

This point then represents an upper bound for the 
slow-neutron albedo. If one assumes an average energy 
of 0.2 ev for those neutrons detected by this system, 
then the flux would be 0.03 neutron per cm*-sec at the 
top of the atmosphere. 

This very low flux implies that a substantial fraction 
of the neutron albedo may be in the fast neutron com- 
ponent. As noted before, this experiment detects only 
those neutrons with less than 10 kev of energy. Our 
group is planning an extension of these experiments to 
determine the energy dependence of the albedo. 

It is interesting to note that Fig. 4 shows the back- 
ground steadily increases with altitude. This back- 
ground, which consists of heavily ionizing events, is pre- 
sumably due to star formation in the walls of these 
aluminum counters. The change of slope at 65 mb prob- 
ably is evidence for two components of the star produc- 
ing radiation. The two mean free paths derived from the 
slopes are 152 g/cm? and 15 g/cm’. These could be fast 
neutrons and protons."* It is interesting to note that the 
lower-altitude figure (152 g/cm?) is in excellent agree- 
ment with the 142 gm/cm* absorption mean free path 
that was determined for the neutron component. 
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M4 J pa Lord, Phys. Rev. 81, 901 (1951). 
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Depolarization Due to Target Motion* 


ALBERT E. WERBROUCKT 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


(Received July 14, 1960) 


The projection upon both of the lab scattering planes of a spin component along the center-of-mass 
angular momentum direction is computed for arbitrary target motion. The resulting depolarization of A 
hyperons produced by 1080-Mev/c pions on nuclear matter and on deuterons is presented as a function 
of production angle. At this energy, the polarization, if constant for all production angles, would be reduced 
to 85% and 95% of the original value in heavy nuclei with respect to the XA and K XA planes, respectively. 
In deuterium, the reductions would be to 98.4% and 99.5% of the initial polarization. 


I. INTRODUCTION 


HENEVER the target in a scattering or two- 

body production process is in motion the angular 
momentum in the center-of-mass system is in general 
no longer along the normal to either iaboratory scat- 
tering plane. The result is a yeduction of any initial 
polarization one of the particles may have had with 
respect to the c.m. angular momentum. If one knew 
the target momentum at collision, it would be possible 
in principle to determine the new direction of spin of 
the outcoming particle of interest. However, this 
information is usually not available so that we must 
average over the target momentum spectrum and 
accept certain depolarizations with respect to the lab 
scattering planes. 

We calculate the projection of the initial polarization 
along the normals to two possible lab scattering planes. 
In the process 1+2-—+3+4, where 1 is the incident 
particle and 3 is the resultant particle polarized along 
the angular momentum in the c.m. system, we define 
1X3 and 4X3 as the unit vector normals to the lab 
scattering planes. If there is no depolarization, 1x3 
and 4X3 will be collinear with each other and with the 
true direction of the angular momentum. 

The problem is solved relativistically throughout 
and with no approximations. Various approximations 
will usually be admissible in evaluating the rather 
complicated results, however. Wigner’s! method of 
transforming spins is used throughout. This method 
consists essentially of determining the spin components 
in and normal to the plane containing the necessary 
Lorentz transformations. Spin components normal to 
this plane are conserved. The rotation of the component 
lying in the plane will be given below, following that in 
Wigner’s paper. 

The magnitude of the effect is presented as a function 
of c.m. production angle for 1080-Mev/c pions produc- 
ing A+K° on deuterium and on heavy nuclei. Really 
the initial polarization should be folded in as a function 
of energy and c.m. production angle but since this 


* This work was supported by the Office of Naval Research. 

t Present address: Istituto di Fisica, Turin, Italy. 

1E. P. Wigner, Revs. Modern Phys. 29, 255 (1957). See Ap- 
pendix I. 


information isn’t available yet the projection of a 
constant spin vector is given. 


II. KINEMATIC SOLUTION 


Figure 1 displays the kinematic situation. Particles 
1 and 2 collide in the plane of the paper with angle « 
between them. The resultant center of mass has 
momentum Po= P,+ P, with magnitude 


Po=TBMo=[P?+P2?+2P;P? cosu }}, (1) 
where 
Mo=([M2+M2+2M,M_2D)]} is the total c.m. energy, 
D=v7ry2(1—BiB2 cosu), 
mi=E,/M,, §=P,/F,, 
B= Po/(E:+ £2), 
‘= (E,+ E2)/Mo. 


etc., (2) 


The coordinate system is chosen so that the 1—2 
collision plane is the x—z plane. This choice means 
that we do not have to average over the azimuthal 
angle of P, about P). 

The angle w between P; and P» in the lab system 
satisfies the condition 


Po cosw= P1+P2 cosu. (3) 


The angle A between the c.m. momentum of particle 1, 
P,*, and the c.m. motion can be found from the Lorentz 
transformation of the longitudinal component of P,. 


P,* cosA=T (P; cosw— BE), (4) 


where 


Mo M?+M2\ (M?—-M#y*} 
ri) CSENT. 
2 Me M?? 


After substituting I, B, P,*, and cosw into Eq. (4) 
and reducing, we find 


yi(M,\D+M2)—y2(M2D+M)) 


cosA =— . 6 
, PL De—1}* ” 








In the center-of-mass system, the only direction with 
physical meaning, the direction along which particles 
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1 and 2 approach each other, P,*, is chosen as the x 
axis of our coordinate system. 

Particles 3 and 4 are emitted at angles @ and r—8, 
respectively, with respect to P,*. The plane containing 
P,* and P;* is rotated about P,* by a uniformly 
distributed azimuthal angle a. The unit vector @ 
represents the spin and points in the direction P,*X P;*, 
the c.m. angular momentum direction. Let us represent 
Lorentz transformations by the velocity difference 
between the two frames. Then particle 3 is first trans- 
formed from rest to the c.m. system by 6;* and to the 
lab by B. If we rotate the spin about P;* by angle », 
until it is parallel to Pox P;*, before transforming by 
8;* and B, it will be normal to the plane containing 6;* 
and B and will point in the direction P,X P; in the lab 
system. Thus cosy is the fraction of the original polar- 
ization that appears along 4X3, or cosn=o@-4X3: 


Pox P;*- P:*x< P;* cosA—/ cos@ 
COR gt te rtistetinemiaies ; 
| Pox P,*| | P,*x< P;*| siné[1—/? }! 
where 


l=cosA cosé+sinA sin@ cosa. (8) 


As it should, cosy=1 when P, Ps, Ps, and P, all lie in 
a plane, a condition indicated by a=0 or 7. Since cosy 
contains only cosa, it is necessary to average only over 


cP. .s FR | 10 0 O)(F 00 

| 0 10 Of 0 1 0 O|]/0 10 

GSFR 0 G asr\~ 00 G GS|;0 01 

| GFR 0 GS GF 0 0 GS Gj'\FR 0 0 
‘cosh 0 


| 
: 
sinb 0 cosb 0 | 0 O 


Fic. 1. Kinematic diagram of 
collision of two moving particles 
yielding two outgoing particles. 


O<a<rm. If sind<cosA, cosy will be symmetric about 
cosé=0. 

The depolarization with respect to 1X3 is much more 
involved. The plan of attack is the following. We first 
express the Lorentz transformation by B to the lab 
system as a product of two transformations, the first 
along x by R and the second along the z axis by S. 
After the R transformation, we rotate the coordinate 
system about z until the momentum of particle 3 lies 
in the «’—z plane. At this stage momenta are primed. 
Since the R transformation is along the line P,*, the 
spin is still along P,;’X P,;’. Then the spin components 
in and normal to the x’—z plane are found. In the 
transformation by S to the lab system, the component 
normal to the x’—z plane is conserved while the effect 
on the component in the x’—z plane is computed by 
the technique published by Wigner.’ Finally the pro- 
jection of the spin upon 1X3 in the lab is expressed. 

To express the Lorentz transformation by B along 
the c.m. direction as a product of R followed by S, 
we require that the matrix products of the R and S 
transformations equal the product of a rotation about 
y until the x axis points along the c.m. direction of 
motion, a Lorentz transformation by velocity B along 
the new x axis, and a rotation again about the y axis 
by an angle } yet to be determined. While angle 3 is of 
no interest to us here it is a convenient link in calcu- 
lating R and S, given B and A. 


FR) 
0 
0 
I 
0 PB) | cosA 0 sinA QO) 
0 o}| Oo 1 0 Oo 
1 0||-sinA O cosA 0 
0orjlo oo 1 
(I cosb cosA+sindb sind 0 I cosbsinA—sinbcosA IB cosb 
1 0 0 


0 





| T' sind cosA—cosé sind 0 
TB cosA 0) 


T sind sinA+cosé cosA TB sind 


T'B sind I 





wl 


fir 
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where 


F=(1-R*} and G=[1-S}"'. (10) 


The convenient way to satisfy this equality is to equate 
first the 1—3 terms. 


tanb=T sinA/cosA. (11) 

( P32’) cosr —sinr 0 0){ F 
Psy’ | _ | sinr cosr 0 O}| O 
P;,'| | 0 0 1 0}| O 
E; 0 0 0 1) (FR 


P3y’ =0= F(P;* cos6+ RE;*) sinr 
— (P;* sin@ sina) cost, (14) 
or 
P;* sin@ sina ; 
gine =n, (15) 
[F2(P;* cos6+ RE;*)?+ (P;* sind sina)? }} 





The component of spin normal to the plane con- 


taining R and 5S, o,, is then the normalized y’ component 
of P,’x P,’. 





P,' P32 — Piz’ P3, — Py’ P3,' 
Co => = 
P P,'(P;' sing) P,' (P;* sin6) 
— P;'P;,' cosr 
=~, (16) 
P,’ (P;* siné@) 
P3,'= P3* sin@ cosa, (17) 
so 
o,=—cosrcosa and o,=[1—o,?]}. (18) 


The angle » is needed in determining the effect of the 
two Lorentz transformations, 83’ and S, on ithe compo- 
nent of spin which lies in the x’—z plane which contains 


both B;’ and S. 


?,* sin@ cosa 





sinv=——— 
[ (P3* sin0)?+ F?(P,* cosé+ RE;*)? }} 
P;* sin@ cosa 
=-——_—.. (19) 


3 





We now apply Wigner’s technique to determine the 
angle in the x’—z plane between o,, and the velocity 
of particle 3 after the transformation to the lab system 
by S. This angle leads directly to the projection of o;, 
along the component of P,X P; in the x’—z plane. We 
will need to compute only the y’ component of Pix Ps 
in the lab system to complete the scalar product of ¢ 
and 1X3. 

The state of particle 3 in the lab system is developed 
in Fig. 2 with a series of diagrams to be read from right 
to left as indicated by the arrows. A double line indicates 
an imparted velocity and the location of the X¥—Z 
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Further study shows that 


R=BcosA, S=B sinA/[1—B* cos*A }}, 
G=T[1—B? cos*A }}. 

After the transformation by R, we rotate the coordi- 

nate system about the zg axis by angle 7 until the 


momentum of particle 3 lies in the x/—z plane or 
Pyy’=0. 


(12) 


0 O FR P;* cos0 


i @ ® --P;* sin@ sina 
0s @ P;* sin@ cosal’ (13) 
0. @  #F E;* 


coordinate system simply indicates the Lorentz system 
in which particle 3 is being described. The state of 
particle 3 in the lab in terms of the matrices, Eq. (20) 
(see Fig. 2) under the diagrams is developed by reading 
again from right to left: The state of a particle with 
spin along the Z axis and velocity §;’ along the X axis 
is multiplied on the left by a coordinate system rotation 
through the angle v and then by the Lorentz transfor- 
mation S along Z to give the following state with 
superscripts and subscripts suppressed temporarily : 


cosy sinp 7B cosy 
—G(ysinv+Sy8) Gcosy —G(yB8 sinv+Sy) }. (21) 
G(Sy sinv+y8) —GS cosy G(y+Sy6 sinv) 


We can now ask by what angle « the spin should have 
been rotated before 8;’ and S in order that the spin and 
velocity be parallel in the lab. To find the angle e, the 
above state must be multiplied on the right by a 
rotation through angle ¢ or 


cose sine O 
—sine cose Q}], (22) 
0 0 1 


To satisfy the form of a state with spin and velocity 
parallel,’ the 3—1 term of the product must be zero, 


G(Sy sinv+78) cose+GS sine cosy=0, (23) 








or 
—y(Ssinv+8) —~y(sinv+8/S) 
tane= = » ed) 
S cosy cosy 
By A, 
vi x 

Cc Zz oc 
' t) ° cOSy SINvy Oo ve ° | 7; 8; 
° 6 -6s “SINv CcOSv oO ° 1 °o (20) 
° -6s 6 ° ° ! 


%3F3° 75 


F 1G. 2. [Equation (20).] Kinematic development of 
state of particle with spin in the lab. 
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The projection of o,, along the normal to @; in the x’—z 
plane is then given by the sine times the magnitude of 
o,, where with superscripts and subscripts restored, 


(1+, ‘Bs’ sinv) 
ne= —--——, 
[1+ (S/83’)?—S? cos*v+2(S/8;') sinv }! 


We next find the magnitude of the y’ component of 


1x3. 





24) 


Py.P327— Piz P3z 
BIE tiene, (25) 


|PiXP;| 


The necessary momentum components are found by 
multiplying (13) by the Lorentz transformation S 
along the z axis. It is convenient to find all the mo- 
mentum components and then the direction cosines. 


P= F (P\*+RE}*) cosr, 

Py =F(P\*+RE;*) sinz, 

P,.=GSF(E\*+RP;*), 

P37 =F (P3* cos0+RE;*) cosr (26) 


+ (P3* sin@ sina) sinr, 
Psy =9, 


P3,=G(P3* sin@ cosa) +GSF(E;*+RP3;* cos). 
Finally, the projection along 1X3, or @- 1X3, becomes 
@-1X3=0,(1X3),)+o;, sinel1— (1X3), ]). (27) 


This function also need only be averaged over OS a< zr. 


WERBROUCK 


III. NUMERICAL EXAMPLE 

While the above solution is completely general, the 
original problem arose in attempting to understand the 
polarization of A hyperons produced by mw mesons 
bombarding heavy nuclei and deuterium. Since scat- 
tering on nucleons other than particle 2 by particles 1, 
3, and 4 in the production nucleus will lead to further 
depolarization, only an upper limit to o-1X3 and 
o-4X3 could be found from an evaluation of the above 
effect. As well, the initial polarization at all energies 
and c.m. angles is not known. Yet, it seemed worthwhile 
to know the magnitude of the effect for some repre- 
sentative cases. 

We chose 1080-Mev/c (950-Mev) x mesons producing 
A plus K°®. If the depolarization due to target motion 
were not serious at this relatively low energy, it would 
be less serious at higher energies. The Michigan? group 
has actually observed many A hyperons produced by 
950-Mev z~ on xenon. Also a very large fraction of the 
hyperons produced at this energy must be A’s because 
the x-+ p — A+K° cross section has a peak at 910 Mev. 

The left ordinate, projection, in Fig. 3 gives o- 1X3 
and o-4X3 averaged over angle a, angle u, and P in 
heavy nuclei as a function of cos@*, the c.m. production 
angle of the A. In the previous section this angle was 
simply @. To exemplify the order of integration, 
(o-1X3),, is written as 


(P)max &max dp ™ (g- 1x<3)d y P2) max Smax dp 
(0-1X3)ae= f w(P.)dP.f  —*_-as f : “/f ~ wersar. f —*~_ds, (28) 
0 1 d(cos6*) 0 T ny 1 d( 


where dp/d(cos6*) is the differential cross section for 
the reaction »-+p— A+K°® and s=cosu. The values 


1,.00- © - 4x3) 4 
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Fic. 3. Average value of spin projection, left ordinate, along 
the 1X3 (#xA) and 4X3 (KXA) lab planes as a function of 
the cosine of the c.m. angle for 1080-Mev/c pions producing 
A+K® on heavy nuclei. The right ordinate gives the angular 
distribution used for all A+K® production with c.m. energy 
greater than the amount present in the collision of a 970-Mev/c 
pion with a nucleon at rest. 


— € 

:0s6*) 
of Smax are those at which Mp=M,i+M x: for given P». 
We employed an IBM 650 to evaluate the first integral 
on the right in the numerator. In Fig. 3, the right 
ordinate gives in arbitrary units the values of 
(1/p)(dp/d(cosé*)) for collisions with c.m. energy 
greater than that corresponding to a 970-Mev/c 7 on 
a nucleon at rest. For lesser c.m. energies, an isotropic 
angular distribution was allowed. These angular distri- 
butions are reasonable fits to the available data* for 
the range of energies covered by this calculation. The 
angular distributions have little effect on the presented 
results because most of the production occurs with the 
same distribution. Figure 4 gives the values of p 
employed.** Both Fermi and Gaussian momentum 
distributions gave projections within 0.01 (the compu- 
tation accuracy) of each other so only one set of curves 
appears in Fig. 3. The Fermi distribution had (P2)max 





2 J. C. Vander Velde (private communication). 

3. S. Crawford (private communication). 

* Proceedings of 1958 Annual International Conference on High- 
Energy Physics at CERN (CERN Scientific Information Service, 
Geneva, 1958), Session 5. 
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LAB MOMENTUM OF INCIDENT 1” 


Fic. 4. The total cross section used in our numerical examples 
represented by the full line. For the experimental points, see 
references 3 and 4. 


equal to 232 Mev/c. In the Gaussian distribution, 
w(P2)dP2.= P.? exp[— P.*/ Po? |dP2, (29) 
P?/2M,=14 Mev. (30) 


Figure 5, gives (o- 1X3). and (@-4X 3), for 950-Mev 
pions producing A+K° on deuterium. The depolar- 
ization due to target motion is clearly negligible except 
at extreme forward and backward c.m. angles. In Fig. 
5, the right ordinate gives siné; and (sin@;)... The 
former is the sine of the emission angle of the A with 
respect to the + beam direction for the target at rest; 
the latter is the same function averaged over a, u, and 
P,, The two curves differ only for large emission angles, 
an effect partly due to averaging sin@; rather than the 
angle 63, a time-saving approximation on our relatively 
slow computer. The total cross section in Fig. 4 was 
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Fic. 5. Average value of spin projection, left ordinate, along 
the 1X3 (#A) and 4X3 (K XA) lab planes as a function of 
the cosine of the c.m. angle for 1080-Mev/c pions producing 
A+K® on deuterium. The right ordinate gives the sine of the A 
emission angle; one averaged over the deuteron momentum 
distribution, and the other for a target at rest. 


also employed in the deuteron calculation. No shadow 
correction, which would reduce the high-momentum 
collision weights, was applied to the deuteron calcu- 
lation. Therefore, the presented result should be an 
upper limit to the depolarization due to target motion. 
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Low-Energy Neutral Pion Photoproduction in H. and He 
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The results of an experiment on the photoproduction of neutral pions from Hz and He in the very low 
energy region are compared with the dispersion relation calculations of Chew, Goldberger, Low, and Nambu 
(C.G.L.N.). For H2, agreement was found for incident y-ray energies above 155 Mev for N*~+0.065 and 
disagreement below for all constant values of N*. The He results give support to the C.G.L.N. effective 


range formulas for the smal]! p-wave phase shifts. 


INTRODUCTION 


HE Chew-Goldberger-Low-Nambu (C.G.L.N.) 
dispersion relation calculations on photoproduc- 
tion of pions have generally been in agreement with ex- 
periment.'! The presence of the large (3,3) and direct 
interaction terms, however, have made it rather difficult 
to check the smaller terms which appear in the ¥° 
amplitude. An experiment which has had some bearing 
on those terms, is the angular and energy dependence 
of the x~/x* ratio from deuterium. These depend quite 
critically on the §® amplitude. There is some ambiguity 
in the comparison, but the agreement is not very good.” 
These small terms could also possibly be the source of 
the deviations which seem to exist in the comparison 
with the experimental c.m. 90° differential cross sections 
of positive pion photoproduction,’ even when the real 
electric dipole term V“™ is properly evaluated.‘ 

In this paper the C.G.L.N. formulas are used as they 
stand. Now it seems more and more evident that these 
formulas should be modified to take into account the 
high-energy contribution within the dispersive integrals 
by using subtracted dispersion relations. Also the 
C.G.L.N. formulas do not contain the effect of the pion- 
pion interaction which could be important and might 
affect the §® amplitude at all energies. Obviously, the 
addition of the mentioned terms does not change the 
main features of the C.G.L.N. predictions, but would 
only improve the detailed understanding of photo- 
mesonic processes. A possible experimental determi- 
nation of these terms could give some important 
theoretical indications. 

The experiments discussed in this paper have been 
analyzed with the aim of getting some information on 
the S-wave term in the amplitude for the photoproduc- 
tion of neutral pions in hydrogen. In the C.G.L.N. 
framework, such a term at low energies gives one of the 
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largest contributions to the §® amplitude. The experi- 
ments consisted in measuring excitation curves for the 
processes 


y+p— w+), (1) 
y+He — w°+He, (2) 


by a y—y coincidence method, and using the threshold 
determination of the process 


Ytp— a -+N, (3) 


as an x-ray beam energy calibration. The comparison 
between processes (1) and (2) presents some interesting 
features, mainly because of the absence in process (2) of 
any contribution from S-wave pion production. In fact 
such a transition is always associated with a spin flip of 
the parent nucleon. Such a spin flip would break the 
original He nucleus leading to an inelastic process. When 
the incident x-ray energy is less than 160 Mev, all 
neutral pions produced from He must be elastically 
produced as there is not enough energy to both break up 
the a particle and produce a neutral pion. The data 
below reported refer to an x-ray energy interval from 
threshold to 170 Mev. 

In this same energy region, the angular distribution 
of r’s from Hz deduced by the C.G.L.N. theoretical 
formulas is quite sensitive to the unknown real electrical 
dipole term “> and also depends on the choice of the 
small p-wave scattering phase shifts. This could be a 
serious difficulty because the actual experimental knowl- 
edge of the small p-wave scattering phase shifts is quite 
confused and, in practice, one then has several more 
adjustable parameters besides the pion nucleon coupling 
constant. Fortunately in the energy region of this ex- 
periment, the largest terms for process (1) contain the 
small p-wave phase shifts in the same combination as 
that which appears in the terms for process (2), in which 
N™ does not appear. So, if the a3; phase shift is experi- 
mentally known for c.m. pion momenta 0< q< 0.55, it 
is possible to derive from process (2) information on the 
small p-wave phase shifts, reducing the unknowns for 
the discussion of process (1). The term N‘* whose 
evaluation seems to be quite troublesome still remains 
unknown. The absolute value and energy dependence of 
this term will be discussed on the basis of the experi- 
mental results below reported. 
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NEUTRAL PION 


A further result of the experiment is a measurement 
of the neutral pion mass produced in processes (1) and 
(2). In both cases the result is in agreement with the 
measurements done by using the zero kinetic energy 
charge exchange scattering of negative pions on protons. 
This adds some evidence against the existence of 
Baldin’s 7o° meson.° 

Luckey ef al. have recently published the angular 
distribution for process (1) at y-ray energies of 170 Mev 
and 190 Mev. The comparison with the C.G.L.N. 
formulas shows good agreement if V‘+’=0.04 is as- 
sumed. Another measurement of the angular distribu- 
tion for E,= 160 Mev and above has been published by 
Vasilkov et al.’ An angular distribution as a function of 
the energy is contained in a thesis by Modesitt.* 

The total cross section for process (1) for energies 
larger than 150 Mev is given by Koester and Mills® and 
also by Vasilkov e? al." 


1. EXPERIMENTAL APPARATUS AND RESULTS 


The experiments have been performed using the x-ray 
beam of the 300-Mev betatron of the University of 
Illinois. The appendix or liquid hydrogen container used 
was cylindrica] in shape, and coaxial with the beam. The 
length of the cylinder was 11.4 cm and its diameter was 
10.2 cm. The beam diameter at the position of the target 
was 5 cm. The entrance and exit windows were made of 
5 mil thick Mylar to reduce background. The walls of 
the cylinder were made of 3 mil copper. 


x’ Experiments 


The counters for the x° experiments from hydrogen 
and helium, consisted of two total absorption lead glass 
Cerenkov counters which were used in coincidence to 
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Fic. 1. x° experiment layout. 
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detect the two y rays from the decay of the r° meson. 
As shown in Fig. 1 each of these Cerenkov counters was 
placed at 90° to the x-ray beam and were 180° apart. 
This arrangement has a definite advantage as a thresh- 
old detector since the probability of the two decay 
photons going into the two Cerenkov counters is the 
largest for a r° at rest, and decreases rapidly at higher 
energies. The cylindrical lead glass blocks had diameters 
of 12 radiation lengths and thicknesses of 15 radiation 
lengths. Heavy lead collimators were placed in the front 
of the lead glass to reduce the entrance diameter to 
prevent the escape of the shower. Before the experi- 
ment, the counters were calibrated using monoenergetic 
electrons of energies from 70 to 120 Mev, produced in a 
lead target and magnetically analyzed. The full width 
at half maximum of the pulse-height distributions in the 
Cerenkov counters was about 60% at the lowest energy, 
and the positions of the peaks of the distributions were 
linear with the energy. The distance of the front of the 
Cerenkov counters from the center of the appendix was 
14 in. The lead glass was viewed from the rear by 
twelve 6342 RCA phototubes. The summed outputs in 
each of these counters were amplified, limited, and put 
into coincidence with a resolving time 27 of 1.4 10-* 
sec. Before being limited, these pulses were split, with 
one part going to the limiter and the other part to a 
discriminator and then to a scaler. In this way the singles 
counting rate was monitored in each of the counters to 
insure against drift. Every hour during the cooling 
break of the betatron, a pulser was connected at the 
position of the Cerenkov counters and the pulse heights 
at the input of the limiters checked to guard against 
drifts in the gains of the distributed amplifiers. Every 
several days a pulsed light source was attached to the 
front of each of the Cerenkov counters to equalize the 
outputs of the phototubes and standardize them. The 
gains of the amplifiers were such that pulses corre- 
sponding to 25 Mev photons were limited to insure 
against losses in the counting rate due to the Doppler 
shifting in the y-ray energy from the #° decay toward 
lower energies. 

The coincidence counting rate was observed as a 
function of the maximum energy of the bremsstrahlung 
for energies below the threshold to 170 Mev. The maxi- 
mum energy of the betatron was moved in steps of 2.5 
Mev up to 160 Mev, and then in 5 Mev steps to 170 
Mev. The resulting curve of the counting rate vs the 
maximum energy of the betatron is called a yield curve. 
Runs were taken with the appendix empty and also by 
delaying one of the inputs by 32 nanoseconds to deter- 
mine the accidental rate at all energies of the betatron. 
The singles counting rates were only slightly dependent 
on the energy setting of the betatron and hence the 
accidental rate was also about independent of the 
energy. The accidental rate and the empty target rate 
were equal within statistics. The subtraction of the 
background was performed by taking as background the 
average rate of the accidentals at the various betatron 
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Fic. 2. Experimental yield from the process y+) — °+-p. 


energies. The real counting rate was very small when the 
X-ray Maximum energy was very close to threshold, so 
that in order to prevent pickup from simulating good 
events, both of the pulses which formed the coincidence 
were also displayed on a 517 A Tektronix oscilloscope 
and photographed. 

The efficiency for the detection of y—¥y coincidences 
in the sketched experimental situation depends on the 
kinetic energy and laboratory angle of emission of the 
x. Such efficiency depends also strongly on the exten- 
sion of the source and of the detectors. The yield of 
double coincidences at each betatron energy is pro- 
portional to the integral of the cross section from thresh- 
old to Emax properly weighted by the bremsstrahlung 
spectrum and the detection efficiency function. In Fig. 2 
is shown the graph of the experimental yields as a 
function of the maximum x-ray energy for process (1). 
In Fig. 3 is shown the experimental yield curve obtained 
with the appendix filled with liquid He. 


=? Experiment 


The same target was used in the #* from Hz: experi- 
ment as in the 7° experiments. The counters were 
changed, however, to detect the decay positron of the 
ut meson resulting from the decay of the x* meson. At 
low x-ray energies where the data have been collected, 
most of the w*’s created also stop in the large liquid 
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Fic. 3. Experimental yield from the process y+Het — r°+Het, 


hydrogen target. The u*’s also remain within the target. 
Thus, by counting electrons in the backward direction 
to the x-ray beam, the total cross section for r+ photo- 
production can be measured with very little contribu- 
tion from electron positron pair production. In any 
case, this background can be subtracted out by running 
at energies below the threshold. The method is the same 
as the one used by Penner ef a/.'' in a similar experiment. 

The decay positron counter consisted of a two counter 
telescope whose counters are called A and B (Fig. 4). 
Counter B was a Cerenkov counter which consisted of 
a Lucite cylinder 12.5-cm diameter and 12.5 cm long, 
viewed by a single 5 in. photomultiplier RCA 7046. 
Two different counters A and A’ were used in different 
runs. One was a liquid scintillator cell 7.5 cm in diameter 
and 5 cm thick. The other was a 5 cm thick block of 
Lucite viewed on the edge by a single RCA 6810A 
phototube. In two runs, the coincidence rate between 
A and B were counted as a function of the,maximum 
betatron energy. The singles rate of B was found to bea 
strong function of the x-ray maximum energy so that 
these data were also taken into consideration. All the 
data were collected with the telescope set at an angle of 
100° with respect to the x-ray beam. In Fig. 5 is showa 
a typical curve of the counting rate per } standard 
monitors as a function of the nominal maximum energy 
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of the x-ray beam. The efficiency for counting events 
will in general be a function of the angles and energies of 
the outgoing products. Thus, the yield is an integral over 
the x-ray energies of the differential cross section for 
process (3), properly weighted with an efficiency func- 
tion and with the bremsstrahlung spectrum. In the z* 
case, the efficiency function was not determined in 
absolute value. Actually an absolute calculation of the 
efficiency function would imply an evaluation of the 
positron scattering and annihilation in the telescope, 
and also of the effective energy bias of the telescope. The 
geometry and the bias were chosen to diminish the 
background and to increase the counting rate, and not 
to guarantee the smallness of effects such as scattering or 
allow a reliable evaluation of them. The interest of this 
measurement was not in studying process (3) but to use 
it to get an absolute energy calibration of the betatron. 
To this end, it is only necessary to know the dependence 
of the efficiency function on the x-ray energy and to be 
sure that the recorded events were ascribable to posi- 
trons. This second circumstance is guaranteed by the 
use of Cerenkov counters at a large angle. 

As is obvious for an experiment of the kind outlined 
above, the betatron energy stability is very essential. 
This point has been checked by several high counting 
rate experiments which have shown that the rms sta- 
bility and reproducibility of the betatron energy is 
better than 0.25 Mev." 


2. x DETECTION EFFICIENCY CALCULATION 
Consider an 7° with velocity c8 going in the direction 
6, g with respect to the x-ray beam. Take an area 
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Fic. 5. Experimental yield from the process y+) — #t-+n. 


element dA; in the aperture of the first Cerenkov 
counter, and let the solid angle subtended by that area 
at the point of the decay be dQ). Then, the probability 
that one of the decay photons goes into this solid angle 
is given by (1/27) (dQ,*/dQ,)dQ,, where dQ;* is the solid 
angle transformed into the rest frame of the x°. The 
direction of the other decay photon is uniquely deter- 
mined. Define a function e which takes the value 1 when 
the other photon enters the aperture of the second 
Cerenkov counter and 0 if it does not. Then the effi- 
ciency of detection of a x° by the two-counter geometry 
is given by 





: 1 dQ*, 
1(0,¢,8) =- ° f € dQ, 
2rV¥a, dQy 


where dQ, is integrated over A;, the aperture of the first 
Cerenkov counter. ’ 

In the case of a point target with two Cerenkov 
counters 180° apart, the detection efficiency is sym- 
metric about the axis of the counters. So, it may be 
written as /(8,a), where a is the angle between the axis 
and the direction of x°. Figure 6 shows the result ob- 
tained by a calculation using “Illiac.” As is expected, the 
detection efficiency is uniform at zero energy. At higher 
energies only those rs which go in the direction of 
either of two counters are detected. The 0°-180° 
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Fic. 6. Probability of detecting a r® of kinetic energy from 0 to 
30 Mev by two Cerenkov counters placed 180° apart. The proba 
bility is given as a function of the angle between the 7° direction 
and the axis of the two counters. 
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asymmetry comes from difference in size of two 
Cerenkov counters employed. The actual target had 
non-negligible size and therefore was divided into 100 
subvolumes. The efficiency was calculated for each 
subvolume and averaged. 

From the curves of Fig. 6 another family F(7',°,8,°) 
was derived by changing a to 6,°. To make this trans- 
formation, an integration was performed over the ¢ 
direction. This second family is shown in Fig. 7 in solid 
lines. The dashed lines are the result of assuming a point 
source for the r”’s. The disagreement shows that this is 
a bad assumption. 

Up to this point the results are applicable to both 
m’s from H: and He. Next a transformation was made 
from the variables 7,° and 6,° to E, and @*,», the inci- 
dent x-ray energy and the center-of-mass pion angle. 
To make this transformation, the kinematics of the 
reaction were used and hence two sets of functions 
F(E,,6*,°) were obtained, for Hz and He. 

Then the theoretical yield curve is given by 


Ey r 
V (E,)=K(E,) dEy'o(Ey!) f d6*,« 
0 


Eyth 


da 
X—(E,’,0*,°)F(E,’,0*,°) sind*,», 
dQ* 


where ¢(E,’')dE,’ is the bremsstrahlung spectrum 
corresponding to a maximum energy £,, and K(F,) 
depends on the number of atoms in the beam and on the 
energy contained in one monitor unit for a maximum 
energy F,. For ws from He, the differential cross 
section can be written as 


da/dQ* = A+-B cos6* ,°+C cos*6*,», 


where A, B, and C are functions of ,’. Thus Y(/,) 
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becomes 
aby 
Vms(E)=Kus(Ey)| | AF ,@dE,! 
yth 
Ey By 
1 f BF ggdE,/+ CR eed 
Eyth Eyth 


where 


F4 f Fu,(E,’,0*.°) sind*,.d6* ,, 


Fx J Fu,(E,’,0* ,*) sind*,° cosd* ,.d0* ,», 


Tr 
Fe -{ Fuy(E,’,0*,*) sind*,» cos’6* ,d0*,°, 
0 


The curves 4, fz, and F¢ as a function of energy are 
shown in Fig. 8. 

For elastic 7°’s from He, the differential cross section 
can be written as 


do /dQ* =C sin*6,*F 7 (q*), 


where C is a function of energy and F,*(q*) is the form 
factor of He. F,*(¢*) is a slow function of angle. This 
dependence was neglected especially since the efficiency 
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Fic. 7. Probability of detecting amo of kinetic energy 7° as a 
function of the lab emission angle @,° with respect to the y-ray 
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peaked at 90° in the laboratory system. Thus 


Vue(Ey) =Kue(E,) 
Ey 
x C(E,’)Fue( Ey’) F7(E,’) o(Ey')dE,’, 
Eyth 
’ where 


Fue(y')= f Fue( Ey’ ,6*,°) sin®@* ,»d0* ,. 
0 


Fx. is shown in Fig. 9. 


3. x* DETECTION EFFICIENCY CALCULATION 


The method used for studying process (3) was to de- 
tect the electron decay of the decay chain r+ — w+ — e*. 
The detected fraction of the pions created by x-rays of 
fixed energy EZ, depends on the emission laboratory 7* 
angle 6,+. The excitation function for positron detection 
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Fic. 8. The efficiency functions F4, F's, Fe as a function of the 
sa y-Tay energy. my=135 Mev has been assumed. Only for Fg is 
“ay shown the curve obtained by assuming mo= 136 Mev. 
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lic. 9. The function Pye as a function of £,. 
Line .03 should read m)=135 Mev. 


where /, (/,',6*,*) represents the efficiency for the de- 
tection of a positron when the z* is created at a c.m. 
angle @*,*+ by an x-ray of energy E,’. From threshold to 
170 Mev, the c.m. angular distribution can be repre- 
sented by 


do,/dQ* = W (ao+ a, cos&* ++ a2 cos’6*,*), 


where W is the phase space, 6*,* is the c.m. emission 
angle of the r+ and ao, ai, and a» are functions of Ey’. 
Thus 


Ey 
V,(Ey) =Ku'(E)| f 
Zz 


yth 


FoaoW gdE,’ 


Ey Ey 
+ F\a,\W gdE,'+ FW oa! | 


Eyth Eyth 
where ‘ , 

1 ® 

Fo= — f F,(E,’,0*,*) sind*,+d0*,*, 
2x 0 
1 , 

F\=— f F,(E,’,0*,*) sin6*,*+ cos6*,+d0* ,*, 
2r Jo 
1 ® 

F,=— f F,(E,',0*,*+) sind*,+ cos*6*,+d0*,*. 
Qn 0 
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Fic. 10. Target geometry. 


If w*’s are uniformly produced in the region of the 
intersection of the x-ray beam with the hydrogen target 
(Fig. 10), a pion of range R produced from a point a 
distance r from the axis of the beam, a distance x along 
the axis, and at an angle 6,* with respect to the beam, 
has a probability of staying within the hydrogen target 
of P,(r,R,0,*,x). By symmetry 


P,(r,R,02+,x) = P,(r7,R sind,+)P,(x,R cos6,*), 
where 


P,(r,R sin6,*) 





| 1 if Rsind,*< Ro—r, 
=4 1 R? sin’é,++r—Re* 
| — cos ( —__—_— “) if Rsind,+> Ro—r, 
| 2rR sin6,+ 
and 
P,(r,R cos0,*) 
1 for —l/2—Rcos6,+<x<1/2| oni 0 
0 outside a 2 
1 for —l/2<x<l/2—R cos6,+| ak eal 
(0 outside sid vi ieeaiil 


The probability that the decay muon which has a range 
a=9 cm in H» remains within the target can be written 
in the form 


P,(7,R,0,*,x,a) = P,(a,r,R sin0,+)P,(a,x,R cos6,*), 
where 
P,,(a,r,R sin6,+) 
1 . . 
=— [Parte sin’, R sin@,*) sin@’dé’d¢’, 
4a 
and 
P,,(a,x,R cos6,*) 


1 
=— f?. (x+a cos6’, R cos@,*) siné’dé'd¢’. 
4r 
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One then has 


Q(x’,y’,2’) 





1 . 
F,(R,0,+)=— | P,(r,0.+,R,x,a) dx'dy'dz’, 
V 


4a 


where x’, y’, z’ are the coordinates of the end point of the 


ut. Finally using the kinematics for process (3) one can 


transform F,(R,6,*) into F,(E,,6**). 

In Fig. 11 are plotted three functions proportional to 
Fo, F;, F2 computed by using the values of do, a1, and a, 
published in reference 3. In the calculation, the 3-mil 
Cu longitudinal walls of the target have been trans- 
formed in an equivalent liquid H.2 thickness. 


4. ANALYSIS OF THE DATA 
(a) Absolute energy calibration of the x-ray beam 


If one assumes that there exists an energy shift be- 
tween the nominal maximum energy EF, of the brems- 
strahlung spectrum and its absolute value /,‘*’, one can 
write 

y(E.) 
Z(E,)= =ak(E,™), 
K'x2(E,) 

















150 60 170 
50 16 MEV Ey 


Fic. 11. The functions Fo, F;, F: as a function of Ey. 
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where Z(/,) is the observed yield (corrected for the 
monitor) at the nominal maximum x-ray energy £, and 
F(E,‘®) is the theoretical yield function calculated on 
the basis of the previous considerations at an absolute 
x-ray energy :,‘*” = E,+€; a represents a normalization 
constant. In order to evaluate the function F an 
hypothesis is needed at least on the energy dependence, 
of the three coefficients ao, a1, @2 of the angular distribu- 
tion of process (3). Because of the predominance, in our 
energy region, of the large S-wave term, the energy 
dependence of F is not strongly affected by the choice 
of a; and a». So the values of a; and a2 reported in (3) 
have been chosen. For ag we chose two cases: 

Case I. 

ady= const. according to (3). 
Case II. 


const ( ® got£n v? | 
Peas | AE o(1- -) 
ko | 22 M 


according to the dispersion relations calculation as 
quoted by Cini et al.” In order to determine the absolute 
energy calibration of the x-ray beam, one has to evaluate 
the energy shift € necessary to match the experimental 
values of Z(£,) with the evaluated F(F,). If one 
presumes to know the last function, then by assuming 
the energy shift to be small, one can write 


Z(E,)=aF (E,)+ae(0F/0E,) ey, 


and by a least squares fit, deduce the value of «. This 
procedure is justified, from one side by having an 
estimate of the shift by a calibration based on a betatron 
magnetic field calibration, from another side by a check 
a posteriori. 
By following such a procedure it was found that 

e= (—1.3840.17) Mev for case 1, 

e= (—1.634+0.17) Mev for case 2. 
These two values are equal within the errors. Thus by 
this comparison, one cannot decide between the two 
cases. The decision would have been possible if the con- 


stant a was known, i.e., if we could reliably evaluate the 
absolute efficiency of our detection system. 


(6) 2s from He 


Up to energies of 160 Mev, the photoproduction of 
neutral pions from He is elastic. Because the total 
angular momentum of the a@ particle is zero, the matrix 
element for the process will not be dependent on the 
Pauli spin operator and its general form will be 


T = (kXe)-af(k, cos6*,), 


where f is an unknown function of k and 6,°*. The 


2M. Cini, R. Gatto, E. L. Goldwasser, and M. Rudermann, 
Nuovo cimento 10, 243 (1958). 
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angular distribution will be, in general, proportional to 
sin?6* | {(k, cos6*,*) |, 


corresponding to the fact that the x° must be in a p state 
so that the cross section must be proportional to 
g sin*é*,°. To make explicit the function /{(k, cos@*,°), 
use can be made of the impulse approximation in order 
to use the production amplitude on single nucleons. 
Under this hypothesis, 


4 
T=(f| X Tili), 
7=1 


where |) and | f) are the initial and final wave functions 
of the a particle. In general, 


T ;= ei(k-a iL (k-o;+L)+ (M-o;+N)r;*] 


while for the specific case of the process under con- 
sideration because the a particle has T=0, J=0 


T=4LF,(@), 


where F(g?) is the He charge form factor (g is the 3- 
dimensional momentum transfer to the a particle). 
The dispersion relations calculation gives 


L= (kX e)-q{\ht + (4/9) ie*33 sinas3F 7}. 


So that the differential cross section, by assuming 
f°?=0.88 turns out as 


do, ‘dQ* = 45.6X 10 ®(ai:+2a13 
+43: +4433)*kq@ sin’6* oF? (q*), 


where der.27 represent the scattering lengths for the 
corresponding phase shifts. 


x” Mass from He 


To obtain the mass of the x° from He a theoretical 
yield curve was calculated. The threshold of the ex- 
perimental yield curve was obtained from the energy 
dependence of the theoretical yield curve. Since F,?(q?) 
is a slow function of /y max in our energy region, the 
cross section was written as 


do/dQ*~Ak@ sin*6*o with A constant. 


A yield curve was obtained by multiplying do/dQ* by 
Fy.(£,’) and integrating over the bremsstrahlung spec- 
trum. If this curve is plotted on log-log paper it is found 
to be a straight line from threshold to 150 Mev. 

From the slope, it is determined that 


Vue (E,— Eyu)™. 


After substracting the background, the 1/2.22 power of 
the experimental points was plotted against £,. These 
experimental points also lie in a straight line for energies 
under 150 Mev. The extrapolation of the experimental 
points to zero yield gives the threshold value of the 
reaction. Using the x* experiment as an energy calibra- 
tion of the betatron gives as the value of the mass of the 
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Fic, 12. Threshold determination for process y+He*t — r°+ Het. 


mr’ meson from He 136+1 Mev. Figure 12 shows the 
1/2.22 power of the experimental yield points and also 
of the theoretical yield curve normalized to fit the ex- 
perimental points under 150 Mev. This curve also seems 
to fit the points at higher energies. The mass value ob- 
tained is in agreement with the value obtained in the 
zero kinetic energy m charge exchange process. This 
result adds some evidence against the Baldin’s proposal 
of the existence of the ao’ meson." Such a proposal was 
advanced two years ago in order to remove an incon- 
sistency which seemed to exist in the comparison, by 
means of the Panofsky ratio, between the experimental 
data on low-energy charged meson photoproduction and 
the measured s-wave scattering phase shifts. According 
to Baldin, the known neutral meson with mass myp= 135 
Mev was a pion (mo’) with total isotopic spin 7=0. 
Furthermore, he proposed that the ordinary neutral 
pion (x°) with 7=1 and 7;=0 had a mass close to that 
of the charged pion, namely, mo’~m, = 139.7 Mev. 


Small p-Wave Scattering Lengths 


The normalization of the theoretical yield curve for 
He with the experimental results gives for the constant A 


A= (5.2+0.02) X 10-” cm?. 


For the low-energy points from which the constant A 
was determined F,?(g?)~0.6. Taking a;;=0.217, which 
is consistent with f?= 0.088 and in good agreement with 
recent experimental results,"* one gets 


ayi+ 2ai3+431 = —().433. 


4 N. Booth, O. Chamberlain, and E. Rogers, Bull. Am. Phys. 
Soc. 4, 446 (1959). 

4S. W. Barnes, B. Rose, G. Giacomelli, J. Ring, K. Miyake, and 
K. Kinsey, Phys. Rev. 117, 226 (1960); J. E. Fisher and FE. W 
Jenkins, Phys. Rev. 116, 749 (1959). 


STOPPINT, 





AND YAMAGATA 

According to the effective range formulas for the small 
p-wave phase shifts given by C.G.L.N. this sum turns 
out equal to —0.309. So the experimental result seems 
to suggest at least qualitatively, the validity of the 
scattering lengths predicted by the C.G.L.N. effective- 
range formulas. This conclusion seems quite surprising 
because by using the C.G.L.N. effective-range formulas 
to evaluate the small p-wave phase shifts in the high- 
energy region where they are experimentally known 
(although with large errors), the predictions are in com- 
plete disagreement with experiment, except for the as; 
phase shift. For example the ay, phase shift is predicted 
with an opposite sign. If use is made of the high-energy 
experimental points to extrapolate to low energy by 
means of effective-range formulas one gets 


€41+ 2413+ 4@3:~0.010. 


Recently, however, Bowcock, Cottingham, and Lurie" 
have calculated the effect -of the inclusion of a r—x 
interaction term in the calculation of the scattering 
lengths. The added term due to the r—7 interaction 
does not change substantially the scattering lengths 
predicted by the effective range formulas (it turns out 
411+ 2a13+a43:~%—0.264) but its energy dependence 
seems to show that it might change substantially the 
energy dependence of the predicted phase shifts so as to 
bring good agreement with the experimental data. 


(c) ws from Hydrogen 


According to the dispersion relation calculation of 
Chew et al., the c.m. differential cross section for the 
photoproduction of neutral pions from Hy, can be ex- 
pressed as 


do /dQ* = A+B cos6*.°+C cos?6* ,°. 


The coefficients of the angular distribution can be 
expressed as 


e*f? q 
1 | Ky, 2+ Aon), 
my k 
ef? q 
B [2kq Re(E,*A) |, 
my Rk 
eT q 
C= (| K |*k?q?— Ao»), 
mo k 


where g is the c.m. pion momentum, & the c.m. photon 
energy (both in units u), and 6* is the c.m. pion angle 
from the x-ray direction. EZ; is the s-wave amplitude, 
K the spin-flip p-wave amplitude, and A 0, is the contri- 
bution to the cross section of the no-spin-flip p wave. In 
the square of the complete amplitude given by Chew 
el al. also appears a D cos*#* term, which at the energies 
of this experiment is always negligible. Besides this 


18 J. Bowcock, W. N. Cottingham, and D. Lurie, preprint (to be 
published). 
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term there is also an addition to the term given for B. 
At the energies of this experiment this term is also 
negligible. The transition amplitudes are given by Chew 
et al. explicitly in terms of the scattering phase shifts, 
and of the pion nucleon coupling constant /. The 
structure of the s-wave amplitude is particularly 
interesting: 


Ek, =}i i(ai—a 


F,+wa(\* —R). 


The first term iis to the production of a #* 
with a subsequent charge exchange scattering on the 
parent nucleon. In this term F, is a function of g which 
describes the large s wave a+ transition amplitude, a; 
and a; are the s-wave scattering phase shifts correspond- 
ing to T=} and T7=3. In the second term, the — Rwa 
part is a recoil term which i is also responsible for making 
the threshold value of the x~/x* ratio larger than one. 
a=[1+(w/M)}" is a kinematical factor introduced in 
each recoil term to properly take into account the phase 
space factor. R= (gp+gn)/2M is explicitely evaluated 
by Chew ef al. in terms of the physical proton and 
neutron magnetic moments g, and g,. These enter by 
evaluation of the 1/M corrections to the first approxi- 
mation static solution of the dispersion integrals. .V* is 
a real electric dipole amplitude given by the authors in 
the form of a dispersion integral whose evaluation 
seems to be quite difficult. So V+ was considered to be 
unknown and Chew et al. suggest it is constant and no 
larger than 0.2 in absolute value. In the comparison 


154 156 1588 160 62 164 166 168 # 170 
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made below, V+ was assumed energy independent and 
its absolute value was assigned to give the best agree- 
ment with the experimental data. The comparison with 
the experimenta! results will be made by evaluating the 
theoretical yield curve obtained by multiplying the 
theoretical values of A, B, and C by their respective 
efficiency functions and then integrating over the pion 
angles and bremsstrahlung spectrum. 

This direction has been chosen, since the experiment 
was done only at one angle, and without some argument 
as to the energy dependences of A, B, C it is impossible 
to extract the values of the coefficients. Various theo- 
retical assumptions to calculate A(E,), B(E,), and 
C(E,) have been made, and theoretical yield curves 
have been evaluated to compare with the experimental 
data. Since in the first comparison there was no agree- 
ment, we began to search for ways to fit the data. Thus, 
we list various attempts to achieve agreement, stating 
some sort of reason for the attempt and calculating the 
consequent angular distribution and yield curve. It is 
singularly unfortunate that the H, experiment was per- 
formed at only one angle, as the theoretical yield curve 
at our angles is not very sensitive to the various as- 
sumptions made. Besides our interest in the possible 
validity of some of the various assumptions, there was 
always concern that none of the assumptions was such 
as to produce complete agreement with the experiment. 
Various other possible effects are discussed at the end, 
but not calculated. 
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Fic. 14. Comparison of 
the hydrogen experimental 
yield with the yield curve 
evaluated by using the A, 
B, and C of Fig. 12 and 
the efficiency functions of 
Fig. 8. 
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In the evaluation of the theoretical yield curves, we 
always assumed a}—a3=0.27q.'* In the first calculation 
performed, we chose {?=0.080, a3;;=0.235q¢* according 
to the Orear fit, N*=0 and ain=a13;=a;3:=0. In the 
graphs which follow the experimental points have been 
shifted according to the value of « deduced from the 
fitting of the r+ yield curve. The comparison shows that 
at all energies there are deviations of the calculated 
yield from the experimental one. At energies above 155 
Mev, agreement can be achieved if we choose V*~R 
= (gp+g,)/2M. With this .\V*, the experimental yield at 
low energies is higher than the theoretical one. However 
if N+=R, it must be clearly stated that the asymmetry 
part of the angular distribution B, goes almost to zero, 
which is in contradiction with experiments which have 
measured the angular distribution.*.” 

If N+= —R the values of B is about double that of the 
case of V+=0. Furthermore the theoretical yield curve 
while in a bit better agreement with the very low-energy 
points is badly in disagreement with the higher energy 
measurements. We thus feel that a positive value for V+ 
is most probable. Figures 13 and 14 show the angular 
distributions and the yield curves for V*= —R, O, +R. 

Since none of these yield curves fit the data, the next 
thing that was tried was to determine the effect of the 
small p-wave phase shifts. The value of these phase 
shifts was calculated in two different ways. The first was 
to extrapolate the experimental values'’ of these phase 
shifts around g=2 to low energies by means of an 
effective range type formula. This gave values near 

16 |. Orear, Nuovo cimento 4, 856 (1956). 


17 B. Pontecorvo, Ninth International Conference on High 
. Energy Physics, Kier, 1959 (unpublished) 
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threshold of ai1.=+0.055q*, a31= —0.45g', ai3=0. The 
effect of introducing these phase shifts into the formulas 
hardly changed A, B, and C. Thus also the change in the 
theoretical yield curve was very small. Figure 15 shows 
this yield curve for V+ =0. 

The second method of evaluating the p-wave phase 
shifts was to use, coherently with the He results, the 
effective-range formulas of Chew el al. In this case we 
used a somewhat different value of a33 and f?. From the 
a33 effective-range plot including new data," we de- 
termined f?=0.088 and w.=2.17. At low energies this 
combination leads to a3;=0.217g°. Using the relativistic 
corrections to the effective range formulas, ai1, a13, and 
a3; were evaluated as functions of g. In the range of 
O<q<0.55, these phase shifts cannot be expressed in 
the manner ary=ar7 ,q* with ar, constant. Instead the 
actual calculated value of the phase shift was used. The 
striking part of these calculated small p-wave phase 
shifts is the large negative value predicted for ai1. Very 
close to threshold, the value of a1, determined by 
dividing ai; by g is —0.167 which is 77% of 33. How- 
ever, in the extrapolation to higher energies, the values 
of ai; are in disagreement, both in sign and in magni- 
tude, with the experimental scattering data. Introducing 
these phase shifts into the formulas radically changed 
the angular distribution, Fig. 16, making C positive 
instead of negative. The effect on the theoretical yield 
curve at the angle of the experiment was reasonably 
small and again there was agreement with the four 
higher energy points for V+=R and disagreement with 
the four lower energy points, Fig. 17. 

The agreement in shape of the He experiment with 
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disagreement exists is just the one between the thresh- 
olds of charged and neutral processes. For instance, 
below the x* threshold which is at E,= 151.2 Mev, the 
S-wave term corresponding to the production of a r* 
meson with a subsequent charge exchange scattering, 
must be equal to zero. Unfortunately this correction 
(which is the only one we have been able to think of) 
would make the disagreement between the theoretical 
yield curve and experimental one even worse, since the 
correction removes a contribution to the yield curve. 

Assuming that the deviation was due to a term which 
had to be added to the S wave, we took the difference 
between the experimental and theoretical curve for 
N*+=R, and by using the S-wave efficiency function F 4, 
we determined that the amplitude of the needed term 
was probably of magnitude about equal to 0.2~3R near 
the w° threshold and fell rapidly to zero by the rt 
threshold. This could be ascribed to N+ possibly being 
energy dependent near threshold and the function 
needed is the difference between .V* and R. 

Another way of getting agreement is to add to the 
amplitude § a term which decreases with energy. 

The effect of the pion-pion interaction would appear 
in the recoil amplitude. Cini and Munczek have 
evaluated such a contribution by assuming the r—7 
system in a resonant state with 7=1, J/=1. This 


contribution contains a parameter X» which charac- 
terizes the strength of the r—7 interaction. The term is 
similar to a direct interaction term and like the direct 
interaction term contains all multipoles. It is interesting 
to note that since this term appears in F, it has a large 
influence on the r~/x* ratio. At the angle at which our 
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mw” experiment was performed, the yield curve is not very 
sensitive to this term. In any case, the term has the 
wrong energy dependence to cause the observed bump 
in the experimental yield curve. 

No conclusion can be drawn now about the contribu- 
tion to the photomesonic processes of the r—7 inter- 
action term. This is so because there seems to be a 
certain number of unknown parameters in the low- 
energy region. One of these is V+ which though we have 
not evaluated, we believe can be from the expression 
given by C.G.L. N. at least by a numerical integration. 
A second parameter is \p which may influence the angu- 
lar distribution of r° from H, also at low energies mainly 
in the term B but also in all terms. Other parameters 
might be the constants to be introduced to take into 
account the high-energy contribution to the dispersive 
integrals. These constants can be only determined by 
the experiment. Not completely known is the combina- 
tion of small » wave phase shifts which appear in h‘+ 
This combination influences the angular distribution of 
m’s from H2 mainly in the term C at low energies. How- 
ever, the total cross section of elastic 7° from He is very 
sensitive to this combination so to allow its experimental 
determination. This is true within the limits in which 
the use of the impulse approximation for process (2) is 
valid. Finally the effect of the r*—7° mass difference 
must be taken into account. 

Since there are so many parameters, it is very difficult 
to extract very much information from the present ex- 
periment. The only conclusion is that the experimental 
data are not fitted by the C.G.L.N. calculation as it 
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NEUTRAL PION 
stands. A new experiment which includes an angular 
distribution using the two counters geometry would 
probably supply some of the answers to the unknown 
parameters especially if the value of V* is evaluated as 
a function of energy below and above the * threshold. 


CONCLUSIONS 


(1) From the comparison between the values for the 
threshold for the photoproduction of positive pions 
from H, and neutral pions from He, the mass of the 
neutral pion from He, comes out to be 136.141 Mev if 
the mass of the positive pion is taken as 139.7 Mev. 

(2) The experimental results on the photoproduction 
of neutral pions from H, are generally in accord with the 
C.G.L.N. dispersion relations calculation above E,= 155 
Mev especially for V+ positive and of magnitude about 
equal to that of the S wave recoil term (g,+g,)/M. 

(3) Below -,=155 Mev there seems to be some 
disagreement between the experimental results and our 
use of the C.G.L.N. formulas. Such disagreement might 
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be due to any one or combinations of effects such as an 
energy-dependent V+ near threshold, the r—7 inter- 
action, or the x+—7° mass difference. 

(4) Though the present H» experiment is not very 
sensitive to the values of the small p-wave phase shifts, 
the angular distribution is affected greatly by their 
choice, especially in the term C. The total cross section 
of elastic °’s from He using an impulse approximation 
calculation is very sensitive to the values of these phase 
shifts. From the He results we obtain a::+2d@13+¢s1 
= —0.433 with a rather small statistical error but with 
an unknown systematic error. Such a value is in the 
direction of the predictions given by the C.G.L.N. 
effective-range formulas. 
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An expression is given for the lepton energy spectrum and asymmetry for the lepton decay modes of 
hyperons in terms of 6 form factors. A weak interaction having the form of the usual lepton current coupled 
to an unspecified strong current is assumed, and the momentum transfer dependence of the form factors is 


neglected. Some applications to the decays A + p+e+i and A 


1. INTRODUCTION 


T the present time little is known about the inter- 
action responsible for the weak decays of hyperons. 
The most natural assumption would be an extension of 
the universal V-A theory! which has been successful in 
describing weak decays not involving strange particles. 
If, however, an interaction of this form is assumed with 
the “universal” coupling constant, and if the effects of 
strong interactions are ignored, then the resulting 
calculated rate for the decay A— p+e+? is an order 
of magnitude larger than the experimental! rate.? This 
shows either that the universal V-A theory does not 
apply to A 8 decay or that renormalization effects are 
very large. 

It is the purpose of this paper to determine what one 
can hope to learn about the weak interactions of 
hyperons from experimental studies of their lepton 
decay modes. The lepton, rather than pion, modes are 
chosen because the structure of the weak interaction 
is almst completely masked by strong interactions in 
the pion modes. Although at present experimental 
information concerning the lepton modes is extremely 
limited,’ it is likely that sufficient data eventually will 
be accumulated. 

A study of these decays has been made previously by 
Shekhter,’? who limits himself to direct V and 
actions (form factors fi; and gi 


A inter- 
). In the present paper, 
form factors 
couplings) are considered ; these may well be important 
because renormalization effects appear to be large. 
Some consequences of these other factors have pre- 
viously been treated by Albright.‘ 


contributions from different (induced 


* Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at the Carnegie Institute of 
Technology. 

+ National Science Foundation Pre-Doctoral Fellow. 

1 R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958). 
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Crawford e¢ al., Phys. Rev. Letters 1, 377 (1958) ; J. Orear et al., 
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*V. M. Shekhter, y. Exptl. Theoret. Phys. (U.S.S.R.) 35, 458 
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Mingalev, and V. M. Shekhter, J. Exptl. Theoret. Phys. (U. S.S.R.) 
38, 541 (1960) (translation: Soviet Phys.—JETP 11, 392 (1960) } 

4C. H. Albright, Phys. Rev. 115, 750 (1959). 


> pb+u+? are given. 


Il. MATRIX ELEMENT AND FORM FACTORS 
In this calculation an interaction of the form® 
GJ*(x)L,(«%)+H.c. (1) 


is assumed. As in the V- theory, 
L,(x), is taken to be 


the lepton current, 


: (1+y7s) _ _ (1+7s) . 
L* (x) =P. (x)y"————-, (x) +, (x) "+. (x). (2) 
v2 v2 


There are arguments, based upon K-meson lepton 
decay modes, for assuming this form in strangeness- 
nonconserving decays.* J#(x) is a current constructed 
from the fields of strongly interacting particles, possibly, 
but not necessarily, including hyperons. With this 
interaction the matrix element for the transition 
B— 6+1+-7 is, to lowest order in the weak interaction, 


G(2r)‘5'(pa— po— pe— pr) X (b| J*(0)| B) 


m, m,\3 (1 +75) 
(Ben, 
EE v2 


“v “v 


where B and 6 are baryons and / is a uw or e~. (The 
calculation is essentially identical for B’ — 6’+1+».) 
Electromagnetic corrections have been neglected. The 
mass of the neutrino will be allowed to go to zero later. 

As is well known,’ because of its transformation 
properties, (b|J#(0)|B) can always be expressed in 
terms of six dimensionless form factors: 


moms? 
b| J#(0)| B)= {| ——— 
EBEs 


fo fs 
X th, ( Sre'+—ork,+ 
MR 


Mr 


k*+-giy"¥s 


2 g 
+—o’'y5k,+ 


5h y vite Jun, (4) 
mB mp 


5 The notation of S. S. Schweber, H. A. Bethe, and F. de 
Hoffmann, Meson and Fields (Row, Peterson and Company, 
New York, 1956), is used, except that here y;= —iy°y'y*7' and 
a-} represents a four-vector product. 

® See, for example, R. Dalitz, Revs. 
(1959). 

7M. Goldberger and S. Treiman, Phys. Rev. 111, 354 (1958). 
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where o#?= (y“y’—y"’y")/2, k=psa—po=pet+p,, and 
fi, «++,» Zs are the form factors, which, in general, 
depend upon &. An alternative expression, more 
convenient for calculation in some cases, is 





F; 
(b| J#(0)| B)= (— *) ta( Fort pet 
EoEp mB 
G2 G3 
+ Grrr —vepat+— elt J. (5) 
Mp MB 


These expressions are equivalent when 


= fit(1+m,/mp) fo, Gi=gi-— (1—me/ms) go, 
F,=—2fo, Go=—2g2, (6) 
F3= fot fs, Gs=gotgs. 


If time-reversal invariance is assumed then all 'the 
above form factors may be chosen to be real numbers. 

Since y5u# satisfies the Dirac equation with negative 
mass, one finds that the matrix element is invariant 
under each of the two transformations: 


fe @G,, Feo —-G2, F3<—-G; 
ma—>—mp\ (7) 
lheog, to — 82, 


fs ae a, 
FP, _— Gi, Fy, - —Go, F; -_- —G; 
m,— — Mp» (8) 
Neen, fom — 82, fro —Fs, 


Similar considerations show that the matrix element 
must be independent of the sign of m,. Starting with the 
matrix element (3) a fairly long but straightforward 
calculation shows that the decay rate from a B particle, 
at rest with polarization P, into dE,dQ,dQ, is 


w(Fy,2;,Q, ; P)dEdQ,dQ, 


|G|? 
~~. [C+ Cop PEC pe PHC: (nx. 


2(2x)5 ‘pol | bl 
i ie dEdQdQ%. (9) 
mp—E,+| pil cosy 


> 








The C,; are written most compactly in terms of the 
F,’s and G,’s, using the symmetry (8). 


C= | P, | >2( EF. (po.- Po+E (po. pr) —m»( py. pi) | 
+ | Fo|2(Eyt+-m,)[2EE,— (pr. po) ] 
+2ReF iF *CE,( po. pir) +Ei( po. pr) — Ev( py. pi) 
+m{2EE,— (pi. p)}] 
+2ReF,G\*CE, (po. pr) — En( po. pr) ] 
+ReF \F3*(m?/mp)C (po. p»)+moE, | 
+2 ReF.F;*(m2/mpz)(Fx+m)E, 
+ | F3|*(m,/mp)?(Ext+my) (py. pr) 
+symmetric. (10) 
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C.= | F,|?2[mE,— (po. p») +2 ReP iF "(EE 
— (po. py) ]+2 ReF1Gi* (py. p,) — ReF G2* 
x [2E.E,— (pi. p») |—- 2 ReF,G.*[2E,E,— (pi. pr») 
+ (E,—m,)E, |—2ReF,G;*(m?2/ms)E, 
—2 ReF.G;* (m?/mg)E,— ReF3G3*(m)/msg)? 
X (pr. p,)+symmetric. (11) 
C3=—| Fi |22LmE.— (po. p) J—2 ReF iF s*[ (EsEx 
— (po. pr) +2 ReF :Gi* (po. p1)— ReF2G2*(2E,E, 
— (pi. pr) ]—2 ReF1G2*[2E,E,— (pi. py) 
+ (E,—m,) E,]—2 ReF:G;* (m?/msg) 
X[Ei:— m+ E,]—2 ReFG;* (m?/msg)E, 
—ReF;G;*(m?2/msz) (pi. p.)-+symmetric. (12) 


C= 2 ImF | F2* (E,— E,)+2 ImF,G2*m, 
+2 ImF,G.* (E,»— my) — 2 ImF F 3* (m2/mz) 

+symmetric. (13) 

The ““+symmetric” at the end of each expression means 

that one should add to the expression given the expres- 

sion obtained from it by making the substitutions 

indicated in (8). 

From four-momentum conservation we find 
mp(E,"*— E;) 


fata (14) 
mp— E:+| pi! cOsOp. 





where 
mp?+ m;, —_ m2 
Eien — eerie (15) 
2mp 


We can thus regard the C; as functions of FE; and cos6y. 

It should be noted that when m,=0 the above 
expression for the decay rate agrees with a theorem 
given by Weinberg: in the scalar terms [C,+C,P 
- (p:X p,) ] the F-G interference terms are antisymmetric 
under interchange of / and v while the remaining terms 
are symmetric. In the pseudoscalar terms (C2 p,: P 
+C3p,-P) the situtation is reversed. Another theorem 
by Weinberg® states that the F;G; term in C, will not 
contribute to the total decay rate even when m,+0. 

Expression (9), in somewhat different form, has been 
obtained by Albright* for electron modes. 


III. LEPTON SPECTRUM AND ASYMMETRY 


The above expression for the complete distribution is 
not of much immediate use. One would like to obtain 
expressions for simpler observables by integrating over 
some of the variables. A difficulty arises, however, 
because of the unknown dependence of the form factors 
upon &. Fortunately, it is likely that this dependence 
is small. If a reasonably simple form is assumed for the 
strong current, J“, the k® dependence of the form factors 
will be due entirely to the renormalization effects of 
the strong interactions. Since the maximum value of 
k® is small compared to the masses of the possible 


8S. Weinberg, Phys. Rev. 115, 481 (1959). 
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. The lepton energy spectrum is proportional to 


Bx? (1—2x)?( ite 2Rx) a(x). 
Form a 3 < > 
factors st 1 x x? x 
fal? = 1 —4R SEREO 
| 81)? —2eR™ 3-—2E —8R 54R? + 
\f2\? 23e—34eR+2ER™ 2R?—44e+6%eR —63R?+14R3—14eR 65R?—23R' —23R 
| g2|? 1}e—2eR—ER™ 2R?*—4e—5%eR _ 14R?—4R?+$eR 14R?+-2¢R —23R3 
pad ae keR—24ER™ Ae alle —54R?—14R*—2eR 3K 2a? ee 
—_ 145 —4 2 9 8 

Refir* R14 ~ oR Site F aR-+19R° _54R? 
Refoge 4e—54eR—22R™ 4R?*—4%eR — 8R*—23R3+4eR 103 R? 
Refig2* 2e—19¥eR-—ER™ 2R?+ R?—14eR —4R?— 34R3+-2¢ 54R3 
mil > FRB a al te 14R? 103 R? 

a as ¢ a 
Ree — nee heR—4ER i te — 2eR ee 
Refsf3 €R"—1lhé «R—jé —2eR— eR? + 
roa i eR—#é —2eR—4eR? 25eR° 
| fs|? —éR- e—eR —2eR : 
gs|? t@—teR+iER™ teR?+1/122 +R — %eR?—}eR®—3ER eR? 


intermediate states, the form factors should not vary 
by more than 5 or 10% over the range of & for the 
decays considered in Table III. More precise estimates 
of this variation can be made by considering the range 
of variation of k* for each decay. To this accuracy, then, 
the form factors may be treated as constants and the 
integrations mentioned above may be performed. 

Two observables which should be measurable are the 
lepton energy spectrum and the lepton asymmetry 
measured relative to the polarization of the initial 
hyperon (hyperons can be easily produced with large 
polarizations).*® Integrating over the neutrino variables, 
and treating the form factors as constants, we obtain 
for the decay rate into dE;d(cos@;) : 





2|G|? 
w(E,, cos0,)dE,d(cos6;) = (mpR)* 
(29) 
Bx? (1—x) 
ve als) +(e )BP cos@; |dE,d(cosé,), (16) 
(1+.«—2Rx)* 


TABLE II. Asymmetry factor 
b(x) =[(—4R—4R?+4e) 
+ (3R+2¢R*)x+ (—23R%) 2] fil2+--- 


The electron asymmetry is given by BPb(x)/a(x). 











where P is the polarization of B, 6, is the angle between 
P and p,, and where 8, e, R, and x are dimensionless 
quantities defined by 


| ‘ 9 
=|pij/L£1, €=(mi/ms)’, 
Ey" mpg*+m?—m, EF, 
R=— = ———————, x»=-———, (17) 
Mp 2m," Ey" 


E,; varies between m, and E;™* so that e!/R<x<1. 
The functions a(#) and 6(x) are quadratic forms in the 
6 form factors, with coefficients that depend upon x. 
They are given in Tables I and II. To simplify the 
expressions, terms which do not introduce corrections 
of more than a few percent have been dropped. Notice 
that no assumptions have been made concerning the 
relative magnitudes of the form factors, i.e., no com- 
bination of form factors has been dropped because it 
has a small coefficient. 

Values for R and ¢ for several decays are given in 
Table III. The decay rate (16) also holds for the 
8 decay of the neutron. In this case R is quite small, and 
charge symmetry requires that f; and gs vanish, so 
that the expressions for a(x) and b(«) can be simplified 





Form 

pa a il wien : TABLE III. Values of R and e for specific decays. 

“ l* pay | sR? +he meus —24§R? — = a . __—— 
gi) 7 cee 

\fe|? —{R2+2¢—6eR 4R2 —4R?+2eR ~5}R?+8R? ee 

leo]? ~{RE+14R THR +1eR ERS Decay R ., . “ip 

* on —4R?+2 on - s 

Reeet 24RaIRI2e TR OOER: ~24R? n—> pt+e-+o 0.0014 0.3+10-¢ 

Refigi* 2+i4R —104R 10} R? eee y ohh \u . 0.067 0.7910? 

Ref2g2* —14R?—3eR 24R? —24R* —4eR 2}R? 54R3 ~ le oe 0.063 0.2102 

Refig:* - ik- Ri+e 14R+5),R? —2;¢R? . be: 0.150 0.90% 1072 

Regif:* 2 R2+5e —O{R+24R? 8R? A— p+ Sela; 1S .90X 

ple 8 —e« > a ee res 0.146 0.2K 107° 

R —e+ 2 vee m¢ 2 

Refit eR +4eR —4eR ~24eR eR? 2- > n+ # Lp _— ers 

Reg2f:* 2e—}eR —4te ree é 0.196 0.2% 

Re figa* ieR+e LheR +JeR? 14R? = ue 0.146 0.64 10°? 
i, Ailalii Act BATT (Tt! 0.143 0.2% 10"* 

ieheiaiinabae weet 0.097 0.64 107? 

; : 11960) nadia Wes ld 0.094 0.2 10-8 
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Fic. 1. Lepton energy spectra for the pure /; case, for the decay 
A — p+/+-p. Ordinate scale is arbitrary. 


considerably. This case has been treated by Bilenky 
et al." 


IV. DISCUSSION 


This section contains some observations about what 
one might hope to learn by comparing’ experimental 
results with the above expressions. There is, of course, 
the possibility that no choice of form factors will fit 
the experiments. This would indicate that one of our 
assumptions is not valid; that either the interaction 
does not have the form GJ#(x)L,(x) or that the form 
factors have a strong k® dependence. Assuming that 
this will not be the case, one would like to be able to 
use the experimental data to determine the form factors 
or at least to check conjectures as to which form factors 
are dominant. 

Each combination of form factors predicts a definite 
value for the ratio of total decay rates," 


W B+ b+ e+ 
W B+ b+ p45 


For example, in the decays 
“ee 
Mm 


this ratio is about 6.5 for pure /; and about 10 for pure 
fy. All terms containing as a factor either fs or g; are 
proportional to « and are thus about 10° times as large 


0S. 1. Bilensky, R. M. Ryndin, J. A. Smorodinsky, and Ho 
Tzo-Hsiu, J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1758 (1959) 
(translation: Soviet Phys.—JETP 10, 1241 (1960) ]. 

1 Expressions for total decay rates have been given by Y. 
Yamaguchi [CERN Report (unpublished)] and Ho Tso-hsiu, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1825 (1959) [translation: 
Soviet Phys.—JETP 10, 1288 (1960) ], and in reference 3. 
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Fic. 2. Lepton energy spectra for the pure /2 case, for the decay 
A — p+Il+v. Ordinate scale is arbitrary. 


for muon modes as for electron modes. Since A > p+e 
+p has been seen, but not A— p++), these terms 
should be completely negligible for the electron modes 
in A decay. 

Each combination of form factors also corresponds 
to a definite shape for the lepton energy spectrum. 
Unfortunately, since a(x) is always a fairly smooth 
function, the shape of the spectrum is dominated by 
the phase-space factor 8x*(1—-)? so that fairly accurate 
experiments will be needed to distinguish between 
different sets of form factors. Figures 1 and 2 show the 
spectra corresponding to pure f; and pure fe. Finally 
we have the asymmetry, 6/a, to compare with experi- 
mental! results. Here the difference between different 
combinations of form factors can be more striking. 
For A— p+e+i at x=0.6 (near the peak of the 
spectrum), 6/a is about —0.06 for pure f;, —0.76 for 
pure g; and —0.86 for pure go. If enough events near 
the ends of the spectrum can be observed, the energy 
dependence of b/a can also provide a means of distin- 
guishing between combinations of form factors. 

In conclusion, it appears unlikely that an un- 
ambiguous experimental determination of the 6 form 
factors will be made in the near future. Experimental 
studies of hyperon lepton decay should prove extremely 
valuable, however, as a check on theoretical predictions: 
those following from the general assumptions about 
the form of the interaction made above as well as the 
more specific predictions given by more detailed 
treatments of the baryon vertex. 
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Using the analytic properties of partial wave scattering amplitudes, as derived from Mandelstam’s 
representation, we have studied the J = 3, P state of the pion-nucleon system. The method used is covariant, 
it incorporates unitarity, and the effect of a possible pion-pion resonance has been investigated. Using the 
“single nucleon term” and the low-energy scattering properties of the “crossed states,” we obtain a resonance 
in the J= 3, T=} pion-nucleon state without the aid of a cutoff. We have also investigated the scattering 
in the 7 =} state. The pion-pion resonance appears to have only a very small effect in the T= } state whereas 
in the T=} state it increases the phase shift by a factor of 2. 

The resonance obtained in the 7’ =} state occurs at too low an energy. There are several factors which 
may account for this: We have not been able to include fully the contributions from crossed states, and 


1 


a, 


1960 


we have not systematically included inelastic scattering. 


I. INTRODUCTION 


HE past few years have seen promising attempts 
to deal with strong-coupling theory by utilizing 
the analytic properties of scattering amplitudes. The 
work of Chew and Low! on the static theory started 
this approach to the pion-nucleon scattering problem 
and enjoyed considerable success mainly because it 
embodied most of the principles that any correct 
theory must have. We have in mind here, in addition 
to the analytic properties, unitarity, conservation of 
isotopic spin, and crossing symmetry. Unfortunately, 
it was not possible to include Lorentz covariance 
among these in the static theory. Progress along the 
latter line was made by Chew, Goldberger, Low, and 
Nambu? who utilized the fixed four-momentum- 
transfer dispersion relations to derive the successful 
results of the static theory and to include the leading 
kinematic corrections. While the latter authors had 
hopes of obtaining the position of the 3-3 resonance 
and the s-wave scattering lengths in principle, they 
were not able to do so in practice. Although their theory 
marked a great step forward in this field, the authors 
did not investigate the effect of a possible strong *—7 
interaction nor was their projection of the partial 
wave amplitudes an exact one. 
Mandelstam® has recently proposed a two-dimen- 
sional representation of scattering amplitudes from 
which one can derive the analytic properties of partial 


* Supported in part by the U. S. Air Force through the Air 
Force Office of Scientific Research. 

+ Supported by National Science Foundation Grant. 

t National Science Foundation Postdoctoral Fellow. 

1G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 

2G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, 
Phys. Rev. 106, 1337 (1957). See also A. Finn, Phys. Rev. 119, 
1786 (1960). 

*S. Mandelstam, Phys. Rev. 112, 1344 (1958) and Phys. Rev 
115, 1741 and 1752 (1959). 


waves.*> There is hope that by solving the r—z 
scattering problem, which one can do within this 
framework,® and working up through heavier mass 
states, one might finally be able to get a realistic hold 
on the strong coupling problem. That is, the goal is to 
calculate scattering amplitudes quantitatively in terms 
of the fundamental coupling constants of the theory 
and the masses of the particles involved.’ This program 
has had some successes, notably the justification of 
“polology” from which the same pion-nucleon coupling 
constant has been determined from several different 
physical processes. Frazer and Fulco’ were ilso able to 
explain the isotopic vector part of the electromagnetic 
form factor of the nucleon by introducing a mr—7 
resonance in the 7=1, J=1 state. There appear to be 
some theoretical arguments for this resonance® and 
hopefully we will soon have some experimental evidence 
on this question. 

In this paper we shall work on the second stage of 
the general program indicated above. Given the 
pion-nucleon coupling constant and a r—z interaction, 
we investigate —WN scattering. 

We have collected the kinematic relations pertaining 
to pion-nucleon scattering in Sec. II. In Sec. III we 
discuss our choice of amplitude and Sec. IV contains 
the Mandelstam representation for this amplitude. 
Section V is concerned with a discussion of the program 
to be followed in practice and especially the replacement 
of known branch cuts by poles, and in Sec. VI we 
specialize to the /= 4 amplitude and obtain an approxi- 

4S. W. Macdowell, Phys. Rev. 116, 774 (1959). 

5W.R. Frazer and J. R. Fulco, Phys. Rev. 119, 1420 (1960). 

6G. F. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960) 
and Lawrence Radiation Laboratory Report UCRL-9126, March, 
1960. C. F. Chew, S. Mandelstam, and H. P. Noyes, Phys. Rev. 
119, 478 (1960). 

7G. F. Chew, Lawrence Radiation Laboratory Report UCRL- 
8670, January, 1959 (unpublished). 


8 W.R. Frazer and J. R. Fulco, Phys. Rev. 117, 1603 and 1609 
(1960 
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mate solution for this amplitude including the “‘single- 
nucleon terms’’ and unitarity. “Long-range” contribu- 
tions from crossed channels are considered in Sec. VII, 
and ‘short-range’ and inelastic contributions are 
discussed in Sec. VIII. Section IX contains concluding 
remarks. 

II. KINEMATICS 


We first summarize the relevant formulas pertaining 
to the kinematics of pion-nucleon scattering.? We take 
pi and q; to be the four-momenta of the incoming 
nucleon and meson, p2 and ge to refer to the outgoing 
nucleon and meson, and a and @ to be the initial and 
fina! isotopic spin states of the pions (see Fig. 1). Then 


pPitq=potq, (2.1) 


by conservation of four-momentum. We shall refer to 
this process as channel I. We define the Lorentz scalars 
by 


— (pitqu)’, (2.2) 
u= — (po— qu)”, (2.3) 


— (gi— 2)”. (2.4) 
There is one relation between them, 
sti+u=2M?+ 2p’, (2.5) 


which reduces the number of independent scalars to 
two. If W is the total energy, g the three-momentum, 
and 6 the scattering angle, all in the center of mass, then 


s=W?, (2.6) 
t= —2q°(1—cos6), (2.7) 

and therefore 
u=2M?+2y?—W?+2¢(1—cos8). (2.8) 


We shall also need the relation 
Cw +M M)? yt ILWw _ M)*— J 


g= (2.9) 
4 


The T matrix for this process is defined by 


Syi=byi— (20) 154 (Pot G2— pi- qu) 


M? } 
x(- —— ~) WoT u,. (2.10) 
4E 1 2W1Wo 


The T matrix defined in this way (t= 1) is a Lorentz 
scalar and can be written 


T= —A(s,u,t)+43(qitq2)B(sju,t), (2.11) 

where 
Aga=5gaA*++3[18,Ta }A~, (2.12) 
Bga=5aB++3[ 78,72 |B~. (2.13) 


The amplitudes A 


*, B* can be related to the isotopic 


SCATTERING 1487 


Fic. 1. Pion-nucleon interaction in 
channel I. 





spin eigenamplitudes by 
+= $(A1+24)), (2.14) 
A aie (2.15) 


with identical relations for the B’s. In the center-of-mass 
system, the differential cross section can be written 


de (o-a:)(o-@)_|.\ |? 
ee (/ pee i), 


(2.16) 
dQ spins 9241 





where the matrix element is taken between two- 
component spinors. The functions f; and fe are related 
to the phase shifts by 


h= ZX fuPur(~)—- Y f-Prs’(x), (2.17) 
l=0 =2 
= > (f-—fu)Pi'(x), (2.18) 
l=} 
where 
x=cos0, (2.19) 
and 
fiz=e™ sindi/q, (2.20) 


in the appropriate eigenstate of isotopic spin. These 
equations can be inverted by 


1 


1 
fu = f dx_fi (x) Pi(x)+ fo(x) Pigs (x) J. (2.21) 
1 


The functions f; and fs are related to A and B by 





(W+M)?—p? 
fi=———_[A+ (W-M)B], (2.22) 
16rW? 
(W—M)*— 2? 
fo=——_——_[— A+(W+M)B], (2.23) 
16n1V2 
and conversely 
W+M W-M 
A=erv(———— EY | ee fs), (2.24) 
(W+M)?—p? (W—M)?—p? 


1 1 
B= sew (———__ nfl ————fi). (2.25) 
(W+M)2—p? (W—M)2—p? 
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Finally we can relate fi, to A and B by 


fiz = (1/32eW?){((W+M)?—p? ] 
[4+ (W—M)B,]+[(W—M)—2"] 
XC—A uit (W+M) Bis J}, (2.26) 


where 
1 


Au(s)= ff PulsdA Gude, etc. (2.27) 
1 


Since A; and B; depend only on W?, we have 
} } 


fiu(W)=— fir_(-—W). (2.28) 


We shall refer to this as our “reflection principle.” 

It is a fundamental principle of the theory we will 
work with that the functions A and B are analytic 
functions of the variables s, ¢, and « except for singulari- 
ties associated with the three channels in Figs. 1, 2, and 
3. That is, the boundary values of A and B describe 
the physical processes that can be obtained by any 
interchange of the legs of Fig. 1. The three physical 
channels obtained in this way are associated with 
nonoverlapping regions of the variables s, ¢, and wu. 
The values of the functions A and B in the crossed 
pion-nucleon channel (Fig. 2) can be obtained from 
those of channel I by the use of crossing symmetry: 


A*(s,u,l)= +A*(u,s,b), (2.29) 
B*(s,u,t) = + B*(u,s,t). (2.30) 


If the variables are such that channel III (Fig. 3) is 
physical, then 


t=4(0+y")=4(p?+M?), (2.31) 
s= —p—P+2p¢ cos¢, (2.32) 
u=— p’—?— 2 pF cos¢, (2.33) 


where is the nucleon momentum in the center-of-mass 
system of channel III, ¢ is the pion momentum and 
(2.34) 


Y= COSH= P2* €2/ Poko. 


In this case the amplitudes A* and B* are related to 
the eigenamplitudes of isotopic spin by® 

At+=(1/s/6)A®, (2.35) 
A-=3A), (2.36) 


etc. The amplitudes A and B can be written in terms of 


c- > Fic. 2. Pion-nucleon interac 
tion in channel II. 
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partial wave helicity amplitudes’ by 


On| : 
A=- + (J +4) (po)’ 
p| J 
M 
| fa.P000)- —fy ves") » sy 
fy (J+) 
and 


11 


(J mdi 3) 
B “8x 5 (poy fy rv} (2.38) 
J [J (J+1) }! : 
which are obtained by simple manipulations of the 
equations in reference (8). The reader is also referred 
to this work for the relation between the fy, and the 
cross section in channel ITI. 


III. CHOICE OF AMPLITUDE 


Before proceeding to discuss the partial wave 
amplitudes as functions of a complex variable, we must 
first decide what variable to use and what kinematic 


factor to multiply the amplitudes by. The guiding 


Fic. 3. Pion-nucleon in- 
teraction in channel ITI. 


q, 5% d S-a,,B 
\ 
r 4 


principle in this decision will be to ensure that the main 
features of a correct theory are automatically main- 
tained even when approximations are introduced. 

First we shall explain our choice of variable.” 
According to the Mandelstam representation the 
functions A and B are analytic functions of W? except 
for discontinuities determined by the ‘‘single-nucleon 
term” (Fig. 4) and physical scattering amplitudes in 
the three channels. The “‘single-nucleon”’ discontinuities 
are known functions of the pion-nucleon coupling 
constant. We shall also take low-energy scattering in 
crossed channels as given, and neglect high-energy 
scattering in crossed channels. The neglect of these 
high-energy scattering singularities in A and B has 
some chance of success because they are mostly far 
away in the complex plane, and the discontinuities 
across them are in most cases bounded by unitarity. 
Rather than work directly with A and B, however, we 
shall use the partial wave amplitudes f1, [Eq. (2.26)], 
because the simple unitarity conditions on the fi, will 
be very important to us. It is evident from Eq. (2.26) 


9M. Jacob and G. C. Wick, Ann. Phys. 7, 404 (1959). 
10 Some of these considerations have been introduced previously 


in references 4 and 5. 
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that fi, contains singularities of type 1/(W?) in the 
W? plane, in addition to the singularities in A and B. 
The ./(W?) dependence is associated with nucleon 
spin; for example the factor E+M in a Dirac spinor 
depends on 4/ (W?). Singularities of this type, which are 
not associated with single-nucleon terms or physical 
scattering amplitudes, are called “kinematic singulari- 
ties.” We wish to eliminate all kinematic singularities 
because the discontinuities across them are nowhere 
given or bounded by unitarity."' This is easily accom- 
plished by working in the W rather than the W? plane. 
There may be other means of achieving the same end; 
the way we have chosen appears simple and straight- 
forward to us. 

An alternative possibility would be to use helicity 
amplitudes,®* which have no kinematic singularities in 
the W? plane. However, the helicity amplitude for a 
given J and isotopic spin is a linear combination of 
the /=J+3 and /=J—} states. This linear combination 
makes the unitarity conditions more complicated; for 
this reason we have not used helicity amplitudes. 

Thus we consider the amplitude (e" sind)/g as a 
function of W, using Eq. (2.28) to give us a definition 
of the function in the left-hand W plane. When the 
amplitude for any partial wave is written down [Eq. 
(2.26) ], it contains an over-all factor of W-? from 
kinematics. The residue of this singularity is not known; 
therefore we eliminate it by multiplying the amplitude 
by W?. The amplitude 


We" siné/g (3.1) 


now contains no kinematic singularities. 

It is a general feature of quantum mechanics that 
any phase shift 6; varies as 6;~q**' at threshold. It 
can be shown that the amplitude for the J, J=J—} 
state has /(=J—}) wave thresholds in channels I 
(at W=M-+u) and II (at W=M-—yz). Because of the 
reflection principle [Eq. (2.28) ], the same amplitude 
has thresholds at negative W (W=—M-tu) which 
are related to the positive-energy J, /=J+ } wave in 
channels I and II. Thus our amplitude (3.1) for this 
state has zeroes for two positive values of W, near 
which it varies as q”', and zeroes for two negative values 
of W, near which it varies as g*!**. 

We therefore introduce the following amplitude for 
the J, = J—} state: 


We sind. /g''L (W+M)?—p"}. (3.2) 


[The J, /=J+4 amplitude can be given in terms of 
this by using the reflection principle, (2.28).] The 
amplitude (3.2) has no kinematic singularities. It has 
built into it the correct threshold behavior; that is, 
our final answer will have the right threshold behavior 


" The self-consistent calculation of the discontinuities across 
these singularities, which would have to be carried out if they 
were not eliminated, would substantially increase the complexity 
of the problem. 
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regardless of our approximation scheme. By dividing 
by the threshold factors, we have effectively made 
all subtractions which our knowledge of threshold 
behavior permits. Since g?~W? at W~0 [Eq. (2.9) ], 
it may appear that although division by g*! removes the 
zeroes (of order 2/) at the physical thresholds on the 
right, it introduces the same number of zeroes at W=0. 
Appendix A contains an argument advanced by 
Mandelstam,” which indicates that this will not be the 
case for us. 

Dispersion integrals for the amplitude (3.2) converge 
very rapidly when />0 due to the factors in the 
denominator. This good convergence was already 
implicitly present before we divided out the threshold 
zeroes, because the information on the threshold zeroes 
would allow several subtractions in the dispersion 
relations for amplitude (3.1). So our choice of kinematic 
factors in (3.2) has not really changed the maximum 
possible convergence of the dispersion relation for the 
amplitude. Likewise, we shall see in Sec. VI that the 
convergence of the “NV/D method” we use to solve the 
dispersion , relation is in principle independent of 
kinematic factors such as g~*! in the amplitude. 

However, the kinematic factors are important in 
practice. The amplitude (3.2) falls off at least as fast 
as W-@4) as W— ~, because g~W and |e* sind| <1. 
In our method of solution the asymptotic behavior of 
a dispersion integral of form 


f dW'N(W’) 
W'—W 


will essentially determine the asymptotic behavior of 
the amplitude. Although the amplitude (3.2) should fall 
off as W-@" in principle, the contribution from the 
dispersion integral will fall off as W—' in practice because 
the cancellations needed to give better convergence 
cannot be maintained when unitarity is imposed in our 
calculation. 
For the case J=} the amplitude" 


g7—4= We" sind/g@? (W+M)*—p?] (3.3) 


is entirely satisfactory; it has no threshold zeroes or 
kinematic singularities and its correct asymptotic 
behavior is maintained even when unitarity is imposed. 
2S. Mandelstam (private communication). 

18 Calculations on this amplitude are now in progress. 
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However, it is not possible to satisfy all these require- 
ments for amplitudes with J>}, so some compromise 
must be made. The only example of J>} we shall 
discuss here is J=$%, which we need for the detailed 
calculations in Secs. VI-VIII. The amplitude we have 
used for this state is 


£1u4.= We! sind), q’, (3.4) 


which appears to be a convenient, but not the only 
possible, choice.'"* The W-! asymptotic behavior of 
(3.4) is automatically maintained when unitarity is 
imposed. A double zero has been reintroduced into 
(3.4) at the “D-wave threshold.” This double zero is 
not maintained by our approximations, but the error 
introduced into the study of the P wave should be 
small because the D wave is not expected to have much 
reaction on the P wave. In the end we shall check this 
point and find that the error indeed appears unimport- 
ant for the P wave. 


IV. THE MANDELSTAM REPRESENTATION 


According to Mandelstam’s conjecture, the ampli- 
tudes A+ and B+ (referred to as A‘ with 7=1, 2, 3, 4 
in this section for brevity) have a representation of 
the form*.'5 


; R,' R,' 
A‘(s,u,t)=———+- 

M*—s M?—u 
1 . pra'(s'u') 

St ae 
r* (M+u)? M+y)? (s ’—s5)(u’—1u) 
i 7 . pis i(s’,’) 

+ f wf dt/———— 
mw Sosy)? 4? (s! =9)(7'- —t) 


1 . po3'(u’,t’) 
+ f dw fav (4.1) 
mw? Joy pe (’—1) 


This can easily be rewritten as a one-dimensional 
representation at fixed s, 


te) 


R,' R,' 1 dt’ As*(s,t’) 
1*(s,u,t) =———-++— +-f — 
M*—s M*—u vq, t'—t 
1 7% du’ Aoi(s,u’) 
+- — , (4.2) 
T (M+u)? u’—U 


with the following weight 


representations of the 


™ Frazer and Fulco® used an amplitude of the form of Eq. 
(3.2) to derive an effective-range relation for the J/=}3, P state 


They maintained the W~? falloff of their amplitude, in the course 
of the N/D solution, by making two subtractions in D. By this 
means the D-wave threshold is treated correctly, but the subtrac 
tions introduce two experimental parameters (in addition to the 
masses and coupling constants) into the theory. 

16 Subtraction terms have been omitted since they do not affect 
the arguments that follow. 
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functions: 


Aoi(s,u’) 


1 2¥?2u—w" ds! 993i (s’ 0’) 
Sir —————. (4.4) 
~ s’—s 


The double spectral functions are real and do not 
extend up to the indicated boundaries except asymptot- 
ically. We have also kept s+-u+/=2M?+ 2,2 for both 
the final and the dummy sets of variables. 

From Eqs. (4.1)---(4.4). we can immediately deduce 
the analytic properties of the partial waves. We study 
these in the complex W plane (s=W?) for reasons which 
have been discussed in the previous section. The 
quantities of interest to us are 


1 


A,‘(s) f Pi(x)A(s,t(s,x),u(s,v))dx, (4.5) 


—1 


since the partial waves are formed from linear combina- 
tions of these with coefficients that are simple functions 
of W. The only x dependence in our fixed-s relation is in 
the denominators and therefore the partial waves are 
easily projec ted out: 


1Pi(x)dx 
A;*(s) Rif 
1 M?—s 


Pils; \dx 
| 
1 M?—[2M? 42y? —s+24" (1—x) )) 


Pi(x)dx 
+ =f a t’ A3*(s, nf - 
+29? (ts) 
1 D 
hi f du’ Az*(s,u’) 
T VM ’ 


tH) 


l Pi (x)dx 
xf - -, (4.6) 
1 u’ —[2M?+ 2y?—s+29?(1—x) | 


where we always have in mind that g? is a function of s 
[Eq. (2.9) ]. We are now in a position to ask what are 
the singularities of A,‘(s). These will come from two 
the denominators can vanish and thus 
Second, the functions 43‘(s,/’) 


sources. First, 
give rise to branch cuts. 

; ‘ nae ; 
and A»'(s,u’) have singularities of their own, which can 
be determined from Eqs. (4.3), (4.4). We first discuss 
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the latter type. Both A; and A, have a branch cut from 
s=(M+u)* to ~, that is, for 


—«<W<—(M+p) and (M+y)<W< 


This branch cut corresponds to the physical region for 
pion-nucleon scattering in channel I and will be called 
the ‘‘physical cut.” The second integral for each term 
appears to give a branch cut for negative s. Actually, 
this is not true and only arose from our partial fraction 
decomposition of (u’—x)~'(t’—1)-. To see that in 
fact this singularity is fictitious we note that the second 
terms of A» and A; contribute to A,‘ as 


z a ds’ pos(s’, of. Pi(x)dx 
-_— dl —e os x 
s’—5 1 +2¢?(1—x) 





2 


7 d 7 iis ds" p2a(s’,t’) 
-— at 
(M+u)? — s’ =? 


1 P,(x)dx 
xf —_— 
_; u’ —[2M?+2y?—s+2¢?(1—~x) | 








If the orders of integration are interchanged in the 
s’, t', uw’ integrations and the variable of integration 
then changed to ¢/=2M?+2y?—s’—w’ in the second 
integral, one finds 


Rin -y)2——! 340 ty?) 

(M—n 4u2 ' (M—u 8 dt po3(s a ) 
dit ds wean 
dn? s’—s 


mM 


1 ; 1 
x< f P, (=| a - 
1 t'+29?(1—x) 


1 
eS 
s—2¢?(1—x)-U/-s’ 


and combining the two denominators gives an s’—s in 
the numerator. 

We next state the results for the branch cuts arising 
from the vanishing of denominators in A,'(s), which we 
consider in three separate parts. The first part is the 
“single-nucleon term” (Fig. 4), 


at Pree) dex 
Aji(s)N = Ref ek tere dee 
a M?-s 


1 
+R f 7 
~1 M?— 


which has the following properties: 


Pi(x)dx 
[2M2+2u2—s+292(1—x)] 





, (4.9) 


1. The first term has poles at W=+M if /=0 
2. The second term has a branch cut for 

— (M?+2y*?)'< W < —(M?—p*)/M 
(M?2—p?)/M <W < (M?+2p?)}, 
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as well as from 0 to i and 0 to —i~ (along the whole 
vertical axis). 

The second part, which we call the “‘crossed r—N 
cut,” is associated with scattering in channel IT: 


1 «o 
A,i(s)*=- f du’ 
T 14)? 


(M+n) 


A2*(s,u’) 





. P,(x)dx 
x f _ (4.10) 
_; uw’ —[2M?2+2y?—s+297(1—x) ] 


This term has a branch cut for 


—(M—p)<W< (M+u), 


and also from —i* to +i%, 
The third part, which we call the “x—z cut,” is 
associated with scattering in channel III: 


Pi(x)dx 
Aji(s oe A, «nf ——— (4.11) 
TS 4y 1 U+2¢(1-— x) 


This term has a cut along the circle 
|W | = (M?—p?)}, 
and also from —ix to +i. 

Since our W plane is really cut in two by the cut from 
—ix to +i, we are free to define the function as 
we like on the left (also inside the circle). We shall 
however use Eq. (4.6) for A;' to define the function on 
the left, and in the circle, for then we can relate the 
discontinuities across the cuts to the absorptive parts of 
scattering amplitudes. The cuts are summarized in 
Fig. 5. 

The next step is to calculate the absorptive parts 
across the cuts in terms of A»'and A3". This is very easy 

Ww 


LIMIT OF REGION OF CONVERGENCE OF 
LEGENDRE EXPANSION IN CHANNEL IIL 








Fic. 5. Singularities of the partial wave pion-nucleon 
amplitudes in the W plane. 
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for the “dynamic singularities’ (everything but the 
physical cut and its reflection) since one can treat the 
cuts as arising merely from the vanishing of the 
denominators in Eq. (4.2). This is perhaps not entirely 
obvious since on the cuts where s is real the denom- 
inators of the second terms in Eqs. (4.3) and (4.4) can 
vanish and A ;' and A,‘ will become complex and them- 
selves have absorptive parts across the cuts. If we 
write, however, 


1/(s’—s)=P[1/(s’—s) J2ixé(s’—s), 


then, by Eq. (4.8), the term iré(s’—s) will not con- 
tribute to the partial wave amplitude because its 
coefficient vanishes. We are therefore permitted to 
calculate the absorptive parts across the cuts entirely 
in terms of the vanishing of the denominators in 
Eq. (4.2), remembering that when A,' and A;' become 
complex (on the cuts indicated above) it is only their 
real part which will contribute. 


1. Crossed x— N Cut 
Defining 


1 
Absg(W)=—[g(W,)—g(W_) ], (4.12) 
2i 


where W, refers to one side of the cut and JW_ to the 


other side, we find 


1 
AbsA ;'(s)*= (+) f P,(x)Ao'(s,u)dx. (4.13) 
=a 


The choice of sign is indicated in Fig. 6. It is located on 
the side of the cut which is taken first in calculating the 
absorptive part. Equation (4.13) can be more directly 
related to physical scattering by using crossing sym- 
metry [Eq. (2.29) and see Eq. (4.20) ], A2'(s,u) 
= (+);A,'(u,s). On the right-hand side, u is now the 
energy in channel II, and s is a momentum transfer. 
They are both physical in the region O<s<(M—uyz)? 
but not in the region s<0. This can be seen in the 
following way. One can write the angle of scattering in 
channel I as a function of s and wu: 
2s(2M?+2y?—s—u) 
x(s,u) =1+—— = 


s?—2s(M?-+-y2) + (M2—p2)? 
2[ (M?—p?)?—us | 





= — 1+-—___—_—___ . (4.14) 
s?—2s(M?+y?)+ (M?—y’)? 
Bd 
- Fic. 6. Signs to be used in 
calculating the absorptive part 
+ ~ of the crossed pion-nucleon 





term as given by Eq. (4.13). 
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P Ww 
+ f zs Fic. 7. Signs to be used 
+ in calculating the absorp- 
tive part of the crossed 
7a . . . 
iN pion-pion term as given by 
\ ” Eq. (4.16). 
- this . + 
” 
4 + 
4 


Upon use of the crossing relations, this angle is trans- 
formed into the scattering angle in the channel II, 
x*=x(u,s). For the values of x used in the partial 
wave projection, —1<*<1, then it will also be true 
that —1<a*<1 and u>(M-+u)? as long as O0<s 
<(M—uy)*, but not when s<0. By changing variables 
from x to win Eq. (4.13) one has for all real s< (M—y)?, 


1 v2 2)? 
AbsA ;'(s)*= (+) f 
2q° 2M *+2 . 


an 


du P((x(s,u))(+), 


XK Ao'(u,x(u,s)). (4.15) 


2. x=—x Cut 
Proceeding in the same fashion one finds 


AbsA ;'(s)** 


—] 4q? t 
a (+ ( yf dl pi( 1+ — ) As, (4.16) 
2q° 4u? 2¢° 


& 


where again the signs are indicated in Fig. 7. In the 
special case where we are on the circle we have 


—2¢°=g(#) 2[ M? sin? (® 2)+p? cos?(’/2) |, (4.17) 


W = (M?—p?)te'*/2, (4.18) 


AbsA, ED iad 


1 ante t 
=(+) f dl p,(1-— -) Asi(ts) (4.19) 
g(®) 4? g(®) 


In contrast to the r—.V crossed cut, there is no region 
on the r—7 cut that corresponds entirely to a physical 
process in channel III. 

Finally, we proceed to show that the absorptive 
amplitudes A» and A; are real in certain regions where 
the denominators of the scattering amplitude A [Eq. 
(4.1) ] vanish. As a consequence, As and A; can be 
identified with the imaginary part of the scattering 
amplitude in these regions. 


1. Crossed ~— N Cut 


If we let so;™* be the maximum value of s in the 
the spectral function pe; (Fig. 8) 1s 
nonvanishing, then for 


region where 


Se ,max < Ss < (M +p)’, 
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we find that both A; and Aare real. [The denominators 
of Eqs. (4.3), (4.4) cannot vanish and the double 
spectral functions are real. ] If now ¢<4y?, then 1/(t/— ¢) 
is real and the only imaginary term comes from the 
vanishing of the denominator 1/(u’—). We therefore 
have 


ImA ‘(s,22, ¢) So3™*<s< (M+y)? 
= Ao'(s,u) <4? (4.20) 
= (+); ImA‘(u,s, 0) u>(M+u)*. 


This region includes the low-energy crossed pion-nucleon 
scattering region. 


2. z— x Cut 


Again if so3™*<s<(M+uy)*, Az and Ae are real. 
If w<(M-+u)*, then the only imaginary part comes 
from the vanishing of ¢/—/ in Eq. (4.2) and 


Sog™*<Ss< (M+y)* 
u< (M+un)? 
t> 4p’. 


This includes physical ((>4M?) N+N— 24m. It 
must be emphasized here that in this channel ¢ is the 
energy and s is the momentum transfer. We need 
A;(4,s) on the circle, where s is complex. We can use the 
Legendre expansion in this channel to give us a con- 
tinuation in the complex momentum transfer over a 
limited region. (The validity of this expansion is 
discussed in Appendix C.) 

We now, in principle, can calculate all the discon- 
tinuities on the crossed cuts in terms of scattering 
amplitudes for the crossed processes (although one 
will eventually have to study the double spectral 
functions in order to treat the regions where the 
Legendre expansion no longer converges). We proceed 
next to utilize these results. 


ImA ‘(s,u,?) = A3*(t,s) (4.21) 


V. OUTLINE OF PROCEDURE AND USE OF POLES 


We are now in a position to outline our program. We 
shall take the scattering in the crossed states as given. 
This means we have a set of known discontinuities on 
the “dynamic singularities.”” We can then construct an 
amplitude that has these discontinuities and which is 
also unitary on the physical cut by using the V/D 
method of solution due to Chew and Mandelstam.*® 
In principle, of course, the discontinuities on the 
dynamic singularities are not known independently of 
pion-nucleon scattering. What one would like to do in 
principle is to solve the *—7 scattering problem con- 
sistently in terms of itself* and then to use this informa- 
tion as input and solve the pion-nucleon scattering 
problem consistently in terms of itself. In this way one 
would hope to generate all the scattering amplitudes in 
low-energy regions in terms of two coupling constants, 
one for the pion-pion interaction and one for the 
pion-nucleon interaction, and the masses of the particles 
involved. The first part of this program is under way.* 
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One difficulty with this part of the program is that there 
is so far no direct experimental evidence against which 
one can check the predictions for pion-pion scattering. 
We are of course more fortunate in the case of pion- 
nucleon scattering where there is a rich fund of experi- 
mental data available. The solution of pion-nucleon 
scattering in terms of itself and of a given r—7 scatter- 
ing is a difficult problem and one which we shall not 
actually carry out here although one would hope that 
it will be done sometime in the foreseeable future. 
What we shall do instead is to incorporate those 
features which we think the correct theory should have 
insofar as the dynamic singularities are concerned. We 
shall attempt to keep all the known symmetries of our 
theory, and see what amplitude we generate on the 
physical cut. (As of the present, we are only in a 
position to keep crossing symmetry approximately.) 
There are three terms contributing to the dynamic 
singularities. The first is the single-nucleon term (Fig. 4) 
which contains the pion-nucleon coupling constant and 
is a completely known function. We can thus take this 
term into account exactly. The importance of this term 
for the low-energy behavior of pion-nucleon scattering 
has been pointed out by Chew and Low.' The second 
term contains the absorptive part of the process 
N+N-— 2+. This amplitude has been discussed in 
detail by Frazer and Fulco.* They show that if one 
includes a J=1, T=1 pion-pion resonance, then 
combining it with the single nucleon contribution to 
N+N —x+m is enough to give agreement with the 
experimental results for the vector part of the magnetic 
form factor of the nucleon. We shall include in our 
calculation the contribution from this — resonance 
and see what the effect is on pion-nucleon scattering. 
In including this amplitude, we are still working 
within the framework of the basic program outlined in 
the beginning of this section. The third term contribut- 
ing to the dynamic singularities is the crossed r—N 
cut. Here we have imposed crossing symmetry and 
related the contribution along the real axis to physical 
pion-nucleon scattering. Here one is really faced with 
the consistency problem which has not even been solved 
exactly in the static theory where crossing couples 
only the P states at the same energy. We shall therefore 
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Fic. 8. Boundary curves of the Mandelstam two-dimensional 
spectral function. 
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abandon the more fundamental course of calculating 
all the phase shifts without the aid of experimental 
data. Instead, we shall put in for the crossed cut the 
experimental observation that low-energy pion-nucleon 
scattering is dominated by the 3-3 resonance. It will 
turn out, however, that this contribution is the smallest 
of the three discussed so far, so that our calculation can 
still be considered to be approximately within the 
framework of the more fundamental program. 

Taking the discontinuities across the dynamic cuts 
as given, one can proceed by the V/D method to solve 
for an amplitude which is unitary on the physical cut 
and has these discontinuities. The result is an integral 
equation which is rather complicated although it can be 
solved by straightforward methods. If the dynamic 
singularities were just poles instead of branch cuts, 
then one would have the simpler problem of solving a 
set of linear algebraic equations. We have decided to 
use the procedure of approximating the dynamic 
singularities by a set of poles and solving the resulting 
problem exactly. In addition to simplifying the problem, 
this procedure allows us to watch the behavior of our 
results as we vary the input information. For example, 
we can immediately spot the source of the difficulty if 
we are troubled by the appearance of ghosts or spurious 
bound states in our solution by the V/D method. 

We would like to be as precise as possible in replacing 
the cuts by poles and to do this we adopt the following 
criteria for these poles: 


1. They must, of course, satisfy the general conjuga- 

tion property 
gi*(W*)=g.(W). (5.1) 

[This property follows immediately from the Riemann- 
Schwarz reflection principle and the fact that between 
the cuts on the real W axis, g;(W) is a real function. } 

2. They must be located at reasonable positions 
along the cuts so as to approximate the shape of the 
actual discontinuity. 

3. They must have magnitudes and relative signs 
so as to approximate also those of the discontinuities. 

4. The Cauchy integral around the poles must 
approximate the Cauchy integral around the dynamic 
cuts when it is evaluated in the physical region. The 
reason we ask this is that our final answer will be 
expressed in terms of integrals of these functions over 
the physical region. 

5. Finally, we ask that our set of poles be as simple as 
possible, consistent with the above considerations. 


The validity of approximating by poles can in 
principle be checked by solving the integral equation 
with the complete cuts in a given case. We have not 
done this but will later give some arguments on the 
validity of our procedure. 

We shall treat the problem in two stages. We first 
treat the single-nucleon term and then add the contribu- 
tions of the other dynamic singularities. 


Dee Oe.) Ps 
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VI. SINGLE-NUCLEON TERM PLUS UNITARITY 


In this section we shall calculate the single-nucleon 
term and then generate from it a solution consistent 
with unitarity in channel I. The additional contributions 
provided by the crossed r—N and r—7 channels, 
which complicate the problem considerably, will be 
added in the next section. 

The single-nucleon diagrams are given in Fig. 4. For 
these diagrams, A and B are 


A=0, (6.1) 
B= 89rg?/(u—M?), (6.2) 
Bi = —4rg*[3/(s— M?)+1/(u—M?) ], (6.3) 


where g?~15 and the upper indices refer to isotopic 
spin. At this point we specialize to the J=} state for 
the remainder of the paper. For the J= $ state we need 


. 


the following partial wave projections: 


1 


— 4g’ a+1 
By} -f adx B'(x) =— |2—ain - | (6.4) 
1 q’ a—1 


— 4g’ 3a*—1 a+1 
B,i= =| -30+(—) In— | (6.5) 
¢’ 2 a—1 


a= (W?— M?— 2y*)/2¢?—1. (6.6) 


and 


where 


We notice that for the single-nucleon term with /¥0, 


Bji=—}B} (6.7) 
The J=%$ amplitude, 
fi = We'41+ sindy4 ‘q’, (6.8) 


is given by the general expression [Eqs. (2.26) and 
(2.20) ] 


1 
£4. {((W+M)*—p? [414+ (W—M)B,] 
327q" 
+[(W—M)?—p? ][—A.+(W+M)B:]}, (6.9) 


which applies to either isotopic spin state. Substituting 
(6.4)---(6.7) into (6.9), we find the Born amplitudes 


a Wes ae ee 
g14 [(W+M)?—p?](W—M) 
T=} 8q* \—3 


a+1 
| 2-0 In —|+Cov—aps—s +80 
\ a—1 


3a*—1 a+1 
x|-30+(——) In—— . (6.10) 
2 a—1 


The discontinuities of (6.10) are contained in the 
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logarithm, which can be written in the form 


a+1 | 


W2M?2— (M2—2)2 


In——=In 


(6.11) 


There is a short branch cut from W=(M?—y?)/M to 
(M?+2y*)! with the corresponding reflection on the 
negative real axis. There is also a branch cut from 
—is toix. The short branch cut on the right corre- 
sponds to the pole in the static theory. Its reflection 
corresponds to a ‘‘D-wave pole” and has a relative 
strength <y?/M*. The branch cut on the imaginary 
axis, which is a distance of order M from threshold in 
the W plane, was pushed out to ~ in the static theory. 

We now proceed to approximate the discontinuities 
by.a set of poles as motivated in the preceding section. 
From Eqs. (6.10) and (6.11) one finds that 


Absgi;(W)* = +)( 


2 


1\ 7° 
JE +a:—v") 
1 8q4 


X (W—M)a—[(W—M)*—p?] 


x (W+M)4(3a2—1)}. (6.12) 


This function is plotted in Fig. 9. 

The sign in (6.12) is to be taken from Fig. 6. The 
short cut on the right extends over distances small 
compared to the distance from the cut to threshold. 
We shall therefore neglect the variation of the denom- 
inator in a Cauchy integral around this cut and integrate 
directly over the absorptive part. Doing this, one 
gets a pole whose residue is just that of the static theory: 


eo: 
—1/3(W—M) 


Using the same procedure for the reflected cut, one 
finds that the residue of the pole is down by a factor 
<y*/M? as previously indicated. Since we are concerned 
with calculating the P waves, and since in addition to 
the fact that the residue is so small, the pole is a distance 
2M away from the region of interest, we shall neglect 
it, 

In our first attempt to represent the cut along the 
imaginary axis we used a pair of conjugate poles, 
but in order to satisfy all the criteria of Sec. V we were 
ultimately forced to employ two pairs of conjugate 
poles. When combined with (6.13), these poles yield 





(6.13) 


9 


es 1 a a* 
su" = -( )I +( + —) 
3\-3}/LW-M \W-W, W-W.* 


b b* 
+( + )} (6.14) 
W-W, W-W,* 


G= 2.03, 


b= —2.85i, 











where 


(6.14’) 
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iM abs. gN(iW,)=R(Wo)+i1(Wo) 
R(- Wo) =R (Wo) 
1(-Wg ) = -1 (Wo) 
CAUCHY INTEGRAL ALONG THE 
VERTICAL CUT CONTRIBUTES 
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7 a W-iWo 
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Fic. 9. Absorptive part of the single-nucleon term along 
the imaginary axis. 


These poles reproduce the’contribution of the Cauchy 
integral around the single-nucleon cut to within a few 
percent over the range of W on the real axis, 6M@>W 
>M+yu and —M—u>W2>—6M. This is more than 
adequate for the integrals which we will have to take 
over this region. 

Near the threshold W=M-+u, g, is dominated by 
the familiar static pole at W=M. As W increases, the 
poles on the imaginary axis take over and dominate 
the asymptotic behavior of Eq. (6.14),' 


22? 1 
814 ,w— . 
W?\ -4 


Pees '). 
W \-} 


This asymptotic behavior may be compared with the 
limit ({esiné|<1) imposed by unitarity for real 
Wo; 





(6.15) 


Wet sind), 8 gg? 
ae ear (6.16) 
q® W 2W 
It is clear that the unitarity condition must act so as 
to reduce the single-nucleon term for large W. 

For purposes of orientation it is helpful to think of 
the pole at W=M as producing a “long-range poten- 
tial,” which is especially important at low energies. 
The cut along the imaginary axis is then analogous to a 
“short-range potential,’’ which influences high-energy 





16 The exact gi,’ [Eq. (6.10)] behaves asymptotically as 
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Fic. 10. Equivalent poten- 
tials in the J=}, P states. 














(a) (b) 


scattering strongly. The long- and short-range potentials 
are each attractive in the 7= 3 state, and repulsive in 
the T=} state (Fig. 10). We shall find this potential 
analogy extremely helpful in interpreting our final 
results. 

We now proceed to solve the problem that we have 
set up. To do this we use the .V/D method of Chew 


and Mandelstam.® We let 
g4=N/D, (6.17) 


where .V contains all the singularities on the left. That 


is, we write 
g? 1\ 7 D(M) aD(W,) a*D*(W,) 

vn)“ (_ )I +( +) 
3 }/\W-—M W-W, W-—W,* 


bD(W,) b*D*(W,) 
rea) 
W-W, W-W,* 
— 


=>, —— (6.18) 
i W-W;, 








We have chosen V in such a way that 


N*(W*)=N(W). (6.19) 


We put the physical branch cut into D. Equation 
(6.19) and the property g*(W*)=g(W) [Eq. (5.1) ] 
imply 

D*(W*)=D(W) (6.20) 
The normalization of D is arbitrary up to this point. 
We choose to fix the normalization by setting 


D(W=M)=1, (6.21) 


which enables us to compare readily with the Chew-Low 
effective-range formula. These properties of D enable 
us to write 


W-—M ImD(W")dW" 
D(W)=1+ —{f aaa 
elu, (W’—W)(W'—M) 





—(M+y)  [mD(W’)dW’ 
+f -| 6.22) 
ae (W’—W)(W’—M) 
Since JN is real on the real axis, we can set 
ImD= N Im1/g, (6.23) 
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in (6.22).!7 We assume elastic scattering so that 


Im1/g= —q°/W. 


(6.24) 


Substituting (6.24), (6.23), 
we have 


and (6.18) into (6.22), 


W-—M 2 dW’q3(W’) 
D(W)=1- —r RDW) f == 


T M+, W" 


1 
_(W’—W)(W’— M)(W’— 
1 


_ - | (6.25) 
(W'+W)(W’+M)(W’+W,) 


Evaluation of D at the W; gives a set of linear equations 
which completely determine the D(W,), and the 
“effective” residues which appear in .V. 

The results are 


T=3 D(2.12M1)=4.64— 4.271, 
D(4.32Mi) =4.52—5.48i, (6.26) 
D*(W*)=D(W), 
T=4 D(2.12M7)=0.61+0.112, 
" (6.27) 


D(4.32M7i) =0.33+0.142. 


The striking difference in the isotopic spin states can 
be interpreted in terms of the potential analogy (Fig. 
10). The attractive short-range T= “‘potential’’ pulls 
in the wave function, greatly heating the effect of the 
potential on the scattering amplitude. According to 
our results this short-range potential essentially 
determines the 3—3 resonance energy, thus playing a 
role analogous to the high-energy cutoff which deter- 
mines the resonance energy in the static theory. On 
the other hand, the repulsive short-range 7'= 3 potential 
pushes out the wave function so that the scattering 
amplitude becomes much less dependent on the strength 
of the repulsion. We recall that the determining 
characteristic of a hard core is its size and not its 
strength. 

It follows from these considerations that the T=} 
amplitude will be very sensitive to the details of the 
short-range interaction. In the next section, where we 
consider the crossed r—.V and r—z7 channels, we shall 
find that we can treat long-range contributions from 
these channels accurately, but not the short-range 
contributions. Therefore our approach cannot be 
expected to give results of high quantitative accuracy 
in the 7=3 state although we may hope to get the 
qualitative features correctly. For the T=} state, 
however, the amplitude is much less sensitive to the de- 


17 If a different amplitude were used, the change in asymptotic 
behavior would be the same for both g and N. Therefore the- 


asymptotic behavior of ImD would be unchanged and the con- 
vergence of Eq. (6.22) would be unaffected. 
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Fic. 11. Chew-Low effective range plot for the 
J=j, T=} P state. 


tails of the short-range interaction, and we would hope 
that here we could arrive at more quantitative results.'® 

To compare our results with the experimental effec- 
tive range plots we calculate the function 


4 q° 
— - — ctnd;, 
3u2 W-—M 
4 WwW a Ww? 
eee _ ices Sk aces i 2 
3u>» W-—M i. 2 R,D(W;,) 
wT —— 
i W-W;, 
| (W-—M) g/*dW’ 
eames “CRDW)P f —— 
r F 2 


1 
(W’—W)(W’—M)(W’—W,) 


1 
a _ || (6.28) 
(W’+W)(W'+M) (W’+W,) 


This function is plotted in Fig. 11 for the T= 3 state. 
We have also calculated the phase shifts themselves in 
the 7=$ and the T=} states, and they are plotted in 
Figs. 12 and 13. We shall discuss these in the next 
section, after the long-range contributions from the 
crossed r—.V and r—7z channels have been added. 

The error which our replacement of branch cuts by 
poles introduces can be estimated by substituting our 
calculated D into the exact integral equation for D. 
Estimates of this type indicate that our T=}, P-wave 
solution contains errors of order 20% or less, and the 
T=} solution is good to a few percent in the low-energy 
region.'® 

We recall that in choosing our amplitudes, we had 
failed to guarantee the correct threshold behavior of 


8 It appears that this is also the situation in the J=} state, 
and work is now in progress on this state. 

19 We have also checked that no ghosts (D=0) appear anywhere 
near the physical region in our solution. 
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Fic. 12. Phase shift in the J=$, T=} P state. 


the D waves. We are now in a position to check on 
what the resulting D-wave behavior is. Using 


go (W)=—g14(—W), (2.28)’ 


we find that the D waves are negative and small in 
the region M+yu<W <2M. Since we have not treated 
the D threshold correctly and have neglected singulari- 
ties lying near the D cut, we have no reason to believe 
these results. We wish to point out only that the 
inadequacy of our treatment of the low-energy D 
state does not appear to introduce a large error in our 
calculation of the P states. 


VII. TREATMENT OF THE CROSSED STATES 


In this section we want to improve the treatment 
described in the previous section by including the 
information that we have on the crossed states. We 
discuss first the contributions of the crossed m—N 
cut. 


A. Crossed x~— N Cut 
As has been previously indicated, that part of the 


crossed r—.V cut lying on the real axis can be related 
by crossing symmetry to physical r—N scattering. We 
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} Experiment points of Wolker I 
12°, et al 
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Fic. 13. Phase shift in the J=3, T=} P state. 
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shall now use the experimental information that r—V 
scattering is dominated by the 3—3 resonance at low 
energies and shall investigate the consequences of 
keeping only Im/.,° in Im/ [Eqs. (2.17), (2.18) }: 





Im fi(s,u) = 3xIm fi+(s), (7.1) 
Im fo(s,u) = —Im/fi+(s). (7.2) 
This gives us 
W+M 
ImA+*(s,u) = eri7| 3 
(W+M)?—p? 
W-—M 
a =] Imfi,*+(s), (7.3) 
(W—M)?—p? 
1 
ImB*(s,4)=8riF| — —_—— 3x 
(W+M)*—p? 
1 





Imf1,*(s). (7.4) 
(W—M)?—,2 


We can calculate the contribution of the crossed —.V 

cut from these formulas by using crossing symmetry: 
ImA+(s,u)= +ImA#(u,s), (2.29)’ 
ImB+(s,u)= +ImB+(u,s). (2.30)’ 
If we now substitute a sharp resonance approximation,” 
Im f143(s)= (8aW e/3)(f/u)?Gb(W?—W pr’), (7.5) 
f?=(u/2M)*2", (7.6) 

and use 


2 
fiut= i( he (2.14)’, (2.15) 


then we find 


T=3 1\ 647° W p? fr? 
Ima (u)( )-( = otu— 129 ( ) qr 
T=} 4 9 7 


Wr—-M 


4. 


Wrt+M _ 
—_—— , (7.7) 
(Wr—M)?—p? 


(Wrt+M)*—p 


T=3 1\ 64021 9? fy? 
( )--( ) a s(u— We) ) r* 
T=} 4 9 BM 


> 


ImB(u,s) 


3x* 1 
x|— ST | (7.8) 
(WretM)*—u? (Wr—M)?-v 
where by Eq. (4.14) 
2W p?(2M?+2y?—s— WR’) 








be ———. (4.14)’ 
W p'—2W n?(M?+u2)+ (M?—p")? 


In our procedure of approximating the dynamic 
singularities by poles we also need the Cauchy integral 
around the cuts on the left. Instead of directly calculat- 
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ing the Cauchy integral from the absorptive part, we 
shall make use of a procedure which in practice makes 
approximating the cuts by poles easier. We construct 
the functions 


io ImA (w’,s)du’ 
A (s,x)*= J : (7.9) 
T Vv : u’—Uu 


tM 


B(s,x)*=—- — ; (7.10) 
7 u’—U 


<4 ImB(u’,s)du’ 

(M+u)* 
These functions have a branch cut along the crossed 
w— VN cut and are analytic everywhere else in the s plane. 
They also have the correct discontinuities across the 
cut. We find by substituting from Eqs. (7.7), (7.8) and 
projecting out partial waves that 


64rW p* 71 ce% Wrt+M 
Ai(s)X= ( ) ( ) | os 3x*% 
9 4 m (Wrt+M)?—p? 


Wr—M 1 Pi (x)dx 
4- ~~. —| f mene, (7.98) 
(Wr—M)*—p? 1 Ur—U(S,x) 
—64rW pn? s1 Ey? fF 3x% 
B,(s)*= ( )( ) | 
9 4 iv (WrtM)?—p? 
1 1 Pi(x)dx 
_ | ~—— - . ie aZ) 
(Wr—M)*—p?. 1 Ur—U(S,x) 


The equation for the contribution of these functions to 
our amplitude gi, then becomes 


Wee 7ly fy? | 7 
= ( )( ) a [(W+M)?*—p?! 
isgth4/\yu/ * | 


Wr—-2M+W | 
(Wr—M)?— pv? 


re 


3x*(Wrt+2M—W) 


x " 
Ll (WetM)— 2? 


a+1 
x} 2-—aln - 


L a—1 


Lcor— ana") 


3x%(Wrt+2M+W) Wr—-2M—W 








+ , 
(Wrt+M)?—p? (Wr—-M)?—-p 


3a*—-1 a+1 | 
| -30+( +) i | .. PF Saa 
2 a—1 


s+W pr?—2M?— 2p? 


a= 


with 


1. (7.14) 
2q? 

When we take the absorptive part of this exyression, we 

find that the cuts run the length of the imaginary axis 

and along a short interval on the real axis, 


0.59M<|W|<0.76M. 
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The contribution from the short cuts can be approxi- 
mated by a pole of the form”’ 


1 1 
a 
544 \W—0.68M 7 \4 


In terms of the potential analogy, this expression 
gives the long-range part of the force coming from 
channel II. When we next try to evaluate the short- 
range contribution of the force coming from ‘his 
crossed process, we find that the absorptive part along 
the vertical axis contains angles «* that lie in a region 
such that the Legendre polynomial expansion in channel 
II diverges. Formally, the extent of the region of 
convergence of the Legendre expansion can be deter- 
mined from the regions in which the two-dimensional 
spectral functions p;; fail to vanish. This analysis is 
carried out in Appendix C. The limitation on the use of 
the Legendre expansion can in principle be overcome by 
direct analysis of the spectral functions. This procedure 
has so far appeared to be prohibitively difficult to 
carry out. We have seen that our analysis of the 
T= state depended on the details of the short-range 
force and therefore a reliable treatment of these short- 
range forces must be developed before a quantitatively 
satisfactory calculation can be made in this state.*! 
However, we have also seen that in the 7=} state 
(and also, it appears, in the J=} states) the ampli- 
tude is insensitive to the details of the short-range 
force coming from the crossed processes unless it 
should turn out that these are so strongly attractive 
as to dominate the repulsive short-range contributions 
from the single-nucleon term. 

Keeping the preceding considerations in mind we 
shall only include the known close-lying singularities 
coming from channel II and take 


g fl 1 
eu. (W)X= ( ) oe 
54r\4/ W—0.68M 


B. z=— = Cut 


(7.15) 


(7.16) 


For the amplitude corresponding to channel III we 
shall use the work of Frazer and Fulco who have 
proposed that a T=1, J=1, m—m resonance will 
improve the agreement between theory and experiment 
for the electromagnetic structure of the nucleon.* The 
interaction in.any other state in channel III could also, 
of course, be included if it were known. We shall be 
primarily interested here, however, in pursuing the 
consequences of the proposed r—~7 resonance. 


© The residue in Eq. (7.15) is also equal to 
0) .76M . . 
1 rf Imgi,(W)dW. 
/0.59M 


21 We attempted to cut off the diverging polynomial contribu 
tions but found in all cases that our results were extremely cutoff 
dependent. 
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We first note that if we have only 7=1, then 


A,:*=B,,+=0, (2.35)’ 
Agr =4Aqr', (2.36) 


Be = 3 Bys'. 


We keep only the J=1 state in Eqs. (2.37), (2.38) and 
obtain 


Byz = 6rv2 fi— (0), (7.17) 
Ayes = —129(¢/p)Dfi4-— (M/N2) fi—]y, (7.18) 

where 
y= (s+h1— M*—p2)/2p6, (7.19) 


and the variables refer to channel III. Frazer and Fulco 
do not directly give the helicity amplitudes fi, but 
give quantities I’; related to the f’s by*®” 





7 = RE 
‘()=-—4- — (4)— fry“ (8) I, 7.20 
= 1 gh Oh}, (220) 


—1 M 
r.(¢)=— fr(-h-} (7.21) 
2p" v2 
The quantities [';(/) within the framework of their 
calculation are directly related to the electromagnetic 


form factor of the pion (we are actually only interested 
in imaginary parts), 


ImP’;(t)= — (2//q*)[gi?(t)0o/e] ImF,(t), (7.22) 


where g,’(¢)o is the spectral function of the appropriate 
electromagnetic form factor of the nucleon calculated 
in the absence of —7 interaction. They further give 





11.3 
F,(t) =. (7.23) 
11.5—¢t/p?—2.32i7 
and from Chew et al.2* we have 
g2”(11.5yu?)o=0.6lef?/p, (7.24) 
gi"(11.5u?)o= 1.85ef?. (7.25) 


To simplify our calculations we shall make the 
approximation of a sharp resonance and write 


Iml';=716(t— tp), 
ImI'2= (y2/M)6(t—tr), 


(7.26) 
(7.27) 


where we take /r= 11.5? from Eq. (7.23) and determine 
y by integrating over both sides of Eq. (7.22). Using 


nr 


f ImF, (t)dt= 35.52, 


—2 


(7.28) 


2 /,,- means J=1 and helicity + and isotopic spin amplitude 
23 G. F. Chew, R. Karplus, S. Gasiorowicz, and F. Zachariasen, 
Phys. Rev. 110, 265 (1958). 
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we find that 
n=—69, (7.29) 
y2= — 15.6; (7.30) 
and from Eqs. (7.17), (7.18), 
ImB,,~ = — 129 (y14+272)6(t—tp), (7.31) 
ImA ye = 124 (y2/M)(st+le/2—M?—p*)6(t—tr). (7.32) 


We use these last two equations as the input information 
for channel ITI. 
If, as in the last section, we calculate the functions 


1 -* Im4,,~(t’,s)dt’ 
A-(s,x)"*=—- f —_—_—_——_., (7.33) 

TY 4y? t'—t 

1 ¢* ImB,,~(U',s)dt’ 
B-(s,x)7=— f —-———_. —, (7.34) 

we 4,2 '—t 


then these functions have a branch cut along the 
x—m cut and are analytic everywhere in the s plane. 
They also have the correct discontinuities across the 
cut. By projecting the appropriate partial waves out of 
this expression and combining the results we find 


T= 

g6o(7 ) 
—1y 17. 6 
-( ) )L(W+M)?—p? }- 
2 32mq?| @ 
A-1 v2 tr 

x(-2-4 in — | 2(s+2—ar—v) 
A+1/LM 2 


3 
—(W—M) (tare) [COP any 
q- 


ik wie 





A-17 
| —64-+ (1-342) ; 
A+1 


4 


¥2 lr 
x| -(s+$-ar-w") 
M 2 ; 
-- W+a e+279 | (7.35) 
with 
A=1+4+1p/2¢. 


This function has a cut on the circle W= (M?—,?)*e™ 
which starts at 
ix| 2 11°45’, 
l@— x| > 11°45’, 


and continues to the vertical axis where it runs from 
—o to +o. Weare again here faced with the problem 
that the discontinuity along the cut will refer to angles 
@ in channel III for which the Legendre expansion 
diverges. The region of convergence of this expansion is 
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discussed in Appendix C and is shown on Fig. 5. We 
are again only justified in using the contribution of the 
close-lying singularities in channel III. It happens 
that the contributions we are including from channel 
III separate conveniently into long-range and short- 
range terms, because the angular dependence of the 
crossed J=1 state makes “intermediate-range’’ con- 
tributions from this particular state small. The 
contribution to the function gi,“'9(W)** from the 
close part of the circle is well-represented by 


—1 
gu4(W)**= ( 3 (1.887) 


x [1/(W—Me*)—1/(W—Me-)], (7.36) 


where Xo= 12°50’. 

The neglect of the short-range interactions has the 
same status here as for the crossed x—.V contributions. 

We are now in a position to add to our treatment of 
the singular-nucleon term the contributions of the 
close-lying singularities in the crossed channels as 
represented by Eqs. (7.16) and (7.36). We proceed in 
exactly the same fashion as indicated in Sec. VI. We 
find that 


D®(W rg) = 2.30, D'(W r)=1, 

D? (Me™) = 1.30—1.073, D' (Me**) =0.97 +0.08;, 
D*(2.12Mi)=4.07—3.681, D'(2.12Mi)=0.61+0.117, 
D*(4.32Mi) =3.91—4.727, D'(4.32Mi)=0.33+0.144. 

(7.37) 


The results for the scattering amplitudes and phase 
shifts along the real axis are given in Figs. 11, 12, and 
13. The experimental results as summarized by Puppi 
and Stanghellini,** Ashkin et al.25 and Walker e¢ al.,?® 
are also included in these figures. It is seen that the 
long-range +—7 interaction is responsible for 50% of 
the ai; phase shift in our calculation, while making only 
a very small contribution to a33. One reason for this 
difference is that the ratio of r—z, T=1 to single- 
nucleon contributions is four times greater in the 
T= than in the 7=$ amplitude (for J=%) due to 
isotopic spin factors. The curve of ai3 without the r—7 
interaction is almost identical to the results of Chew, 
Goldberger, Low, and Nambu.? 

Using exactly the same techniques as in Sec. VII A, 
we have also calculated the long-range contributions 
from the crossed r—.V, S and small P states. These 
contributions are small and can be ignored. We estimate 
that a r—a S-state phase shift of order 30° would give 
not more than one-third of the long-range contribution 
from the r—7 P state to the 7= state (and one-sixth 
of the r— P-state contribution to the T=} state). 


24 G. Puppi and A. Stanghellini, Nuovo cimento 5, 1305 (1957). 

25 J. Ashkin, J. P. Blaser, F. Feiner, and M. O. Stern, Phys. 
Rev. 105, 724 (1957). 

26 W. D. Walker, W. D. Shephard, and J. Davis, Phys. Rev. 118, 
1612 (1960). 
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Thus there is some basis for ignoring this (unknown) 
a—a S-state contribution as well. 

Although these results indicate that it is a good 
approximation to ignore long-range contributions from 
nonresonating, low-energy crossed reactions, the region 
of convergence of the Legendre expansion includes 
other crossed contributions which are harder to 
estimate. The crossed r—JN singularity on the real 
axis, at —0.5M<W<0.5M, involves physical r—.V 
scattering at energies ranging from just above the 3—3 
resonance to ©. This region does not appear to give a 
large contribution.2”7 As W approaches the limit of 
convergence on the circular r—m cut (Fig. 5), the 
singularities are related to N+N — nm with energies 
up to t~M?*. Arguments, based either on phase space 
or putting pairs of pions into 7=1, J=1 resonance 
states, indicate that the 4m intermediate state should 
not be especially prominent for ‘<_M*. However, if a 
3m bound state, X, exists with 7=0 and J=1,** the 
aX state would contribute well below ‘= M?*. Further- 
more, unlike the singularities on the real axis, the 
processes V-+V — nx which contribute on the circular 
m—m cut (¢<4M*) are nonphysical and cannot be 
bounded by unitarity (just as contributions with t<4M? 
cannot be bounded in the nucleon electromagnetic 
structure problem). 

To summarize, we believe we can reliably calculate 
the singularities nearest to the physical region, as well 
as the various single nucleon singularities. Proceeding 
away from the physical region, but still within the 
region where the Legendre expansion converges, we 
find singularities which can only be estimated at present. 
Beyone that, outside of the region of convergence, lie 
singularities which we cannot even estimate at this 
time. As in most applications of dispersion relations 
we have been obliged to go ahead and see what results 
we could obtain by ignoring those contributions which 
we could not calculate. 


VIII. SHORT-RANGE MODIFICATIONS AND 
INELASTIC SCATTERING 

In the previous sections we have obtained the 7 
J=% resonance, but at too low an energy. The long- 
range interactions entering into our calculations are 
supposed to be quite accurate, so that short-range 
interactions we have not taken into account are 
presumably responsible for the differences between our 
results and experiment. It is of interest to consider the 
magnitude of the modification required in the short- 
range interaction to bring the resonance energy into 
agreement with experiment, and also whether the 
energy dependence of the phase shift is given correctly 


= 2 
"ee 


27 If we assume a constant #—N cross section in the high-energy 
limit, the integrated contribution to the discontinuity near 
W=0 behaves ~W?. 

*8 The possible existence of such a bound state has been proposed 
by G. F. Chew, Phys. Rev. Letters 4, 142 (1960). 
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once the theory has been modified to give the correct 
resonance energy. 

In order to discuss these questions we adopt the 
approximate procedure of multiplying all residues of V 
on the imaginary axis [ Eq. (6.18) ] by a common factor 
z. We believe our treatment of the nearby singularities 
to be correct, and therefore leave these singularities 
unchanged. We thus modify the problem by introducing 
one parameter which represents an over-all reduction 
of the short-range interaction. 

Carrying out the rest of the calculation as before, we 
find that s=0.6 leads to a resonance at the experimental 
energy. This suggests that the combined effect of 
short-range contributions from channels II and III 
must weaken the single-nucleon potential for T= } by 
about 40%.” As we have seen, a change of this type in 
the T=} state would have very little effect on low- 
energy scattering in that state. 

When we proceed to study the energy dependence of 
the T= $ amplitude with z=0.6, we obtain the experi- 
mental effective-range curve below resonance, but above 
resonance our results curve upward instead of the 
downward trend indicated by experiment (Fig. 11). 
More complicated modifications of the discontinuities 
along the imaginary axis, involving more parameters 
than z, do not easily lead to improved agreement with 
experiment. 

Inelastic scattering at high energies in channel I, 
which we have ignored previously, offers more promise 
in explaining the data above resonance. An accurate 
treatment of inelastic scattering is not possible at 
present, but estimates can be made which indicate the 
direction and approximate magnitude of the effects to 
be expected. If inelastic scattering is present, Eq. 
(6.24) is replaced by 


ImD=N Im1/g 
= —N(q°/W*) (or/ce), 


where or and og are the total and elastic scattering 
cross sections for the particular state in question.” Thus 
our former expression for ImD is multiplied by a factor 
which is always greater than or equal to one. It is equal 
to one for pure elastic scattering and it takes the value 
two when the partial wave is completely absorbed. If 
the real part of the phase shift is large, as in the 3—3 
state where it decreases slowly through 90° (Fig. 12) 
then the elastic scattering will dominate and we have 
OE™~OT. 

We have made an approximate calculation assuming 
that or~1.30g above 600 Mev in the laboratory. In 
this calculation the short-range interaction was reduced 
in such a way as to keep the resonance energy fixed 
at its experimental value. The results obtained from 


29 When the effects of inelastic scattering in channel I are 
included, one finds that this estimate of 40% has to be increased 
somewhat. 

® We wish to thank P. Federbush for an informative discussion 
on this point. 
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this qualitatively reasonable treatment reproduce the 
effective-range formula below resonance, and turn 
below the effective-range curve just after resonance in 
approximate agreement with experiment. At higher 
energies the phase shift levels off at 135° or 140°. 
Estimates made with larger inelasticity factors lead 
to somewhat higher maximum phase shifts. 

The effect of inelastic scattering on the low-energy 
T=} amplitude can also be estimated. If conditions 
are such that og2> 30,7 at all energies, the effect is small. 


IX. CONCLUSION 


Weare making use of partial wave dispersion relations 
derived from the double dispersion relations for s—.V 
scattering. The fully covariant character of these 
equations allows, in principle, cutoff-free calculations 
of all quantities except the physical mass and coupling 
constants. Thus there is some hope of obtaining the 
position of the 3—3 resonance and the S-wave scattering 
lengths at threshold. In this paper we have applied 
the equations to the J/=$, P state. 

We first took the “‘single-nucleon” diagram (Fig. 4) 
into account. To display the physical nature of the 
interaction arising from this diagram we can split it 
into its two time orderings (Fig. 14). Figure 14 (a) may 
may be described as the exchange of a nucleon, and it 
can be shown that it contributes both a “long-range” 
and a “short-range” interaction. Figure 14(b) represents 
the creation and annihilation of a pair, and is all 
“short-range.” The “short-range” contributions from 
the single-nucleon term are a feature of our calculation 
which was not present in the static theory at finite 
energies because there the nucleon mass was taken to be 
infinite. We have also taken into account “long-range” 
contributions from mw—N and xw—r scattering in 
crossed channels. 

For practical reasons we have not taken into account 
inelastic scattering, and many “shorter-range” contribu- 
tions. The neglect of inelastic scattering means of 
course that our calculations are not valid at energies 
where inelastic scattering is large.*! If the short-range, 
single-nucleon interaction is strongly repulsive, as in 
the T=} state, we hope that we may have a quantita- 


31 There is also some question as to the meaning of the small 
phase shifts at low energy because of charge-dependent effects. 
These effects have been considered by D. M. Greenberger, Phys. 
Rev. 117, 1387 (1960), who shows that they decrease with increas 
ing energy and are unimportant at energies above resonance. 
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tively reliable treatment at low energies. This treatment 
will not be changed by taking more short-range effects 
into account unless they are strongly attractive. We 
do have to assume that the r— 7 interaction is given and 
“intermediate-range” multiple pion contributions are 
not too important. In the attractive 7= % state, on 
the other hand, our treatment can only be qualitative 
because the resonance energy is sensitive to small 
modifications of the short-range interaction. Therefore 
our methods do not yet suffice to determine the res- 
onance energy accurately although they do predict a 
resonance structure for the 3—3 phase shift. 

Our results for the /=$, P states are shown in Figs. 
11, 12, and 13. It can be seen that the r—7 resonance 
which has been proposed® for the 7=1, J=1 two-pion 
state changes the T=} state by 50% and the T=3 
state by very little.® 

At present we are applying the same methods to 
the J=}3 states. Here the short-range single-nucleon 
interaction is again repulsive so that we may be able 
to obtain quantitatively reliable results. 
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APPENDIX A: BEHAVIOR OF AMPLITUDE AT W=0 


In this appendix we reproduce an argument of 
Mandelstam,” to the effect that the partial wave 
amplitude 

hi=e" siné/g*! (A.1) 


is in general nonzero at s=0 when a finite number of 
coupled partial waves is considered. [It is not known 
whether /;(1V=0) vanishes as the number of coupled 
partial waves approaches ».] The factor g~*! would 
appear to introduce a zero because g’*~s near s=0 
(Eq. (2.9) ]. We shall show that this factor is actually 
cancelled by another factor, s~', coming from the 
partial wave projection so that there is no reason to 
believe that 4,=0 at W=O. We present this argument 
with the hope of stimulating the development of a 
more complete understanding of this subject in the 
future. 

Since the possibility of a zero due to qg™*' arises 
whether or not the particles have spin, consider the 
case with no spin. In this case there are no kinematic 
singularities and no reflection principle, so (A.1) is 
appropriate rather than more complicated functions 
such as Eq. (3.2). We further restrict our attention to 
S and P waves; it will be clear how to extend the 
argument to progressively higher /. The total amplitude 


® Recently J. Bowcock, W. Cottingham, and D. Lurié, preprint 
(to be published) have added the Frazer-Fulco *—7 resonance to 
the fixed momentum transfer dispersion relations of reference 2. 
At low energies they obtain r—7 effects for the P states which are 
qualitatively similar to ours. 
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with S and P waves included is 


h=ho(s)+q@hi(s) cosO, (A.2) 
which can be written, according to (2.7), as 
h(s,t)=ho(s)+q7hi(s) (1+ t/2¢"). (A.3) 


Because / is a finite polynomial in /, it has the property 
that h— «© as t—» © for s¥0 [in our particular case 
h~hy(s)t/2]. It would then appear to be a restriction 
on / to make 

lim i(s=0) 

t-2 
finite; therefore we assume that this is infinite as well. 
Now the relation 


1, 
h=— f d(cos©)h cos, (A.4) 
g° ade 
can be rewritten, using (2.7), as 
1 - adi i 
n=— f —Hsi)(1+—). (A.5) 
q? J 44? 2q° 2q?! 


We were originally concerned about the factor g~* 
going to zero as s approaches zero. However, if we put 
in an expression for h(s,t) which has the property 
indicated above, 

h(s,t)~t, 


ta 


then the factor of g~ in front actually is canceled. To see 
this we note that as s — 0, the range of integration goes 
from ~—s! to 0. The factor (1+ 4/29?) approaches 
—1, and g’~s. This gives us 


(A.6) 


hi~—s (sdt)t~ constant. 


“—lI/s 


The factor of s in front has thus disappeared and there 
is no a priori reason to believe that the constant is zero. 

Another argument starts from the fact that Eq. (2.9) 
for g* reduces to 


g’= (W?—4M?)/4, 


(A.7) 


when the masses are equal. In this case g* is nonzero 
at W?=0, and there is no reason why (A.1) should 
vanish at W?=0. If the transition from the equal-mass 
case is smooth, (A.1) should not vanish for the non- 
equal-mass case either. 


APPENDIX B: N/D SOLUTION 


In this appendix we present the details of our V/D 
solution to the problem of a given set of poles on the 
dynamic cuts and unitarity on the physical cuts. We 
write 


g=N/D, (6.17) 
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and following the procedure outlined in the text we find 








R,D(W;) 
N(W)-} ————. (6.18) 
i W-W; 
W-M * dw’ 
D(W)=1-——-]_ — rap RD(W,) 
us M+ Ww” i 
1 
x(— 
(W’—W)(W’—M)(W’-—W,) 
1 
— ~~ )} (6.25) 
(W’+W)(W’+M)(W’+W,) 
Now 


1 
qg?2=——_[ (W"— M2—p?)?—4M2y?], 2.9)" 
aw’? 


so that g’* is a complicated function. We can approxi- 
mate g’® sufficiently well for our purpose by 


(W”?—M?)8 
sw’s 


(W2+-M2) 
g= —_—} (B.1) 


Sp — 
(Ww"— M?)? 
We therefore can write 
W-Jd 


M 
D(W)=1- —> D(W AR; 
8xM i 





9 


3p? 
* co (B.2) 
M2 


4 





® doy! 1 
ow)= f — (1) - 
r w (w’ —w) (w’— 1) (w’—w,) 


1 





pr on =| (B.3) 
(w’ +w) (w’ +1) (w’+w,;) 


® du’ 
J (w,w;) = f —(w’?— 1) (w’2+1) 
1 ws 





1 
|- 7 
(w’ —w) (w’— 1) (w’—@,) 





1 
_ —— ——_—| (B.4) 
(w’ +-w) (w’ +1) (w’+w,) 


where we have introduced w=W/M and /=1+y/M. 
The integrals are elementary and the results are most 
conveniently expressed in the form 


I (w,w;) =[1/ (w—w,) [TH (w)— A (@,) ], 
J (ww) =[1/(w—w;) [IC (w) —C(@,) J, 


(B.5) 
(B.6) 









1504 


where 


w 


2w*—1 71 1/1 
+ ( )-—()} (B.7) 
w P 2w? \/5 


w+ 1 [?—¢" 
Clw)=—w(1+a)]° — nf ] 


(w?—1)? [?—« 
H(s)=a(1+a)| - ~ | 





we? iE 
w+1 71 i 1 
+ —( )+ (;)| (B.8) 
wt \P 2w? \ 14 
I (ww) =dH (w)/dw, (B.9) 
J (ww) =dC (w)/dw. (B.10) 


If we let 
D(2.12Mi)=x+iy, 
D(4.32M71) = u+iv, 


(B.11) 


then upon evaluating D(w) at these two points we find 
the following 4 linear equations 


r 


x+iy= 1.312—0.072i+42(0.491) 
+y(—0.295+0.3542) 
+u(0.437 —0.5962)-+0(0.398), 
u+iv= 1.49—0.075i+2«(1.01) 
+y(—0.295+0.4272) 
+u(0.444—0.7967)+0(0.898), 





T=}- 


(B.12) 





whose solutions are those given in the text (Eq. 6.26). 
For the other isotopic spin state we find 


(x-+i¢=0.844+0.036i+«(—0.246) 
+-y(0.148—0.177i) 
/ | +u(—0.219+0.298i)+0(—0.199), 
*) ut iv=0.755+0.037i+(—0.505) 
+ y(0.148—0.213%) 
+u(—0.222+0.3987)+2(—0.449), 


(B.13) 


whose solutions are also given in the text (Eq. 6.27). In 
order to calculate ReD(w) along the right cut, we must 
evaluate terms of the form 
(r+1s) reels ' 
Re — -[(X+iY)—(U+iV) ] 
w— (a+ip) 
(r—is) 
+————_[(X+iY)—(U-iV)]], (B.14) 
w— (a—if) 
where 
R,D(W,)=r-+tis, (B.15) 


H (w)— (3u?/M?)C(w) = X+iY, (B.16) 
H (w;) — (3p?2/M?)C (w;) = U+ iV, (B.17) 


w=atip. (B.18) 
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WALECKA 
The above expression reduces to 


)? 
| [ (w-a)(X—U)+,V ] 
| (w—a)*+ 8" 
| | 
| (B.19) 
{ 


7S 


[V (w—a)—6(X—U)]}, 
(w—a)*+ 8" 


and the only complicated w dependence is in the function 
X = Rel H (w) — (3u2/M*)C(w) J. (B.20) 


Thus, even though the logarithms in H(w) and C(w) 
are complex, we only need to know their real parts. 


APENDIX C: CONVERGENCE OF THE LEGENDRE 
EXPANSIONS IN THE CROSSED CHANNELS 


In this appendix we wish to examine the region of 
convergence of the Legendre expansions in the crossed 
channels. We shall look at channel III in some detail 
and then just state the results for channel II as the 
procedure is exactly the same. Our starting point is the 
following theorem**: If F(z) is analytic inside an ellipse 
with foci at +1, then it can be expanded in a Legendre 
>, a.Pi(z) within the ellipse. Our task is 


— 


series F(z 
to find the singularities in the function 43‘(s,?’) in the 
complex y plane where y is the cosine of the angle of 
scattering in channel IIT: 


S-Tl 2—M?—p? 
y(t,s)= ; (CF 
2(t/4—M?*))(t/4—p?)! 


We emphasize again that in this channel ¢ is the energy 
and is real. It is the extension to complex momentum 
transfer, s, in which we are interested. 

The singularities in A;‘(s,/’) are given to us by 
Eq. (4.3). We need only investigate the first term in 
that equation since the second term is obtained from 
it through the crossing transformation, s <> w at fixed ¢ 
and we see from our equation for y(t,s) that under 
this transformation 


y(t,s) X= — y(t). (C2 


This means that if we find singularities for positive y 
from the first term in Eq. (4.3), the second term will 


give a symmetric singularity at —y. We therefore 
consider 
1? pis'(s’,t’)ds’ 
$ —, (C.3) 
. / = 
7 (M+u)* g<s 


Let the smallest value of s for which the denominator 
can vanish be sg.c.(t). (See reference 8 and Fig. 2.) 
We note that the denominator vanishes only for real s. 


38. T. Whittaker and G. N. Watson, A Course of Modern 
Analysis (The Macmillan Company, New York, 1943), p 322. 
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Fic. 15. Ellipses of convergence of the Legendre expansion in 
channel III. The cosine of the production angle is denoted by 
y [Eq. (2.34) ]. 


We split the / region of interest into two parts, 

(1) 4u2<t<4M?, y(t,s)=—iyo, 
s-+t/2—M?—? 

~ 2(M2—1/4)(/4— 2)" 





(C.4) 


Vo 
(2) 1>4M2 


st+t/2—M*— p? 
y(t,s) = (Cf) 


-2(/4—M2)4(t/4—p2)! 


Since the denominator of (C.3) vanishes for real s only, 
we find that for region 1 the corresponding y is 
imaginary whereas for region 2 it is real. The two cases 
are indicated in Fig. 15. 

We now have the ellipse, in the complex y plane, 
inside of which the Legendre expansion converges. The 
corresponding region in the complex s plane is deter- 
mined by Eqs. (C.1) and (C.4). In order to get a very 
simple upper limit to the region of convergence for s 
lying on the circle, we can imagine our region in the y 
plane to be an infinite strip instead of an ellipse. In the 
first case, the condition that y be inside the strip is 


Spc. ()+1/2— M2? 





(1) Imy| < ————- ; (C5) 
2(M2—1/4)}(t/4—p?)} 
In the second case the condition is 
. Spc. (t)+t/2—M2—p? 
(2) |Rey| < -, (C.6) 


~ 2(t/4—M2)3(t/4—p?)! 


If we now let s become complex in Eqs. (C.5) and (C.6), 
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then both conditions reduce to 
| Re(s)+ ¢/2—M?—p?| <sp.c.(t)+1/2—M*—p?. (C.7) 


We investigate two possibilities. 


A. W on the Real Axis 


In this case | W?+ t/2—M?®—yp?| <sp.c.(t)+t/2—M 
—y? implies W*?<spg.c.(¢). Since ¢ goes over all values 
4u?< t< @ in (C.7), we must take sg.c.(t) min= (M+u)?. 
The Legendre series converges for W real and 


|W |< (M+u). (C.8) 


B. W on the x— = Circle 
In this case we write W?=(M?—yp?)e*x and our 
condition becomes 
| 2u?+ 2(M?— yp?) sin?x— t/2| 
<sp.c.(t)+t/2—M*—p. (C9) 


Assuming the left-hand side is positive (the converse 
inequality is always true) we find 





sp.c.()+t—M?2—3p2 
2(M?2—?2) 


sin?x < 


(C.10) 


From reference 8 we have [sp.c.(t)+¢]min™©96u" for 
t~12y? and t~24y?. This gives 


sin?y < 0.52, 
0< |x| £ 46°, (C.11) 
134°< |x| < 180°. 


For these values of x and / the left-hand side of (C.9) 
was positive as assumed. 

A numerical calculation of the correct elliptical 
region of convergence has been carried out by Frazer 
and Fulco.® They find that the series converges if 


0< |x| <33°, 
147°< |x| < 180°. 


A similar treatment of channel II shows that the 
channel II scattering amplitude along the real axis 
between —M—y and M-+y can be expanded in 
Legendre polynomials for any u>(M+uyz)*.* The 
amplitude for any particular finite w>(M-+4 z) con- 
verges over a somewhat wider range of W. 

The results of this appendix are indicated in Fig. 5. 


4 W. R. Frazer (private communication) has shown that the 
region of convergence of the Legendre expansion extends for a 
short distance along the imaginary axis near W=0. 
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Complex Singularities of Partial-Wave Amplitudes in Perturbation Theory* 


J. G. Taytor AND A. E. A. WARBURTON 
Department of Applied Mathematics and Theoretical Physics, Cambridge University, Cambridge, I:ngland 


(Received July 11, 1960 


We show that the complex singularities which invalidate Mandelstam’s representation do not cause 
complex singularities of partial wave amplitudes for two-particle scattering processes, except for the expected 


“kinematic’’ complex branch points. 


ECENTLY, a general method has been developed 

for locating the complex singularities of contribu- 
tions from Feynman diagrams.' In particular, Tarski* 
has studied in detail the fourth-order square diagram 
of Fig. 1, obtaining, in a simple manner, the condition 
on the masses under which the _ two-dimensional 
representation of Mandelstam* is no longer valid. 
Using Tarski’s analysis, we show that the complex 
singularities which invalidate Mandelstam’s represen- 
tation do not cause complex singularities of the partial- 
wave amplitudes, C,(q*). This result is of importance in 
that the most useful analyticity property for scattering 
amplitudes is, in practice, a cut plane of analyticity 
for the partial-wave amplitudes. Of course, if the 
outgoing particles differ from the incoming particles, 
there will be the expected ‘‘kinematic” complex branch 
points, due to the fact that g (the squared center-of- 
mass momentum of an incoming particle) is not then 
real for all real values of the invariants s=(p:+ p»)’, 


= (pit ps), u= (pit ps)’. 


The complex singularities of F(s,/) lie? on the curve I’ 


| 2m; m+ m?— pi 
| 

|my°-+ m2 — pi" 2m" 
m+ m3 — p* 


m?+m;?—s 


; 


me+me—i 


mer+me— py 


which may be written in the form 


pe Pips 
Psp pr 
paps Pips 


| 
| 9 9 9 9 ) l ) 
\(myr—me)— pe (me— my) pr—-l 


There are complex singularities in the physical sheet of 
F (defined by certain cuts over real values of s and /, and 
hence «) only if 


9, +00+03+64> 27, (9) 


*Supported in part by the U. S. Air Force, Research and 
Development Command, Europe. : 

1 J. C. Polkinghorne and G. R. Screaton, Nuovo cimento 15, 
289 (1960). 

2 J. Tarski, J. Math. Phys. (to be published ). 

»S. Mandelstam, Phys. Rev. 112, 1344 (1958). 





Neglecting irrelevant factors, the contribution from 
Fig. 1 is 


l 4 
F(s,t) J (]] dx)6(1—Lx,)/D*, (1) 


while 


1 
Ci(q") f d(cos6) F (q’, cos@) P;(cos@), (2) 
1 


where @ is a center-of-mass scattering angle. D is 
quadratic in the parameters x;, but linear in cos@. 

Following the method of references 1 and 2 we see that 
C.(q) can have a singularity only when F has a singu- 
larity at an end point of the cos@ integration, i.e., at 
cos’@=1. (There cannot be a ‘“‘coincident”’ singularity 
since D is linear in cos@.) Such points lie on the curve C 
in the s, ¢ plane given by 


pr pips paps 
Pipi pr papi| = 0. (3) 
Psps pips ps 
given by 
m+m3"—s m+me— ps 


my+m;— pe me+me—t 


=(), 
2m; me+me— ps 
m;+me— p; 2m? 
) > ) ! 
Psps m;°—m°)— pe 
Psp (m—m")+ prt 
0. (4) 
p;? (me—m3")+ ps" 
(mye—m3")+ ps 4m? 
where 
9,=cos"L(m2+mi2— p2)/2mmis1 | (6) 


(which are real by stability conditions on the internal 
and external masses), and then they lie on the surface 
~, generated by the complex intersections of T° with 
real lines of the form 


as+Bl=y, (7) 
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mS, 
Fic. 1. Fourth P. . 3 
order diagram whose 
complex singularities m, im, 
are discussed in the 
text. 

m, 


P P, 


where a>0, 8>0, and y is such that the line passes 
between the branches I's and Il’; of T' (Fig. 2). 

Suppose P is a complex singularity of F lying on C. 
Then, by (3) and (4), the coordinates of P depend on 
the m? only as differences: If we add an amount x to 
each m,*, the resultant I'(x) still passes through P, 
which lies on a line of the form (7) which is independent 
of x. As x increases, by (6), the #; remain real and tend 
to zero, and, as 6,:+62+6;+6, — 2r+0, the branches 
I(x) and I's5(x) join. Thus no line of the form (7) 


PARTIAL-WAVE 
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Fic. 2. Curves of real singularities of the fourth-order 
diagram of Fig. 1 in the s, ¢ plane. 


can meet all I'(%) in the same complex point, and so P 
is nonexistent, and C;(qg*) cannot have complex singu- 
larities in its physical sheet (defined by cuts on the real 
q axis), except for the above-mentioned “kinematic” 
singularities. 
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Oscillatory Character of Reissner-Nordstrom Metric for an 
Ideal Charged Wormhole* 


Joun C. Graves AND Dieter R. BRILL 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received July 15, 1960 


A transformation is presented to remove coordinate (“pseudo’’) singularities from metrics of a certain 
class, a special case of which is the transformation of Kruskal, extending the Schwarzschild metric beyond 
its pseudosingularity. The transformation is applied to the Reissner-Nordstrém metric, which describes a 
concentration of charge and mass in general relativity. On an initial surface this metric shows the same general 
behavior as the Schwarzschild metric, describing a “wormhole,” or bridge, between two asymptetically flat 
spaces, but with electric flux flowing through the wormhole. It is found that the region of minimum radius, 
the so-called “throat” of the wormhole, begins to contract, but reaches a minimum and re-expands after a 
finite proper time, rather than pinching off as in the Schwarzschild-Kruskal case: the raduis of the throat 
pulsates periodically in time, “cushioned” by Maxwell pressure of the electric field through the throat. The 
motion of charged particles in this metric is investigated, and it is shown that no particle can hit the geo- 
metric singularity at r=0; (1) quite in general, provided only that the mass of the test particle exceeds the 
value associated in general relativity with its charge, and (2) in particular when the test particle has no charge 
at all, but (3) such collisions are not avoided when the throat itself is not endowed with any electric flux. 


I, INTRODUCTION “properly closed” spaces must always develop an 
intrinsic geometrical singularity as time evolves. It is 
therefore interesting to examine some of the known 
exact solutions of the Einstein-Maxwell equations for 
singularities, even in cases where they describe spaces 
which—instead of being closed—are asymptotically flat 
at great distances. 

To do this, one must distinguish between true 
geometric singularities at which invariants of the 
Riemann curvature tensor become singular, and 
“pseudosingularities,” which are due to an unfortunate 
choice of coordinate system. The well-known Schwarzs- 
child solution provides a good example of both types of 
singularity. In the two most common coordinate 
systems, some of the metric coefficients vanish or 


ANY of the wel!-known solutions of Einstein’s 
equations contain apparent singularities whieh 
have not been understood until recently. Such singu- 
larities seem to be a characteristic feature of solutions of 
the free-space Einstein and Einstein-Maxwell equa- 
tions; they can often be prevented from occurring if 
one grants that near the singularity some field of 
nonzero rest-mass contributes to the curvature of space. 
However, it has been suggested! that in the domain of 
free-space gravitation and_ electromagnetism all 
* Based in part on Chapters 2 and 6-10 of a thesis submitted by 
the first author in partial fulfillment of the requirements for the 
B.A. degree at Princeton University. 
'J. A. Wheeler, Nuovo cimento. 
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Fic, 1. Radius r of the throat of the Reissner-Nordstrém wormhole as a function of proper time r. The radius of the throat, as 
measured by its circumference 2rr, or by the area 4rr*? of the minimum sphere, pulsates periodically between maximum radius r; and 
minimum radius r2, as seen by an observer stationed at the throat in his proper time 7. The curves r vs 7 are various cycloids; their 
period 24m is independent of the value of g. For g=0 the cycloid reaches the singularity r=0 at its cusp. As g increases, the amplitude 


of the oscillation decreases, so that the observer at the throat does not reach the geometric singularity. In the limit ¢ 


> m* the Max- 


well pressure of the electromagnetic field through the wormhole just balances the gravitational forces tending to contract the throat. 


[Also see B. Bertotti, Phys. Rev. 116, 1331 (1959)]. 


become infinite at a finite value of the radial coordinate 
as well as r=0. The former is a pseudosingularity, 
whereas the latter is a true geometric singularity. 
Although in physical bodies the presence of matter 
changes the field equations from their free-space form 
much before the singularity is reached, these singu- 
larities do present a problem from a more fundamental 
point of view. 

It has been shown by a number of authors? that one 
can continue the Schwarzschild solution across the 
pseudosingularity. Kruskal’ has found a single co- 
ordinate system in which to write the maximum 
analytic extension of the Schwarzschild solution. Of 
course, no change of coordinate system can remove the 
singularity at r=0, which can actually be reached by 
particle and light geodesics. 

The geometric singularity at r=0 has physical 
effects whose interpretation is not yet clear. Consider, 
for example, the space-like surface about which the 
solution is time-symmetric. This surface has the 
topology of an Einstein-Rosen bridge® between two 
asymptotically flat spaces. The bridge, like a throat, 
has a narrowest region. The circumference of this 
0 is 
22 sch = 24 (2GM /c?) = 4m (here m is the mass measured 


narrowest region at the Schwarzschild time / 


in units of cm). Fix attention on an observer at this 
throat of the bridge, where r takes on its minimum 
value. For this observer, r is a time-like coordinate, 


2G. E. Lemaitre, Ann. soc. Sci. Bruxelles Ser. I 53, 51 (1933); 
J. L. Synge, Proc. Roy. Irish Soc. 53, 83 (1950); D. Finkelstein, 
Phys. Rev. 110, 965 (1958); J. Ehlers, dissertation, University of 
Hamburg, 1958 (unpublished); C. Fronsdal, Phys. Rev. 116, 778 
(1959). 

3M. D. Kruskal. 

‘ For details, see Kruskal’s paper, reference 3. 

5 A. Einstein and N. Rosen, Phys. Rev. 48, 73 (1935). See also 
C. Misner and J. A. Wheeler, Ann. Phys. 2, 525 (1957). 


which decreases as he moves along his geodesic. Thus 
he finds that the throat, whose radius is also given by r, 
shrinks continually, until it “pinches off” at r=0. One 
might hope that if the throat contained some electric 
flux, as in the case of the Reissner-Nordstrém solution, 


ds?= (1—2m/r+ @/r") dr’ + rd? 
—(1— 2m/9-+-¢'/9*) dF, 


the stress of the field in the shrinking throat would 
keep it from pinching off. In this case the observer 
stationed at the throat would never reach the singu- 
larity at r=0 (Fig. 1). 

In this paper we shall find a coordinate system for the 
Reissner-Nordstr6m solution which is analogous to 
Kruskal’s coordinates for the Schwarzschild solution. 
In Sec. II we shall develop a procedure to eliminate the 
pseudosingularities, applicable to a general class of 
static spherically symmetric metrics. In Sec. III we 
apply this procedure to some well-known solutions, in 
particular to the Reissner-Nordstrém solution. Section 
IV is devoted to a more detailed discussion of the 
geometry of the Reissner-Nordstrém metric; finally, 
Sec. V deals with trajectories of uncharged and charged 
particles in this metric. 


II. TRANSFORMATION TO NONSINGULAR 
COORDINATES 


We consider in this paper line elements which can, 
in a suitable coordinate system, be written in the form 


ds?=@'dr’+rdQ’— ode’, 
dQ? = dé*+-sin*6d ¢”, (1) 
o=¢(r). 


This metric is spherically symmetric and “static” in 
the sense that it does not depend on the coordinate 4. 


? 
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Equation (1) does not represent the most general metric 
of this type, but it includes some well-known metrics 
(Schwarzschild, Reissner-Nordstrém, de Sitter) as 
special cases. We assume that. the function ¢(r) has 
zeros or poles, representing pseudosingularities, which 
are to be eliminated by a change of coordinates. In the 
following we confine attention to the neighborhood of 
one of the pseudosingularities and look for a coordinate 
patch which will continue the metric analytically across 
that pseudosingularity; the entire analytic extension 
may consist of several such patches, overlapping in 
finite regions. 

Following Kruskal we shall try to determine a 
simultaneous transformation of r and ¢ to new co- 
ordinates u(r,/) and v(r,f), in terms of which the light 
cones are lines with slope +1. In such coordinates the 
metric (1) takes the form 


ds*= f?(u,v) (du?— dv*) +r (u,v)dQ®, (2) 


where f*(u,v) is to be regular at the pseudosingularity. 
By comparing (2) and (1) we find the conditions on u 
and v that this transformation be possible: 


f?(uP—v?)=1/¢(r), 
f?(ue2—v?)=—¢(r), (3) 
U,Uy— 0,0,=0. 
The subscripts denote ordinary differentiation with 
respect to the corresponding variable. Equations (3) 
are to be considered as three differential equations to 
be solved simultaneously for u, v, and f. First eliminate 
f to obtain equations for u and v alone: 


ue—v? urP[1—(v,/u,)* ] uP ; 
= —___—_—_ = —-— =-¢i(r), (4) 
ur—v? —v2[1—(u,/v,)? ] v,° 
hence 
u=O(r)tr; w=O(r)u,. (5) 


In terms of a new radial coordinate r*, defined by 
dr*="'(r)dr, these equations take on the simple form 


Up=0;* y= U,*. (6) 
The general solution of these equations is 


u=h(r*+1)+¢(r*—2), o! 
(4 

v=h(r*+1)—g(r*—2), 
where # and g are arbitrary functions of one variable. 
Below, prime will denote differentiation with respect to 
this variable. Eq. (3) can now be solved for f?, 


(r) (r) 


ue—v?e 4h! (r*+1)g' (r*#—1) 





(8) 


The variables a=r*+/ and B=r*—1/ that occur in the 
argument of / and g are “lightlike’”’ coordinates in r, / 


space, because from Eq. (1), 
ds?= (dr — df) = @dadB. (9) 


In order that /? in Eq. (8) be nonsingular, any 
singularity in the numerator ¢(r) must be cancelled by 
the denominator, for all ¢. We must therefore have 


h(r*+-t) = Aer (Pt, 


10 
g(r*—1) = Ber", — 


Here A and B are arbitrary scale-factors, and we shall 
take A=B below; y is a constant whose value must be 
chosen such that f? of Eq. (8), 


P=o(r)e21"*/4A%? (11) 


is regular and positive throughout the coordinate patch. 
In the general case, expand @ as a power series near the 
pseudosingularity. One finds that a choice of y which 
makes f* of Eq. (11) nonsingular is possible only 
whenever the singularity in ¢ is a zero of the first order. 
To correlate our result with Kruskal’s form of the 
Schwarzschild solution, put 

y=tm; A=}; 


o(r)=1—(2m/r); | r*=r4+2m In(r-- 2m). 


The explicit form of the transformation to the co- 
ordinates u, v in which the metric is nonsingular is then 
obtained by substitution into (7), 


u= Aer" | e7'+-e-7' |= 2Ae”™ coshyt, 


v=2Ae™ sinhyl. 


(12) 


The inverse transformation can, in general, only be 
given implicitly : 


F(r)=4A42%e" = —-P=w 


, 


(13) 
t= (1/2y) tanh“"[2u0/(u?—v*) }. 


transformations differ from Kruskal’s trans- 
formation for the Schwarzschild solution only in the 
form of the function F(r). Therefore, the relation 
between new and old coordinates near the pseudo- 
singularity is qualitatively the same as for the Schwarzs- 
child case near r= 2m, At this point r and ¢ interchange 
roles as spacelike and timelike coordinates, but 
remains spacelike and v timelike. 


These 


Ill. EXAMPLES 


As we have seen, for the Schwarzschild metric the 
above transformation is identical with that given by 
Kruskal. To illustrate the procedure by another well- 
known case, consider the metric of the de Sitter universe, 
written in the “static” frame.® This metric is of form 
(1), with 

o=1—r°/R?, 


O<r<R. (14) 


®See, for example, E. Schrédinger, Lxpanding Universes 


(Cambridge University Press, Cambridge, 1956). 
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Fic. 2. Kruskal diagram for the de Sitter metric. The scale 
factor has been chosen A=B=1. The static metric was given in 
the region u> |v|, u?—v? <1; the new coordinates give an analytic 
extension in the u, v plane except for the shaded region. A typical 
space-surface u=0 is bounded by two points r=0, indicating that 
if the coordinates 6, ¢ are taken into account this surface has the 
topology of a three-sphere. An infinite proper time is needed to 
reach the hyperbola r= ~. Geodesics can be extended to arbitrary 
length, and the nonsingular metric is complete in this sense. This 
coordinate system does not show the invariance of the geometry 
under space translations. Near the point «=v=0 the relationship 
between old and new coordinates is similar to that shown by 
Schrédinger, reference 7, Fig. 2. 


The new measure of radial distance becomes 


R R+r 
f a ‘b(r) =— In——. 


F 2 R-r 


yg? =x (15) 


For regularity in the u,v coordinates the numerator 


of (11), 
(R+r)! -yR(R—r)it+7vR 
pe 2yr* — = —- 


R? 


(16) 


must be everywhere finite in the range of r considered ; 
therefore, 
(17) 


1+7yR=0, y=—1/R, 


and the complete transformation, Eqs. (11) and (12), 


becomes explicitly 


— PR+rp RA? 
Ladd (42+w)’ 
(18) 
ka R-r i aaa 
= Aj — —t/R), 
lol R+r | sinh | 
with the inverse, from Eq. (13), 
A’—w 
or 
A’+w 
(19) 


1 2uv 
{=— tank-(— ; 
2y ue—v* 





The Kruskal u—» diagram for this form of the de Sitter 
metric is shown in Fig. 2. It extends the metric of the 
static frame, which is well known to describe only part 
of the de Sitter space, to a description of the complete 
de Sitter space. Near the origin u,v=0 our trans- 


AND D.. Kk. 


BPRtL SL 
formation coincides with the usual transformation? 
between the static and the de Sitter frame. The main 
difference between the above and the de Sitter frame 
is the occurrence of the point r= * at a finite value of 
u,v. However, the proper time needed to reach r= x 
from the origin tends toward infinity: 


1 1 
T [sae f Rdv/(1—v?) > ~., 


The transformation for the Reissner-Nordstrém 
metric differs from the above only in complexity. The 
metric is of form (1) with 


(20) 


o(r) =1—2m/r+¢7/r?= (r—11) (r—1P2)/P’, (21) 
which vanishes at two pseudosingularities, 
ri=m+(m?—@)),  r2=m— (m?—¢")!. (22) 


In addition, a true geometric singularity occurs at r=0, 
just as in the Schwarzschild case. The new radial 
coordinate is 


ry rT" 
r*=r- In(r—r,)—- In(r—re). (23) 
ri "F3 3" Fe 
Again we must make the denominator of (11) 
nonsingular, 
1 
pe 2yr* — é 21" (y—7,)! [2yri2/ (ri r2)) (y—y.)1+2rr22 ri—r2)] 
r 
(24) 


From this expression it is clear that we cannot avoid 
singularities at both r; and re. Therefore, the Reissner- 
Nordstrém metric will be described in terms of two 
coordinate patches, neighborhoods of r; and re, respec- 
tively. Quantities referring to only one of these patches 
will be denoted by corresponding subscripts 1 or 2, 
or generally by 7 or 7 where 7, 7=1, 2 or 2, 1. The values 


of y needed to avoid zeros in Eq. (24) are 


2 


Vi= (r;—1;)/2r?, (25) 


so that the metric coefficient in the new coordinates 

becomes 

exp(— 27,7) 
———(r—r;)?0-27im), (26) 

(2Ay.r)? 


In this case, Eq. (13) cannot be solved explicitly for r 
as a function of W. As in the Schwarzschild case, we 
cannot therefore give an explicit expression for f? in 
terms of « and v. The transformation of the coordinates 
is again obtained by substitution into Eq. (12): 


u; coshy it 
| | =24 (rn )Mr—r) Mesteonera| - (27) 


sinhy;t 
7 See, for example, R. Tolman, Relativity, Thermodynamics, and 
Cosmology (Oxford University Press, New York, 1934). 
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Fic. 3. The two coordinate 
patches describing the Reissner- 
Nordstrém geometry. 


IV. THE REISSNER-NORDSTROM GEOMETRY 


In the discussion of the Reissner-Nordstrém solution 
we shall always assume that the mass parameter m 
exceeds the minimum value associated in general 
relativity with the charge g, (m and q in units of cm) 


m*> q’. (28) 
In this case the two roots r; of Eq. (21) are real, and 
our analysis yields two coordinate patches; in both the 
relationship between old coordinates, r,/ and .new 
coordinates “,v is qualitatively the same as for the 
Schwarzschild case. As the parameter r decreases from 
infinity in the first patch we approach the first pseudo- 
singularity 7; (see Fig. 2); as r decreases below 7, it 
becomes the timelike coordinate. Since the second 
pseudosingularity is not removed in the first patch, we 
cannot let r decrease below rz in this patch. Actually, the 
values of the new coordinate v tends to infinity as r 
approaches r2, as is seen from Eq. (28).8 Thus the 
metric is actually regular for all finite values of u and v 
in the first patch, but it is not complete since, as we shall 
see, the proper distance between 7; and fr» is finite. 

It therefore becomes advisable to change over to the 
second patch at some larger value of r, r., as shown in 
Fig. 3. Since r continues to be the timelike coordinate, 
we have drawn w as ordinate and 7 as abscissa in the 
second patch. The second patch, similar to the first, 
has a regular metric for arbitrarily large values of 
u>v; but since we are crossing over at some value 7,, 
m>r.>r2, we enter this patch somewhere along the 
hyperbola shown in the figure. It does not matter 
whether we choose to enter along the lower branch, in 
the direction of increasing u, or along the upper branch, 
in the direction of decreasing u. For purposes of easy 
visualization we have chosen the latter possibility and 
picked a value of r, such that the two hyperbolas can be 
made to coincide by laying one patch on top of the 
other.’ Points with identical ¢ coordinates then lie one 


* We are indebted for this remark to R. Lindquist. 
® This requirement, that 4A 2e+?71"* = 44 .?e272"* can be satisfied 
by choice of Aj, As, or re. 
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above the other if the two patches are thus super- 
imposed and “glued together” along the boundary r,. 
As r decreases further to ro it reverts to a spacelike 
coordinate, until we reach the reverse geometric 
singularity at r=0. 

To visualize the manifold it is natural, in general 
relativity, to consider it as a succession of spacelike 
surfaces. The manifold described by the two patches 
contains two surfaces about which the metric is time- 
symmetric,'” “,=0 and v2.=0. The geometry of the 
first surface is already well understood." Like the 
analogous surface in the Schwarzschild-Kruskal mani- 
fold, it represents a “‘wormhole,” or bridge, between two 
asymptotically flat spaces. The asymptotically , flat 
parts are described by the region of large positive and 
negative values of u. At u=0, r reaches its minimum 
value r; on the surface. The sphere of minimum area 
4rr’?, or the “throat” of the wormhole, therefore, is 
described by r=r, or u=0. This picture agrees exactly 
with the geometry found by solving the time-symmetric 
initial value problem of gravitation and electromagne- 
tism. The initial metric obtained from this point of 
view is just the space-part of the Reissner-Nordstrém 
metric, written in isotopic coordinates, 


ds*=[(1+-m/2p)?— (q/2p)? P (dp?+ p*do’), 
with 


r=p{_(1+m/2p)?— (q/2p)?]. 


This metric has been discussed in some detail by Misner 
and Wheeler.'' For purposes of visualization, it can be 
imbedded in 4-dimensional space, giving a surface of 
revolution much like the well-known surface for the 
Schwarzschild case, obtained by rotating a parabola 
about a line perpendicular to its axis.” 


(29) 


For definition see, for example, D. R. Brill, Ann. Phys. 7, 456 
(1959). 

1! See, for example, C. Misner and J. A. Wheeler, Ann. Phys. 2, 
525 (1957). 

See, for example, Hermann Weyl, Space—Time—Matter 
(Dover Publications, New York, 1952), pp. 259-260; also see 
L. Flamm, Physik. Z. 17, 448 (1916). In the Reissner-Nordstrém 
case the curve to be rotated in the @ and ¢ directions is given, in the 
R—r plane, by 


R(r)=SL1—o)/¢ }idr = SL (2mr —@*)/(r —r1) (r — re) Jedr. 
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The second surface of time-symmetry, v2=0, can be 
analyzed similarly. It is bounded at two ends by the 
singularity r=0, and has a maximum radius at r=ro. 
The geometry of this surface is also described by the 
metric (29), where p now takes on those negative 
values which make r positive, 


po=3(q—m)>p>—}3(q+m)=pv’. 


A point whose p coordinate differs by some small 
number ¢ from one of these limits po has the r-coordinate, 
given by Eq. (29), r=(g/po)e, and geodesic distance 
from the singularity s= {‘ds= (q/po*)é. Hence, the area 
of the sphere drawn at that distance is A=42?r? 
= (4rq’/p’)P =4rqs (for a regular point we should 
have A=4s*). This property characterizes the singu- 
larity at r=0 on the surface 12.=0. 

By symmetry it is clear that the line w=0 in the first 
patch, and its continuation »=0 in the second patch is a 
geodesic, the worldline of an observer who initially, and 
permanently, is situated at the “throat” of the ‘““worm- 
hole.” The radius of the wormhole as defined from the 
surface area of the extremal sphere, is simply given by 
the r value at the observer. As in the pure Schwarzschild 
case, the observer sees this radius begin to decrease 
from its maximum value 7; as time proceeds from the 
initial point, 7,=0: the throat begins to shrink. How- 
ever, for the Reissner-Nordstrém case it does not pinch 
off, but reaches a minimum f2 at the second pseudo- 
singularity. From there on it increases again to r;, and so 
forth (see Fig. 1). Thus our observer sees the wormhole 
pulsate in time, kept from collapsing by the pressure of 
the electric flux through it. The proper time interval 
from 7; to fo, or half the pulsation period 7, is readily 
calculated : 


i r2 - r2 dr 
--f as= f fi =f ———-=7m. (30) 
2 rl 0 rl [—¢(r) }} 


Thus the period T= 27m is independent of the charge, 
and is the same as the time required for pinch-off in the 
pure Schwarzschild case. 


V. TRAJECTORIES OF PARTICLES 


We have seen that the “electromagnetic cushion’”’ 
provided by the electric flux through the Reissner- 
Nordstrém ‘“‘wormhole” effectively prevents an observer 
stationed at the throat and following a geodesic from 
reaching any pinch-off at the singularity r=0. Will 
observers moving along less symmetrically situated 
geodesics likewise avoid this singularity? 

The Reissner-Nordstrém metric is invariant under 
t translations, which have the form of Lorentz trans- 
formations on u and »v. Since any geodesic starting at 
the throat on the initial surface 1,=0, at arbitrary 
velocity, is related to the geodesic of the “‘stationary”’ 
observer discussed above by such a transformation, 
observers on all such geodesics will see the same time- 
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development of the space, and none will hit the singu- 
larity at r=0. It is also clear that light rays, which are 
described simply by lines of slope +1 in the xu, v co- 
ordinates, will hit this singularity (see Fig. 2). To 
discuss trajectories other than these simplest examples, 
we examine the law of motion of test particles’ of mass 
uw and charge e, 


d?x” dx* dx8 e dx? 
+T3’— —= —-F,’—. (31) 
dr dr dr aw 6dr 


In the Reissner-Nordstrém metric written in the yr, ¢ 
coordinates the electromagnetic field tensor has the 
nonvanishing components 


F y= —Fr=q/r. (32) 


When this tensor is transformed to the new wu, v co- 
ordinates, one immediately obtains its analytic exten- 
sion into the regions beyond the pseudosingularities, 


Furs — Fe" = (4,0;— 0,4.) F'=o(uP—o") PF" 
= frrt f =—g ‘7? f, (33) 
Ff 13 PP = fq ‘rs r.. .= r.. = 0. 


The electric field in the surface v;=0, defined as the 
force of electromagnetic origin on a stationary unit 
charge, has contravariant components 


dx 
Fy’ — = Fy’5*,./ f= (q/r* fyb’. (34) 
dr 


If g>0, this force always points in the positive u 
direction on the initial surface. On the sheet «<0, it 
points toward the wormhole throat, and on the sheet 
u>0O it points away from the throat. The “charged 
wormhole” therefore looks like a negative charge 
viewed from one sheet, and like a positive charge when 
viewed from the other sheet ; the flux flows continuously 

from one sheet to the other through the wormhole. 
Although the electromagnetic field distribution in the 
Reissner-Nordstrém space becomes clearer in the u, 2 
coordinates, it is more difficult to write Eq. (31) in these 
coordinates, because Eq. (26) cannot be solved ex- 
plicitly for r in terms of u and v. We shall therefore use 
the r,¢ system to discuss trajectories of test particles. 
The four equations (31) specify the development in 
proper time of the four coordinates r, 6, ¢, and ¢. Two 
of these equations express conservation of “angular 
momentum”: if we satisfy the @ equation by restricting 
attention to orbits in the @=2/2 plane, the ¢ equation, 
(1/r?)d?(r?¢,)/dr?=0 (35) 

implies that the angular momentum parameter 

h=r¢, (36) 


is a constant of the motion. One of the remaining two 


13 See, for example, D. M. Chase, Phys. Rev. 95, 243 (1954) 
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equations, viz., that for r, may be replaced by the 
condition that the four-vector velocity be a unit vector. 
This follows from differentiation of the metric (1) with 
respect to proper time 7, 


1=¢l?—¢@ '9r— (h?/r"). (37) 

The remaining equation, 
gp 'd(ol,)/dr= (€/n) (q/or*)r, (38) 

can be integrated to give 
gol,= — (eqg/ur) +k, (39) 


where & is a constant of integration. By eliminating /, 
from (37) and (39) one obtains the radial equation 
oL1+ (h?/r?) J=[— (eqg/ur) +k P—1,?. 


This equation is analogous to the energy integral of the 
corresponding classical radial equation of motion in a 
central force field. The analogy can be made more 
explicit by rewriting (40) as follows, 


$u(k°—1)=3ur2+ (—pm+ egk)/r 
+ (1— &/u?) (ug?/2r?) + ph'g/2r’. 


(40) 


(41) 


To find the range of variation of r, we use the standard 
method of setting r,=0 to obtain the turning points. 
Equation (40) shows that at these points ¢ is positive, 
hence r is space-like, as is necessary for the turning 
points of a timelike trajectory. From Eq. (41) we can 
verify the well-known result for the Schwarzschild case 
(q=0): If the angular momentum parameter / does not 
vanish, the positive term on the right-hand side of (41) 
may dominate at small r, and prevent the particle from 
reaching r=0; but it must reach the singularity at r=0 
in a finite proper time if h=0. In the Reissner-Nordstrém 
case, the next to last term of Eq. (41) will always 
dominate the 1/r-term at small r, and it is positive if 
uw?>eé. Thus in this case no test particle will ever reach 
the singularity at r=0, provided only that the mass of 
the test particle exceeds the minimum associated in 
general relativity with its charge. 
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Vv. CONCLUSIONS 


The analytic continuation of the usual Reissner- 
Nordstrém metric for a “point” charge presented here 
shows many features similar to the Schwarzschild- 
Kruskal metric. In some respects it prevents fewer 
difficulties than the Schwarzschild metric; in particular, 
if we restrict attention to particles whose mass exceeds 
the minimum associated with their charge (m> |q|, 
u>|e!), the throat of the wormhole representing the 
particle pulsates in time and does not pinch off; and 
no test particle ever hits the remaining geometric 
singularity at r=0. 

Our analysis has been confined to the case |g| <m. 
If we formally let g exceed m in the metric (22), the 
character of the solution at small r changes radically, 
since now the intrinsic geometrical singularity occurs 
on the initial surface of time-symmetry. In this case a 
singular initial geometry can only be avoided by 
assuming some “‘real’’ charge and mass distribution of 
finite extent near the origin. The physical situation 
obtained by shrinking such a charge distribution to a 
point has been discussed by Arnowitt ef a/." It is quite 
different from the wormhole topology we have discussed 
here, although the two agree perfectly at large distances 
from the concentration of mass and charge. 

In conclusion, the discovery that the Reissner- 
Nordstrém metric—known since 1916—is endowed 
with a pulsating throat, is in full accord with the 
concept of a dynamic balance between gravitational 
pull and Maxwell pressure, and adds to the physical 
interest of this standard solution of Einstein’s equations. 
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It is shown that sufficiency conditions for the validity of the Mandelstam representation of a collision 
amplitude can be stated in terms of the location of singularities of its physical branch when one of the energy 
variables is real and positive and the second independent energy variable is complex. It is also shown that 
in perturbation theory the real singularities of the physical branch must correspond to positive Feynman 
parameters provided that none of the curves of singularities identified in this way have turning points in 
positive spectral regions. The same condition will exclude complex singularities in the physical sheet that 
are connected to the curves of singularities on its real boundary. If there are any disconnected complex 
singularities they must correspond to complex Feynman parameters 

It is concluded that sufficiency conditions for the Mandelstam representation are the absence of turning 
points in positive spectral regions and the absence of disconnected complex singularities in the physical 
sheet. In the equal-mass case these conditions are both necessary and sufficient, and real singularities in the 
physical sheet can be identified by requiring that the Feynman parameters shall be positive. The conditions 
are satisfied by ladder diagrams when there are no anomalous thresholds. [It has now been proved that the 
representation is correct for every order in perturbation theory. See Phys. Rev. Letters 5,213 (September 1, 
1960), letter by the author. The proof requires some of the results of this paper. ] 


I. INTRODUCTION 


HE aim of this paper is to obtain sufficiency 

conditions for the validity of the Mandelstam 
representation! in a form that is convenient for study 
in perturbation theory. The Mandelstam represen- 
tation implies that a scattering amplitude has a branch 
that is analytic in the complex planes of the invariant 
energies, s, ¢, and “ except for branch cuts and poles 
on the positive real axes. These are defined by the 
equations 


S=(pitpr)*, t=(pitpa)*, u=(potps)*, (1.1) 


and 
4 4 
> p=0, p2F=M2, stitu=L M?, (1.2) 
1 1 


where p; are the external four-momenta of the colliding 
particles. In Sec. 2, it is shown that sufficiency con- 
ditions for the representation can be stated in terms of 
the location of singularities of the physical branch of 
the amplitude A (s,f,~) when one of the variables s, ¢, « 
is real and positive. 

In order to study whether these conditions are in 
fact satisfied by an amplitude defined by a perturbation 
solution in quantum field theory, we must have a 
method for locating singularities of the physical branch 
without considering also those of the more complicated 
unphysical branches. The physical branch is defined 
so that it satisfies the causality requirements of quan- 
tum field theory in the physical scattering regions of 
the real, s, 4, « plane which forms the boundary of the 
physical sheets of the complex planes. This definition 
leads to the usual prescription of associating every 

*This work was performed under the auspices of the U. S 
Atomic Energy Commission. 

t On leave of absence from Clare Coliege, Cambridge, England 

1S, Mandelstam, Phys. Rev. 112, 1344 (1958). 


internal mass with a small negative imaginary part to 
give (m’—ie) in the Feynman integrals of the per- 
turbation series. Singularities of these integrals can 
always be associated with critical values of the Feynman 
parameters in their integrands. It is shown in Sec. 3 
that under certain conditions the real singularities of 
the physical branch can be identified by the require- 
ment that the critical values of the Feynman parame- 
ters must be positive. The conditions used are the 
absence of turning points in those curves of singularities 
for which the Feynman parameters are positive. These 
conditions are sufficient, but probably are not always 
necessary in the general mass case. They also ensure 
the absence of complex singularities that connect to 
real curves of singularities on the boundary of the 
physical sheet. These conclusions are not affected by 
the possible existence of disconnected complex singu- 
larities. If these do exist, the Mandelstam represen- 
tation would have to be modified by the addition of 
complex contours of integration. 

The restriction to positive Feynman parameters 
greatly simplifies the discussion of curves of singu- 
larities. The problem of determining whether an ampli- 
tude given by a perturbation series satisfies these 
conditions has been discussed elsewhere.? Some results 
of that paper (hereinafter denoted as I) will be used in 
Sec. 3. 


II. SUFFICIENCY CONDITIONS 


In this section we obtain conditions on the location 
of the singularities of a branch of a collision amplitude 
for it to satisfy the Mandelstam representation. The 
representation will be established by a double appli- 
cation of Cauchy’s theorem by making explicit as- 
sumptions about the location of singularities. These 


2 R. J. Eden, Phys. Rev. 119, 1763 (1960). 
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assumptions then provide the sufficiency conditions 
that we require. 

For simplicity we use the equal-mass problem to 
illustrate our assumptions. The general mass case 
requires special consideration in the problem of proving 
these assumptions, but in establishing their sufficiency 
it has no special significance. 


Assumplion 2A 


There is a region of the real s, ¢ plane and a complex 
neighborhood of this region in which the amplitude 
A(s,f) has no singularities or branch cuts. 


Assumplion 2B 


With / real and within the bounds set by the analytic 
region of assumption 2A, the amplitude A (s,/) has no 
singularities in the complex s plane except for branch 
points or poles on the real axis. 

We will not explicitly include poles in our formulas, 
since they give only trivial changes. The region of 
analyticity in the equal-mass case has been obtained 
in I. A single application of Cauchy’s theorem in the 
complex s plane gives, 


[A(s’ tie, 1) i)- A(s'—ie, t) | 


A(s,i)= ff ——- ds’ 
Qri J 4m? lng 


= (s’+ie, t)—A(s'—te, t)] 


Be (s’—s) 





~ds’, (2.1) 

wi 
The region of analyticity and the two integration con- 
tours are illustrated in Fig. 1, where the contours are 
denoted (a) and (bd). 


Assumption 2C 


For all real and positive values of s except for a 




















discrete set of points, the amplitude A(s,/) has no 
t s=4m 
t 
' 
1 
' 
(c)]} 
| 
! 
} t=4m? 
(a) 
e, S 
v4 
u/ 
- 








Fic. 1. The real s, ¢, w plane (w=4m?—s—t). Branch points 
and contours of integration in the complex planes of s, t, « are 
indicated. 
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singularities in the complex t plane except for branch 
points on the real axis in the ranges 4m?</, and !<—s. 

We can allow ¢ in Eq. (2.1) to tend to zero except in 
a negligible part of the contours of integration. The 
assumption 2C permits a second application of Cauchy’s 
theorem, which transforms the first integral on the 
right of Eq. (2.1) into a double-dispersion integral. 
The appropriate contours are denoted (c) and (d) in 
Fig. 1, and the double integral is 


1 foe ‘Le " pi(s’,l’) 
Qi)? JF 4m? (s’—s)(t'—2) 


4m* 


— du’ fw 
ae )2 4m? 


pi(s’,t’) =limitA (s’+ie, t/ +ie)— A (s’—ie, t’ +ie) 
e0 


(u’—1u)(s’ ng) 





where 


—A(s'+ie, t'—ie)+A (s’—ie, '—ie)] (2.3) 


and po(u’,s’) (2.3) by the sub- 


stitution 


is defined from Eq. 


=4n2—s'—w'. (2.4) 


If we made an assumption similar to assumption 2C 
but for s real and negative, the integrand of the second 
integral on the right of Eq. (2.1) could be transformed 
by Cauchy’s theorem, and we could formally obtain a 
double integral. However this would not be in a useful 
form. This is clear from Fig. 1, which shows that the 
values of / in the integrand that we wish to transform 
lie on the cut in the complex ¢ plane. Hence there would 
be an essential contribution to the integral from the 
neighborhood of these values. 

A useful transformation of the integrand of the second 
integral in Eq. (2.1) can be obtained by using oblique 
axes. These are defined by a contour along which w is 
fixed and real. We require a further assumption. 


Assumption 2D 


For all real and positive values of « except for a 
discrete set of points, the amplitude A (4m’—i—u, u) 
has no singularities in the complex ¢ plane except for 
branch points on the real axis in the ranges 4m?<1, and 
i<—u. 

With this assumption, the integrand of the second 
integral in Eq. (2.1) can be transformed into a dis- 
persion integral along the contours (e) and (f) in Fig. 
1. This leads to double-dispersion integrals 


p3(t’ un’) 


-—— ff a dig 
(2ri)? am? (t—0) (u'—4u) 





p2(u’,s 


, ’) 
eee 
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ds; ———— 
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Fic. 2. The real s, ¢, « plane showing contours used in the 
second double application of Cauchy’s theorem. 


The integration elements ds; are taken with ?’ fixed, 
and dt. and ds» are taken with w’ fixed. The function 
p3(t’,u’) is obtained from Eq. (2.3) by using Eq. (2.4). 

By repeating the above procedure with the first 
transformation made in the complex ¢ plane, we obtain 
integrals along the paths (a’), (b’), (c’), (d’), (e’), and 
(/") in Fig. 2. Clearly the double integrals are over the 
same regions as those in expressions (2.2) (2.5). 
An additional assumption has to be made. 


and 


Assumption 2E 


For all real and positive values of ¢ except for a 
discrete set of points, the amplitude A(s,/) has no 
singularities in the complex s plane except for branch 
points on the real axis in the ranges 4m?<s, and s< —1. 

The integrals over oblique axes in this second case 
are the same as in expression (2.5), but the integration 
elements are now dit, taken with s’ fixed, and df. and 
ds, taken with w’ fixed as before. Using Eq. (2.4), we 
have 


du’ = —ds’—dt' = —ds,—df,. (2.6) 


This permits us to combine the double integrals. After 
dividing by two, we obtain the Mandelstam repre- 
sentation for A(s,/), namely, the two terms shown in 
expression (2.2) and the term 


p s(t’ ,u’) 


1 D at 
- -f at | du’ ‘ ( 
(Qi)? J 4m? im? (t'— 8) (uu) 


m 


bh 
~ 


For the complete amplitude, pi, p2, and p3 will be the 
same functions in the equal-mass case. For parts of 
the amplitude, such as terms in the perturbation series, 
they will not in general be the same functions. 

We conclude that sufficiency conditions for the 
Mandelstam representation require (a) a real region 
and its complex neighborhood in which a branch of 
the amplitude A(s,t,«) is free from singularities, and 
(b) analyticity when each variable in turn is real and 
positive and the others are complex but satisfy Eq. 
(1.2). 
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III. THE PHYSICAL BRANCH OF A 
COLLISION AMPLITUDE 


The Mandelstam representation assumes it is the 
physical branch of a collision amplitude that has the 
simple analyticity properties that were discussed in 
Sec. 2. In this section we show that the definition of 
the physical branch in perturbation theory in terms of 
the Feynman amplitude in the real scattering regions 
sufficient under certain conditions to define the ampli- 
tude unambiguously throughout the physical sheet. It 
is shown further that real singularities of the physical 
branch under the same conditions can be identified by 
requiring critical values of Feynman parameters to be 
real and positive. 


A. The Real Boundary of the Physical Sheet 


A scattering amplitude satisfying causality conditions 
and giving the correct scattering in physical parts of 
the real s, ¢ plane can be expressed as a sum of terms 
corresponding to the Feynman diagrams for the per- 


turbation series. Each term has the form 


1 
F(s,t)=limit c f dk fae II (3.1) 
- L (g?—m,?+1e) 


in which g; is the four-momentum in an internal line 
and depends linearly on the internal momenta k,; and 
the external momenta px. 

The integral on the right of Eq. (3.1) can be trans- 
formed, giving 


cxf dks fate day: -: 


a! 6(1—> a,) 
x | dine —, (32) 
J 9 [W(Rk,a,p) }n+ 


F.(s,! 


where 


V(k,a,p) => ai(g?—m,?+ie). (3. 
i=l 


In the physical scattering regions, each four-momentum 
g; is a real Minkowski vector. Hence for e>0 we have 


gr —m?+ieXx0, (3.4) 


This proves that for «>O in the physical scattering 
regions, F,(s,f) is nonsingular. It is known also that as 
e tends to zero in these regions the amplitude becomes 
singular at normal thresholds, and its component F 
may become singular at these points. The amplitude 
may also have singularities below the first normal 
threshold if certain mass inequalities hold. These 
If there are 
no anomalous thresholds, the Euclidean region of the 


singularities give anomalous thresholds. 


real s, real / plane is free from singularities (see I, Sec. 
t and 8). 
The real s, real ¢ plane is defined as the boundary olf 
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the physical sheets in s, 4, and u by taking branch cuts 
in the complex planes of these variables along their 
real axes from the leading real branch point to infinity. 
In order to make this definition meaningful, we must 
show that the physical branch of the amplitude can 
be defined near the real boundary of the physical sheet. 


B. Near the Real Boundary of the 
Physical Sheet 


When e is positive, the integration in Eq. (3.2) over 
the internal momenta can be carried out unambigu- 
ously. This gives 


1 1 §(1-¥ a) C(a)* 24 
F.(s,l) =o f day: f day, —, (3.5) 
0 0 D.(a,s,t)"~! 





where D, is the discriminant of y as a function of k, 
and C is the discriminant of Yo obtained from y by 
putting m;=0, s=0, and t=0. The discriminant D, has 
the form 


D.(a,s,t)=sf(a)+tg(a)—K,.(a), (3.6) 


where K,(a@) is a function of the external masses M,?, 
the internal masses m?—ie, and the variables a. The 
coefficient of ie is C(a), which is positive when the 
variables @ are real and positive since it is then the 
discriminant of a positive definite quadratic form. It 
follows that with e>0, and s and ¢ both real, we have 


D(a,s,t) #0 (3.7) 


along the path of integration in the a variables. This 
result shows that analytic continuation through the 
whole of the real s, real ¢ plane can be carried out for 
F,(s,t). 

For certain real values of s and ¢, F,(s,t) becomes 
singular as €« goes to zero. At these values the singu- 
larities of the integrand of Eq. (3.5) either pinch the 
contour of integration or occur at the end point, a;=0. 
These singularities are zeros of D(a,s,t) as a function 
of the a variables. They must also occur at real positive 
values of each aj, since, when ¢ is positive, Eq. (3.7) 
holds and it is never necessary to distort the contour 
of integration from the real path, 0 to 1. 

If there are no turning points in the curves of singu- 
larities, f(a) and g(a) are both positive at the critical 
a values that correspond to a singular point of the 
amplitude (see I, particularly Sec. 7). We will assume 
for this discussion that this condition is valid. Then 
near the critical values of a we can write 


D,(a,s,t) = (stie’) f(a)+ (t+ie”)g(a)—K (a) (3.8) 


= D(a, stie’, t+ie’”’) (3.9) 
where ¢’ and e” are positive, and 
K (a)= K «x0 (a). (3.16) 


The relation (3.8) is not valid in general at all 
positive values of a, since f and g do not always remain 
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positive away from the critical values of a. However, 
away from these values, at least one of the a; will give 
singularities that are not coincident, and they can 
therefore be avoided by a suitable small distortion of 
the contour of integration. This distortion is not re- 
quired near the critical values of a, where the imaginary 
part of s or ¢ suffices to prevent the singularities being 
on the contour of integration. 

At a normal threshold in s, for example, g(a) is zero. 
Then the singularity can be avoided by giving s a small 
positive imaginary part. The above discussion of curves 
of singularities shows that, in the absence of turning 
points, a small positive imaginary part in s will also 
avoid these singularities in the region where s is positive. 
For a discrete set of real values of ¢ (the normal 
thresholds), the location of singularities is independent 
of s, but analytic continuation past them is defined by 
giving / a small positive imaginary part. The discussion 
can be extended in an obvious manner to regions where 
the variable « is positive. These results are summarized 
in the following theorem. 


Theorem 3A 


Provided there are no turning points in the curves 
of singularities of the physical branch of the amplitude 
in positive spectral regions, the amplitude can be 
analytically continued through the complex neighbor- 
hood of the real boundary of the physical sheet. 


C. Positive Feynman Parameters and the 
Physical Branch of the Amplitude 


We consider first the situation in which the curves 
of singularities have no turning points. From Theorem 
3A the amplitude is single-valued under analytic con- 
tinuation near the entire real boundary of the physical 
sheet. In the limit as the real boundary is approached 
there may be singularities. These singularities must 
correspond to positive values of the Feynman parame- 
ters a, since the path of integration does not need to be 
distorted in any significant way in the complex neigh- 
borhood of the boundary. It follows that negative 
Feynman parameters are important on or near the 
real boundary only if the amplitude is not single-valued 
on the physical sheet. It can be multivalued only if 
there are complex singularities. From Theorem 3A 
these cannot be connected to singularities on the real 
boundary. Hence they must be disconnected complex 
singularities. Even if these disconnected singularities 
exist, we can still choose that branch of the function 
whose singularities are given by the positive a condition 
and make it single-valued by introducing suitable 
branch cuts in the complex part of the physical sheet. 
This will be the physical branch of the function. 


Theorem 3B 


Provided there are no turning points in curves of 
singularities obtained with the positive condition on 
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the Feynman parameters, the physical branch of the 
amplitude can be defined so that (a) it is single-valued 
in the physical sheet, and (b) all its singularities on 
the real boundary of the physical sheet are given by 
the positive condition on the Feynman parameters. 

This discussion assumes the turning 
points. If there are spurious turning points (see I, 
Sec. 7D), there will be complex branch cuts which 
prevent the simple analytic continuation obtained in 
Theorem 3A. With anomalous turning points, there are 
two possibilities. Either the resulting complex singu- 
larities go into a nonphysical sheet, in which case 
Theorem 3A will still be valid, or they remain in the 
physical sheet and connect to real singularities on 
another branch of the curve of singularities. In the 
latter case, the conditions of Theorem 3A do not hold, 
and Feynman parameters may not always be positive 
for the physical branch of the amplitude. Barmawi 
has pointed out that this happens in fourth-order 
perturbation theory with superanomalous thresholds 
and the physical branch has some singularities corre- 
sponding to negative Feynman parameters.* 

In the equal-mass case, there are no anomalous 
thresholds. Hence any turning points that exist must 
be spurious, and if they occur in positive spectral 
regions, they will cause a breakdown of the Mandelstam 
representation. Hence in this case the absence of 
turning points in positive spectral regions is also a 
necessary condition for the validity of the represen- 
tation. 


absence of 


D. Disconnected Complex Singularities 


When s is real and ¢ is complex with a positive 
imaginary part, we can see from Eq. (3.8) that D(a,s,¢) 
is nonzero provided a is real and g(a) is nonzero. Thus 
the zeros of D do not cross the real a axis except where 
g(a) is zero. In the simple case of ladder diagrams, or 
diagrams formed by reducing ladders, the functions 
f(a) and g(a) consist only of positive terms on the path 
of integration. Then unless there are anomalous 
thresholds, D will not vanish for s real and ¢ complex, 
and there will be no disconnected complex singularities. 
For the equal-mass case, ladder diagrams have no 
anomalous thresholds and hence no disconnected 
singularities, nor do they have spurious turning points. 

*M. Barmawi, Physics Department, University of Chicago 
(private communication). 
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It follows that these ladder diagrams satisfy the 
Mandelstam representation. This result has also been 
proved by Cutkowski! and by Wanders® using the 
Bethe-Salpeter equation. 

In general, in a region where g(a) is negative, some 
of the zeros of D will cross the real a axis as / goes 
complex, and will lead to distortion of the contour of 
integration. When ¢ is nearly real, this distortion is 
unimportant, as was seen in Theorem 3A. As the 
imaginary part of ¢ increases, the variables a become 
complex and the condition that g(a) vanishes is no 
longer necessary for other zeros of D to cross the real 
a axis. There may then be new coincident singularities 
of the integrand on the right of Eq. (3.5). It is still 
necessary for D as well as its derivatives with respect 
to each a; to be zero if the integral in Eq. (3.5) is also 
to be singular. The latter condition cannot be satisfied 
unless some of the a; are complex. 

If there are such disconnected complex singularities, 
they will cause a breakdown of the Mandelstam rep- 
resentation by the introduction of additional branch 
cuts in the physical sheet. The difficulty in eliminating 
the possibility that they exist lies in their very tenuous 
relation to the positive condition on Feynman parame- 
ters, which holds only for real singularities under the 
conditions discussed earlier. This obscures the identi- 
fication of the Riemann sheets in which disconnected 
complex singularities occur, since in all sheets including 
the physical one, they involve Feynman parameters 
that are complex and have no simple relation to their 
values for real singularities. 

Vole added in proof. It has now been proved that 
every term in the perturbation expansion of the scatter- 
ing amplitude satisfies the Mandelstam representation. 
The proof will be described in a paper by the author to 
be submitted to the Physical Review. The proof was 
outlined at the Rochester Conference 1960, and in Phys. 
Rev. Letters 5, 213 (September 1, 1960). 
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